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1. Introduction

The class of functions f that are analytic in the open unitdisk D = {z: z € C and |z| < 1} and are
normalized by the criteria f(0) = £ (0) — 1 = 0 is indicated by the symbol . Equivalently, if f € H,
the Taylor-Maclaurin series representation takes the form:

f@=z+) ad, zeD. (1.1)
=2
In addition, let us designate S as the fundamental subclass of H, whose functions are univalent in D.

Koebe one-quarter theorem [1], which is widely recognized, guarantees that the image of D under each

function f € S contains a disk with a radius of T Therefore, it can be concluded that every univalent
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function f possesses an inverse f~! that satisfies the equation

i (f@)=2z zeD

and

1
@) =,u,(|,u| <ro(f) ro(f) 2 7,

where
G = [ (W) = p— ap® + a5 — az)i’ — (5a; — Sapas + agy' + ... . (1.2)

If f and f~! are both univalent in D, then a function f € H is considered bi-univalent in D. The class
of bi-univalent functions defined in the unit disk D is indicated by 7. Because it univalently maps the

unit disk D onto the entire complex plane, minus a slit along the line from 7 to —oo, the well-known

Koebe function is not an element of 7. Therefore, the unit disk D is absent from the image domain.
The well-known Bieberbach conjecture, which asserts that the following coefficient inequality holds
for each f € S produced by the Taylor-Maclaurin series expansion (1.1), was established in 1985 by
Louis de Branges [2],

)l <1 (I e N/{1}).

The class of analytic bi-univalent functions was first introduced and studied by Lewin who proved
las| < 1.51. Brannan and Clunie subsequently enhanced Lewin’s outcome to |a,| < V2. Indeed, it is
verified for the class of bi-close to convex functions in the article [3]. Researchers Brannan and Taha [4]
and Taha [5] looked at different types of bi-univalent functions and found that they are similar to well-
known types of univalent functions represented by strongly starlike, starlike and convex functions. We
present bi-starlike functions and bi-convex functions, and established non-sharp estimates for the first
two Taylor-Maclaurin coefficients |a,| and |as|.

Next, we recall the definition of subordination between analytic functions. For two functions f, G €
H, we say that the function f is subordinate to G, if there exists a Schwarz function w, which is analytic
in D with the following property:

w(0) =0, wz) <1, forallzeD,

such that
f(@) = GW(2)).

This subordination is symbolically written as follows:
f<G or f(z) <G (zeD).

It is well known that if the function G is univalent in D, then the following equivalence holds (see [6]):

f<G (zeD) & f(0) =G(0) and f(D) < G(D).
The g-difference operator which was introduced by Jackson is

f(@) = f(az)

D f(2) = Z(1—-q) s

€ D/{0}. (1.3)
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The following limit relationship is clear:
lim Dof() = f () and D,f(0) = £ (0).
For a function f € D defined by (1.1), we deduce the following result:
Df@)=1+ Z:[l]qa;z’_1
=2
where [[], 1s given by

1 -
[l]q: l—q

(I e N\{I}).

As g — 17, we have [/], = [ and [0], = 0.

The Srivastava-Attiya operator, which has been extensively investigated, was defined by Srivastava
and Attiya [7] by using the Hurwitz-Lerch zeta function ®(z, €, @), which is systematically discussed
in recent survey papers [8,9]. To obtain comprehensive information regarding the interconnections
between the function ®(z, €, @) and many significant functions within the realm of analytic number
theory, readers may consult Chapter I in reference [10]. The following g-analogue of the Hurwitz-
Lerch zeta function ®(z, €, @) was explored by Shah and Noor [11] (see also [12]):

pq(€, a5 2) = - (1.4)
) ; [l + ]

where @ € C\{Z;},e € C when |z] < 1, R(e) > 1, and |z] = 1.
Z, being the set of negative integers. The normalized form of the series (1.4) is defined by

[+a (1)

1
Uale, ;) = [1 +al (#(e, a32) ~ [a]) = +Z([ +a])

By using (1.1) and (1.5), Shah and Noor [11] defined the g-Srivastava-Attiya operator ; , : H — H
as follows:

Definition 1.1. (see [11, 12]) The g-Srivastava-Attiya operator: J, : H — H is defined in terms of
the Hadamard product (or convolution) by

Teuf @) = U6, @:0(@) + f2) = 2+ ) CL (Dard (1.6)
=2

where

. ([ +al, €
CoalD = ([l+a/]q) '

The mathematical applications of g-calculus, fractional g-calculus, and fractional g-derivative
operators in geometric function theory of complex analysis were investigated by Srivastava [13] in
his recently published survey-cum-expository review article. Srivastava [13] also exposed the not-yet-
widely-understood fact that the so-called (p, q)-variation of classical g-calculus is a relatively trivial
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and inconsequential variation of classical g-calculus, the additional parameter p being redundant or
superfluous (see, for details, [13], p. 340).

In this paper, we utilize the fundamental or quantum (or q—) extension ¢,(€, @;z). When g — 17,
it produces the well-known Hurwitz-Lerch zeta function ®(z, €, @). Local or non-local symmetries
are observed in certain properties of many members of the Hurwitz-Lerch zeta function. family, as
previously mentioned. Additional support for our investigation into the practical uses of quantum
extensions (or q—) in this research can be located in the chapter titled “Symmetric Quantum Calculus”
in reference [14].

Remark 1.1. The operator [, is a generalization of several known operators studied in earlier
investigations, which are recalled below:

1) The operator [, coincides with the Srivastava-Attiya operator in [7], and for ¢ — 17, the
function ¢,(€, a; z) reduces to the Hurwitz-Lerch zeta function (see [8, 9]). The Srivastava-Attiya
operator has several uses, which can be found in [15—17] and the references listed in each of
these previous publications.

2) The operator [ , reduces to the q-Bernardi operator for € = 1 as stated in [18].

3) The operator [ , reduces to the q-Libera operator for € = a = 1, as stated in [18].

4) The operator [ , reduces to the Bernardi operator for ¢ — 1~ and € = 1 (see [19]).

5) The operator [ , reduces to the Alexander operator for ¢ = 17,€ = 1, and a = 0 (see [20]).

We define the subclasses S (0) and K¢ ,(6) of the class H for 0 < § < 1 using the g-Srivastava-
Attiya operator.

Definition 1.2. A function f(z) of the form (1.1) is in the class S;(0) if it satisfies the following
condition:
% {z([fi(,f(z))

>0, forall z€D.
G } 4

When € = 0, we obtain the result.

Corollary 1.1. A function f(z) of the form (1.1) is in the class S:Zg(é) if it satisfies the following
condition [21]:

(f2)
% Z
{ f@)

Definition 1.3. A function f(z) of the form (1.1) is in the class K ,(6) if it satisfies the following
condition:

}>5, forall z € D.

(J: qe,af (Z)),

Observe that J¢ . f € K ,(6) if and only if z(J; . f () €8 vo(6). When € = 0, we obtain the result.

‘R{I+M}>d for all z € D.

Corollary 1.2. A function f(z) of the form (1.1) is in the class Kg’a((i) if it satisfies the following
condition [22]:

% {1 LA )

Q) } >0, forall z€D.

AIMS Mathematics Volume 10, Issue 3, 7269-7289.



7273

Definition 1.4. A function f(z) of the form (1.1) is in the class Hg (0) if it satisfies the following
condition:

R {(jqe,af(Z))/} > 0, forall z€D.

When € = 0, we obtain the result.

Corollary 1.3. A function f(z) of the form (1.1) is in the class H?W(é) if it satisfies the following
condition [23]:
R{(f)} > 6. forallzeD.

In this study, we derive estimates for the initial coefficients a, and a; of three novel subclasses of
the class 7 of bi-univalent functions.

Let ¢ be an analytic function with a positive real part in D such that ¢/(0) = 1, ¥(0) > 0, and ¥(D)
1s symmetric with respect to the real axis. Such a function has a series expansion of the form

(@) = 1+ viz+ 2 + v +...(v; > 0).

With this brief introduction, we define the following classes of bi-univalent functions and find the
coeflicient estimates with the help of the g-Srivastava-Attiya operator.

Definition 1.5. A function f € 7 is said to be in the class T, () if the following subordinations hold

(Taf @) <¥(2) and (TE,GW) < Y(u), where G) = £ (w).

Definition 1.6. A function f(z) € 7 is said to be in the class 7(7'{;%(5, ), 0 > 0, if the following
subordinations hold:

2T S @) s 6T ()
f@ f(2)

<Y, (zeD),

and

WI5.GWw) (T 5.Gw) -

cw T ew Y@, (ueb).
where G(u) = £~ (w).

Definition 1.7. A function f € 7 is said to be in the class A, (W), 6 > 0, if the following
subordinations hold:

(- 6)Z(Jq,af (2)) 5( . AT 5 f(2)

Tl @ T @) : D),
qu,af(z) " * (qu,af(Z)), ) <yY(2) (zeD)

and

(1_6)M+6(1+M

, D),
< G0 (T5.GW) )““m (eb)

where G() = f~' ().

In order to derive our main results, we have to recall the following lemma here.
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Lemma 1.1. [24] If the function p € P is given by the series
PR =1+ciz+ e +62 + .., (1.7)

where P is the family of all functions p(z) analytic in D and satisfying R{p(z)} > 0. Then the following
sharp estimate holds:
el <2 (=1,2,..).

Also, v € R for all, we obtain
lc2 — ycil £ max({1, [yl}.

2. Main results
Theorem 2.1. Let f(z) € T, ,(¥) and be given by (1.1). Then

V1 VV1 V1 |V%

la,| < and |as| < + .
€ 2 € 2 2
JBCE G — 4(C5a @27 + 4(Cea )] G 2Ca

2.1

Proof. Let f € 77, , (W) and G = f~!. Then there are analytic functions r,# : D — D, with 7(0) =
F(0) = 0, satisfying
(TS @) =¥(r(2) and (J5,G(@) = W(F (). (2.2)

The functions p; and p, are defined as follows:

pi1(2) = i i:g; =l+ciz+a?+c +... and py(2) = 1i—§;§3 4 biz+ b + b + .,
or, equivalently, )
) = B8 - %(clz Her— Tr+ ) 23)
and 2
Fz) = % = %(blz + (by — ?1)12 + ) 2.4)

It is clear that p; and p, are analytic in D and p;(0) = p,(0) = 1. Also p; and p, have a positive real
partin D and hence |b;] <2 and |¢;] <2 (i € N\{1}).
Substituting (2.3) and (2.4) into (2.2) and using (1), we can obtain

) —1 1 1 c? 1
(i) =g (pnfes ) ) o =
and b2
pa(z)— 1 1 1 1 1 o) 2
_q1a. ! LI PR 2.
w(l?z(z)+1) MR i iy i) L 20

Since f €  has the Maclaurin series given by (1.1), a computation shows that its inverse G = f~! has
the expansion G(u) = ' (u) = u — app® + (245 — az3)i’ + ...
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Since
(jiaf(z))/ =1+ 2C§ﬂ(2)a2z + 3C§,a(3)a3z2 + ...

and
(TEaGW) = 1-2C5,(2ar +3C;,(3)2a; — as)’ + ...,
it follows from (2.5), (2.6), and (2.2) that

) Vi€
a, = ,
1T 2C,(2)
1 i) 1
3C; ,(3)az = EVI (cz — El) + szc%,
V1b1
a=——-,
P S2C5,(2)

3Cq’a(3)(2a2 — a3) = EV] b2 - E + Zv2b1_

From (2.7) and (2.9), we obtain
Cc = —bl

and S )
vi(cy +by)

16(C5,(2))*
Adding Egs (2.8) and (2.10) and using (2.12), we now obtain

2 _
2a; =

2o vi(ca + by)
2 ABCE(B)] — 4(C5(2))vs + HCh 0 (2))W1]

Applying Lemma 1.1 for the coefficients b, and ¢,, we immediately have

V1 \/V_l
\/ 3C5a(3)v; = 4(C5o(2))?v2 + 4(C5 0 (2)21]

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

As stated in (2.7), this provides us with the bound on |a,|. Next, in order to find the bound on |as|, by

subtracting (2.10) from (2.8) and also from (2.11), we get cf = b%, hence

vi(c2 —by) + (vich).

1
- 12C5,03) 16(C¢ 4 (2))*

as

Using (2.12) and applying Lemma 1.1 once again for the coefficients b, and c¢,, we have

2
V1 4
las] < :

< + :
3IC5. 3 2C5.(P

This completes the proof of Theorem 2.1.

When € = 0, we obtain the result presented by Ali et al. [25].
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Corollary 2.1. Let f(z) € T:(¥) and be given by (1.1). Then

2
ViV %
las] < LV and |as| < % + Zl (2.13)
\/|3V% - 4V2 + 4V1|

Theorem 2.2. Let f(z) given by (1.1) be in the class 7(7-[;,0(6, ). Then

3

Vi
. (214)
'[(—1 +2C,(2)(1 + 2(5))2 (vi = v2) + (3CE,(3)(1 +26) — 2C5,(2)(1 + 6)) 2

2
lay| <

and

v+ va — vl
las| < - - . (2.15)
31C5 3N + 26) + 2|C5,(2)I(1 + 6)

Proof. Let f(z) € KH:, (6,¥). Then there are analytic functions r, ¥ : D — D, with #(0) = F(0) = 0,

7,q,a

satisfying
TS @) 6HIES )
’ ’ = , D), 2.16
Q) + Q) Y(r), (zeD) (2.16)
and ) ) ;
€ 6 €
HIGW) o (JqGW) JFW). (D) 2.17)

Gw | 6w
where G(u) = f'(u). Since J¢,f(2) = z+ C,(Dar* + C,(3)azz’ + .. and  JE,G) = pu—
Ct o (Dar® + CE (3)2a; — az)u’ + ..., we have

L+ [=1+2C5, @)1 +6)|asz + (| -1 +3CE,(3)1 +26)| a3 + |1 - 2C5,,2)(1 +6)| 53) ...,

and
L+ [1-2C5, @)1 +68)| aop + (= [-1+3CE,(3)(1 +20)| a3
+ [6C5,(3)(1 +26) = 2C,,2)(1 +6) - 1] @) ...

a.a

Equating the coefficients (2.16), (2.17), (2.5), and (2.6) on both sides, we have

[-1+2C5,@)1 + )] = 22, (2.18)

|-1+3C5,3)1 +26)| a3 + |1 - 2C,, )1 +6)| &3 = Lofe-9)e Le (2.19)
g, 3 a,a 275 112 ) 4 2C1, .

[1-2¢5,@)1 +6)|ar = VlTbl, (2.20)

— [-1+ 3¢5, 031 +26)|as + [6C¢,,3)(1 +26) - 2C¢,,2)(1 +6) - 1| a3 (2.21)
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1 b1\ 1
=3V (bz - 51) + szbi. (2.22)

From (2.18) and (2.20), we obtain
c1 = —b; (2.23)

and ) 5 )
vi(cy + DY)

4[-1 +2C:,(2)(1 + 26))*
Adding Egs (2.19) and (2.21) and using (2.24), we now obtain

2d} = (2.24)

vi(ca + by)

2
a, = > .
4 [(—1 +2C5,(2)(1 +26)) (v =) + (3C5.(3)(1 +26) = 2C5,,(2)(1 +6)) v%]
Applying Lemma 1.1 for the coefficients b, and c¢,, we immediately get

3
Vi

a3 < > .
‘[(—1 +2C5,(2)(1+20)) (v = v2) + (3C5(3)(1 +26) = 2C5,(2)(1 + 6)) vf]

Since v; > 0, the last inequality gives the desired estimate on |a,| given in (2.14). Next, in order to
find the bound on |as|, by subtracting (2.21) from (2.19) and also from (2.23), we get c% = b%, hence

v, ([—1 +6C¢,(3)(1 +26) — 2C<,,(2)(1 + 5)] cr + [—1 +2C¢,(2)(1 + 5)] b)
|6C:.(3)(1 +26) - 4C5,2)(1 + 0)| |2 + 6CE,(3)(1 +20)]
b2 —v1) [-1 +3C,3)(1 +20))|
2[6C5,(3)(1 +26) = 4C5,()(1 +6)| [-2 + 6CE,(B)(1 +28)|

as =

+

Applying Lemma 1.1 once again for the coefficients b, and c,, we obtain

Vi +va — vl
las| <

T 3CE BN +26) + 2|CE (N1 +6)

This estimate is exactly that found in (2.15).
When € = 0, we obtain the result presented by Ali et al. [25]. O

Corollary 2.2. Let f(z) given by (1.1) be in the class KH (6, ¢). Then

Vl\/V_l

|a2| < s
I+ 26201 = v2) + (1 + 40))

and | |
Vi + Va2 — Vg
< -
sl < =445
When ¢ = 0 and § = 0, the coefficient estimates for Ma-Minda bi-starlike functions are

obtained [26].
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Corollary 2.3. Let f(z) given by (1.1) be in the class KH (0, ). Then
Vi \/V_l

las| < ,
|V1 -V + Vﬂ

and
las] < vy + vy = vil.

Theorem 2.3. Let f given by (1.1) be in the class AS, (). Then

7,0,
@3] < f (225)
2l = ) .
|IC5a@PL + 6)2(r1 = v2) + (2C5 B +26) = [C5o (P + 36)) 3]

and

Vi +va — vl
las| <

~ 2IC5, (L +26) = |CF. (P + 36)°

Proof. Let f(z) € A, ,(6,¢). Then there are analytic functions r, ¥ : D — D, with r(0) = ¥(0) = 0,
satisfying

(2.26)

AT f @)
1—-0)—— + 0|1
=05 * ( "

Z(jqe af (Z))N
| = R D), 2.27

and

(1- 6)ﬂ(7q,aQW)) . 6( . wI5.6W)

e EGEm);
where G(u) = f~'(u). By (2.27) and (2.28), we have

) =y(r(w),  (neDb), (2.28)

1+(1+ 6)C§,a(2)a2z + (2(1 + 26)C§,a(3)a3 -1+ 36)(C§’a(2))2a§) 2+
and

1= (1+6)C,Qa + ([4(1 +26)CE,(3) - (1 +30) (C (2))2] a+[-201 +26)CC,3)] ag) @

a. q.@

Equating the coefficients (2.27), (2.28), (2.5), and (2.6) on both sides, we have

V1€l

(1+0)C;,(Day = — (2.29)

, . 1 gy 1,
2(1 +26)CE,,(3)as — (1 +36)(CE,(2)) a3 = il =5 |+ prchs (2.30)
- (1 +0)C;,2)az = %bl, (2.31)

1 p*\ 1
= 2(1 +26)CE,,(3)as + [4(1 + 26)CE,(3) — (1 + 36) (c;’a(z))z] a = oK (b2 - 31) + szb%. (2.32)

From (2.29) and (2.31), we obtain
c1 = —bl, (233)

and
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vi(el + b))
401 + 67 (€2, )
Adding Eqgs (2.30) and (2.32) and using (2.34), we now obtain

2a} = (2.34)

vi(cr + by)

4[(C5a)2(1 + 82y = v) + (2C5,(3)(1 +26) — (C5,(2)2(1 +36))v3|

2 _
(12—

Applying Lemma 1.1 for the coefficients b, and c¢,, we immediately get

3
Vi

[IC5a@P(L + 871 = v2) + (2AC5.BI(1 +26) - ICEL (R +38))v2|

2
las| <

which yields the desired estimate on |a,| as described in (2.25). Next, in order to find the bound on |as|,
by subtracting (2.32) from (2.30) and also from (2.33), we get c% = bf, hence

01D (45BN +26) = (€5, (D21 +38)) e + (C5o (D21 +30)b2| + b(v2 = v1) [ €5, (3)(1 +20)]

9,@ 9@ 9.@

4C<,(3)(1 +26) (2cg,(,(3)(1 +26) — (CE, ()20 + 35))

as

Applying Lemma 1.1 once again for the coefficients b, and c,, we obtain

las| < vi+ vy = v
3= € € *
2|C5 . (BI(1 +20) = |C5,(2)F(1 + 36)

This estimate is exactly that found in (2.26). O
When € = 0, we obtain the result presented by Ali et al. [25].
Corollary 2.4. Let f(z) given by (1.1) be in the class A.(6,¥). Then

V1 \/V_l
\/|(1 +6)2(v —v2) + (1 + 6)|

la,| <

and
v+ vy = v

(1+90)

The coeflicient estimates for Ma-Minda bi-starlike functions are obtained when e = 0 and § = 0.
Conversely, for Ma-Minda bi-convex functions, the coefficient estimates are obtained when 6 = 1 [26].

las| <

Corollary 2.5. Let f(z) given by (1.1) be in the class CN(¥). Then

V1 \/V_l
N

la,| <

and

1
las| < E(Vl + [v2 = vil).
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3. Fekete-Szego inequality for the functions classes

Fekete and Szego published their findings in 1933 [27], setting a precise limit for the functional
as — ya;. This limit, known as the conventional Fekete-Szegd inequality, was determined using real
values of ¥ (0 < y < 1). Establishing accurate bounds for a function within a compact family of
functions (f € H) for a real parameter 7y is a tough problem. The Fekete-Szego coeflicient bounds for
different analytic subclasses have been established by other authors [28—-30]. In this context, the Fekete-
Szegd inequality for functions belonging to the classes f(z) € 75, ,(¥), K H a0 ¥), and A | (6, ¢),

is studied, using the findings of Zaprawa [31].
Theorem 3.1. Let the function f(z) given by (1.1) be in the class T,

‘rqa
o
(y € [y 72,
sl < 61C.3)" E E ey
ay - yaj| < i1 vy 3nC,(3)  3yCe,0)
E— - — + 2 K ('}’¢ [71772])7
6,312~ 2 T HCL@P B2
where
2 (201 +W)IC QP + 32ICE,(3)]
17 310.0)] 2
and
2 (2037 = mICL QP +32IC, ()l
727 31c.0)] V2 '

Proof. Using for those in the Eqgs (2.9) and (2.10), we get

) V]b]
a = ———
? _ch,a(z)
252
2 viby
- =,
“ =162

and

3Cq,a(3)(2a2 - (13) = EVI b2 — 3 + szbl

1 bt\ 1 )
- — 3C§’a(3)a3 = EV] by — — |+ —Vzb - 6C¢ (3)612

2) 4 -
1 b\ 1 b7
€ _ 2 €
- 3Cq (2(3)613 = EV] (bz - 3) + ZVzb 6Cq 12(3) (m)
Vi b% V2b% V%b%
—az = — - h— — | — - + - >
6C5.(3) 2 12C5,(3)  8(Ct0(2)

Now, from (3.2) and (3.3), we can easily see that

. B\ B R b3
as —ya, = — -

b, — L -
6C..3\ " 2] 12C,0) " 8(C5a(2))? 716(C§,a(2))2

(). Then for some y € R,

3.1

(3.2)

(3.3)
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— ) Vlbz + V1 V2 + V% V% b2
az —vya, = — - -
3TYRE 60 3) T\120,3) T 1205,3) T 8(CL@)2  Y16(CL.2)2) !
oyt [ (L PGB ICLE))
YR T e .2 T o T AL T BCLQ))
and
5 i 1 vy, 3G ,03) 3ynC,03)\ ,
laz — yd}| = ——— -2y -
6|cw<3)| 2 2 AC,Q)?  8(C,(2)

Therefore, in view of Lemma 1.1, we conclude that

1_»m  WCGG)  3mcLG)
2 2n ACLQ) 8(CG.(2)

3

las — ya;| < max{l,
2 6|Cw(3>|

Moreover, we have

/\

|1_£+3vlcgﬂ(3)_3wl 3
2 2r ACL(QQ)P  8(CL(2))
L,ow  WICLO)

27 2v 4CE, Q)P

_ 3mICL0)l

= 8ICL,.QP

L, » _ 3iCL.0)
27 v, 4CE, Q)P
2, NIC, )
v ICLQP
3pilCe )l

R EROR

gy 2 MICLO)

v ICL.QP

o, “OICL Q)P + 20ICL, @) = 3ICL, B)

2
Vi

<1-

— -4-2+

A

_ 3CLO)

2
2IC )P + 2n|C (D = 3v1ICE (3
"
.2 2(v1 + m)ICS, ) + 3v{IC5, (3
31CL. 3 ( f )

161
%

lIA

< 2 (2(31/1 - Vz)ICj,a(Z)I2 + 3V%IC§,Q(3)I)
~ 3|C5. 3 vi
Sy Sy
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Taking € = 0 in Theorem 3.1, we obtain the following corollary.

Corollary 3.1. Let f(z) given by (1.1) be in the class T-(¥). Then

y
gl, (y € [y1, 72D,
las — yaj| <
’ 2 vill  w»m +3v1 3y el D
612 2, 4 3| Y € Y1,.7Y21),
where
2 (—2(vi + o) + 3]
Yi=3 )
3 Vi
and

3 2

2(2vi —v) + 3V%
Y2=3 .
i
Theorem 3.2. Let the function f(z) given by (1.1) be in the class KH,, (6, ¥). Then for some y € R,

Vi

21 +37]" (r € y1, 72D
oyl w |nlen-2c@a+0-1 Giavy w13 oD
>t - =1s (o € [y, 72D,
213 g1 -2ce,2)(1+9)] M a1-2ce,@0 +6)
where
n=1C5 .3 + 26)
and )
Gvi+w) [1=21Cs, @10 +0)|  [61Ce, 31 +25) - 2CE, )11 +6) - 1]
Y1 = +
V=14 315,31 +20)] -1+ 3IC5. 31 +25))
2
i =) [1=20C, @1+ 0] vi [61CE BN +26) = 2ICE, (1 +6) - 1]
Y2 =- + .
Vv ]-1+3IC5,3)I(1 +20)] vi|=1+3IC,3)I(1 +20)]
Proof. Using the relations in Egs (2.20) and (2.21), we get
b
[1-2¢5,)(1 +6)]ar = %
v2h?
—=a = 1 (3.5)

-
4[1-2C5,2)0 +96)

= [-1+3C5,3)1 +20)| as + [6CE,(3)(1 +25) - 2C,,(2)(1 +6) - 1] 43

1 bt\ 1
= Evl (b2 - El) + ZVzbz,
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&= a3 = [6CE,(3)(1 +20) — 2C5,(2)(1 +6) — 1]

q,a
V%b% B V1 (2b2 - b%) - Vzb%
4[-1+3C5,3)1 +26)|

> (3.6)
4 [1 —2C,(2)(1 + 5)] [—1 +3C,(3)(1 + 25)]

Now, from (3.5) and (3.6), we can see that

272
viby

a; - ya3 = [6CE,(3)(1 +26) - 2C¢,,2)(1 +6) - 1] :
4[1-2C5,@) (1 +6)| [-1 +3C5,(3)1 +26)|

(@ -p) bt ) %
4[-1+3c®+20] 4l1-205,@)0 + 6]
vib, N ( Vi [6C§,a(3)(1 +26) = 2C¢ ,(2)(1 +6) — 1]

g,
2[-1+3C5,(3)1 +26)|

— a3 — ya% = 2
4 [1 —2C,(2)(1 + 5)] [—1 +3CE,(3)(1 + 25)]

"4 [-1+3C.3)0 +20)] 4 [1-2¢5,2)(1 +6)

. {bz ) [w [6C<,(3)(1 +25) - 2C<,,2)(1 +6) ~ 1]
2[~1+3C2,(3)(1 +20)] 2[1-2¢05,@ (1 +9)|
RSO Nl [-1+3C5,03)(1 + 25)]]192}

2vy 2[1-2¢,@1 +9)]

(V1 + Vz) ’)/V% ]bz
[

= a3 -ya, =

Vi [6Cf (3)(1 +26) — 2C¢

q, q,a

v @)(1 +6)— 1]

2[-1+3IC5 3N +26)]

Lot |-1+3C¢,3)(1 +20)] -
n 2[1-2¢,@1 +9)] '

2
= laz — ya,| = by +

2
2 [1 —2C¢,(2) (1 + 5)]

Therefore, in view of Lemma 1.1, we conclude that

Vi [6Cf 3)( +26)-2C;,2)( +06) - 1]

q,a q,a

}.

v1[6C,(3)(1 +26) - 2C5,(2)(1 +6) - 1] L) |-1+3Cc,(3)(1 +25)]

i max< 1,
2[-1+3C5, 3N +26)|

L) M |-1+3C5,(3)(1 +25)]
2v 2[1-2¢,@)1 +9)]

2
laz — '}’az| <

2
2 [1 ~2C,2) (1 + (5)]

Moreover, we have

0. q.Q

<1
2[1-2C5,@ (1 +0)] 2v, 2[1-2c,@0+0] |
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v [61CE,(B)(1 +26) - 2|C¢,,2)I(1 +6) — 1] i)

= -1- 5
21 =25, @)1 +6)] 2
yvi|=1+3IC,3)I(1 +20)]
=- 2
2[1-2IC5,@) +6))|
V1 [61CE,B(L +26) = 21CE,NA+8) = 1] (3, +v,)
B 2[1 -2c5,@1(1 +6)| 2v,
(vi = v) |1 = 2CE, @)1 (1 + 5)]2 L |61CE .31 +26) = 2|CE,,)I(1 +6) — 1]
= -
V=14 3IC53)I(1 +20)] vi|=1+3IC,3)I(1 +20)]
<y

(Bvi +w) [1-2Cs,

@)l (1 + 5)]2 |61CS B +26) = 2ICE, (1 +6) - 1]

V=1 +3IC5.3)l +20)]

Sy Sy .

[_

1+ 3IC. (31 +20))

O
Taking € = 0 and 6 = 0 in Theorem 3.2, we obtain the following corollary.
Corollary 3.2. Let f(z) given by (1.1) be in the class KH (0, ). Then
%, (v € [y1, 72D,
2
las = ya] £ vi|[3vi (vi+vy)  2yv
712 v 2| (v € [y1, 2D,
3vi+v, 3
7= 2v? " 2’
and
vi—Vvs 31
Y2 =- 21/% 2—1/1
Theorem 3.3. Let the function f(z) given by (1.1) be in the class A, ,(6,¥). Then for some y € R,
V1
31+ 200CL.3) (y € [y1, 72D,
las — ya?| < Vi 210+ 3002 (va—vy)  4yvi(l +28)CE,(3)
41 +20)IC5, )| (1+06) 2 (a+ocaf | v ¢ n. 72D,
G
(3.7
where )
Q2=+ )| +OICL,QI| (1 +38)Ce, )P
T TR+ 20)IC5, )] 21+ 20)Ce,B)]

and
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2
Q2+ =) [A+OICL,QI| (1 +38)Ce, )P
+ .
8v2(1 +26)ICE,(3)l 2(1 +20)|C5 ,(3)]
Proof. Using for those in Eqgs (2.29) and (2.30), we get

Y2 =

c _ Vi
(1+ 6)Cq’a(2)a2 = T
vae?
=a = L, (3.8)
|(1+6)C5.2)
2.1 AT
2(1 +26)C; ,(3)az — (1 + 36)(C; ,(2))a; = EVl c) — > + szcl
1 + 30022 —v))c?
— as ( )VlCl 41%) (VZ V1)C1 (39)

- 2(1 + 26)C5,(3)(1 + 6)? " 4(1 + 26)C5 ,(3) " 8(1 +26)C¢,(3)

Now, from (3.8) and (3.9), we can easily see that

) (1+36pic: Vica (v =vi)c; vict
B Y = A+ 20)C.3) (1 +0) 41 +20)Ce.(3) | 8(1 +20)Ce.3) ! 2’
(1 +20)C, ()1 +0) 41 +20)C,(3) 80 +20CL.0) |1 4 g)ce, )]
S (- S (1+38)] L a=v) m 2
3= 2 = € € € - I
+20C5,0) A0+ 290 +0°C,0) BT+ 265,00 (14 5,0
) i 2043601 (vy—v) A1 +26)C5,3) | ,
BEYEE ar w32 T arer T 2 > |
ba |1+ 06)Cs.2)]
2 ) 2143007 (a—vy) 41 +20)C5,03))
vl = I weicne [T Tarer T 2 [
ba |1+ 0)C5.2)]

Therefore, in view of Lemma 1.1, we conclude that

V1

s — v < o R 36)vs L 0= 4yvi(l +26)C<,(3)
PTVRLS 40 1 20)CL )] :

(1+0)? 2 [(1 +5)C§,a(2)]2

}.

Moreover, we have

20 +30%  (ra—w) 4 +20)C,03)

2 =1
(1+9) 2 (1 +6)Cc.@)
@ -v2+ v [ +o)ic, @I | (1+301C, O
=
8v2(1 +20)C5,(3) 21+ 260)IC5,3)l
<y
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2
_@am-wla+olc,@l a+39)|c,@f
= € + €
81/%(1 +20)|C5,(3)] 2(1 +20)|C5 . (3)]
S VSYEY

O
Taking € = 0 and 6 = 0 from Theorem 3.3, we obtain the following corollary.
Corollary 3.3. Let f(z) given by (1.1) be in the class A.(0, ). Then
v
, Zl, (v € yi. 72D,
|Cl3 - ’}’Clz| é % Vo — Y (310)
W hva -2+ 22 g
where
_ 2 — vy + v 4 1
NTTTR T2
and
_ 2+ vy —v; + 1
7= 8v2 2

In these Theorems 3.1-3.3, we use the technique of [32].
4. Conclusions

In our present investigation, we have introduced and studied the coefficient problems associated
with each of the following three new subclasses: 77, (), KH;, (6, ¥), A, () of the class of
bi-univalent Ma-Minda-type functions associated with the g-Srivastava-Attiya operator in the open
unit disk D. These bi-univalent Ma-Minda-type functions associated with g-Srivastava-Attiya operator
classes are given by Definitions 1.2 to 1.7, respectively. For functions in each of these three bi-
univalent Ma-Minda-type functions associated with g-Srivastava-Attiya operator classes, we have
derived the estimates of the Taylor-Maclaurin coefficients |a,| and |as| for functions belonging to
these new subclasses, along with estimates for the Fekete-Szegd functional problem, for functions
belonging to each of these bi-univalent function classes. Our results also further generalize the results
of Theorems 2.1-2.3 of R. M. Ali et al. and some results of W. Ma and D. Minda. The results
presented in this paper are a beneficial supplement for the research of geometric function theory of

complex analysis.
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