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Abstract: This paper examines the problem of master-slave synchronization control for chaotic Lur’e
systems (CLS) under sampled-data conditions. Initially, a two-sided looped Lyapunov function is
constructed by fully leveraging the system characteristics and information regarding the sampling
mode. Subsequently, based on the Lyapunov stability theory and using the integral inequality of free
matrices, we establish the stability criteria for the synchronization error system of CLS. Utilizing
these conditions, we compute the sampling controller gains through an enhanced iterative conditioned
cone complementarity linearization iteration algorithm, thereby achieving synchronization of the
master-slave system over more extended sampling periods. Ultimately, numerical examples are
presented to demonstrate that the proposed method outperforms existing approaches documented in
the literature.
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1. Introduction

Chaos systems, as a category of nonlinear dynamical systems, are highly dependent on initial
conditions, inherent randomness, and a continuous broad spectrum. These characteristics render
chaotic systems particularly suitable for communication applications while presenting significant
prospects in finance, chemistry, and biology [1-5]. Notably, chaotic systems have garnered
considerable attention since the seminal work presented in [6]. A wide range of nonlinear dynamical
systems can be expressed as chaotic Lur’e systems (CLS). Therefore, the synchronization problem
related to CLS has become a hot topic in recent years [7]. To address the synchronization problem,
various control strategies have been proposed, including adaptive control [8], sliding mode control [9],
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feedback control [10], and sampled-data control [11].

Sampled-data control requires the system to provide state information only at specific sampling
times, which endows it with low control cost, high efficiency, flexibility, and reliability. Over the
past few decades, advancements in network communication and associated digital technologies have
led to significant progress in sampled-data control systems [12, 13]. Consequently, it has been
widely used in the field of control [14-19]. Many excellent results have also been obtained in the
synchronization problem of CLS [20-22]. In Reference [6], sampling control is introduced into
the CLS, deriving global asymptotic synchronization conditions. An input delay method utilizing
the Lyapunov functional to establish synchronization conditions in Reference [23]. Subsequently,
References [24, 25] further investigate master-slave synchronization of CLS considering system
delays. However, these studies do not fully account for the characteristics of the CLS and available
information during the sampling process. Therefore, system information was thoroughly considered
in References [26,27]. Based on this information, the Lyapunov functional was augmented, and
the results were further optimized using linear matrix inequalities (LMIs). However, the augmented
function did not sufficiently consider the sampling process’s characteristics, and there is still potential
for improving the resulting outcomes.

Only occupying the network channel at the sampling moment can significantly reduce a sampling
system’s communication pressure and computational burden. Thus, obtaining a more extensive
sampling interval is the main issue in the field of sampled-data control, and it is also a critical index that
evaluates the conservativeness of the synchronization criterion of CLS [28-30]. Two main approaches
to achieving a more extensive sampling interval are adopting appropriate Lyapunov functionals and
bounding its derivative with lower conservativeness. The field of functionals has seen significant
advancements, starting with basic forms of Lyapunov functionals [31], progressing to time-dependent
and discontinuous Lyapunov functionals [32], and culminating in the recent development of two-
sided looped functionals [33-35]. Integral inequalities play a crucial role in limiting the quadratic
integral term within the functional derivative. With the development of Jensen’s inequality, Wirtinger-
based inequality, free-weighting matrix inequality, and augmented forms, conservativeness has been
substantially diminished. All these provide beneficial tools for us to study the synchronization problem
of CLS.

In previous studies on the synchronization problem of CLS based on sampled-data control, the
solution of the sampled controller was usually obtained by parameter adjustment methods. However,
this approach is heavily influenced by the initial values of the chosen parameters, and optimizing these
parameters can be quite complex. This complexity may hinder determining the controller and could
result in the oversight of specific solutions that satisfy the necessary conditions. In Reference [36], an
iterative algorithm of cone complementary linearization based on linear matrix inequalities is proposed
and successfully applied in sampling control systems [37]. This algorithm eliminates the need for
preset initial parameter values and does not require parameter tuning. Once a stopping condition for
the iteration is established, it continuously iterates to discover the optimal solution that meets the
specified conditions, thereby significantly enhancing the accuracy of the calculations.

Motivated by the descriptions discussed above, this paper thoroughly investigates the
synchronization problem of CLS by considering the characteristics of the system’s sampling process.
The key contributions of this paper are outlined as follows:

1) An augmented two-sided looped Lyapunov functional is constructed, which fully considers the
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system’s state variables and sampling information and leads to the establishment of a stability
criterion.

2) Utilizing the cone complementarity linearization iterative algorithm, a novel iterative condition
for the design of sampling controllers has been developed.

3) Numerical simulation experiments reveal that our method attains a significantly larger sampling
interval than that reported in References [22, 25, 34], suggesting its capability to generate more
relaxed outcomes.

Notations. Throughout this note, R” denotes the n-dimensional Euclidean space. The superscripts
V-1 and VT represent the matrix V inverse and transpose, respectively; the space of n X m real
matrix is denoted by R™"; the condition P > 0 indicates that the matrix P is both symmetric and
positive definite; He{J}=J + JT; the notation diag{- - -} denoted a block-diagonal matrix; N represents
the collection of all natural numbers. Vr e N, N, = {1,2,...,r}.

2. Preliminaries

Consider the following master and slave CLS:

x(t) = Ax(t) + Bo(Dx(1)),

E:

p(®) = Cx(),

Y1) = Ay(t) + Bo(Dy(1)) + u(1), (2.1)
F

q(1) = Cy(1),

L u@®)=Kpt) —qt), tH<t<tig,

which comprises the master system &, slave system 7, and control input £. where x(f) € R" and
y(#) € R" are the states of & and 7, respectively; and p(f) € R™ and ¢g(¢) € R™ are the subsystem output,
u(t) € R" is the control input of ¥ ; A, B, C, and D are constant matrices with appropriate dimensions;
% is a controller gain matrix. o(-) : R — R’ is a diagonal and nonlinear function that belongs to the
sector [0, g;] fori=1,2,---,1,

oi(dix(1)) — oi(d;y(1))
di(x(t) — y(2))

where g; > O represents a scalar, and d; denotes the ith row vector of matrix D.
It is assumed that the time interval between any two consecutive sampling instants is such that

0< < gi, x(t) # (1), 2.2)

tke1 — b = hy € (0, h].

From the master system & and slave system ¥, the synchronization error is given by r(¢) = x(¢) — y(¢),
and the synchronization error system can be formulated as follows:

i(t) = Ar(t) + Bf(Dx(t), Dy(t)) — KCr(ty), (2.3)
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where f(Dx(1), Dy(r)) = o(Dx(t)) — o(Dy(r)). To simplify the presentation, let us refer to
F(Dx(n), Dy(0)) as f(1).

To formulate a more permissive synchronization criterion, the subsequent Lemma 2.1 is
necessary [38].

Lemma 2.1. Let R € R™" be a positive-definite matrix. x:[a,,a,] — R" and & € R™ be a continuous
differentiable function. The following two inequalities hold for N € R¥>":

- f 2 i (ORi(6)dO < 28" T NE + aé" NTR] NE,

@y

where R, = diag{R, 3R, SR} and

a=a —a, /~€i = [Onx(i—l)n I, 0n><(4—i)n] ,i=1,2---4,
=~ (0% (0% [0 r

E= (@) @) [F%do [ [ <Ldods|
1= (K7 — kT KT+ kL —2kT &7 — kL + 6k7 — 12k7]".

3. Main results
This section develops a criterion for achieving master-slave synchronization in CLS. Leveraging
this criterion, we then apply the cone complementarity linearization iterative algorithm to determine

the gain of the sampled-data controller. The following notions are given to help simplify the description
of the matrices and vectors of the main results.

hi(®) =t =1, ho(f) = g1 — 1,
V_fww _menM
Lm0 T ) mo™
2r(6) e 2ne)
“j:[mmw““‘f f X0

=[] ma@w] m@w] ]

=@ ey [ s
mm—pﬂm () MOV ha@vE @] b
13(0) = [ = r6)) h O te) - @)
m@ =[O @) ) V]

0= [F ) @) ) vV Fo]

Below, Theorem 3.1 explores system (2.1) with a predefined controller gain K. The condition for
synchronization is obtained through the application of the two-sided looped function in combination
with Lemma 2.1.
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Theorem 3.1. Give scalars h > 0 and real matrices K, the master system &, and the slave system
F in system (2.1) are globally asymptotically synchronous if there exist real matrices P > 0,Y, > 0,
0,G,S ,X, 1 €Ny, j€Ny), My, M,, and diagonal matrix I' > O such that the following LMIs (3.1)
and (3.2) are satisfied for h; € (0, h],

. - T
o+ ot Nhymg, My  Nhymy Y,
Yo = * -Y, 0 <0, 3.1
* * -Y;
] - To -
0o+ hpy  Nhymg My Nhymy Y,
©p = * -Y, 0 <0, 3.2)
* * -Y,
where
= Helel Pmy — el,Tey, + el ,TGDe; + el Ginr) — e} G
T T T
+ 7Ty Q7T3 —Sie4—Sres — Sze6 — Sse7 + ﬂSaMﬂTg + ﬂngzﬂ'lo},
T T T T T
1 = He{—e, Gymy + e5Gmy + 1y ,Ons + m,,Onts + S 1eg + S3ei0} — 7 Xmq,
@y = He{elTGzﬂl + esznz + 71'ng7(3 + JTZ;bQﬂ's + Sseq + Sueq} + 7T7TX7T7,
with
€n = [Onx(m—l)n I, Onx(lZ—m)n] ym=1,2,---,12,
Ya = diag{Yl, 3Y1, 5Y1}, Yb = diag{Yz, 3Y2,5Y2},
T
o = Aey + Bey, — CKe,, m = [eg ej e el el e?] ,
T T
Ty = [0 0 elT —elT 2€8T - elTO —269T +elT1] , T3 = [elT eg eg e‘{ eST e6T e7T] ,
T T T
Ty = eg—elT e3T—elT] , 7r4a:[0 eg—elT] , 7141,:[6{—65 0] ,
T T T T _ T T, 171" T’ T T
ns=|my, 0 0 e —e) 2e5 —e), —2e4+ e“] , Tea = [0 —7r0] , Tep = [7r0 O] ,
_[r v .. 1" _r v ;v 71 _r v ,v 71"
T =|e, e; e, + es] , Tgg = [63 e, e 611] , Tgp = [el e, eg 610] ,
T
Mg = eg—elT e3T+elT—Zeg e3T—elT+6eg—6elT1] ,
T
o = [elT —e) el +e—2e) el —el —6ef + 6elT0] )
Proof. Choose a Lyapunov functional below.
(3.3)

where

4
V() = Vo(t) + D Vi), 1 € [t ti),
n=1

Vo(t) = r (O Pr(r),
Vi(t) = h(Dha (0] X1,

Va(t) = 2k (1) [ r(s)! dsGima(@) + 2ha(0) [} r(s) dsGoma (),

Vs(t) = 2n5(t)" Ona(2),

Va() = ha(t) [ #(8) Vai(s)ds = hy (1) [ #(s)T Yii(s)ds.
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Computing the derivative of (3.3) with respect to the solution of system (2.1) results in

Vo(r) = 2&" (e} Pro}(1),

Vi) = €T (O (Dr) Xy — hy (D7) Xmp JE(1),

Vi(t) = 267 (O1el Gimy — hi(t)e] Gy + hy(1)el Gy — e}, Gomry + ha(D)e] Gamy + hy(t)ey Gamy }E(D),
Vi(t) = 2E" (0){nm], Ors + 20y (D), Qs + 2k (D7), Q375 + 2ha ()t Qs + 2y (D)7, Ons (),
V(1) = ENOh(Or] Yimo + ho(Org Yaro)é@) + Ji + Ja,

where

J = f V), Ty = f ()" Var(s)ds.

I

Applying Lemma 2.1, we obtain

Ji < EOla(OTTE,M, Y, M Ty, + 2105, M T 1£(D), (3.4)
Jo < EO[h (O, MY, ™ My Ty, + 2115, MoIT10]€(2). (3.5)

Note that, for any matrices S ;(i € N,), all the subsequent zero-equality equations remain valid

0 = 2" (1S 1[hi(Des — es)€(D), (3.6)
0 = 2" (S 2[ha(D)ey — es1E(D), (3.7)
0 =270 3l (Derg — eclé(2), (3.8)
0 = 26" (DS 4[ha(D)ery — e71E(0). (3.9)

For any diagonal matrix I' = diag{¢y, {»,- - - , {;} > 0, it follows from inequality (2.2) that the following
inequality holds:

0 < 267 (1) (e}, TGDe; — el Tepn)E() (3.10)

with G = diag{g,g».--- ,&). By incorporating (3.4)-(3.10) into the right-hand side of V(r,), the
following resulting expression is obtained.

. ) )
V(r) < ET() | =2 + —2 | £(D), (3.11)
hy hy
where
Pa = @0 + hupr + bt Yimg + M"Y, My, (3.12)
©p = @0 + lups + byl Yortg + M, ¥y, M. (3.13)

If ¢, < 0 and ¢, < 0 are satisfied, then according to the Schur complement, inequalities (3.1) and (3.2)
are established, respectively. Then V(1) < —y||x(¢)||* for a suitably small y > 0; the master system &
and the slave system ¥ are synchronous. This concludes the proof.
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Remark 3.1. In contrast to the conventional Lyapunov functional, the Lyapunov functional developed

4
in this paper is a two-sided looped functional, comprising two distinct components, V(t) and ), V,(1),

n=1

4
and does not need to satisfy Y, V,(t) > 0, so the qualification conditions are relaxed compared with

n=
the traditional functional. Meanwhile, the functional constructed in this paper is augmented with the
double integral terms v; and v4 in £(t) compared to [32]. All of these measures contribute to reducing
the conservativeness of the derived condition.

To guarantee that the synchronization error system is absolutely stable as defined in Eq (2.3), a
method for designing a sampled-data controller is proposed based on Theorem 3.1.

Theorem 3.2. Given scalars h > 0, the synchronization error system (2.3) is absolutely stable, if there
exist real matrices W > 0,Y, > 0, O, GN,,S,,)N(, (1 € N,, jeNy), M, M,, and diagonal matrix T > 0,
such that the following LMIs (3.14) and (3.15) are satisfied for h; € (0, h],

o + iy Vh_kﬂngz Vhrl
@a ¢ -R, 0 |<o0, (3.14)
% * _Rl ]

(o + hi@r ‘/h_kﬂgaM 1 V!
op = * -R, 0 <0, (3.15)
* %k —Rz 1

where

$o = He{elTPfro - e]T2F612 - elTZFQZ)WeI + eSTG'ﬂrl - eZG~27r2
+-S8,e4—Sres — Sz — S,e7 + JrgaMmg + ﬂgbl%mo},
¢ = He{—elTGNﬂrl + e§G~17r2 + Se5 + Sse10) — 7T7T)~(7T7,
Py = He{e{(;yrl + eZG’zﬂz +S,e0 + Sae) + ﬂ;Xﬂﬁ,
7o = AWey + Be, — CVes,
R, = diag{WR;'W,3WR;'W,5WR;'W}, R, = diag{WR;'W,3WR,'W,5WR,'W}.

Any other symbols not covered above are defined in accordance with Theorem 3.1. Furthermore, the
controller gain is given by K = VW=,

Proof. Define

W= P_l, X = J3XJ3, Gi = JlGl‘J(), Sj = jUS.Il, N,‘ = J4Ni]3, R,’ = Y~_1

1 9

V=KP"', Ji =diag{Jn, 1}, J3, = diag{Js, Y;'}, Js = diag{Js, Y},
where, i € N,, j € N, and

J, =diag{P',--- ,P7'}.
N———

n elements

AIMS Mathematics Volume 10, Issue 3, 7355-7369.
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Set Q = 0, then, pre- and post-multiplying (3.1) and (3.2) with diag(J\\, J3,} and diag{Jy, J3»}, we
obtain (3.14) and (3.15). This concludes the proof.

It is evident that inequalities (3.14) and (3.15) contain two nonlinear terms, WR; 'W and WINQ[IW.
This makes it impossible to directly solve the controller of Theorem 3.2 through standard solvers.
Therefore, the cone complementarity linearization iterative algorithm proposed in Reference [36] needs
to be applied to handle this non-convex problem. The specific steps are as follows:

Define two new variables ®;, ®; such that ®, < WR'W, ®, < WR;'W . Replace the
conditions (3.14) and (3.15) with

o + iy \/h_k7T~8TbM2 VAT
%, . _d, 0 |<o (3.16)
* * -R; |

(o + hidr \/h_k?T~ ' My N
@y = * -0, 0 |<0, (3.17)
* * —Rz i}

where @, = diag{®,,3®,,5®,}, ®, = diag{®,,3d,, 5D, } and,
O, < WR'W, i e N,. (3.18)
Notice that (3.18) is equal to @;' — W-IRW~' > 0. Using the Schur complement, this condition is

equivalent to

(D._l W—l
[Wl‘l R.‘l] >0, (3.19)
then, by introducing the new variable P, H;, Y;,i € N,, the original conditions (3.14) and (3.15) can be
reformulated as (3.16), (3.17), and

>0, P=W"' H=0;', v, =R". (3.20)

H P
Py,

Therefore, the aforementioned non-convex problem is reformulated as a nonlinear minimization
problem based on Linear Matrix Inequalities (LMIs) as follows:

Minimizetr {PW + Y2 (H®; + Y,-Ri)}
s.t. (3.16), (3.17) and

H P W oI o 1 R I
A N A O A PO e G2

In the following text, we will introduce an iterative algorithm for solving the controller matrix with the
maximization of A.

AIMS Mathematics Volume 10, Issue 3, 7355-7369.
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Step 1. First, choose a sufficiently small initial value 4 such that the LMIs in Eqs (3.16), (3.17),
and (3.21) are satisfied, and then we set h,,,, = A.

Step 2. Find a feasible set P(), WO’HIO»HZOa(DIO’ (I)zo, Yl(), YZO’RIO,RZO Satisfying (316), (317),
and (3.21). And set j = 0.

Step 3. Solve the following LMI problem:

2

Minimizetr {PW] + PJW + Z(HUCDI + Hi(Dij + Yini + Y,Rl])} ’
i=1

s.t. (3.16), (3.17) and (3.21).

set Pj, = w Wi = W, @1y = O, Higjery = (D,‘_]aRi(jH) =R, Yije) = Ri_l,i € Na.

Step 4. If the LMIs (3.1) and (3.2) are satisfied with the controller gain K obtained in Step 3, then
update 4,,,, to h and revert to Step 2 after increasing 5, to a certain degree. If LMIs (3.1) and (3.2) are
unsolvable within a set number of iterations, then exit the procedure. Otherwise, set j = j + 1 and go
back to Step 3.

Remark 3.2. In contrast to the parameter adjustment methods for controller optimization described
in references [27, 34], the enhanced cone complementarity linearization iteration iterative algorithm
systematically identifies the optimal solution within the feasible region through a step-by-step iterative
process. This method not only improves the precision of synchronous control but also effectively
minimizes potential errors that may arise during parameter adjustment.

4. Numerical example
This section presents a benchmark example based on reference [34], aimed at illustrating the

benefits of the proposed standard.
Consider the CLS defined by the following parameters.

-1 0 O 12 -16 0
A=10 -1 0f,8=|124 1 09|,.C=D=1.
0 0 -1 0 22 15

with nonlinear characteristics
1
Jilxi(®) = E(lxi(t) + 1] = |x; (1) = 1)),

where f;(x;(t)) belongs to sector [0,1] for i € Nj.

The systems mentioned above have all been examined in Reference [34]. Table 1 presents the
maximum sampling periods that were obtained. Utilizing the sampling periods and in accordance with
Theorem 3.2, the controller obtained through continuous iterative calculation is as follows:

1.1254 -1.0942 0.1434
K =10.4607 0.9565 0.6237].
0.3170 1.7540 1.3261
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By substituting the obtained controller into Theorem 3.1, the maximum sampling period 4 for this
study is determined to be 0.77. As shown in Table 1, the results of this study are superior to those in

other literature, demonstrating that our approach exhibits less conservativeness.

Table 1. Maximum values of the upper bound 4.

Methods

[25]

[22]

[34]

Theorem 3.1

0.32

0.38

0.71

0.77

Then, set x(0) = [0.3 0.5 0.8]7, y(0) = [0.2 0.4 0.9]", Figure 1 shows the state response of
the system without the controller in use. Applying the above controller K, the state trajectories of
system (2.3) and its control input are illustrated in Figures 2 and 3 under the sampling period 4 = 0.77.
It can be seen that the system is unstable at this time. As shown in Figures 2 and 3, CLS achieved
synchronization in a short period of time, and the system was in a stable state at this point.

5

4

3

Figure 1. State response of the system with no controller.
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Figure 2. State response of the system.
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Figure 3. Control input u(t).

5. Conclusions

This paper focuses on examining CLS’s synchronization issue. This study thoroughly considers
the system’s sampling process characteristics and constructs an improved augmented two-sided looped
Lyapunov functional to derive the stability criterion. Subsequently, based on the derived conditions, the
cone complementary linearization iteration algorithm is employed to design the sampling controller.
Numerical simulation results demonstrate the effectiveness and superiority of the proposed approach.
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