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Abstract: In this paper, we present accurate and well-designed benchmark problems for evaluating
the effectiveness and precision of physics-informed neural networks (PINNs). The presented problems
were generated using the Allen–Cahn (AC) equation, which models the mechanism of phase separation
in binary alloy systems and simulates the temporal evolution of interfaces. The AC equation possesses
the property of motion by mean curvature, which means that, in the sharp interface limit, the evolution
of the interface described by the equation is governed by its mean curvature. Specifically, the velocity
of the interface is proportional to its mean curvature, which implies the tendency of the interface to
minimize its surface area. This property makes the AC equation a powerful mathematical model for
capturing the dynamics of interface motion and phase separation processes in various physical and
biological systems. The benchmark source codes for the 1D, 2D, and 3D AC equations are provided
for interested researchers.
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1. Introduction

We present accurate and well-designed benchmark problems for evaluating the effectiveness and
precision of physics-informed neural networks (PINNs). The presented problems are generated using
the Allen–Cahn (AC) equation [1]:

∂ϕ(x, t)
∂t

= −
F′(ϕ(x, t))
ϵ2

+ ∆ϕ(x, t) (1.1)
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= −
ϕ3(x, t) − ϕ(x, t)

ϵ2
+ ∆ϕ(x, t), x ∈ Ω, t > 0. (1.2)

where ϕ(x, t) is a phase-field function, F(ϕ) = 0.25
(
ϕ2 − 1

)2
is potential energy (see Figure 1), and ϵ

is a positive parameter. Here, we use the zero Neumann boundary condition.
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Figure 1. Polynomial double-well potential energy and its first derivative.

The AC equation can be derived as the L2-gradient flow of the associated free energy functional,
which is defined as follows:

E(ϕ) =
∫
Ω

(
F(ϕ)
ϵ2
+

1
2
|∇ϕ|2

)
dx. (1.3)

The AC equation, a fundamental equation in the phase-field model [2], is extensively adopted in
modeling phase transitions and interface dynamics across various disciplines. In material science,
it describes phase separation in binary mixtures, grain boundary evolution in polycrystals, and
solidification processes in crystal growth [3,4]. In image processing, it aids in image segmentation [5]
by detecting edges and performs image inpainting by evolving interfaces to fill missing regions.
In biology, it models morphogenesis and cellular membrane dynamics, while in fluid dynamics, it
captures two-phase flows [6, 7], such as oil-water interfaces, and bubble dynamics. In medical signal
analysis, the AC energy function is used to extract nonlinear features from electroencephalogram data.
Lu and Wang [8] accomplished high accuracy in epilepsy classification through AC support vector
machine and AC multi-complexity support vector machine classifiers and incorporated measures like
Shannon entropy, which offered excellent performance, reduced computational costs, and significant
potential for medical applications. Chemical engineering applications include catalysis interface
modeling and reaction-diffusion systems, where it explains chemical pattern formation. In physics,
AC simulates quantum dot behavior and magnetic flux distribution in superconductors [9]. Geophysics
uses it for fracture propagation in brittle materials and landslide modeling [10]. The equation also
serves as a benchmark in numerical analysis, testing adaptive time-stepping methods and energy-
preserving numerical schemes [11, 12]. Further applications include clustering and feature extraction
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in AI, modeling minimal surfaces in geometry, and supporting studies on curvature-driven motion. Its
versatility lies in modeling dynamics where phase boundaries and interface motion are key phenomena,
which makes it invaluable across scientific and engineering domains.

Raissi et al. [13] presented physics-informed neural networks (PINNs) to incorporate physical laws
into the training process for solving differential equations, demonstrating success with Burgers’ and
Schrödinger equations. However, the method encounters difficulties with phase-field equations, as it
relies on static, randomly selected training points that cannot adapt to the dynamic sharp transition
layers characteristic of these models. Recent advancements have focused on solving these challenges
through innovations in sampling and training strategies. In [14], the authors proposed a spatio-
temporal adaptive PINN for the AC and Cahn–Hilliard equations [15–17]. The key algorithm employs
adaptive temporal sampling, which dynamically adjusts training points to regions with high error.
By reformulating the problem as a second-order equation and using adaptive sampling based on
energy evolution, this method reduces computational costs and improves accuracy. Techniques such as
parareal PINN (PPINN) [18] and other domain decomposition approaches [19] enhance computational
efficiency by dividing the problem into smaller subdomains, while conservative PINNs (cPINNs) [19]
ensure physical continuity across these subdomains. To further improve accuracy, constraints such as
mass preservation and energy dissipation have been incorporated into the loss function, ensuring that
solutions adhere to physical laws. Residual-based adaptive refinement (RAR) [20, 21] dynamically
allocates training points to regions with large residuals, improving accuracy in critical areas.

Roy and Castonguay [22] introduced benchmark problems to validate the effectiveness of
PINNs in solving complex time-dependent partial differential equations. Monaco and Apiletti [23]
investigated the performance of state-of-the-art PINNs training methods across various benchmark
problems, including the AC equation. They highlighted their limitations and proposed enhanced
strategies for improved convergence and accuracy. Huang and Alkhalifah [24] proposed an efficient
PINNs framework by integrating multi-resolution hash encoding that demonstrates up to a 10-
fold acceleration in training speed for benchmark problems such as the AC equation. McClenny
and Braga-Neto [25] introduced self-adaptive PINNs (SA-PINNs), which improve the training
process of PINNs by dynamically weighting individual training points, demonstrating superior
performance on various benchmark problems such as the AC equation. Kopaničáková et al. [26]
introduced nonlinear additive and multiplicative preconditioning strategies for the limited-memory
Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) optimizer to enhance the training of PINNs. The
authors validated the proposed method on benchmark problems such as the Klein–Gordon and AC
equations.

Qiu et al. [27] applied PINNs to the phase-field model of two-phase flow based on the Navier–
Stokes and Cahn–Hilliard equations. To resolve the significant challenges posed by the high-order
nonlinear differential terms in these equations, the authors used adaptive techniques such as the time-
marching strategy, which allows PINNs to preserve high accuracy while reducing computational
costs. Ghaffari Motlagh et al. [28] proposed a deep learning phase-field model for brittle fracture
problems using PINNs. The authors compared this model with various methods such as traditional
and variational PINNs. The developed model effectively captures fracture initiation and propagation
with better computational efficiency. However, it has a significant issue of being highly sensitive
to parameter choices within the neural network. Li et al. [29] developed phase-field DeepONet to
overcome the computational cost issue in simulating real pattern-forming systems. By incorporating
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the minimizing movement scheme, the authors constructed a physics-informed deep operator neural
network framework that predicts the dynamic responses of systems governed by the gradient flows of
free-energy functionals without directly solving the governing equations. The authors validated the
proposed method using reactive phase-field models, specifically the AC and Cahn–Hilliard equations.

The remainder of this paper is organized as follows: Section 2 introduces a series of benchmark
problems for the AC equation. It begins with the conventional benchmark problem in one-dimensional
(1D) space, followed by another benchmark problem of the traveling wave solution in one-dimensional
space. Subsequently, the motion by mean curvature is presented in two-dimensional (2D) and three-
dimensional (3D) spaces, which is an important feature of the AC equation. Finally, Section 3
presents the conclusions, which include a summary of the findings as well as a discussion of potential
applications and future directions.

2. Benchmark problems

To provide a straightforward explanation, we focus on the AC equation in the 1D domain Ω =
(Lx,Rx). The discretization approach can be extended similarly to 2D and 3D spaces. Let h = (Rx −

Lx)/N be the grid size with an integer N and ϕn
i = ϕ(xi, n∆t), where xi = Lx + (i − 0.5)h and ∆t is the

time step size. The AC equation (1.1) can be discretized as follows:

ϕn+1
i − ϕn

i

∆t
+ O(∆t) = −

(ϕn
i )3 − ϕn

i

ϵ2
+ ∆hϕ

n
i + O(h2)

=
ϕn

i − (ϕn
i )3

ϵ2
+
ϕn

i−1 − 2ϕn
i + ϕ

n
i+1

h2 + O(h2), (2.1)

which is approximated as

ϕn+1
i − ϕn

i

∆t
=
ϕn

i − (ϕn
i )3

ϵ2
+
ϕn

i−1 − 2ϕn
i + ϕ

n
i+1

h2 , (2.2)

which can be rewritten explicitly:

ϕn+1
i = ϕn

i + ∆t
(
ϕn

i − (ϕn
i )3

ϵ2
+
ϕn

i−1 − 2ϕn
i + ϕ

n
i+1

h2

)
. (2.3)

The 2D and 3D numerical schemes for the AC equations are presented as follows, respectively:

ϕn+1
i j = ϕn

i j + ∆t

ϕn
i j − (ϕn

i j)
3

ϵ2
+
ϕn

i−1, j + ϕ
n
i+1, j + ϕ

n
i, j−1 + ϕ

n
i, j+1 − 4ϕn

i j

h2

 , (2.4)

ϕn+1
i jk = ϕn

i jk + ∆t

ϕn
i jk − (ϕn

i jk)
3

ϵ2

+
ϕn

i−1, jk + ϕ
n
i+1, jk + ϕ

n
i, j−1,k + ϕ

n
i, j+1,k + ϕ

n
i j,k−1 + ϕ

n
i j,k+1 − 6ϕn

i jk

h2

)
, (2.5)

where ϕn
i j = ϕ(xi, y j, n∆t) and ϕn

i jk = ϕ(xi, y j, zk, n∆t). The numerical schemes for the AC equation in
1D, 2D, and 3D are stable if the time step size ∆t satisfies the following inequality [30].

∆t ≤
ϵ2h2

2h2 + 2dϵ2
,
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where d = 1, 2, and 3 correspond to the respective dimensions. For a detailed stability and convergence
analysis of the 1D, 2D, and 3D explicit schemes for the AC equation, refer to [30].

2.1. Conventional benchmark problem in 1D space

In [31], the authors considered a benchmark problem with different coefficient scales in the AC
equation:

∂ϕ(x, t)
∂t

= −5[ϕ3(x, t) − ϕ(x, t)] + 0.0001
∂2ϕ(x, t)
∂x2 , x ∈ [−1, 1], t > 0 (2.6)

with periodic boundary conditions

ϕ(−1, t) = ϕ(1, t), ϕx(−1, t) = ϕx(1, t) (2.7)

and an initial condition

ϕ(x, 0) = x2 cos(πx), x ∈ [−1, 1]. (2.8)

Figure 2(a) illustrates the dynamic evolution of the numerical solution ϕ(x, t) to the AC equation over
time and space under the given initial and boundary conditions. Figure 2(b) depicts the initial condition
ϕ(x, 0), defined as Eq (2.8), which serves as the starting profile for the AC equation. Figure 2(c)
presents the solution ϕ(x, 0.5).

(a)

(b) (c)

Figure 2. (a) Solutions of ϕ(x, t). (b) Initial condition Eq (2.8). (c) Solution of the AC
equation at t = 0.5.
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In addition, a second initial condition was considered:

ϕ(x, 0) = a
(
x2 +

1
a

) (
1 − x2

)2
− 1. (2.9)

Figure 3(a) demonstrates how the solution to the AC equation evolves dynamically across time and
space under the specified initial and boundary conditions. The initial condition ϕ(x, 0) defined by Eq
(2.9) with a = 3 is shown in Figure 3(b) as the starting profile for the AC equation. The solution at
t = 0.5, ϕ(x, 0.5) is displayed in Figure 3(c).

(a)

(b) (c)

Figure 3. (a) Solutions of ϕ(x, t). (b) Initial condition Eq (2.9). (c) Solution of the AC
equation at t = 0.5.

First, the benchmark problem 1 is solved using the standard-PINN. A standard-PINN is trained
to minimize the residual of the given partial differential equation by iteratively updating the neural
network parameters. Instead of directly approximating the solution, the neural network learns to reduce
the residual error at various spatio-temporal points and ensures that the solution satisfies the underlying
physical constraints. The neural network’s parameters are initially assigned random values and are
subsequently optimized through iterative updates to minimize the cost function, which incorporates the
constraints imposed by the PDE. Denote the neural network’s output as ϕ̂(x, t). The standard-PINN’s
total cost function is given below:

MSE = αMSEi +MSEb +MSEr, (2.10)

where

MSEi =
1
Ni

Ni∑
k=1

(
ϕ̂
(
xi

k, 0
)
− ϕi

k

)2
, (2.11)
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MSEb =
1

Nb

Nb∑
k=1

(
ϕ̂
(
−1, tb

k

)
− ϕ̂

(
1, tb

k

))2
+

1
Nb

Nb∑
k=1

(
ϕ̂x

(
−1, tb

k

)
− ϕ̂x

(
1, tb

k

))2
, (2.12)

MSEr =
1
Nr

Nr∑
k=1

(
R

(
xr

k, t
r
k
))2 . (2.13)

Here, R(x, t) = ϕt(x, t)+5[ϕ3(x, t)−ϕ(x, t)]−0.0001ϕxx(x, t) is the residual function for the AC equation
and (xi

k, t
i
k), (xb

k , t
b
k), and (xr

k, t
r
k) are the given initial, boundary, and residual data, respectively. These

points were sampled according to a uniform distribution. To force initial condition learning, we applied
a factor α = 20 to the initial loss within the total loss.

To train the standard-PINN structure for the AC equation, we used the number of training data
points: Ni = 512 points for the initial condition, Nb = 200 points for the boundary condition, and
Nr = 10, 000 points for the residual function. The neural network structure features four hidden
layers, each containing 128 neurons. Both the adaptive moment estimation (ADAM) and L-BFGS
optimizers are utilized during training. Initially, the model is trained using 50,000 iterations of the
ADAM optimizer, followed by further training with the L-BFGS optimizer until one of the stopping
criteria is satisfied.

Figure 4(a) shows the predicted solution using the standard-PINN for the AC equation and the
dynamic evolution of the solution over time and space under the given initial condition Eq (2.9). Figure
4(b)–4(f) displays the predicted and numerical solutions ϕ̂(x, t) at various times. Figure 4(g) displays
the minimization of the loss function Eq (2.10) while training the standard-PINN for the AC equation.

As shown in Figure 4, we can see that the predicted solution is not close to the numerical solution
of benchmark problem 1.
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(a)

(b) (c)

(d) (e) (f)

Iterations

L
o
s
s

(g)
Figure 4. (a) Solutions ϕ̂(x, t) obtained using the standard-PINN to learn the AC equation.
From (b) to (f), the predicted solution ϕ̂(x, t) and numerical solution ϕ(x, t) are at t =
0, 0.25, 0.5, 0.75, and 1.0. (g) Loss using ADAM optimizer.
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2.2. Travelling wave solution in 1D space

The next benchmark problem is the traveling wave solution [30]:

ϕexact(x, t) =
1
2

1 − tanh
 x − 3t/(

√
2ϵ)

2
√

2ϵ

 , (2.14)

which is one of the analytic solutions of the following one-dimensional AC equation [1] on an infinite
domain:

∂ϕ(x, t)
∂t

= −
F′(ϕ(x, t))
ϵ2

+
∂2ϕ(x, t)
∂x2 , x ∈ Ω = (−∞, ∞), t > 0. (2.15)

Figure 5(a) shows Eq (2.14) at times t = 0 and t = T . Here, T =
√

2ϵ and ϵ = 2h. It is
straightforward to verify that Eq (2.14) satisfies Eq (2.15) by substituting it in the AC equation. We
note that this exact solution is only valid on an infinite domain without boundary conditions. In the
numerical methods, a truncated finite domain, Ω = (Lx, Ry), is used instead of an infinite domain,
and a homogeneous Neumann boundary condition, ∂ϕ(Lx, t)/∂x = ∂ϕ(Rx, t)/∂x = 0, is applied. The
rationale behind this homogeneous Neumann boundary condition for the traveling wave benchmark
problem is as follows: The first derivative of Eq (2.14) is given as follows:

∂ϕexact

∂x
(x, t) = −

1

4
√

2ϵ
sech2

 x − 3t/(
√

2ϵ)

2
√

2ϵ

 , (2.16)

which is strictly negative for all x values. However, if the transition layer is away from the domain
boundary, the first derivatives at the domain boundary, ∂ϕ(Lx, t)/∂x and ∂ϕ(Rx, t)/∂x, are close to
zero as shown in Figure 5(b). Hence, the homogeneous Neumann boundary condition is a good
approximation of the AC equation in this case. The basic mechanism of the traveling wave from
the AC equation is as follows: The initial condition is positive and has a transition layer ranging
from approximately one to approximately zero. The AC equation consists of two terms: One is the
diffusion term, ∂2ϕ(x, t)/∂x2, and the other is the nonlinear reaction term, −F′(ϕ(x, t))/ϵ2. The diffusion
term broadens the transition layer, and the nonlinear term increases the phase-field values because the
nonlinear term is positive when the phase-field values are positive, as can be seen in Figure 1, resulting
in the forward propagation of the transition layer.
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Figure 5. (a) Traveling wave solutions for the AC equation at times t = 0 and t = T . (b)
First spatial derivatives of the traveling wave solutions for the AC equation at times t = 0 and
t = T . Here, ϵ = 2h.

Figure 6 illustrates a real-world application of solving a data classification problem using a 2D
traveling wave solution. For more details, please refer to [32].

Figure 6. Application of traveling wave for data classification. The process of constructing
the decision boundary (or decision surface) for classifying data points with different labels
(red and green points) from left to right.

2.3. Motion by mean curvature in 2D space

The evolution of the solution to the AC equation under motion by mean curvature is a principal
characteristic of the AC equation. Figure 7 shows a schematic diagram of the motion by mean curvature
for the AC equation in the domain Ω = (−2, 2) × (−1, 1). The dashed line denotes the initial condition,
which is an ellipse. As the evolution progresses, the regions with higher curvature, such as the leftmost
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and rightmost points of the ellipse, contract more rapidly. Conversely, regions with lower curvature,
located near the top and bottom of the ellipse, exhibit slower contraction. This behavior reflects the
dependence of the motion speed on the curvature magnitude.

-2 -1 0 1 2

-1

-0.5

0

0.5

1

Figure 7. Schematic illustration of the motion by mean curvature using the AC equation.

As ϵ → 0, the zero level set of the solution to the AC equation converges to the motion by mean
curvature [30]. For a sphere with an initial radius R0, the mean curvature flow in d-dimensional space
is governed by the following ordinary differential equation:

d
dt

R(t) = −
d − 1
R(t)
, R(0) = R0,

with the analytical solution given by

R(t) =
√

R2
0 − 2(d − 1)t.

Therefore, the second benchmark problem examines the capability of the AC equation to approximate
motion by mean curvature. Specifically, we perform numerical tests to compare the temporal evolution
of the radius derived from the analytical solution of the mean curvature flow with the evolution of the
radius of the zero-contour obtained from the numerical solution of the AC equation. This comparison
serves to validate the accuracy and reliability of the numerical approach. In 2D space, the initial
condition is defined as

ϕ(x, y, 0) = tanh

R0 −
√

x2 + y2

√
2ϵ

 (2.17)

on the computational domain Ω = (−1, 1) × (−1, 1) with 256 × 256 mesh. Here, R0 = 0.5, h =
2/256, ϵ = ϵ13 = 13h/(2

√
2 tanh−1(0.9)), ∆t = 0.1h2, and the final time T = 20000∆t are used. The

computational solution for the radius is defined as the average of the distances from the center point
(0, 0) to the zero-contour of the numerical solution.

Figures 8(a)–8(c) show the computational solutions of the AC equation obtained using the fully
explicit method at t = 0, 10000∆t, and 17500∆t. Here, for visualization purposes, only a subset of
the entire discrete domain was used, specifically Ωh = (xi = Lx + (i − 0.5)h, y j = Ly + ( j − 0.5)h) for
i = 4, 8, 12, . . . , 256 and j = 4, 8, 12, . . . , 256. Figure 8(d) shows the temporal evolution of the zero-
contour of the computational solution at intervals of 2500∆t. Figure 8(e) shows the temporal evolution
of the analytical and numerical solutions for the radius R(t), driven by the motion by mean curvature
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of the AC equation, up to t = 20000∆t. We observed that the computational solution obtained using
the fully explicit method for solving the AC equation agrees well with the analytical solution. This
indicates its suitability for benchmark problems.

(a) Initial (b) t = 10000∆t (c) t = 17500∆t

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

(d)
0 0.02 0.04 0.06 0.08 0.1 0.12

0.1

0.2

0.3

0.4

0.5

(e)

Figure 8. (a)–(c) Computational solutions at times t = 0, 10000∆t, and 17500∆t. (d) Time
evolution of the radius of the zero-contour for the numerical solution at intervals of 2500∆t.
(e) Time evolution of the radius for the analytical and numerical solutions.

Figure 9 illustrates a real-world application of solving image segmentation and 3D volume
reconstruction using the slice image problem using the motion by mean curvature property. Figure
9(a) shows the process of segmenting bones from CT slice image data, and Figure 9(b) illustrates the
process of 3D volume reconstruction using the segmented slice data. For more details, please refer
to [33].
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(a)

(b)

Figure 9. Application of the property of motion by mean curvature. (a) Image segmentation;
(b) volume reconstruction. Reprinted from Li et al. [33] with permission from Elsevier.

2.4. Motion by mean curvature in 3D space

Next, the initial condition on Ω = (−1, 1) × (−1, 1) × (−1, 1) is given by

ϕ(x, y, z, 0) = tanh

R0 −
√

x2 + y2 + z2

√
2ϵ

,

where the initial radius is R0 = 0.75. Therefore, we obtain the analytical solution for the radius of

sphere by the motion by mean curvature as R(t) =
√

R2
0 − 4t. The parameters used are Nx = Ny =

Nz = 128, ϵ = ϵ11 = 11h/(2
√

2 tanh−1(0.9)), ∆t = 0.1h2, and the final time T = 5500∆t. We define the
numerical radius in 3D space as the average distance from the center point (0, 0, 0) to the zero-level
isosurface of the numerical solution.

Figures 10(a)–10(c) show snapshots of the computational solutions of the AC equation in 3D space
at t = 0, 3000∆t, and 5500∆t. The temporal evolution of the radius for both the analytical and
numerical solutions is presented in Figure 10(d).
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(a) Initial (b) t = 3000∆t (c) t = 5500∆t
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0.5

0.6

0.7

(d)
Figure 10. (a)–(c) Computational solutions at times t = 0, 3000∆t, and 5500∆t. (d)
Temporal evolution of the radius for the analytical and numerical solutions.

3. Conclusions

In this work, we have developed and presented a set of benchmark problems based on the AC
equation to evaluate the effectiveness and precision of physics-informed neural networks. These
benchmarks include 1D, 2D, and 3D cases such as conventional problem, traveling wave solution,
and motion by mean curvature. By providing benchmark problems with numerical approximations,
we have demonstrated their ability to serve as reliable and robust tools for assessing PINNs. The
results indicate that the AC equation, with its intrinsic properties such as travelling wave and motion
by mean curvature, provides an excellent framework for generating diverse benchmark problems.
The availability of source codes for these benchmarks further facilitates the adoption and validation
of PINN methodologies in the broader scientific community. Future research can build upon these
benchmarks by exploring more complex systems, incorporating additional physical constraints, or
extending the benchmarks to other reaction-diffusion equations. These enhancements will contribute
to the ongoing development and refinement of PINNs as a computational tool for solving partial
differential equations.
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Appendix

The MATLAB codes are provided below. Listing 1 provides the code for computing the benchmark
problem of the 1D AC equation with the travelling wave solution. Listings 2 and 3 each provide a
code that approximates the motion by mean curvature flow, which is one of the properties of the AC
equation in 2D and 3D spaces, respectively. These codes are used as benchmark problems to evaluate
the efficiency and accuracy of PINNs.

Listing 1. Travelling wave solution.
numx=301; x= l i n s p a c e ( - 2 , 5 , numx ) ; h=x ( 2 ) - x ( 1 ) ; t =0; e p s i l =2*h ;
p h i=@( t ) 0 . 5 * (1 - t a n h ( ( x -3* t / ( s q r t ( 2 ) * e p s i l ) ) / ( 2 * s q r t ( 2 ) * e p s i l ) ) ) ;
p l o t ( x , p h i ( t ) , ' b : ' , ' l i n e w i d t h ' , 3 ) ; ho ld on
t= s q r t ( 2 ) * e p s i l ; p l o t ( x , p h i ( t ) , ' r ' , ' l i n e w i d t h ' , 2 ) ;
a=0 . 0 5 ; a x i s ( [ x ( 1 ) x(end) 0 - a 1+a ] ) ; x l a b e l ( ' x ' )
l e g e n d ( ' \ p h i { e x a c t } ( x , 0 ) ' , ' \ p h i { e x a c t } ( x , T ) ' ) ;
box on ; g r i d on ; f i g u r e ( 2 ) ; c l f ;
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dph i=@( t ) - ( 1 /4 * s q r t ( 2 ) * e p s i l ) . . .

* ( s ech ( ( x -3* t / ( s q r t ( 2 ) * e p s i l ) ) / ( 2 * s q r t ( 2 ) * e p s i l ) ) ) . ˆ 2 ;
t =0; p l o t ( x , dph i ( t ) , ' b : ' , ' l i n e w i d t h ' , 3 ) ; ho ld on
t= s q r t ( 2 ) * e p s i l ; p l o t ( x , dph i ( t ) , ' r ' , ' l i n e w i d t h ' , 2 ) ;
a x i s ( [ x ( 1 ) x(end) -0 . 0 2 0 . 0 0 5 ] )
x l a b e l ( ' x ' ) ; l e g e n d ( ' \ p a r t i a l \ p h i { \ rm e x a c t } ( x , 0 ) / \ p a r t i a l x ' , . . .

' \ p a r t i a l \ p h i { \ rm e x a c t } ( x , T ) / \ p a r t i a l x ' ) ; box on ; g r i d on ;

Listing 2. Two-dimensional AC equation.
Numx = 256 ; Numy = 256 ; x1= -1 ; x2=1; y1= -1 ; y2=1; h=( x2 - x1 ) /Numx ;
x i=x1 -0 . 5 *h : h : x2+0 . 5 *h ; y j=y1 -0 . 5 *h : h : y2+0 . 5 *h ;
d t = 0 . 1 *h ˆ 2 ; Numt = 20000 ; m = 1 3 ; e p s i l = 0 . 5 *m*h / ( s q r t ( 2 ) * a t a n h (0 . 9 ) )
r0 = 0 . 5 ;
f o r i i = [ 1 :Numx+2]
f o r j j = [ 1 :Numy+2]

o s o l ( i i , j j ) = t a n h ( ( r0 - s q r t ( x i ( i i ) ˆ2+ y j ( j j ) ˆ 2 ) ) / ( s q r t ( 2 ) * e p s i l ) ) ;
end
end
n s o l = o s o l ; c t = 1 ;
[M, y1 ] = c o n t o u r ( x i ( 2 : Numx+1) , y j ( 2 : Numy+1) , . . .

o s o l ( 2 : Numx+1 ,2 :Numy+1) , [ 0 0 ] , ' k - ' ) ;
nR ( c t ) = mean ( s q r t ( sum ( (M( : , 2 :end ) ) . ˆ 2 ) ) ) ;
aR ( c t ) = s q r t ( r0 ˆ 2 ) ;
f o r i t = 1 : Numt
o s o l ( 1 , : )=o s o l ( 2 , : ) ; o s o l (Numx+2 , : )=o s o l (Numx+1 , : ) ;
o s o l ( : , 1 )=o s o l ( : , 2 ) ; o s o l ( : , Numy+2)=o s o l ( : , Numy+1) ;
f o r i i = 2 :Numx+1
f o r j j = 2 :Numy+1

n s o l ( i i , j j ) = o s o l ( i i , j j )+d t * ( ( o s o l ( i i , j j ) - o s o l ( i i , j j ) ˆ 3 ) / e p s i l ˆ2 . . .
+( o s o l ( i i - 1 , j j )+o s o l ( i i +1 , j j )+o s o l ( i i , j j - 1 )+o s o l ( i i , j j +1) . . .
-4* o s o l ( i i , j j ) ) / h ˆ 2 ) ;

end
end
o s o l = n s o l ;
i f mod ( i t , 2 0 0 ) == 0

c t = c t +1;
[M, y1 ] = c o n t o u r ( x i ( 2 : Numx+1) , y j ( 2 : Numy+1) , . . .

o s o l ( 2 : Numx+1 ,2 :Numy+1) , [ 0 0 ] , ' k - ' ) ;
nR ( c t ) = mean ( s q r t ( sum ( (M( : , 2 :end ) ) . ˆ 2 ) ) ) ;
aR ( c t ) = s q r t ( r0 ˆ2 -2* d t * i t ) ;

end
end
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a x i s f s = 1 8 ; f s = 2 3 ; lw = 2 ; ms = 1 2 ;
t = [ 0 : 2 0 0 : i t ]* d t ;
p l o t ( t , aR , ' k - ' ) ; ho ld on ; p l o t ( t , nR , ' ko ' ) ;
l e g e n d ( ' A n a l y t i c a l s o l u t i o n ' , ' Numer ica l s o l u t i o n ' )
x l a b e l ( ' t ' ) ; y l a b e l ( 'R( t ) ' ) ;

Listing 3. Three-dimensional AC equation.
Numx = 128 ; Numy = 128 ; Numz = 128 ;
x1= -1 ; x2=1; y1= -1 ; y2=1; z1 = -1 ; z2=1; h=( x2 - x1 ) /Numx ;
x i=x1 -0 . 5 *h : h : x2+0 . 5 *h ; y j=y1 -0 . 5 *h : h : y2+0 . 5 *h ;
zk=z1 -0 . 5 *h : h : z2+0 . 5 *h ;
d t = 0 . 1 *h ˆ 2 ; Numt = 5500 ; m = 1 1 ;
e p s i l = 0 . 5 *m*h / ( s q r t ( 2 ) * a t a n h (0 . 9 ) ) ; r0 = 0 . 7 5 ;
f o r i i = 1 :Numx+2
f o r j j = 1 :Numy+2
f o r kk = 1 : Numz+2

o s o l ( i i , j j , kk ) = t a n h ( ( r0 - s q r t ( x i ( i i ) ˆ2+ y j ( j j ) ˆ2 . . .
+zk ( kk ) ˆ 2 ) ) / ( s q r t ( 2 ) * e p s i l ) ) ;

end
end
end
n s o l = o s o l ;
p l t p = i s o s u r f a c e ( xi , y j , zk , o so l , 0 ) ;
p a t c h ( p l t p , ' f a c e a l p h a ' , 1 , ' f a c e c o l o r ' , ' g ' , ' e d g e c o l o r ' , ' none ' ) ;
a x i s image ; a x i s ( [ x1 x2 y1 y2 z1 z2 ] ) ; view ( [ - 3 5 2 0 ] ) ;
c t = 1 ; nR ( c t ) = mean ( s q r t ( sum ( p l t p . v e r t i c e s . ˆ 2 , 2 ) ) ) ;
aR ( c t ) = s q r t ( r0 ˆ 2 ) ;
f o r i t = 1 : Numt
o s o l ( 1 , : , : )=o s o l ( 2 , : , : ) ; o s o l (Numx+ 2 , : , : )=o s o l (Numx+ 1 , : , : ) ;
o s o l ( : , 1 , : )=o s o l ( : , 2 , : ) ; o s o l ( : , Numy+2 , : )=o s o l ( : , Numy+1 , : ) ;
o s o l ( : , : , 1 )=o s o l ( : , : , 2 ) ; o s o l ( : , : , Numz+2)=o s o l ( : , : , Numz+1) ;
f o r i i = 2 :Numx+1
f o r j j = 2 :Numy+1
f o r kk = 2 : Numz+1

n s o l ( i i , j j , kk ) = o s o l ( i i , j j , kk ) . . .
+d t * ( ( o s o l ( i i , j j , kk ) - o s o l ( i i , j j , kk ) . ˆ 3 ) / e p s i l ˆ2 . . .
+( o s o l ( i i - 1 , j j , kk )+o s o l ( i i +1 , j j , kk ) . . .
+o s o l ( i i , j j - 1 , kk )+o s o l ( i i , j j +1 , kk ) . . .
+o s o l ( i i , j j , kk - 1 )+o s o l ( i i , j j , kk+1) -6* o s o l ( i i , j j , kk ) ) / h ˆ 2 ) ;

end
end
end
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o s o l = n s o l ;
i f mod ( i t , 5 0 ) == 0

c t = c t +1; p l t p = i s o s u r f a c e ( xi , y j , zk , o so l , 0 ) ;
nR ( c t ) = mean ( s q r t ( sum ( p l t p . v e r t i c e s . ˆ 2 , 2 ) ) ) ;
aR ( c t ) = s q r t ( r0 ˆ2 -4* d t * i t ) ;

end
end
a x i s f s = 1 8 ; f s = 2 3 ; lw = 2 ; ms = 1 2 ; t = [ 0 : 5 0 : i t ] * d t ;
p l o t ( t , aR , ' k - ' ) ; ho ld on ; p l o t ( t , nR , ' k - o ' ) ;
l e g e n d ( ' A n a l y t i c a l s o l u t i o n ' , ' Numer ica l s o l u t i o n ' )
x l a b e l ( ' t ' ) ; y l a b e l ( 'R( t ) ' ) ;
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