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Abstract: The non-Fourier heat transfer in heterogeneous media is crucial for material science and
biomedical engineering. The optimized Schwarz waveform relaxation (OSWR) method is an efficient
approach for solving such problems due to its divide-and-conquer strategy. Despite the wave-type
nature of non-Fourier heat transfer, the short phase-lag time leads to more parabolic-like behavior. To
address this, in the OSWR method, we employed Robin boundary conditions to transmit information
along the interface. Using Fourier analysis, we derived and rigorously optimized the convergence
factors of the OSWR algorithm with scaled Robin and Robin-Robin transmission conditions. The
resulting optimized transmission parameters were provided in explicit form for direct application in
the OSWR algorithm, along with corresponding convergence factor estimates. Interestingly, the results
show that a larger heterogeneity contrast actually accelerates the convergence, rather than deteriorating
it. Furthermore, the OSWR algorithm with the Robin-Robin condition exhibits mesh-independent
convergence asymptotically. However, the presence of the phase-lag time is found to slow down the
convergence of the OSWR algorithm. These theoretical findings were validated through numerical
experiments.
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1. Introduction

Non-Fourier heat transfer refers to an intricate heat transfer process that occurs under extreme
conditions like high temperature or high pressure. This phenomenon deviates from the traditional
Fourier heat conduction theory and plays important roles in diverse scientific fields including
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biomedicine [1, 2] and materials science [3–5]. The classical Fourier heat law, expressed as

q(x, t) = −κ
∂T
∂x
,

states that any heat flux generated at a specific location is instantaneously felt throughout the medium,
where κ is the thermal conductivity. However, this behavior is inadequate in certain scenarios, such
as heat transfer in micro-structures [3], because heat transfer involves irregular collisions between
microscopic particles, atoms, or phonons, and the average communication time between them is
non-negligible on this extraordinarily small time scale. Therefore, the Fourier law is insufficient to
fully capture the real physics of this process. To solve the problem, Cattaneo [6] and Vernotte [7]
independently proposed a modified heat flux principle,

q(x, t + τ) = −κ
∂T
∂x
, (1.1)

which extends the Fourier law by introducing the phase-lag time τ in the relation of temperature
gradient and heat flux. Physically, τ represents the finite buildup time for the commencement of
heat flow in a medium. This implies that there is a time delay in the response of the heat flux to
the temperature gradient, and the thermal propagation speed

√
κ/τ is no longer infinite [8]. The phase-

lag time τ can be determined by measuring the amplitude and phase as a function of the modulation
frequency [9]. As pointed out in the literature, the phase-lag time τ is generally on a very small scale,
especially in the application of nanocomposites, for example in microseconds or picoseconds [10, 11].
Taylor expanding (1.1) in τ to the first order, and applying the energy conservation equation

∂q(x, t)
∂x

= −ρc
∂T
∂t
,

one arrives at the Cattaneo-Vernotte (CV) equation

τ
∂2T
∂t2 +

∂T
∂t
= β
∂2T
∂x2 , (1.2)

where β = κ
ρc , and ρ and c denote the density and the heat capacity, respectively.

In this paper, we are interested in the non-Fourier heat transfer in multi-layer media, where τ and β
are discontinuous across the interface formed by adjacent media. To simplify the analysis, we consider
only the case where the defining domain Ω is a bounded open domain in Rd (d = 1, 2, 3) consisting
of two layers occupied in Ω1 and Ω2, i.e., Ω = Ω1 ∪ Ω2 and Ω1 ∩ Ω2 = ∅, and τ and β are piecewise
constants in domain Ω,

(τ, β) =

(τ1, β1) in Ω1,

(τ2, β2) in Ω2.

The solution and the heat flux are continuous across the interface Γ = ∂Ω1 ∩ ∂Ω2:

[T ]Γ = T1|Γ − T2|Γ = 0,
[
β
∂T
∂n

]
Γ

= β1
∂T1

∂n1

∣∣∣∣∣
Γ

+ β2
∂T2

∂n2

∣∣∣∣∣
Γ

= 0,
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where Ti denotes the solution in subdomain Ωi, and ni is the normal vector pointing to outside of Ωi.
To summarize, the CV model problem under consideration reads for i = 1, 2 and j = 3 − i:

τi
∂2Ti

∂t2 +
∂Ti

∂t
− βi
∂2Ti

∂x2 = fi in Ωi × (0,T ],

Ti(x, 0) = T i
0 in Ωi,

∂Ti

∂t
(x, 0) = T̃ i

0 in Ωi,

Ti(x, t) − T j(x, t) = 0 on Γ × (0,T ],

βi
∂Ti

∂ni
+ β j
∂T j

∂n j
= 0 on Γ × (0,T ].

(1.3)

The above settings emerge in many applications, including biomedical treatment [12–15] and heat
conduction of composite materials [16–18].

It is crucial to numerically solve the heterogeneous CV Eq (1.3), as analytical solving is infeasible
due to the complex coupling condition on the interface and/or the intricate defining domain. Two
decades ago, Duhamel proposed a finite integral transform pair to solve the hyperbolic heat conduction
problem in heterogeneous media [19]. Recently, solving heterogeneous problems similar to (1.3) has
attracted significant attention. Singh et al. considered the second-order wave equation with piecewise
discontinuous coefficients and proposed to solve it using a compact difference scheme, achieving
second-order convergence in time and fourth-order convergence in space [20]. A hybrid numerical
method based on the Haar wavelet and finite difference was used to solve the telegraph interface model
with discontinuous coefficients [21]. Aiming to improve the performance near the interface, several
works have focused on the (fitted) finite element method for 1D or 2D non-Fourier bioheat transfer
models in multi-layered media, where optimal error estimates for finite element solutions in L2 and
H1 norms have been obtained [22–25]. Additionally, the finite volume method has been investigated
for solving the non-Fourier nonlinear heat conduction in a heterogeneous medium, where the thermal
conductivity and the heat capacity are temperature-dependent [26].

The CV model (1.3) is essentially a typical interface problem. Therefore, classical methods for
interface problems, such as the fitted finite element method and the immersed boundary element
method, can be applied, coupled with a promising time-stepping strategy. These methods form a
large-scale algebraic system over the whole defining domain and generally encounter the problem
of heavy ill-conditioning due to the parameter contrast between different media, which should be
further tackled by preconditioning [27, 28]. In addition, discretizing the space domain monolithically
often leads to non-physical oscillations in the solution near the interface. Domain decomposition
methods are adaptive to tackle this issue since only homogeneous subproblems should be solved
iteratively. Among them, the optimized Schwarz method [29] attracted tremendous attention due to its
excellent performance, since Robin-type transmission conditions are involved and optimized toward
fast convergence. Maday and Magoulès extended the optimized Schwarz method to solve diffusion
models in heterogeneous media, where a min-max problem was solved numerically to determine the
optimal transmission parameters [30]. Later, Gander and Dubois [31] derived the explicit expression
of the optimized transmission parameters in several different transmission conditions, as well as the
corresponding convergence rate estimates, which helped to find that the strong heterogeneity between
subdomains accelerates the convergence of the optimized Schwartz method. Similar results were also
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recovered by Gander and Vanzan for a more general problem: a diffusion-reaction diffusion coupling
model [32]. Note that when the model problem evolves in time, the optimized Schwarz waveform
relaxation (OSWR) method should be applied, which decomposes the large space-time problem into
homogeneous subproblems and solves them iteratively via transmission conditions, even adapts to
solving nonlinear problems [33]. For convection-diffusion problems with discontinuous coefficients,
the OSWR method was analyzed in detail in [34], see also [35, 36] for an OSWR coupled with
discontinuous Galerkin time stepping, where an energy analysis was used to determine the optimized
transmission parameters. We remark here that the OSWR algorithm for the homogeneous CV model
has been rigorously analyzed under the name of the telegrapher equation [37].

Motivated by the advantages of OSWR for solving heterogeneous problems, in this paper, we
aim at developing an OSWR algorithm for solving the CV model (1.3), which leads to heat
transfer subproblems on homogeneous media to be solved iteratively via well-designed transmission
conditions. We focus only on the case where the phase-lag time τ1,2 is on a small scale, which
corresponds to the non-Fourier heat transfer in composites consisting of multi-layered solid materials.
The transmission parameters involved in the OSWR algorithm with scaled Robin and Robin-Robin
transmission conditions are rigorously optimized. We note here that the Robin-Robin condition
provides more degree of freedom to improve the algorithm’s performance through solving a much
harder optimization problem, while keeping its implementation and computational cost at each iteration
the same as the scaled Robin condition. The corresponding convergence factor estimate reveals several
good properties of the OSWR algorithm: the stronger heterogeneity leads to faster convergence for
both transmission conditions, and the OSWR algorithm achieves mesh-independent convergence if the
Robin-Robin condition is applied. We comment here that several parallel-in-time strategies such as
the ParaDIAG [38], the parareal [39], or the unmapped tent pitching [40] algorithms can be applied to
solve this subproblem and lead to more efficient computation; however, this is beyond the scope of this
paper.

The rest of the paper is organized as follows. In Section 2 we describe the OSWR algorithm for the
CV model (1.3) and perform a Fourier analysis to find the convergence factor in the Fourier frequency
domain. In Section 3, we propose using the scaled Robin condition to transfer information between
subdomains and analyze the optimized transmission parameters. In Section 4, we consider a Robin-
Robin transmission condition and analyze the optimized parameters, as well as the corresponding
convergence factor estimate. The theoretical results are illustrated using numerical experiments in
Section 5, and we conclude in Section 6.

2. The OSWR algorithm

The defining domain Ω of the CV Eq (1.3) can be naturally decomposed into two subdomains Ω1

and Ω2. Specially, in each subdomain, only a homogeneous CV equation should be solved. Thus, we
propose to solve the interface coupling problem using the OSWR method: for n = 1, 2, ..., iteratively
solve:
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τ1
∂2T n

1

∂t2 +
∂T n

1

∂t
− β1
∂2T n

1

∂x2 = f1 in Ω1 × (0,T ],

T n
1 (x, 0) = T 1

0 in Ω1,

∂T n
1

∂t
(x, 0) = T̃ 1

0 in Ω1,

B1(T n
1 ,T

n−1
2 ) = 0 on Γ × (0,T ],

(2.1)

and

τ2
∂2T n

2

∂t2 +
∂T n

2

∂t
− β2
∂2T n

2

∂x2 = f2 in Ω2 × (0,T ],

T n
2 (x, 0) = T 2

0 in Ω2,

∂T n
2

∂t
(x, 0) = T̃ 2

0 in Ω2,

B2(T n
2 ,T

n−1
1 ) = 0 on Γ × (0,T ],

(2.2)

where T 0
i , i = 1, 2, are initial values on the interface Γ × (0,T ] with Γ = Ω1 ∩ Ω2, and Bi, i = 1, 2, are

transmission operators along the interface, which should be determined toward fast convergence of the
algorithm. Noting that, since the phase-lag τi is on a very small scale, Eq (1.3) behaves more like a
parabolic equation. Since the Robin conditions are effective for parabolic problems in transmitting
information along the interface [41, 42], we specify the transmission conditions B1(T n

1 ,T
n−1
2 ) and

B2(T n
2 ,T

n−1
1 ) as the following Robin-type conditions:

β1∂n1T
n
1 + S 1T n

1 = −β2∂n2T
n−1
2 + S 1T n−1

2 on Γ × (0,T ], (2.3)
β2∂n2T

n
2 + S 2T n

2 = −β1∂n1T
n−1
1 + S 2T n−1

1 on Γ × (0,T ], (2.4)

where S i, i = 1, 2, are operators on the interface. Once converged, we have in matrix form[
I S 1

−I S 2

] [
β1∂n1T1

T1

]
=

[
−I S 1

I S 2

] [
β2∂n2T2

T2

]
, (2.5)

where the limit limn→∞ T n
i = Ti is used. Reformulating (2.5) as[
I S 1

−I S 2

] ([
β1∂n1T1

T1

]
−

[
−I 0
0 I

] [
β2∂n2T2

T2

])
= 0

shows that if S 1 and S 2 are chosen such that the coefficient matrix
[
I S 1

−I S 2

]
is invertible, the

transmission conditions (2.3) and (2.4), once converged, will recover the interface condition in (1.3).
Extending the solution by zero for t < 0, the Fourier analysis* can be used to describe the convergence
of the OSWR algorithms (2.1)–(2.4), and the operators S 1 and S 2 can then be determined toward fast
convergence through optimization. Though the techniques also apply to high-dimensional problems,
to well illustrate the analysis, we focus here only on a one-dimensional example. When extended to
higher dimensions, a Fourier transform in multiple directions (e.g., two directions for two-dimensional

*Since the time t must be positive, it is natural to perform a Laplace transform with a complex frequency. However, justified by [43],
these two transforms are equivalent in analyzing the OSWR method. Thus, for ease of analysis, the Fourier transform is adopted here.
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problems) should be performed, resulting in a more complex optimization problem to be analyzed. We
then assume that the subdomains are infinite one-dimensional domains: Ω1 = (−∞, 0) andΩ2 = (0,∞).
Highlighted by [44], the infinite domain assumption only slightly affects the optimized transmission
operators S i. Performing Fourier transforms with frequency k in the time direction on the governing
equations in (2.1) and (2.2), respectively, gives, for k ∈ K,

−τ1k2T̂ n
1 (x, k) + ikT̂ n

1 (x, k) − β1∂xxT̂ n
1 (x, k) = 0 x ∈ (−∞, 0),

−τ2k2T̂ n
2 (x, k) + ikT̂ n

2 (x, k) − β2∂xxT̂ n
2 (x, k) = 0 x ∈ (0,∞),

(2.6)

where the homogeneous governing equation f = 0 is considered, which means that we are analyzing
the error equation, and K represents the set of Fourier frequencies involved in the calculation: K =
K− ∪ K+ with K− = [−kmax,−kmin] and K+ = [kmin, kmax], where kmin and kmax should be estimated
according to the mesh size and the boundary conditions applied. Similarly, Fourier transforming the
transmission conditions (2.3) and (2.4) gives, for k ∈ K,

(β1∂x + σ1(k))T̂ n
1 (0, k) = (β2∂x + σ1(k))T̂ n−1

2 (0, k),
(β2∂x − σ2(k))T̂ n

2 (0, k) = (β1∂x − σ2(k))T̂ n−1
1 (0, k),

(2.7)

where σi, i = 1, 2, are Fourier symbols of S i. Solving (2.6) one finds

T̂ n
1 (x, k) = An

1eλ1 x, T̂ n
2 (x, k) = An

2e−λ2 x, (2.8)

where λi =

√
−τik2+ik
βi

and An
1 and An

2 depend on k. Inserting Eq (2.8) into Eq (2.7), we get

An
1 =
−β2λ2 + σ1

β1λ1 + σ1
An−1

2 , An
2 =
β1λ1 − σ2

−β2λ2 − σ2
An−1

1 ,

which allow us to establish the following relation:

An
i = ρ(k, β1, β2, τ1, τ2, σ1, σ2)An−1

i , i = 1, 2,

where the convergence factor

ρ(k, β1, β2, τ1, τ2, σ1, σ2) =
β2λ2 − σ1

β1λ1 + σ1
·
β1λ1 − σ2

β2λ2 + σ2
.

For ease of mathematical analysis, we would like to consider only the case τ := τ1 = τ2, which would
greatly simplify the analysis while keeping the analytical result still applicable. We thus define

λ :=
√
β1λ1 =

√
β2λ2 =

√
−τk2 + ik,

and the convergence factor simplifies to

ρ(k, β1, β2, σ1, σ2) =
√
β2λ − σ1
√
β1λ + σ1

·

√
β1λ − σ2
√
β2λ + σ2

.

Choosing
σ1 = σ

opt
1 :=

√
β2λ, σ2 = σ

opt
2 :=

√
β1λ (2.9)
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leads the convergence factor to ρ ≡ 0 for all k, which means the OSWR algorithms (2.1) and (2.2)
converge in two iterations. However, the corresponding transmission operators S i, i = 1, 2, are nonlocal
and expensive to use, so we aim to find their local approximations that are easy to apply. We note here
that if σi, i = 1, 2, are real numbers, it is easy to check that |ρ(k, β1, β2, σ1, σ2)| is an even function in k,
thus one can approximate σi by a real constant pi and determine the optimal transmission parameters
p1, p2 by minimizing the modulus of the convergence factor over all positive frequencies

min
p1,p2∈R

max
k∈K+
|ρ(k, β1, β2, p1, p2)| .

3. Optimized scaled Robin transmission conditions

Guided by (2.9), we choose

σ1(k) =
√
β2 p, σ2(k) =

√
β1 p, (3.1)

where p is a constant to be determined by

min
p∈R

max
k∈K+
ρR(k, p, v), (3.2)

with

ρR(k, p, v) =
(a − p)2 + b2√

(a + pv)2 + b2 ·

√
(a + p

v )2 + b2
,

v =
√
β2
β1

describes the coefficient contrast in the heterogeneous media, a and b are the real and
imaginary parts of λ(k),

a =

√
2k

2
√
τk2 + k

√
τ2k2 + 1

, b =

√
τk2 + k

√
τ2k2 + 1

√
2

=
k

2a
.

In the setting (3.1) the Robin constant p is scaled by
√
β3−i, hence the name ”scaled Robin”.

Theorem 3.1. For positive p > 0, ρR(k, p, v) < 1 for all frequencies k ∈ K+, that is to say, the
OSWR algorithms (2.1) and (2.2) converge for all positive p. In addition, the min-max problem (3.2)
is equivalent to

min
p>0

max
k∈K+
ρR(k, p, v). (3.3)

Proof. The proof of the first assertion is shown by the inequality: for p > 0,

0 < ρR(k, p, v) <
(a − p)2 + b2

(a + p)2 + b2 < 1.

For the second assertion, it is easy to check that ρR(k, p, v) < ρR(k,−p, v) for positive p > 0. Moreover,
we have ρR(k, 0, v) ≡ 1 > ρR(k, p, v) for p > 0. Thus, it is sufficient to consider the min-max problem
(3.2) for positive p, i.e., the second assertion holds. □
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Lemma 3.1 (Restricting the range of p). If p <
[√

a2
min + b2

min,
√

a2
max + b2

max

]
, then p is not a solution

of the min-max problem (3.3), where amin = a(kmin), amax = a(kmax), bmin = b(kmin), and bmax = b(kmax).

Proof. Highlighted by Theorem 3.1, we only need to consider the positive p > 0. Taking the derivative
of ρR in p, it shows

∂ρR

∂p
= −

(va3 + p(v2 + 1)a2 + v(p2 + b2)a + b2 p(v − 1)2)(v + 1)2(a2 + b2 − p2)

(p2v2 + 2apv + a2 + b2)
3
2 ((a2 + b2)v2 + 2apv + p2)

√
(a2+b2)v2+2apv+p2

v2

. (3.4)

Since a, b, and v are all positive, we can deduce that ∂ρR
∂p < 0 if p <

√
a2

min + b2
min. Hence, ρR is a

decreasing function in p, and cannot attain its minimum for p <
√

a2
min + b2

min because decreasing p

would increase ρR for all k ∈ K+. For p >
√

a2
max + b2

max, a similar analysis can be performed, too.

Thus we conclude that the solution of (3.3) must lie in the interval
[√

a2
min + b2

min,
√

a2
max + b2

max

]
. □

Next, we need to analyze the maxima of ρR(k, p, v). We claim that ρR(k, p, v) attains its local
maximum at either kmin or kmax. However, the complicated expression of ρR makes it impossible to
analyze the maximum directly. We thus aim to analyze with the aid of an approximation of ρR. Using
Taylor expansion we get, for small τ,

a =

√
2k
2
−

√
2

4
k

3
2τ + O(τ2),

b =

√
2k
2
+

√
2

4
k

3
2τ + O(τ2).

(3.5)

Then, replacing a and b in ρR with aapp = bapp =
√

2k
2 gives an approximate convergence factor

ρ
app
R (k, p, v) =

(aapp − p)2 + b2
app√

(aapp + pv)2 + b2
app ·

√
(aapp +

p
v )2 + b2

app

.

The following theorem shows the approximation error.

Theorem 3.2. (Approximation error) There exists a constant C depending on the parameters k, p, and
v but independent of τ such that the following estimate holds:

|ρR(k, p, v) − ρapp
R (k, p, v)| ≤ Cτ. (3.6)

Proof. Using Taylor expansion in τ, one finds√
(a − p)2 + b2

(a + pv)2 + b2 =

√
(aapp − p)2 + b2

app

(aapp + pv)2 + b2
app
+

√
2p(v + 1)(p2v + k)k

3
2

4
√

p2 −
√

2kp + k
(
p2v2 +

√
2kpv + k

) 3
2

τ+O(τ2), (3.7)

and √
(a − p)2 + b2

(a + p
v )2 + b2

=

√
(aapp − p)2 + b2

app

(aapp +
p
v )2 + b2

app
+

√
2p(v + 1)(p2 + kv)k

3
2

4
√

p2 −
√

2kp + k (p2+
√

2kpv+kv2)
3
2

v

τ + O
(
τ2

)
. (3.8)

Multiplying (3.7) by (3.8), a simple calculation leads to the desired result (3.6). □
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Lemma 3.2. The convergence factor ρR(k, p, v) achieves its maximum at either kmin or kmax in an
asymptotic sense of τ small, more precisely,

max
k∈K+
ρR(k, p, v) = max{ρapp

R (kmin, p, v), ρapp
R (kmax, p, v)} + O(τ). (3.9)

Proof. Taking the derivative of ρapp
R in k directly gives

∂ρ
app
R

∂k
=

(v + 1)2(2p(v2 − v + 1)k
3
2 − 2p3(v2 − v + 1)

√
k −
√

2(p4v − k2v))p√ √
2kpv+kv2+p2

v2

√
k(p2v2 +

√
2kpv + k)

3
2 (4kv2 + 4

√
2kpv + 4p2))

.

Investigating the signs of ∂kρ
app
R , we conclude that ρapp

R (k, p, v) decreases in k monotonically for k ∈
[kmin, p2] and increases in k monotonically for k ∈ [p2, kmax]. Hence ρapp

R must achieve its maximum at
either kmin or kmax. Consequently, (3.9) follows from an application of Theorem 3.2. □

Recall that in the CV model (1.3), the phase-lag time τ is very small, and in the following analysis,
we will regard kmin and kmax as the local maximum points of ρR.

Theorem 3.3. (Solve by equi-oscillation) For small τ, the min-max problem (3.3) is solved by equi-
oscillating the convergence factor ρR at the two endpoints kmin and kmax,

ρR(kmin, p, v) = ρR(kmax, p, v). (3.10)

In addition, the solution p∗ is unique.

Proof. Using Lemma 3.1 one finds that (3.3) is equivalent to the following min-max problem:

min
p∈

[√
a2

min+b2
min,
√

a2
max+b2

max

]
(
max
k∈K+
ρR(k, p, v)

)
. (3.11)

For all p ∈
[√

a2
min + b2

min,
√

a2
max + b2

max

]
, using (3.4) we get

∂ρR

∂p
(kmin, p, v) > 0,

∂ρR

∂p
(kmax, p, v) < 0.

Therefore, increasing p will increase ρR(kmin, p, v) and decrease ρR(kmax, p, v) for p ∈[√
a2

min + b2
min,

√
a2

max + b2
max

]
. Noting as well the following facts:

ρR

(
kmin,

√
a2

min + b2
min, v

)
< ρR

(
kmax,

√
a2

min + b2
min, v

)
,

ρR

(
kmin,

√
a2

max + b2
max, v

)
> ρR

(
kmax,

√
a2

max + b2
max, v

)
,

we conclude that there exists a unique p∗ satisfying the equi-oscillation Eq (3.10), and we thus arrive
at our assertion. □
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Theorem 3.4. (Optimized scaled Robin transmission conditions) For sufficiently large kmax, the unique
solution p∗ to the equi-oscillation problem (3.10) has the following asymptotic expression:

p∗ = 2
1
4 a

1
2
mink

1
4
max, (3.12)

which leads the convergence factor ρR to the following estimate:

max
k∈K+
ρR(k, p∗, v) = 1 −

√
amin(v + 1)2

2
1
4 v

k−
1
4

max + O(k−
1
2

max). (3.13)

Proof. Guided by numerical tests, we make the ansatz p = Cpk
1
4
max. Using asymptotic expansion for

kmax large, one finds

ρR(kmin, p, v) = 1 −
amin(v + 1)2

Cpv
k−

1
4

max + O(k−
1
2

max) (3.14)

and

ρR(kmax, p, v) = 1 −

√
2Cp(v + 1)2

2v
k−

1
4

max + O(k−
1
2

max).

Matching the coefficients of k−
1
4

max in the above two equations leads to the solution p∗ as shown in (3.12).
Inserting (3.12) into (3.14) we arrive at the desired result. □

Remark 3.1. The convergence factor estimate (3.13) reveals that a large coefficient contrast v leads to
a larger coefficient of the term k−

1
4

max, which ultimately results in a smaller convergence factor estimate.
In other words, a stronger heterogeneity contrast leads to faster convergence of the OSWR algorithm.
In addition, by taking a limit as v → 1, the result degenerates to that for CV equations defined on
homogeneous media, i.e., β1 = β2. This is a new result that has not been published publicly.

Remark 3.2. The phase-lag τ is implicitly contained in a(kmin), and thus it enters both the optimized
parameter (3.12) and the convergence factor estimate (3.13). Noting that the function a(k) decreases
in τ, we conclude from (3.13) that a relatively large phase-lag τ will slow down the convergence of
the OSWR algorithm. Specifically, for τ = 0, the analysis degenerates to the case of a heterogeneous
Fourier heat conduction problem, which is investigated in [45] using an equi-oscillation principle
and numerical optimization. In contrast, we advanced the investigation using the asymptotic analysis
technique, which allows us to establish the equivalence between the min-max problem and the equi-
oscillation problem, tackling the challenge introduced by the phase-lag and providing the optimized
parameter in explicit form that is ready to use in applications. More interestingly, the obtained
convergence rate estimate allows us to reveal the effects of heterogeneity contrast, as shown in
Remark 3.1.

4. Optimized Robin-Robin transmission conditions

We now consider the following parameter setting:

σ1(k) =
√
β2 p, σ2(k) =

√
β1q,
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where p, q are constants to be determined by

min
p,q∈R

max
k∈K+
ρRR(k, p, q, v), (4.1)

with the convergence factor

ρRR(k, p, q, v) =

√
(a − p)2 + b2√
(a + pv)2 + b2

·

√
(a − q)2 + b2√
(a + q

v )2 + b2
.

In this case, the subdomain problems use different Robin transmission parameters, hence the name
“Robin-Robin”. Unlike solving by two-point equi-oscillation for the scaled Robin condition, since
two free parameters are involved, the min-max problem (4.1) will be solved by three-point equi-
oscillation, which is of course more challenging. To tackle this issue, we decompose the two-variable
optimization problem into two sequential optimizations of single variable, and analyze them using
asymptotic analysis together with an appropriate convergence factor approximation.

Theorem 4.1. For all p, q > 0, the convergence factor ρRR(k, p, q, v) < 1 for all frequencies k ∈ K+, i.e.,
the OSWR algorithms (2.1) and (2.2) converge. In addition, the min-max problem (4.1) is equivalent
to

min
p,q>0

max
k∈K+
ρRR(k, p, q, v). (4.2)

Proof. The first assertion is justified by the following inequality:

0 < ρRR(k, p, q, v) <

√
(a − p)2 + b2√
(a + p)2 + b2

·

√
(a − q)2 + b2√
(a + q)2 + b2

< 1.

Now we consider the second assertion. It is easy to check that for any fixed q and p > 0, ρRR(k, p, q, v) <
ρRR(k,−p, q, v). While for any fixed p and q > 0, ρRR(k, p, q, v) < ρRR(k, p,−q, v). If both p and q are
negative, we clearly have ρRR(k, p, q, v) > 1. Moreover, because of ∂ρRR

∂p (k, 0, q) < 0 and ∂ρRR
∂q (k, p, 0) <

0, we find that (p, q) = (0, 0) cannot solve (4.1). To sum up, the second assertion holds. □

Lemma 4.1. (Restricting the range of p and q) The solution (p∗, q∗) of the min-max problem (4.2) must
be contained in [φ1(kmin), φ1(kmax)] × [φ2(kmin), φ2(kmax)], where φ1(k) and φ2(k) are defined as

φ1(k) =
(a2 + b2)(v − 1) +

√
(a2 + b2)(a2(v + 1)2 + b2(v − 1)2)

2av
, (4.3)

φ2(k) =
(a2 + b2)(1 − v) +

√
(a2 + b2)(a2(v + 1)2 + b2(v − 1)2)

2a
. (4.4)

Proof. A direct calculation shows

∂ρRR

∂p
= −

√
(a − q)2 + b2(v + 1)(p(b2 + a2 − ap)v + (a2 + b2)(a − p))

((a + pv)2 + b2)
3
2
√

(a − p)2 + b2
√

(av+q)2+b2v2

v2

and the root of h(p) := p(a2+b2−ap)v+ (a2+b2)(a− p) is φ1(k) defined in (4.3). Noting that for v > 0,
φ1(k) > 0 for any k > kmin, thus for p < φ1(kmin), decreasing p increases the convergence factor ρRR for
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all k ∈ [kmin, kmax], and for p > φ1(kmax), increasing p increases the convergence factor. To conclude,
the best p for minimizing ρRR must be contained in [φ1(kmin), φ1(kmax)]. A similar discussion shows that
the best parameter q for minimizing ρRR must belong to [φ2(kmin), φ2(kmax)]. □

Similar to the analysis for the scaled Robin condition, an approximate convergence factor is
needed for analyzing the local maximum points. We thus introduce the following approximation of
ρRR(k, p, q, v):

ρ
app
RR (k, p, q, v) =

√
(aapp − p)2 + b2

app√
(aapp + pv)2 + b2

app

·

√
(aapp − q)2 + b2

app√
(aapp +

q
v )2 + b2

app

,

where aapp and bapp are defined below (3.5).

Theorem 4.2. (Approximation error) There exists a constant C depending on the parameters k, p, and
v but independent of τ such that the following estimate holds:

|ρRR(k, p, q, v) − ρapp
RR (k, p, q, v)| ≤ Cτ.

Proof. The proof is very similar to that for Theorem 3.2. □

Lemma 4.2. For small τ, the convergence factor ρRR(k, p, q, v) asymptotically achieves its maxima at
kmin, kmax or k = pq, i.e.,

max
k∈K+
ρRR(k, p, q, v) = max

{
ρ

app
RR (kmin, p, q, v), ρapp

RR (kmax, p, q, v), ρapp
RR (k, p, q, v)

}
+ O(τ). (4.5)

Proof. Taking the derivative of ρapp
RR (k, p, q, v) in k gives

sign
∂ρ

app
RR

∂k
= sign((k − pq)g(k)), (4.6)

where

g(k) =2(v − 1)(pv − q)k
5
2 +
√

2k2v +
√

2(−q2 − pq(v2 − 4v + 1) − p2v2)k

− 2p2q2(v − 1)(pv − q)
√

k +
√

2p2q2v.
(4.7)

Investigating g(k) defined in (4.7), one finds from (4.6) that ρapp
RR have two interior minimum points

k2 > k1 > 0 and a unique interior maximum point k = pq. Thus, ρapp
RR must achieve its maximum at

one of the following local maximum points: kmin, kmax, and k. The asymptotic result (4.5) then follows
from Theorem 4.2. □

Now, we are ready to solve the min-max problem (4.2) by equi-oscillating the three maxima at kmin,
kmax, and k, which can be analyzed by following the idea in [32], with different details. First, we derive
the equi-oscillation at the two endpoints.

Theorem 4.3. The solution (p∗, q∗) to the min-max problem (4.2) must satisfy the equi-oscillation at
kmin and kmax,

ρRR(kmin, p∗, q∗, v) = ρRR(kmax, p∗, q∗, v). (4.8)
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Proof. It is not hard to check that for (p, q) ∈ [φ1(kmin), φ1(kmax)] × [φ2(kmin), φ2(kmax)] one has

∂ρRR(kmin, p, q, v)
∂p

> 0,
∂ρRR(kmin, p, q, v)

∂q
> 0,

∂ρRR(kmax, p, q)
∂p

< 0,
∂ρRR(kmax, p, q)

∂q
< 0.

Thus, increasing p or q would increase ρRR(kmin, p, q, v) and decrease ρRR(kmax, p, q, v) simultaneously.
While at k = k it holds that

sign
∂ρRR(k, p, q, v)

∂p
= sign(p − φ1(k)),

sign
∂ρRR(k, p, q, v)

∂q
= sign(q − φ2(k)),

which is hard to be directly applied because φ1(k) and φ2(k) are different. Noting from Theorem 4.2
the fact that ρRR(k, p, q, v) = ρapp

RR (k, p, q, v) + O(τ), it is easy to find

sign
∂ρ

app
RR (k, p, q, v)
∂p

= −sign
∂ρ

app
RR (k, p, q, v)
∂q

= sign

 √
2pq(pv − q)

2
+ pq(1 − v)

 .
We thus conclude that ρRR(k, p, q, v) has opposite monotonicity in p and q for sufficiently small τ.
Now the convergence factor ρRR can be improved until equi-oscillation is achieved as follows. Without
loss of generality, we assume ρRR(kmin, p, q, v) < ρRR(kmax, p, q, v) and consider the effect of varying
parameters p, q on the convergence factor ρRR. Note that the analysis starts from p < q for fixed q, and
we make no assumption on ρRR(k, p, q, v).

We first consider increasing p gradually. Noting that increasing p will decrease both ρRR(k, p, q, v)
and ρRR(kmax, p, q, v), and simultaneously increase ρRR(kmin, p, q, v) (see the left panel of Figure 1), if
in this process it always holds that ρRR(k, p, q, v) ≤ ρRR(kmax, p, q, v), then when ρRR(kmin, p, q, v) =
ρRR(kmax, p, q, v) is reached, the target result is achieved, as shown in the right plot of Figure 1.

k

ρ
R

R

  p

k

ρ
R

R

Figure 1. The evolution sketch of the convergence factor ρRR as increasing p for p < q.
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If the target result is not attained in the previous operation, there are two possibilities: the first
is, for p < q, that ρRR(k, p, q, v) > ρRR(kmax, p, q, v) happens at some p before the equi-oscillation
at the endpoints, and the second is that even when p increases to q (i.e., p = q), it still holds that
ρRR(kmin, p, q, v) < ρRR(kmax, p, q, v) and ρRR(k, p, q, v) < ρRR(kmax, p, q, v). For the first possibility, we
decrease q gradually such that ρRR(k, p, q, v) = ρRR(kmax, p, q, v) and p < q hold. Now, we return to
the previous operation and continue increasing p. If ρRR(k, p, q, v) > ρRR(kmax, p, q, v) occurs again in
the process of increasing p, we decrease q again, as mentioned above. For the second possibility, we
analyze the case p = q. Noting that

∂ρ
app
RR (k, p, q, v)
∂p

= 0,
∂2ρ

app
RR (k, p, q, v)
∂p2 = (v2 +

√
2v − v + 1)(v2 +

√
2v + 1)3 > 0,

together with Theorem 4.2, we conclude that ρRR(k, p, q, v) achieves its local minimum in p in an
asymptotic sense. Now we continue increasing p such that p > q. In this process, increasing p will
increase both ρRR(kmin, p, q, v) and ρRR(k, p, q, v), and simultaneously decrease ρRR(kmax, p, q, v) (see
the first panel of Figure 2), if we have ρRR(kmin, p, q, v) = ρRR(kmax, p, q, v) ≥ ρRR(k, p, q, v) (see the
third panel of Figure 2), and then the convergence factor has been improved.

k

ρ
R

R

  p

k

ρ
R

R

  q

k

ρ
R

R

Figure 2. The evolution sketch of the convergence factor ρRR as increasing p or q for p > q.
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If ρRR(k, p, q, v) = ρRR(kmax, p, q, v) is achieved for some p before the endpoints equi-oscillation, we
then fix the current p and increase the other parameter q to improve the convergence factor, as sketched
in the second panel of Figure 2. If it always holds that ρRR(k, p, q, v) ≤ ρRR(kmax, p, q, v) in this process,
we arrive at our result when ρRR(kmin, p, q, v) = ρRR(kmax, p, q, v), as shown in the third plot of Figure 2.

Otherwise if ρRR(k, p, q, v) > ρRR(kmax, p, q, v) in the process of increasing q for q < p, we gradually
decrease p such that ρRR(k, p, q, v) = ρRR(kmax, p, q, v) holds. Then we still need to continue increasing
q and repeat the operation mentioned above.

We claim that in the process of continuously improving the convergence factor, ρRR(kmin, p, q, v) =
ρRR(kmax, p, q, v) must be reached, since when p is approaching φ1(kmax) or q is approaching φ2(kmax),
noting that both φ1(kmax) and φ2(kmax) tend to infinity for sufficiently large kmax, we must have
ρRR(kmin, p, q, v) > ρRR(kmax, p, q, v). At the same time, the convergence factor ρRR is surely improved
until equi-oscillation at the endpoints, and the max[kmin,kmax] ρRR is decreasing along the process. □

Theorem 4.3 shows that the solution to the min-max problem (4.2) must satisfy the endpoints equi-
oscillation ρRR(kmin, p, q, v) = ρRR(kmax, p, q, v), which determines via the implicit function theorem the
relation between parameters p and q, i.e., q = q(p).

Lemma 4.3. The function q = q(p) determined by the endpoints equi-oscillation (4.8) decreases
strictly in p ∈ [φ1(kmin), φ1(kmax)].

Proof. For ease of discussion, we define F1(p, q) := ρRR(kmin, p, q, v) and F2(p, q) := ρRR(kmax, p, q, v).
Then, there must exist a pair of values (p, q) such that F(p, q) := F1(p, q) − F2(p, q) = 0 from (4.8).
Since F(p, q(p)) = 0, taking the derivative in p by the chain rule gives

dF(p, q(p))
dp

=
dF1(p, q(p)) − dF2(p, q(p))

dp
=
∂F1 − ∂F2

∂p
+
∂F1 − ∂F2

∂q
q′(p) = 0,

which reveals

q′(p) =
(
∂F2

∂p
−
∂F1

∂p

) /(
∂F1

∂q
−
∂F2

∂q

)
. (4.9)

Analyzing the signs of each term gives ∂F1
∂p > 0, ∂F1

∂q > 0 and ∂F2
∂q < 0, ∂F2

∂q < 0, and we then conclude
that q′(p) < 0 for any p ∈ [φ1(kmin), φ1(kmax)], thus q(p) is a strictly decreasing function in p. □

Lemma 4.3 shows that the two-parameter min-max problem (4.2) can be reduced to a single
parameter one, which could be solved by equi-oscillation at two points, say k and kmax, as shown later.
In addition, we can restrict the free parameter p to a more narrow interval [q−1(φ2(kmax)), φ1(kmax)],
where the term q−1(φ2(kmax)) is calculated from the restricted interval of q.

Now the monotonicity of ρRR(k, p, q(p), v) and ρRR(kmax, p, q(p), v) in p should be investigated,
which is used to solve the min-max problem

min
p∈[q−1(φ2(kmax)),φ1(kmax)]

max{ρRR(k, p, q(p), v), ρRR(kmax, p, q(p), v)}. (4.10)

Lemma 4.4. At both k = kmax and k = k, the convergence factor ρRR(k, p, q(p), v) achieves its
local maxima in p at the endpoints of [q−1(φ2(kmax)), φ1(kmax)]. At k = k the convergence factor
ρRR(k, p, q(p), v) attains its local minimum in p at φ1(k).
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Proof. Define F2(p, q(p)) := ρRR(kmax, p, q(p), v) as in the proof of Lemma 4.3. Analyzing the
monotonicity of F2(p, q(p)) in p by directly using the derivative of F2(p, q(p)) is difficult, so we just
compute the derivatives at the endpoints of [q−1(φ2(kmax)), φ1(kmax)] respectively,

dF2(q−1(φ2(kmax)), φ2(kmax))
dp

=
∂F2(q−1(φ2(kmax)), φ2(kmax))

∂p

+
∂F2(q−1(φ2(kmax)), φ2(kmax))

∂q
q′(q−1(φ2(kmax))) < 0,

and
dF2(φ1(kmax), q(φ1(kmax)))

dp
=
∂F2(φ1(kmax), q(φ1(kmax)))

∂p

+
∂F2(φ1(kmax), q(φ1(kmax)))

∂q
q′(φ1(kmax)) > 0.

Hence we conclude that F2(p, q(p)) is decreasing near p = q−1(φ2(kmax)), while near p = φ1(kmax),
F2(p, q(p)) is increasing, which shows the assertion at kmax.

For the rest of the assertion, we now define F(p, q(p)) := ρRR(k, p, q(p), v) and explore the
monotonicity behavior of F(p, q(p)) in p. Taking the derivative of F(p, q(p)) in p, one finds
dF(p,q(p))

dp = 0 if p = φ1(k) (at the same time q = q(φ1(k)) = φ2(k)), which separates the problem

into two cases: p > φ1(k) and p < φ1(k). When p > φ1(k) (i.e., q(p) < φ2(k)), one finds

dF(p, q(p))
dp

=
∂F(p, q(p))
∂p

+
∂F(p, q(p))
∂q

q′(p) > 0,

hence F(p, q(p)) is strictly increasing for p ∈ (φ1(k), φ1(kmax)]. While for the second case p < φ1(k)
(i.e., q(p) > φ2(k)), F(p, q(p)) is strictly decreasing for p ∈ [q−1(φ2(kmax)), φ1(k)) since

dF(p, q(p))
dp

=
∂F(p, q(p))
∂p

+
∂F(p, q(p))
∂q

q′(p) < 0.

We then arrive at our assertion at k. □

Next, a simple analysis shows that, for different values of v, the best transmission
parameters (p∗, q(p∗)) are located at different regions determined by p > φ1(k) and p < φ1(k), see
the following lemma.

Lemma 4.5. For v > 1, the optimized parameter pair (p∗, q(p∗)) to the min-max problem (4.2) satisfies
q(p) < φ1(k; v) < p. For v < 1, the optimized parameter pair (p∗, q(p∗)) satisfies q(p) > φ1(k; v) > p,
where we use φi(k; v) to clearly show the dependence of φi on v.

Proof. By the definitions (4.3) and (4.4) of φ1 and φ2, it is easy to conclude that φ1(k; v) = φ2(k; 1
v ).

Thus, when v > 1 it holds that φ2(k; v) < φ2(k; 1
v ) = φ1(k; v), since φ2(k; v) is decreasing in v:

∂φ2(k; v)
∂v

=
a2 + b2

2a

 a2(v + 1) + b2(v − 1)√
(a2 + b2)

(
a2(v + 1)2 + b2(v − 1)2) − 1

 < 0.
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In addition, we recall the expression of the convergence factor

ρRR(k, p, q(p), v) =

√
(a − p)2 + b2√
(a + pv)2 + b2

·

√
(a − q(p))2 + b2√
(a + q(p)

v )2 + b2

and noting the assumption v > 1, we find that by swapping the parameters p and q(p), we get a larger
convergence factor

ρRR(k, p, q(p), v) < ρRR(k, q(p), p, v).

Thus, for v > 1 the optimizer can only be obtained for p > q(p). To compare p and φ1(k; v), noting
the proved fact that increasing p would increase ρRR(k, p, q(p), v) for p > q(p), and the montonicity of
ρRR(k, p, q(p), v) in p is determined by the sign of p−φ1(k; v), we infer from the proof of the case p > q
in Theorem 4.3 that p > φ1(k; v). This proves the first assertion and q(p) < φ2(k; v) < φ1(k; v) < p
holds. The second assertion for v < 1 can be obtained in a similar fashion. □

Remark 4.1. Lemma 4.5 shows, for the min-max problem (4.10), that we are urged to consider only
the case v > 1, and the other case v < 1 reduces to the former one by swapping the value of p and q(p)
and replacing v by 1

v . For v > 1, the min-max problem (4.10) is equivalently reduced to

min
φ1(k)<p≤φ1(kmax)

max{F(p, q(p)), F2(p, q(p))}. (4.11)

Theorem 4.4. (Solve by equi-oscillation) For v > 1 and kmax large enough, the parameter pair (p∗, q∗)
with p∗ > q∗ determined by equi-oscillating the convergence factor ρRR at k and kmax, i.e.,

ρRR(k, p, q(p), v) = ρRR(kmax, p, q(p), v), (4.12)

is the unique solution to the min-max problem (4.11).

Proof. Indicated by Lemma 4.5, we only need to consider the case p > φ1(k; v) > q(p). To solve
the min-max problem (4.11), we compare the values of F(p, q(p)) and F2(p, q(p)) (the convergence
factor evaluated at k and kmax) at the endpoints of the searching interval [φ1(k), φ1(kmax)] of p. Before
proceeding with this, we need to expand φ1(kmax) for sufficiently large kmax,

φ1(kmax) =
5v2 − 8v + 5
4v(v − 1)

√
τ
+

2(v − 1)τ
3
2

v
k2

max + O
(

1
k2

max

)
.

Based on this result, we find the values at the right boundary φ1(kmax) of p indicated by Lemma 4.4:

F(φ1(kmax), q(φ1(kmax))) =

√
q(φ1(kmax))2τ + 1√
q(φ1(kmax))2τ + v2

+ O
(

1
k2

max

)
,

F2(φ1(kmax), q(φ1(kmax))) =
1
v
+ O

(
1

k2
max

)
,

which show that F2(φ1(kmax), q(φ1(kmax))) < F(φ1(kmax), q(φ1(kmax))) for kmax large enough. In addition,
it is easy to check that F2(φ1(k), φ2(k)) > F(φ1(k), φ2(k)). Hence, the solution (p∗, q∗) to the min-max
problem (4.11) is determined by the minimum of the intersections between F(p, q(p)) and F2(p, q(p)).
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Now, to end the proof, we only need to show that the intersection of the above two functions is unique.
To do this, we define L(p) := F(p, q(p))−F2(p, q(p)) and recall q′(p) < 0 by (4.9). Direct calculations
show that ∂F

∂p −
∂F2
∂p > 0 and ∂F

∂q −
∂F2
∂q < 0 for any p > φ1(k). These findings indicate that

dL
dp
=
∂F
∂p
−
∂F2

∂p
+

∂F
∂q
−
∂F2

∂q

 q′(p) > 0.

We then conclude that L(p) is strictly increasing in p for p > φ1(k), starting from a negative value
and strictly increasing to a positive value. The uniqueness of the interaction between F(p, q(p)) and
F2(p, q(p)) has arrived and F(p∗, q(p∗)) = F2(p∗, q(p∗)) defines the unique solution to the min-max
problem (4.11). □

Theorem 4.5. For v > 1, the min-max problem (4.1) is solved in an asymptotic sense of kmax large by

p∗ =

√
2(v − 1)

2v
k

1
2
max +

2
3
4 a

1
2
min(v2 + 1)

v(v − 1)
k

1
4
max,

q∗ =
2aminv
v − 1

−
2

5
4 v((a2

min + b2
min)(v2 + 1) + 2v(a2

min − b2
min))

√
amin(v − 1)3

k−
1
4

max,

(4.13)

and the corresponding convergence factor ρRR satisfies the following estimate:

max
kmin≤k≤kmax

ρ(k, p∗, q∗, v) =
1
v
−

2
5
4 (v + 1)

√
amin

v(v − 1)
k−

1
4

max + O(k−
1
2

max). (4.14)

Proof. Based on Theorems 4.1, 4.3, and 4.4, Lemma 4.3, and Remark 4.1, we only need to show that
the optimized parameter pair (p∗, q∗) solves the equi-oscillation problem (4.12). For v > 1, guided by
numerical investigations, we make the ansatz p = c1k

1
4
max+c2k

1
2
max and q = c3−c4k−

1
4

max. Using Lemma 4.2
one then finds k = pq = c2c3k

1
2
max + (c1c3 − c2c4)k

1
4
max − c1c4. Applying these ansatz in ρRR(kmin, p, q, v),

ρRR(kmax, p, q, v), and ρRR(k, p, q, v) and expanding for large kmax gives

ρRR(kmin, p, q, v) =

√
(c3 − amin)2 + b2

min

(c3 + aminv)2 + b2
minv2

−
(−a3

minv + c3a2
min(v − 1) − (b2

minv − c2
3)amin + c3b2

min(v − 1))(v + 1)c4√
(c3 − amin)2 + b2

min((aminv + c3)2 + b2
minv2)

3
2

k−
1
4

max + O(k−
1
2

max),
(4.15)

ρRR(kmax, p, q, v) =

√√
c2

2 −
√

2c2 + 1

c2
2v2 +

√
2c2v + 1

−
c1(v + 1)(2c2v − 2c2 −

√
2c2

2v +
√

2)

2
√

c2
2 −
√

2c2 + 1(c2
2v2 +

√
2c2v + 1)

3
2

k−
1
4

max + O
(
k−

1
2

max

) (4.16)

and

ρRR(k, p, q, v) =
1
v
−

√
2c3(v + 1)
√

c2v2
k−

1
4

max + O
(
k−

1
2

max

)
. (4.17)

Now, equalizing (4.15)–(4.17), that is, matching the first two terms, noting the conditions v > 1 and
c1, c2, c3, c4 > 0, we arrive at our result (4.13), and (4.14) follows. □
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Remark 4.2. The convergence factor estimate (4.14) shows that the OSWR algorithm with the Robin-
Robin transmission condition achieves mesh-independent convergence if the mesh size is not too large.
This is a property that cannot be reached by the scaled Robin condition, since the requirement of p = q
in the scaled Robin condition deviates significantly from the optimum (4.13). Additionally, similar to
Remark 3.1, one can conclude that a large heterogeneity contrast v leads to faster convergence of the
OSWR algorithm. Besides, the Robin-Robin transmission also applies to homogeneous media β1 = β2,
however, loses the mesh-independent convergence. In fact, the results in Theorem 4.5 cannot be directly
applied since p∗ and q∗ are singular at v = 1. Using a similar but much simpler analysis, the optimized
parameters for v = 1 are obtained as

p∗ = 2
5
8 a

1
4
mink

3
8
max, q∗ = 2−

1
8 a

3
4
mink

1
8
max

and the corresponding convergence factor estimate is

max
kmin≤k≤kmax

ρRR(k, p∗, q∗, v) = 1 − 2
9
8 a

1
4
mink−

1
8

max + O
(
k−

1
4

max

)
.

Remark 4.3. Our analysis of the Robin-Robin condition simplifies to the standard Fourier heat
conduction in composites when τ = 0, as shown in Remark 3.2 for the scaled Robin condition.
Additionally, the introduction of the phase-lag τ also slows down the convergence of the OSWR
algorithm, as indicated by the convergence factor estimate (4.14). However, in contrast to the
significant slowdown in convergence caused by a relatively large phase-lag when using the scaled
Robin condition, the phase-lag only has a very small effect on the convergence of the OSWR algorithm
when the Robin-Robin condition is applied. This is due to the mesh-independent convergence property
of the Robin-Robin condition, which relies solely on the heterogeneity contrast between different media.

5. Numerical experiments

In this section, to illustrate our theoretical results, we perform several numerical experiments for
our model problem (1.2) on the space-time domain Ω× (0,T ] = [−1, 1]× (0, 1], with nonhomogeneous
Dirichlet conditions at x = −1 and x = 1. The domain Ω is decomposed into two nonoverlapping
subdomains Ω = Ω1 ∪ Ω2 with Ω1 = [−1, 0) and Ω2 = (0, 1] according to heterogeneous media. If not
specified, we consider only the case where the heterogeneous parameter v > 1(β2 > β1). To discretize
the model problem in each subdomain, we use the Crank-Nicolson difference scheme for temporal
discretization, and the centered finite difference method in space. The model problem is solved using
the OSWR algorithm, starting from a random initial guess on the interface {0} × (0,T ] (such that all
the possible frequency components are present) and stops if

max
{∥∥∥gn+1

1 − gn
1

∥∥∥
∞
,
∥∥∥gn+1

2 − gn
2

∥∥∥
∞

}
< 10−6.

Using the numerical experiments, we would like to justify the following concerns.

1) Does the asymptotic formula (3.12) ((4.13), resp.) well predict the optimal parameters to be
applied in the scaled Robin (Robin-Robin, resp.) condition?

2) The Robin-Robin condition leads the OSWR algorithm to a mesh-independent convergence
behavior (see Theorem 4.5), while the scaled Robin can only lead to mesh-dependent convergence
(Theorem 3.4).
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3) Larger heterogeneity contrast leads to faster convergence, for both transmission conditions, as
indicated by Theorems 3.4 and 4.5.

4) The phase-lag time τ deteriorates the algorithm’s performance: the larger the phase-lag τ is,
the slower the OSWR algorithm converges, as indicated by Remarks 3.2 and 4.3. However, the
Robin-Robin condition is more robust to the phase-lag time than the scaled Robin condition.

To examine the first concern, let τ1 = τ2 = 0.001, β1 = 0.0001, and β2 = 0.5. We consider our
model problem (1.2) with the exact solution [23]

T (x, t) =


15
4

x2(x2 − 1)t2e−t if x ≤ 0,

−4x2 sin
(
3t
4

)
if x > 0,

(5.1)

which is also used to determine the initial functions T0, T̃0 and the source term f . To check the
usefulness of our prediction, for the scaled Robin transmission condition, we sample the parameter
p near the optimized parameter p∗ in (3.12) and count the number of iterations required by the OSWR
algorithm, with a similar process for the Robin-Robin transmission condition. We then plot the required
number of iterations in Figure 3. The results show that for both transmission conditions, our asymptotic
predictions are very close to the numerical optimal. The difference may be attributed to the application
of Fourier analysis in time, see [46] for more details.
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Figure 3. Number of iterations corresponds to the optimized parameters (red ∗) compared
with other parameter values. The scaled Robin condition is on the left, and the Robin-Robin
condition is on the right. A uniform mesh of size ∆x = ∆t = 0.002 is applied.

To justify the second concern, we still consider the model problem (1.2) with the exact
solution (5.1). The phase-lag time is again set as τ1 = τ2 = 0.001, with the parameters β1 = 0.0001,
β2 = 0.04. For different time step sizes ∆t, we record the number of iterations required by the OSWR
algorithms (2.1) and (2.2) and present them in Table 1. From these results, one easily finds that the
Robin-Robin condition converges much faster than the scaled Robin condition. More importantly, the
number of iterations required by the Robin-Robin condition does not vary as the mesh size decreases,
implying the mesh-independent convergence behavior as predicted by Theorem 4.5.
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Table 1. Number of iterations required by the OSWR algorithms (2.1) and (2.2) to reach a
tolerance of 10−6 for different mesh size ∆t .

∆t 1
32

1
64

1
128

1
256

1
512

Scaled Robin 11 13 13 15 17
Robin-Robin 9 9 9 11 11

We now look at how the heterogeneity contrast ν influences the convergence behavior. To this end,
we still consider the exact solution mentioned above and set τ1 = τ2 = 0.001. Now, we fix β1 = 0.0001
and vary β2 such that the heterogeneity contrast ν varies. In Figure 4 we plot the relative error reduction
as a function of the number of iterations, where we see that for both the scaled Robin and Robin-Robin
transmission conditions, larger heterogeneity contrast requires a smaller number of iterations, as shown
in Theorems 3.4 and 4.5.
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Figure 4. For different heterogeneity contrast ν, the relative error reduction is shown as a
function of the number of iterations for the OSWR algorithms (2.1) and (2.2) when using a
uniform mesh of size ∆x = ∆t = 0.002. Left: the scaled Robin condition; Right: the Robin-
Robin condition.

To illustrate the last concern, we still consider the exact solution (5.1) with β1 = 0.002 and β2 = 0.5.
Table 2 and Figure 5 show the number of iterations required by the OSWR algorithms (2.1) and (2.2)
for different phase-lag time τ, which indicates that for both transmission conditions a larger phase-lag
time would lead to a deterioration of the convergence: the larger the phase-lag time, the slower the
algorithm converges, as indicated by Remarks 3.2 and 4.3. In addition, the Robin-Robin condition
outperforms the scaled Robin for all phase-lag τ, especially when the phase-lag is relatively large,
showing its robustness to the phase-lag over the scaled Robin condition. However, we do not observe
a phase-lag independent performance for the Robin-Robin condition. This is because, in our opinion,
the mesh size used is not small enough such that the asymptotic regime in (4.14) is reached.
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Table 2. Number of iterations required by the OSWR algorithms (2.1) and (2.2) is shown
using scaled Robin and Robin-Robinconditions with a uniform mesh of size ∆x = ∆t =
0.002, for different phase-lag times τ.

τ Scaled Robin Robin-Robin
0 17 11
0.0002 19 13
0.0004 23 15
0.0008 31 19
0.0016 50 24
0.0032 130 35
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Figure 5. The plot of the number of iterations shown in the Table 2 as a function of the
phase-lag τ.

In addition, though our analysis is based on the assumption τ1 = τ2, the theoretical results still hold
for heterogeneous τ. To illustrate this result, we still consider the exact solution (5.1) with β1 = 0.0001
and β2 = 0.04. Setting S 1 =

√
β2 p(τ1)I and S 2 =

√
β1 p(τ2)I in the scaled Robin and S 1 =

√
β2 p(τ1)I

and S 2 =
√
β1q(τ2)I in the Robin-Robin conditions, we collect the number of iterations required by

the OSWR algorithms (2.1) and (2.2) in Table 3, which shows the effectiveness of our algorithm in
solving problems with heterogeneous phase-lag τ.

Table 3. Number of iterations required by the OSWR algorithms (2.1) and (2.2) to reach a
tolerance of 10−6 for different mesh size ∆t when τ1 = 0.001 and τ2 = 0.0005.

∆t 1
32

1
64

1
128

1
256

1
512

Scaled Robin 11 13 13 15 16
Robin-Robin 9 9 9 11 11
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6. Conclusions

We propose to solve the heterogeneous non-Fourier heat transfer problem using the OSWR method,
where two types of Robin transmission conditions are proposed because the phase-lag time τ is
generally small. We have rigorously optimized the convergence factors obtained using Fourier analysis
for both transmission conditions through asymptotic analysis. The results reveal several interesting new
findings: for both conditions, the large heterogeneity contrast benefits the convergence; notably, the
OSWR with the Robin-Robin condition is asymptotically mesh-independent, while the OSWR with
the scaled Robin condition is not; more importantly, compared to standard Fourier heat transfer, the
phase-lag time slows down the convergence speed, especially when the phase-lag time is relatively
large, which poses a challenging topic for further investigation, particularly when the mesh size is
relatively large.
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