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1. Introduction

1.1. Elliptic problems with critical nonlinearities

Over the years, with the aid of variational methods, for varying conditions of the potential and
nonlinearity, the existence and multiplicity of solutions for elliptic equations have been extensively
discussed in the literature, among which we highlight [1,4,5]. One interesting characteristic is that the
potential function can be negative or indefinite, as shown in [7,8, 11]. On the other hand, equations
with critical growth raise interest; see [2,6,12].

Li and Wang [11] established the existence result for the following equation:

{ —Au —a(x)u = f(x,u) in Q, (1.1)
u=0in RM\Q, '

where a € L%(Q) and f(x,u) is superlinear at u = 0 and subcritical at u = oco. They established
the existence result for the equation above without assuming that the Ambrosetti-Rabinowitz
condition holds.
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Ke and Tang [8] studied (1.1) where a € L (Q2) and g has super-linear but sub-critical growth.
By introducing a new super-linear condition, they proved the existence and multiplicity of solutions.
In [7], they gave the existence and multiplicity results for Eq (1.1) with a(x) = A, — V(x), where
Ve L%(Q), g 1s sublinear, and A; denotes the kth eigenvalue for the elliptic linear operator —A + V(x)
with zero Dirichlet boundary condition.

The works [13, 15, 16] were devoted to studying the critical equation

A — ey — -2
{ Au— Au = f(x,u) + |ul” ~“uin Q, (1.2)

u = 0in RM\Q,

where f = 0in [13,16] and f is a lower order perturbation of the critical power |u|> ~2u in [13, 16].
In [10], they were concerned with the existence and bifurcation of nontrivial solutions for Eq (1.2) with
A =0and f(x,u) = ug(x,u) with u > 0. The single solution results obtained by [10] extend the main
results of [15].

Inspired by the research mentioned above, this paper focuses on the existence of nontrivial
solutions for the critical problem

{ —Au— a(x)u = f(x,u) + u* 2uin Q, (1.3)

u=0in RM\Q,

where Q is a bounded domain, N > 3,and 0 < g € L? (€2). We believe that it is an intriguing question
to ask whether there exists a nontrivial solution for Eq (1.3) with a € L%(Q). Although there have been
some works on this type of potential (see [3,8, 11]), to the best of our knowledge, no attempt has been
made to answer this question for the critical term. In this paper, we will provide an affirmative answer
to this question. The result we obtained extends the results of [8] and [11] to the critical case.

The main objective of this paper is to construct nontrivial solutions of (1.3) using variational
techniques. Our strategy will depend on whether 4; < 0 or 4; > 0, where A, denotes the eigenvalue
for the elliptic linear operator —A — a with zero Dirichlet boundary condition. If 4; < 0, we will
use the Linking theorem to obtain a nontrivial solution. On the other hand, if 4; > 0, the Mountain
Pass theorem will be effective. In order to achieve this, we will consider the well-known eigenvalue
problem —A — a.

1.2. Notations

In order to study the problem mentioned above, we shall consider its weak formulation, given by
fg Vu(x)Vp(x)dx — fg a(x)u(x)p(x)dx
= L Jx, u(x)p(x)dx + fg (O Pu()¢(x)dx, Ve, u € Hy(Q),
where the Hilbert space Hé (Q) is defined as the closure D(Q) in H'(RY) with the scalar product
(u,v) = fg; Vu(x)Vv(x)dx,
for any u,v € H}(Q) and the norm |[ul|* = (u, u).
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We can observe that Eq (1.3) is an Euler-Lagrange equation of the functional J : Hj (Q) — R
defined as follows

Jw) = 1||u||2—l f a(x)u*(x)dx — f F(x,u(x))dx—lm@i.
2 2 Ja o 2

Moreover, J € C'(H,(Q),R) and for any u, ¢ € Hj(Q), we have

(T (w), ¢) = f Vu(x)Vp(x)dx - f a(x)u(x)p(x)dx
Q Q
- fg Jx, u(x))p(x)dx — fg ()P 2u(x)p(x)dx.

Now we recall an eigenvalue problem (see [11, 17]) related to the problem mentioned earlier. Let
{A«} be the positive and increasing sequence of the eigenvalues of the following problem

{ —Au — a(x)u = Au in Q, (1.4)

u =0in R\Q

and the sequence {e;} of the eigenfunctions corresponding to {1} is an orthonormal basis of L*(€2) and
an orthogonal basis of Hé (2). Moreover,

—o < YL L. . .S A4 LA £,

where
lull® = [, a()u?(x)dx
A4l = min ,keN,
ueP1\{0} J;) uz(x)dx

Py = {u € Hy(Q)| <u, ej> =0, j=1,..,k}. If ; <0, for convenience, we set
—o <A S LS LS4 L0< Ay S
Corresponding, let
Y=|e, . ,ee}and Z ={u € Hé(Q), (u,v);2 =0,v ey}, (1.5)
thereby, Hé(Q) = Y ® Z. We need the following constants:

2
S= inf L (1.6)
ueHy@\O) ( [ Ju(x)* dx)>

S,= inf S,(u),
ueH} (Q\{0}

where
= [, aColu(x)Pdx

Sa(u) = p
(Jo, lu(0) dx)=

(1.7)
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1.3. Main results

In this subsection, we present the main result of the paper. We consider the nonlinear partial
differential Eq (1.3) with a Caratheodory function f : Q X R — R satisfying conditions (f;)—(f1)
(or ()

(f1) sup{lf(x,0)|: a.e. x € Q,t| < M} < +oco for any M > 0;
(f2) lim &0 = 0and lim L4 = 0 uniformly in x € Q;

|t|—>+0c0

(f3) there exists @ > 2 such that

0 <aF(x,t) < f(x,nt, fort #0,

where F(x,1) = fot f(x, 1)dT;
(fy) lim % = +o0o, when N = 3, uniformly in x € Q;
t—+0c0

lim Sl(fn’t)l = +o0o, when N = 4, uniformly in x € Q;
t—+00
lim @ = +o0o, when N > 5, uniformly in x € Q;
t—+00

(f;) there exists uy € Hé(Q)\{O} with uy > 0 a.e. in RN such that S,(u) < S for any u € U, where
U= span{el,ez, ceny €fy I/lo}, keN.

Our main result is as follows:

Theorem 1. Suppose that conditions ( f1)—(f3) and (f4) (or (f;)) hold. Then, problem (1.3) admits a
nontrivial solution u € Hé(Q)\{O}.

Remark 1. We note that the function a(x) and the critical exponent term pose natural difficulties in
this problem. One difficulty is that the boundedness of the Palais-Smale sequence fails, and we need to
apply certain inequalities to recover it. Another difficulty is to prove that the required level c is below
the threshold. We use various techniques to overcome these difficulties. Our result extends the results
of [8] and [11] to the critical case. Furthermore, if we set s = 1 in the fractional problem, our result
generalizes the single-solution results of [10] and [15].

The structure of the remaining part of this paper is as follows. In Sections 2 and 3, we present
several lemmas and estimates that are crucial for the proof of the main theorem. These results, based
on the relevant lemmas from Sections 2 and 3, are then used in Section 4 to complete the proof of the
main theorem.

2. Preliminaries

In this section, we will first present some relevant information that will be useful. Some
of the lemmas provided are standard, and readers familiar with them may proceed directly to the
estimation part.

Lemma 1. Assume conditions ( f,) and ( f>) hold; then for any € > 0, there exists M = M(g) > 0 such
that for a.e. x € Q and any t € R,

|f(x, D) < 2%elel* ! + M(e)
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and
IF(x,1)| < eltl” + M(e)lt],

where F(x,t) is defined as in ( f3).

Lemma 2. [17] Let 1 < r < oo. If {u,} is bounded in L'(Q) and u, — u a.e. in Q, then u, — u
in L'(Q).

Lemma 3. [17] The following assertions are true:
(a) The embedding Hé (Q) — LY(Q) is compact for any v € [1,2%).
(b) The embedding H}(Q) — L* (Q) is continuous.

Lemma 4. Suppose that |Q)| < oo, and conditions (f,) and (f>) hold. If u, — u in Hg (Q), then

f F(x,u,(x)dx — f F(x,u(x))dx.
Q Q

Proof. The proof is standard and omitted here. O

Lemma . [7, Lemma 3.1]Ifa € L%(Q), Q| < c0candu, — u € Hé(Q), then
f a()lu, (x)dx — f a(x)u(x)l’dx.
Q Q
Lemma 6. [17, Lemma 2.14] Ifa € L* (Q) and |Q| < oo, then

A= inf f (IVul* = a(x)u*(x))dx > —co. 2.1)
Q

ueH} (Q).lul=1

Lemma 7. [I1, Lemma 3.1] Ifa € L%(Q) and |Q| < oo, then

6= inf f (IVul* = a(x)u*(x))dx > 0, (2.2)
Q

ueZ,|lull=1

where Z is defined in (1.5).
3. Estimates

Next, we will provide some estimates. Firstly, let us recall that the limiting problem
—au = u” uin RY

admits a solution u* in H'(R") (see, for instance, [2, 14]). Now, for any & > 0, let us consider the
following functions: U,, u,, and v, defined as

W=y X
U.=¢g 2 u*(—), xeRY,
&

ue(x) = N(x)Ug(x), x € RY
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and

U N
|MT , x € R"Y,
el2*

Ve(x) =

where 7 € C*(RY) is such that 0 < < 1in RY, = 1 in By and = 0 in R\ B,;, with Bs = B(0, 6)
and 6 > O such that By;s; C Q. Note that u, € Hé(Q) for any € > 0. What’s more, according to [9],
one has

|%w:12f|wuwx:5+0w*h
RN

O(e?), N =3,
Y(e) := f vel’dx =4 O(ellngl), N = 4, (3.1)
RY O(g), N > 5,

and
|ugl+ < 2L for € small enough,

where L is some positive constant.
Known to all, for problem (1.3), the compactness condition holds true only within a suitable
threshold related to the best critical Sobolev constant. Now we will deal with the problem.

Lemma 8. Suppose that ( fi)—(fs) hold. There isav € Hé (D\{0} such that
| Y
rrtlz%xj(tv) < NS z,

Proof. Obviously, J (1) < Jo(u), where

1 .
Fotw = 5 ulf - f FCx, uCe)dx = -luf
Q

Hence, it is sufficient to prove that m%x Jo(tv) < %S z By (f1)-(f5), there exists ¢, > 0 such that
>

Jo(t:ve) = max Jo(rv,). By “42|,-,, = 0 and noticing
=

Ve = 1, | [VwPdx =5 +0(™T),
RN

we derive that
2 21 2 2
0= Ie ”vs” - ff(xa tsva)vad-x — I <t ”Vs” — 1 1,
Q
and it follows that

*_ N2
22 <l < S + 0 ).

This implies that 7, < C, where C is independent of (> 0) with & small.
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such that z,, — 0 as n — oo. It follows that 7,,v,, — 0 in H,(Q) as n — co. Hence,

We claim that 7, > C > 0 for sufficiently small €. If not, there exists a sequence &, — 0 asn — o

1
2
0< Cco < r%a()XJO(szn) = jO(tsnvs,,) < Elltanvs,,” -

where ¢y denotes the Mountain Pass level of 4. This is a contradiction.
According to condition (f3), for any M > 0, there exists Ty, > 0 such that for r > T, we
obtain that

M, N =3,
F(x,t) > M| 1Int, N =4, (3.2)
M7, N > 5.

Hence, for sufficiently small &, we can conclude that

CM [ ,&'dx=CMs>, N=3,

|x|<e2

f CF(x,v,) > C*M e &' In(Ce2)dx = CMeIn(Ce™2), N = 4, (3.3)
e CM [ ,&'Fdx=CMe, N=5.

|x|<e
More details about the estimate can be found in [9, Lemma 3.4]. By the arbitrariness of M and (3.1),
we obtain

f ! 1 F(x,v,)dx
111’(1;1 ‘X|<S T( ) — +OO, (34)
e—0t &

where T(¢) is defined in (3.1). Thus, by (3.4) and the fact that F(x,u) > 0, for sufficiently small &,
one has

1
ffo(tgvg)< lltovel® +3 f ltovel*dx — f F(x,teve)dx = o f ltevel* dx

Smax ||t vell* = fltgvsl dx fltgvglzdx fF(x,tgvg)dx
>0

2

S~ _
SW + O(sy) - f CF(x,teve) — f F(x, tov)dx + Cf v|2dx
|x|<e2 |x|>s2

1 N-
SNS% + 0(872) - f  F(x,teve)dx + Cf v |*dx
|x|<e2

Q

This completes the proof. O

Lemma 9. For u € Hy(Q)\{0}, we have

© - € [ aonicone - E )=
sup (5 - 5 | ) = 85, (3.5)

where S , is defined in (1.7).
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Proof. Let M : [0, +c0) — R be the following function

é';2

2 €:2 2 i 2"
ME) = = llull” — fga(X)u ()dx = =~ |ul..

2 2
Note that

Aﬁ@zﬂw%flkmMmM—fﬂ%L
and M'(¢) > 0 if and only if

lull® = [, aCu?(x)dx

|ul3.

1
)2*72

£<Z:=(
It follows that M., (&) = M(&). By accurate calculation,

_ 1 »~
sup M(§) = max M) = M) = NS a ().

20

This concludes the proof. O

4. Proof of the main result

Firstly, we are going to prove that there exists a bounded Palais-Smale sequence for (7 in H,(€).

Lemma 10. Suppose that (fi)—(f3) hold, a € L*(Q) and |Q] < oo. If ¢ € (=00, 187%) and {u,} is
sequence in Hé(Q) such that ' (u,) — 0and J(u,) — ¢, as n — +oo, then there exists ii € Hé(Q)
such that, up to a subsequence,

lu, — || = 0, as n — +oo. 4.1)

Proof. By Eq (1.5), we can write u, = y, + z,, where y, € Y and z, € Z. Let’s set max{c—ly } <B<i

1
b 2*
where « is defined in (f3). By o8 > 1 and 8 > 2_1*’ as well as applying (f3), Lemmas 3, 6 and 7, we
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derive that
j(un) _ﬁ<jl(un)’ un>
:(% ~B) fQ (IVatal? = a(x)u(x))dx + (8 - %)mn@i

- f F(x, u,(x))dx + f B (x, uy(x))u,(x)dx
Q Q
>(1_ B) f (IVu |2—a(x)u2)dx+(ﬁ—l)|u ~+(B-1) f F(x, u,)dx
= 2 o n n 2* nipx o s Yn
) [ (T3P = a3 + V3, - atozio)ds

1 .
+(@B-1) f F(x,u,(x))dx + ( - E)Iu,,l%*

W%

1 .
= B)ulyal3 + 81lzall) + (B = o . + C1(@p = Dluly = C

[\

[\
— — — — —_—

-B

)
)
)
)

uly 3 + 8zl + (8 - —)|un|2 +Ci(af = Dlyl% - C3

1 . -
= B) iyl +8leilP) + (8 = 5 i + C1C@B = Dly,ls = € = Cs

[\JIMI\JI'—‘I\)I'—‘I\)I'—‘

W%

—B)ilyal3 + ( B)S llzall® + Calyal} = Cs
+ (% _ﬁ)/ll]wz + [(% —ﬁ)g] llzall* = Cs.

And then, it is easy to know

O
N

C + lyab + llzall 2T () = BT (), un)

>Celyal3 + [(% —B)8] llzall® = Cs.

Hence, {u,} is bounded in H(l) (QQ) because of the boundedness of {y,} and {z,}, using the fact that dim Y
is finite.

Now, in order to verify the PS-condition, we need to establish several results (Steps 1-5) whose
proofs are standard. Now we give a brief statement. Let {«,} be a sequence in H(‘) (€2) such that

9’ (u,) —» 0and J(u,) = ¢, asn — +oo.

Step 1. We aim to show that i is a solution of (1.3). We assume that as n — +oo, there exists i in
H(Q) such that u, — & in Hy(€), because of the boundedness of {u,} in Hy(Q). This convergence
can be summarized as follows

u, — it in Hé(Q),

U, — in L*(Q), (4.2)

u,(x) - i(x) a.e. in Q.

In addition, we have the following convergence:

(U, vy = (i1, v), Yv € Hy(Q)
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and by Lemma 5, we have
fa(x)uidx - fa(x)ﬁzdx, asn — +oo.
Q Q

We know {u,} is bounded in L? (Q) because of H}(Q) — L*(Q), and |u,|* ~*u, is bounded in
L7 (Q). We obtain that

* * . _2*
i "2, — [0 20 in L71(Q), as n — +oo. (4.3)

Thereby,
fg (O U ()P(x)dx — fg (x> 2 a(x)(x)dx,

asn — +oo, Yo € L* (Q), and so,

fg |4, (O 2, (X)p(x)dx — f |i(x)* 20 x)p(x)dx,

Q

asn — +oo, V¢ € H, 1(Q). By Lemma 1, we obtain that f(x,u,) is bounded in L7 (Q). It follows
from (4.2) that f(x, un(x)) —> f(x i(x)) a.e. in Q, as n — oo. Thus, by Lemma 2, we obtain that
f(x, u,(x)) = f(x, a(x)) in L7 I(Q) as n — oo, Then,

L F up())p(x) — fg; SO 800))B(x), as n — +oo, Vg € L¥ (Q),

so that
fg; S, un(x)p(x) — fg Fx, 2(x)(x), asn — +oo, Vo € Hy(Q).

By assumption, for any ¢ € Hé(Q), (I (u,), ¢y — 0, as n — oo. Therefore,
(@, ¢y - f a(x)apdx — f (fCx. iy — |l 2iugp)dx = 0,¥¢p € HY(Q).
Q Q

Hence, ii is a solution of (1.3).
Step 2. We claim that the following equality holds true:

J@) = —|u|2 ff(x w(x))(x)dx — fF(x, i(x))dx > 0.
Q

Noticing that

(T (@), iy = ||l - f a(x)*(x)dx — f f Qe 2(x))a(x)dx = |af. = 0
Q Q

and

1 1
J @) = —IIMII —ELa(x)QQ(x)dx—LF(x M(X))dx——lulz,

AIMS Mathematics Volume 10, Issue 3, 7339-7354.



7349

by (f3), we obtain

1 oo 1
T @) = 1+ 5 fg (£ Cx. )ACx) — 2F (x, in(x) )dx 2 0.

Step 3. We claim that
N l ~ 2 1 N 2*
I (u,) = J (@) + 5 lu, — ail|” — ;Iun — 5. + o(1), as n — +oo.
Recall J(u,) = §lluall® — § [, a(uZ(x)dx — [ F(x,u,(x))dx — 3- |u,[3.. By Brezis-Lieb lemma, we

also get
A2 2 a2
et = 2ll” = lluall™ = ll2ll” + o(1),

3. = uy — % + il + o(1). (4.4)
As u, — & in Hy(Q) and by Lemma 5, we obtain

f a(x)i(x)dx — f a(x)i*(x)dx, as n — +oo.
Q Q

By Lemma 4, it follows that

fF(x, U,(x))dx — f F(x,u(x))dx, asn — +oo.
Q

Q

Hence,

Tt = Nty — P + = P — = f a() (e dx — f FOx, u())dx
2 2 2 ) Q

1 * 1 *

=5 Ml = a3 - > lall5. + o(1)
a1 o1 o

=4 () + 3 ||, — @l — > e, — ll5. + o(1), as n — +oo.

Step 4. We claim that ||u, — ol = |u, - ﬁl%i + 0(1), as n — +o0 holds. By (4.2)—(4.4), we infer that

Q(|un<x)|2"—2 (%) = [P 2 8(x) (W (x) — 0(x))dx

= f lu, () dx — f (x> dx + o(1) (4.5)
Q Q

= f lun(x) — (1> dx + o(1), as n — co.
Q

Moreover,

L(f(x, u,(x)) — f(x,a(x)))(u,(x) — it(x))dx — 0, as n — +oo. 4.6)
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Easily to know that
(I (un) = T (@), uy, — )
= llu, — 2lI* = fg (a0 2 1 () = 10 2 () (a4 (x) = 1(x))dx

4.7
- fg (f (x, un(x)) = f(x, () (0t (x) — i2(x))d x — L a(x)(up(x) = 2(x))*dx @7

= ||, — @l|* - f |, (x) — 0(x)|* dx + o(1),
Q

as n — +oo0. On the other hand, by the boundedness of {u,} in Hé (Q) and Step 1, it follows that

o(1) = (T " (uy), up — ity =(J" () = ' (@), u, — t), n — 0. (4.8)

Hence, from (4.7) and (4.8), we get the assertion of Step 4.
Step 5. We conclude the proof of Lemma 10. As n — +oco, by Steps 2—4, we derive that

1 1 .
I wa) =J (@) + 5 llutn = )|’ - o+ ln = iily. + o(1)

1 .
—|u, — @5, + o(1) (4.9)

1 N 2
> — —
25 llet, — dll >

1 2
>— |lu, — i||” + o(1), as n — oo.
_Nllu |- + o(1) n— oo

Let |lu, — @l> — L, asn — co. By Step 4, |u, — #tl2. — L, as n — oo. In view of H}\(Q) < L* (Q) and
the definition of S in (1.6), so L¥S < L,then L=0o0rL > S>.If L > S 2, by (4.9) there will be

1 1 »
—L>-S¥,
N N

which against the assumption. Thus, L = 0, which implies u, — & in H)(Q), asn — +co. This
completes the proof. O

c >

If 4, <0, now we will show that 7 fits with the geometric assumptions of Rabinowitz’s linking
theorem, e.g., see Theorem 2.12 in [17].

Lemma 11. Suppose that ( f1)-(f3) hold. Then, for Y and Z defined in (1.5), we have

(i) there are p,k > 0 such that for any u € Z with ||u|| = p, we have J (u) > «;

(i) Jw) <0 foranyu e,

(iii) there exists Ry > p such that 9 (u) < 0 for any u € F with ||u|| > Ry, where F = {u + tzlu € Y,t >
0,z € Z\{0}}.

Proof. Letu € Z, by (f;) and (f3), we have

Tw =5 [ (VP - ani s~ [ Fnuconds -5 [ cof ax
2 Jo Q 2" Ja

K} £ l+e .
Zillullz—ilulg—M(S)luli— Sl

1. 1+8)ST ..
=5 (6 ko) P — kel — T2 g
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7351

where ¢ € (2,2*%). Fixed & such that 6 — ek, > 0. Foru € Z, ||ul| = p sufficiently small,

(1+&)S §pz*

0.
2" ~

1.
k= inf  J@) 2 (6 - eke)p’ — ksM(e)p* -
ueH,(Q),Jub=p 2

Now we will give the proof of (if). Thanks to 4; < 0, for any u € Y = span{ey, ..., e},

T (w) =1||u||2—l f a(x)u?(x)dx — f F(x,u(X))dx—l f ()| dx
2 2 Ja Q 2* Jo
1

1 .
< 2_ 2 <0.
_2/lk|u|2 > Llu(x)l dx <0

(4.10)

For any u € F, we also have

I (u) 21 lJull* — ! f a(x)u(x)*dx - f F(x, u(x))dx — L f u(x)|* dx
Q Q 2 Ja

2 2
1 C .
<5 Nl = - a3

Hence, by 2* > 2, J(u) — —oo, as |[u|| = +oo, thanks to the fact that in any finite-dimensional space
all norms are equivalent. O

Proof of Theorem 1. We give the proof as follows for two cases. For the one case where 4; > 0, we
can apply the Mountain pass theorem to show the existence of a nontrivial solution for Eq (1.3). The
proof follows the standard procedure, so we omit it here.

Let us define the Mountain Pass level of J as

¢, = Inf max 1)),
m = inf max NICZI0O))

where
I, = {ym € C([O, 1]’H(1)(Q)) : ym(o) =0, ym(l) = 6}.

By combining Lemmas 8 and 10, we can conclude that there exists a nontrivial solution for Eq (1.3).
For the case where A; < 0, we construct the functions z,z € Z as follows:

T=Uo — 2?:1( f uo(X)ei(X)dX)ei, Z= i,
Q Izl

where u is defined in (f}). Let c be the linking critical level of 7, that is,

¢ = inf sup J (y(u))
yell

ueM

is the linking critical level of 7, where
I'={yeC(M,H)Q) : vy = id on OM)}

and
M={u=y+1Z|||lull <Ry,t >0,y Y}
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Our goal is to show that ¢ < #S 7. Since F =Y & span{z} is a linear space, we have

sup J(u) = sup J(El—) = sup J(€u) < sup J(Eu), (4.11)

ueF UeF.£#0 |‘f| ueF,é>0 UEFE>0

so, in view of M C F, we obtain

c<supJ(u) <supJ(u) < sup 9J(u). 4.12)

ueM ueF ueF,£>0

By (f3), J(u) < % Nul* — % fg a(x)u*(x)dx — 21—*|u|§i. By Lemma 9, for any u € Hé\{O},

sup T () < =5 2 (). 4.13)
£20 N

Therefore, combining (4.12), (4.13), and (f;), we derive that

1 N 1 ~
< < —= S < =57,
c< sup J(&u) % Sup (1) N

ueF,£20 ueF

thanks to F = Y @ span {z} = {ey, e, ..., e, up}. Then, combining Lemma 10 with Lemma 11, we
deduce that there is a critical point u of J such that J(0) = 0 < k < J(u) < #S 3. This completes
the proof. O

5. Conclusions

Despite much literature concerning the existence of nontrivial solutions for the critical problem,
to our knowledge, there are no available results involving the potential a € %(Q). Under some mild
assumptions, we obtain an existence result. For the potential a € %(Q), we would like to go further in
this direction, not just in bounded Q.
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