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Abstract: With the aid of the Euler totient function ¢ and its summation function T, a new matrix
Alp, T) = (6(¢, T)ur), Where

(=" *Tk)

n—-1<k<n
5(@, T = o =t =
> T { 0, otherwise

is constructed to define the domains £,(A(gp, T)), €w(A(p, T)), and £;(A(p, T)). After obtaining the
norms on these domains, it is proved that these spaces are linearly isomorphic to classical ones. Also,
their dual spaces are determined. Finally, characterizations of several matrix mappings are stated and
proved.
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1. Introduction

A sequence space is a linear subspace of the space w of all sequences. The space of all finitely
non-zero sequences wy, the space of all bounded sequences ¢, the space of all convergent sequences
¢, the space of all null sequences ¢y, and the space of all absolutely p- summable sequences £, are
the examples for the classical sequence spaces. Also, ¢, is the space of all absolutely summable
sequences, consisting of sequences u = (u,) with )", |u,] < oco. Unless otherwise stated, ), is a
brief demonstration of ) " ,. The spaces cy, ¢, and £, are complete normed spaces with ||ull,, = |lull. =
llulle, = sup,eylu,l and the space ¢, is a complete normed space with |lull,, = (X, i, |P)'/P, where
N = {1,2,3,...}. Also, sup, stands for sup,. Unless stated otherwise, assume that I < p < oo and
q= [% is the conjugate of p. If p = 1, then g = oo.

A linear topological sequence space U is called a K space provided that each functional p,, : U —
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K, p.(u) = u, is continuous for all m € N, where K is a real or complex field. If a K space U is a
complete linear metric space, then it is called an FK space. If the topology of an FK space is normable,
then it is called a BK space. Let e = (e,) be the sequence with the term e, = 1 for all r and e™ = (ef"))
(n € N) be the sequence with terms 1 if » = r and 0 if n # r. Given any FK space U D wy and a
sequence u = (u,) in U, it is said that the sequence u satisfies the AK property if (u') converges to u,
where ul = 3" e,

Let S = (s,) be an infinite matrix and S, be the sequence in the nth row of S. The § -transform of
a sequence u = (u,) € w is the sequence Su obtained by the usual matrix product, and its terms are
written as

Sa() = D sw
3
provided that the series is convergent for each n € N. If the sequence Su exists and Su € V for all
u € U, then S is called a matrix mapping from the sequence space U into the sequence space V.
(U, V) denotes the class of all infinite matrices from U into V.

If the sequence Su converges, then it is said that the matrix S defines a summability method. ®-
summability is a special type of summability method introduced by Schoenberg [1] for the purpose
of examining the Riemann integrability of a generalized Dirichlet function on the interval [0, 1]. This
method is also called ¢-convergence, which is weaker than usual convergence. A sequence (u,,) is said
to be p-convergent if the limit of (v,) with

1

v= = ek (L.1)
n kln

exits.

The sequence space U called the (matrix) domain of S in the space U is the set
Us ={uew:SuecU}

By using this concept for special summability matrices, several sequence spaces are obtained
(see [2-6]).
The a—, f—, y-duals of a sequence space U are the sets

U = {a =(m)Ew: Z |axuy| < oo for all u = (uy) € (LI},
k

UP = {a =(aq) Ew: Z axuy, converges for all u = (i) € (LI}
k

n

(Llyz{a:(ak)ew:sup

n

Z aguy| < oo forall u = () € (LI},
k=1
respectively.

It is known that an infinite matrix can be considered as a linear operator between two sequence
spaces. The theory of matrix transformations between sequence spaces has aroused interest over
the years due to its significant implications in summability theory. For relevant literature on matrix

transformations and their applications in summability theory, refer to [7-11].
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2. Preliminaries and background

2.1. Some arithmetical functions

In the theory of numbers, an arithmetical function is a function such that it has natural numbers as
the domain and real or complex numbers as the range. Some examples of arithmetical functions are
the divisor sum function o, (with order r), the Mobius function u, the Euler totient function ¢, and the
Jordan totient function J, (with order r).

According to the Fundamental Theorem of Arithmetic, it is known that a natural number n can
be represented uniquely as the product of powers of different primes. (1 is represented as the empty
product.)

Let a natural number n = pi'pY’...p,»', where p; < p, < ... < p,, are primes and cy, ¢y, ..., ¢y are
positive integers.

oim = K,

kln

0, otherwise,

p(n) :n(l - i)(1 - i)(1 - L),
P1 P2 Pm

J(n) = nr(l - ir)(l - lr)(l - ir)
pl p2 P

Note that the Euler totient function gives the number of positive integers less than n that are coprime
to n, and the Jordan totient function gives the number of r-tuples of positive integers all less than or
equal to n that form a coprime (r + 1)-tuple together with n. The Jordan function generalizes the Euler
function since ¢(n) = J;(n) holds.

In this study, the function T defined by T(n) = >;_, ¢(k) denotes the Euler totient summation
function. It gives the number of coprime integer pairs p;, p, with 1 < p; < p, < n.

-, fep=cp=...=c¢c, =1,

2.2. Some special matrix operators

The Euler totient matrix operator ® = (¢,;) is given in [12] as

b = 200 if k| n,
w70, ifktn

In [12], the complete normed spaces £,(®) and £ (P) are introduced as the domains of the special
matrix @ in the spaces £, (1 < p < o0) and {.,. Schoenberg [1] proved that this transformation is
regular. That is, it preserves limit, and it is a mapping from c into c. Subsequently, in [13], the
complete normed spaces ¢ and ¢® are studied as the matrix domain of @ in ¢, and c. Following these
studies, by using the Euler totient matrix, Demiriz et al. [14] defined almost convergence and core
theorems; Ilkhan [15] introduced paranormed sequence spaces; Demiriz and Erdem [16] defined and
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studied double Euler totient matrix and double sequence spaces. Also, in [17-21], the authors studied
Euler totient series spaces and some other sequence spaces.
Motivated by the study of Schoenberg [1], the authors in [22] have constructed a new regular matrix

T =) as
oo ER ik,
w0, ifktn

for each r € N. This special operator is obtained by using the Jordan totient function instead of the
Euler totient function in transformation (1.1). Also, in [22], a space consisting of sequences whose
I"-transforms are in the space €, (1 < p < oo) is introduced and studied. Later, the domain of the
matrix Y" in the spaces ¢, ¢, and ¢, are studied in [23]. In the meantime, the compact operators on
the resulting Banach spaces are characterized in [24]. For more on Jordan totient sequence spaces,
see [25-29].

In [30], the authors have constructed a new matrix & = (s,) using the arithmetic divisor sum

function o as
k .
£ ifk|n
S = { 10k :

0, ifk4fn.

They have introduced and studied several Banach sequence spaces by utilizing the concept of
summability with the aid of this matrix. Later on, the authors in [31] generalized this study by using
the divisor sum function of order r. A recent matrix D = (d,;) has been constructed as

k" :
dnk _ ek if k | n,
0, ifktn.

2.3. Motivation and objectives of the study

In some cases, the most general linear operator between two sequence spaces is given by an infinite
matrix. So the theory of matrix transformations has always been of great interest in the study of
sequence spaces. The study of the general theory of matrix transformations was motivated by special
results in summability theory.

The theory of sequence spaces is fundamental to summability. Summability is a wide field of
mathematics, mainly in analysis and functional analysis, and has many applications, for instance, in
numerical analysis to speed up the rate of convergence, in operator theory, the theory of orthogonal
series, and approximation theory.

The classical summability theory deals with the generalization of the convergence of sequences or
series of real or complex numbers. The idea is to assign a limit of some sort to divergent sequences or
series by considering a transform of a sequence or series rather than the original sequence or series.

The references [30, 31] are recent studies in the field of sequence spaces. They have become the
starting point of our study to construct a new band matrix A(p, T). Clearly, there is no relation between
the matrices in [30,31] and A(p, T).

Inspired by the studies [30,31], we have constructed the matrix A(p, T) by utilizing the arithmetic
Euler totient function and its sum function. By the concept of matrix domain, we have aimed to
introduce complete normed sequence spaces €,(A(¢, T)) and €. (A(p, T)). Since the matrix A(p, T)
is lower triangular, its inverse can be calculated easily. By using the inverse matrix method, we have
proved that the resulting spaces are linearly isomorphic to classical ones, and also we have determined
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a-, B-, and y-duals of the spaces. Finally, we have characterized several matrix classes between
newly defined spaces and some classical spaces. For this purpose, we have used the necessary and
sufficient conditions on an infinite matrix belonging to the class (U, V), where U € {{,, ., {;} and
Vel{t,c, co s, ).

3. Domain of A(p, T) in ¢, and ¢,

In the present section, we introduce the sequence spaces €,(A(p, T)) and £..(A(g, T)) by using the
novel matrix A(g, T), where 1 < p < co. Also, we present some theorems that give inclusion relations
concerning these spaces.

The matrix A(p, T) = (6(¢, T)u) is defined as

(=" Tk

‘5(90aT)nk={ o)’ n—1<k<n,

0, otherwise,
that is,

’%g 0 0 0O 0 O

-7l T(2)
w2 e T(<)3> o000
Aoy =| 0w gy 0000
’ o o =2 & o9 o

W4 1o

0 0 0 o5 o5 0

The inverse A(p, T)™' = (6(g, T);}}) is calculated as

2D if <k <
(@, T :{ T NSRS

0, ifk>n,
that is,
42 0 0 0 0 0
o) 92
o 0000
] g ¢@  ed) 0 0
L= T3 TR TR
Ae T =ldb w2 o«
T@  TE  TE)  TE
O S )|
TG TG TG TG TO)

Now, we introduce the sequence spaces £,(A(p, T)) and £ (A(p, T)) by

O e TR
=D o

6T = {u=wew: Y <o (1< p<oo),

n  k=n—1

and

<.
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As the notation of matrix domain, the sequence spaces £,(A(p, T)) and {(A(p, T)) may be
represented by

(MA@, T)) = (Ep)am (1 < p<oo) and Lo(Alp, T)) = (Loo)a.m)-
Unless otherwise stated, v = (v,) will be the A(¢p, T)-transform of a sequence u = (u,), that is,

)T(k)

n:A’ ; :" _1(nk
v, = A, (1) k;lm o

for all n € N.

Theorem 3.1. The spaces €,(A(g, T)) and (A(p, T)) are linear spaces with the co-ordinatewise
addition and scalar multiplication, which are the BK spaces with the norms

p)l/p

_pye- k)T(k)
k=n—1 ( )

Z (—1) “T(k)

k=n—1

||M||t’p(A(¢,T)) = (Z

n

and

respectively.

Proof. It is a routine verification to prove that £,(A(¢, T)) and £ (A(yp, T)) are linear spaces. The fact
that these spaces are BK-spaces comes from Theorem 4.3.2 of Wilansky [32, p. 61]. O

Theorem 3.2. The spaces €,(A(p, T)) and (.(A(p, T)) are linearly isomorphic to €, and (.,
respectively.

Proof. Let T be a mapping defined from £,(A(p, T)) to £, such that T(u) = A(p, T)u for all u €
C,(A(p, T)). It is clear that T is linear. Also, it is injective since the kernel of T consists of only zero.
To prove that T is surjective, consider the sequence u = (u,) whose terms are

sO(k)
— T(n )k

for all n € N, where v = (v;) is any sequence in £,. It follows that

\ " <k> o T (X

Z Z( G k)‘:DE]; —

k=n—1 j=1

and so, u = (u,) € €,(A(p, T)). T preserves norms since the equality [lull¢, a7y = ITulle,holds.
O
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Remark 3.3. The space €,(A(p, T)) is an inner product space with the inner product defined as
(W, i), a1y = (Al@, Tu, Alp, T)it)e,, where (., )¢, is the inner product on {5, which induces ||.||,.

Theorem 3.4. The space €,(A(p, T)) is not an inner product space for p # 2.
Proof. Consider the sequence u = (u,) and u = (u,,), where
(1) —
Un = { w(lT)TB(’Z) "
T 0 nEL

and

(409 _
CARS
RIS

for all n € N. Then, we have A(p, T)u = (1,1,0,...,0,...) € £, and A(p, T)u = (1,-1,0,...,0,...) €
¢,. Hence, one easily observes that

llu + ulle, ary + llu = ulle,amy # 20lulle,ace.my + lle, e ))-

Theorem 3.5. The inclusion €,(A(p, T)) C £,(A(g, T)) strictly holds for (1 < p < g < c0).

Proof. 1t is clear that the inclusion £,(A(p, T)) C €,(A(¢, T)) holds since £, C £, for (1 < p < g < ).
Also, £, C ¢, is strict, and so there exists a sequence w = (w,) in £, \ {,. By defining a sequence

u = (u,) as
_ Z Qo(k)
T LT

for all n € N, we conclude that u € £,(A(¢, T)) \ £,(A(¢, T)). Hence, the desired inclusion is strict. O

Theorem 3.6. The inclusion €,(A(p, T)) C Lo(Aly, T)) strictly holds for 1 < p < co.

Proof. The inclusion is obvious since £, C €, holds for 1 < p < co. Let u = (u,) be a sequence such
that

_ Z( pau p(k)

T(n)’

for all n € N. We obtain that

n k k
N DG DY ST RICIPETA YA
=n— ]:1

which implies that u € £ ((A(p, T)) \ £,(A(p, T)) forall 1 < p < co. |
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4. The a-f-y- duals of the space {,(A(g, T))

In this section, we determine the a-5-y- duals of the sequence space £,(A(g, T)) (1 < p < o0). The
following lemmas are required to prove our main results in this section. Here and in what follows, K

denotes the family of all finite subsets of N.
Lemma 4.1. [33] The following statements hold:
S = (sw) € (£p, £y) if and only if

q
< o0

sup Z

FeK

2,5

neF

holds, where 1 < p < oo.
S = (su) € (£, 1) if and only if (4.1) holds with g = 1.
S = (s) € (€1, 4y) if and only if
su
D3

Spk| < 00

holds.
S = (su) € (£p,c) if and only if

lim s, exists for each k € N,

sup Z
Tk
holds, where 1 < p < oo.
S = (s) € (€, ¢) if and only if (4.3), and

and
q<00

Snk

lim Z S| = Z lim s,
n—oo i 7 n—oo
hold.
S = (sx) € (€1, ¢) if and only if (4.3), and
sup [Su| < o
nk

hold.
S = (su) € (£p, co) if and only if (4.4), holds and

lim s,;, = 0 foreach k € N,

n—oo

where 1 < p < oo.
S = (su) € (b, co) 1f and only if
=0

lim Z St
n—oo k

hold.

AIMS Mathematics

4.1)

(4.2)

4.3)

4.4)

(4.5)

(4.6)

4.7)

(4.8)
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S = (su) € (41, ¢p) if and only if (4.6) and (4.7) hold.

S = (sm) € (), {s) if and only if (4.4) holds, where 1 < p < co.

S = () € (e, L) if and only if (4.4) holds with g = 1.

S = (su) € ({1, €s) if and only if (4.6) holds.

In the following theorem, we determine the a- duals of the spaces €,(A(¢,T)) (1 < p <
), Lea(Ale, T)), and £,(A(p, T)).

Theorem 4.2. The a- duals of the speaces {,(A(¢, T)) (1 < p < 00),l(Alp, T)) and £;(A(p, T))

follows:
_ <p(k) 1 -
(€,(A(p, TY))" { s Y S < }
(k)
500 A H ¥ = = n : — < Un »
(u(A(0, T)) {a (@) € w 22532 ;T( Lo < }
(k)

< oo,

@ ={a= @ ew: supZ ‘—an
Proof. Consider the matrix C = (¢,;) defined by

My 1<k<n
Cok = T
0, k>n

for any sequence a = (a,) € w. Hence, given any u = (u,) € {,(A(¢, T)) for 1 < p < oo, we have
ayu, = C,(v) for all n € N. This implies that au € €; with u € £,(A(p, T)) if and only if Cv € {; with
v € {,. It follows that a € (£,(A(p, T)))* if and only if C € (¢,, {;), which completes the proof in view
of Lemma 4.1. O

Lemma 4.3. [34, Theorem 3.1] Let B = (b,;) be defined via a sequence a = (a;) € w, and the inverse
matrix D' = (d}) of the triangle matrix D = (d,) by

n

b = Z dj_k,

=k
for all n, k € N. Then,
(L{g ={a=(a,) €w:Be(U,c),

U ={a=(ay) €ew:Be (ULl
Consequently,we have the following theorem.

Theorem 4.4. Let’s define the following sets:

Ny ={a=(a,) €w: lim Z a]% exists for each k € N},
T

n—oo

<p(k)

No={la=@)ew:

AIMS Mathematics Volume 10, Issue 3, 7206-7222.
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i w(k) ¥
TT()

=

— — . 1 S & =
N3—{a—(an)ew'rll—)rg;‘;aj-r(j) _;
i go(k)

< o).
=k

The - and y- duals of the spaces €,(A(¢, T)) (I < p < ), € (A, T)), and £;(A(p, T)) are as
follows:

Ny ={a=(a,) €w:sup
nk

(Lp(Ale, T = 81 N Ry, (LA, T)Y = K1 MR35, (G1(Ae, T = 8NNy,
(Lp(Alp, T = Na, (b (A, T)))” = Ry with g = 1, (61(Ap, T))) = Ny,
Proof. Leta = (a,) € w, U € {{,, -, 1} and B = (b,) be an infinite matrix with terms
(k) :
b = jka]f(j), if 1 <k<n,
0, if k > n.
Hence, it follows that
C () o k)
= = Bu(v),
;akuk Zak[ T(k) ] ;[Z () Vi v)
for any u = (u,) € U(A(p, T)). This equality yields that au € cs for u € U(A(p, T)) if and only if
Bv € cforv € U. Thatis, a € (U(A(p, T)))? if and only if B € (U, c). Hence, by Lemma 4.1, it is
concluded that
(p(Alp, TP = R N Ry, (LA, T = N1 N X3, (G(Alp, T =Ry NN,
This equality also yields that au € bs for u € U(A(p, T)) if and only if By € £, for v € U. That is,
a € (U(A(p, T)))? if and only if B € (U, {.,). Hence, by Lemma 4.1, it is concluded that

(Ep(Alp, T))) = R, (U (Alp, T))) = Ry with g = 1, ((1(A(p, T))) = Ny

5. Some matrix transformations related to the sequence spaces ¢,(A(p, T))

The matrix classes from £,(A(p, T)), Cu(Alp, T)), and £;(A(p, T)) into &y,c,co, and €, are
characterized by the aid of the following theorem and Lemma 4.1.

Theorem 5.1. Let 1 < p < oo, U € {{,,lwo, {1} and V C w. Then, S = (s) € (Unr), V) if and only
IfE" = (ef":z) € (U, c) for each fixedn e N and F = (fx) € (U, V), where

p(k)
("):{ " kanT(J)’ l<k<m,

e
mk 0, k > m.

o0

ﬁ,k:ZS @

nj
= T0)

AIMS Mathematics Volume 10, Issue 3, 7206-7222.
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Proof. Let S € (Un1), V) and u € U, 7). Then, the equality
N N e(j) ) ( C ‘P(k)) C ()
SpkUy = Sn = Spi—— | = ey
; il ; k(ZT(k) kZJZ; Tk ;mkk

holds. Since S u exists, it follows that E" € (U, c¢) for each fixed n € N. From the last equality, one can
easily observe that Su = Fv as m — co. Hence, Su € V implies that Fv € V; thatis, F € (U, V).
For the converse, let E" € (U, c) for each fixed n € N and F € (U,V). Given any u € Up, 1),
fux € UP for each fixed n € N. This yields that (s,;) € ﬂﬁ(w . for each fixed n € N. Hence, S u exists.
The equality Su = Fv as m — oo proves that § € (Up(,,1), ‘V). O

Hence, the following results are obtained.
Theorem 5.2. Let S = (s,x) be an infinite matrix.

1) § € ({o(A(p, T)), {) if and only if

m

Z ex1sts for each fixed n,k € N, (5.1
j=k

[ee)

p(k) p(k)
lim Z\Z | = 2 ZT;) (5:2)
and
| _
nj_l_( ) (5.3)

J=k

2) S € Lo ((A(p, T)), ¢) if and only if (5.1), (5.2) hold and

hm Z Spi—— iT QD( ) ex1sts for each fixed k € N, 5.4
(k) e
Spi—| = lim Spi——| .
= T3) Zk: n ]Z:,; "T()

3) § € ({o(A(p, T)), o) if and only if (5.1), (5.2) hold and

p(k)
Snj— | = (5.5)
= T3)
4) S € (Lu(Ap, T)), £) if and only if (5.1), (5.2) hold and
PR | _
5.6
o 3|5 3 < 56

AIMS Mathematics Volume 10, Issue 3, 7206-7222.
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Corollary 5.3. Let S = (s,) be an infinite matrix.

1) § € (Ls(A(g, T)), bs) if and only if (5.1), (5.2) hold and

(k)
w3 [5580 <

m=1 j=k
2) S € (C(A(p, T)), cs) if and only if (5.1), (5.2) hold and

hm Z Z sm iT exists foreach k € N,

m=1 j=k

(k)|
— T T

m=1 j=k

3) S € (((Ap, T)), csp) if and only if (5.1), (5.2) hold and

(k)
i Y[ 55 5 20

m=1 j=k
Theorem 5.4. Let S = (s,) be an infinite matrix and 1 < p < co.

1) S € (£,(A(@, T)), L) if and only if (5.1) hold, and

m m q
@(k)
;11 kZ: Z:,; S"jTj) < oo for each fixed n € N,
So(k)
T 3)

2) S € (£,(A(p, T)), c) if and only if (5.1), (5.10), (5.4), (5.11) hold.
3) S € ((,(Alp, T)), co) if and only if (5.1), (5.10), (5.11) hold, and

limz sn-&k_) = 0 foreach k € N.
n "T()
=k

4) S € (£,(A(p, T)), 1) if and only if (5.1), (5.10) hold, and

®|[
s“pz MR W] <

FeK nel j=k

Corollary 5.5. Let S = (s,) be an infinite matrix.

ZZ T(]; '

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

AIMS Mathematics Volume 10, Issue 3, 7206-7222.
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1) S € (€,(A(g, T)), bs) if and only if (5.1), (5.10) hold, and

W[
SN IS BB

m=1 j=k
2) § € (£,(Alp, T)), cs) if and only if (5.1), (5.10), (5.8), (5.13) hold.
3) S € ((,(Alp, T)), csp) if and only if (5.1), (5.10), (5.13) hold, and

hmZZ mJSO( ) = 0 foreach k € N.

m=1 j=k
Theorem 5.6. Let S = (s,) be an infinite matrix.
1) § € (61(A(p, T)), £s) if and only if (5.1) hold, and

i , B
" T(j)

Jj=k

sup < oo for each fixed n € N,

m,k

2) § € (¢i(A(p, T)), c) if and only if (5.1), (5.15), (5.4), (5.16) hold.
3) § € (61 (A(p, T)), cp) if and only if (5.1), (5.15), (5.12), (5.16) hold.
4) S € (£1(A(p, T)), £y) if and only if (5.1), (5.15) hold, and

w33 <

Corollary 5.7. Let S = (s,x) be an infinite matrix.

1) § € (6i(A(p, T)), bs) if and only if (5.1), (5.15) hold and

(k)
Z Z Sinj -9|0-( )

m=1 j=k

sup

2) S € (Li(A(p, T)), cs) if and only if (5.1), (5.15), (5.8), (5.18) hold.

3) § € (¢1(A(p, T)), csp) if and only if (5.1), (5.15), (5.14), (5.18) hold.

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

Now, the matrix classes from ¢, c, o, and £, into £,(A(p, T)), L(Alg, T)), and £1(A(p, T)) are

characterized.

Theorem 5.8. Let S = (s,) be an infinite matrix and 1 < p < oo,
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(@) S € (be, Lp(A(p, T))) = (c, £, (A, T))) = (co, £,(A(p, T))) if and only if

Supz Z Z ( l)n m—l—(m) p N
Fex n | keF m=n-1 go(n) o .
(b) S € (61, L,(A(p, T))) if and only if

SupZ Z ( 1)n mT(m) Smk| < ©0.

ey
Proof. Let S = (su) € ({0, £,(A(g, T))). Define the matrix S = (8,) as
. (=1)""T(m)

Sue = — Sk
@(n)

m=n—1

for all n, k € N. Then, for any u = (i) € (., the equality

1 n—m
ankuk_ Z - )‘p(n;l'(m) 4 SmkUk

=n—1

means that (S u), = (A(p, T)(Su)), for all n € N. This implies that Su € £,(A(p, T)) for u = (u;) € ls

if and only if Su € ¢, for u = (u;) € €. Hence, we conclude from Lemma 4.1 that

3§ T

keF m=n-1 QO(l’l)

sup Z

FeK =,

Smk

The other case can be proved with a similar method.

Theorem 5.9. Let S = (s,) be an infinite matrix.

(@) S € (Lo, Lo (A, T))) = (¢, L (A, T))) = (co, (A, T))) if and only if

i (=D""T(m)

su Smk| < ©9.
np k |m=n—1 (p(l’l) )
(b) S € (€1, €(A(p, T))) if and only if
S (=D T (m)
su — S| < ©0.
s mZ e ™

(©) S € (L, (1(Alp, T))) = (¢, C1(Alg, T))) = (co, £1(A(p, T))) if and only if

w3 C 1);(";;(m>smk

Fek n | keF m=n—1

(d) S € (€1, 61(A(p, T))) if and only if

w3 | 3 S

n |m=n-1

< 00,

< 00,

Proof. One can follow the same technique with the proof of Theorem 5.8.

O
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6. Conclusions

Classical summability theory is concerned with the generalization of the concept for convergence of
series or sequences by assigning limit to non-convergent series or sequences. For this purpose, infinite
special matrices are used. One of the main purposes of this paper is to introduce a new triangular
matrix whose terms are obtained by using the Euler totient function and its summation function. The
domains of this matrix are studied within the spaces of p-absolutely summable sequences and bounded
sequences, which construct BK spaces and are linearly isomorphic to classical ones. After determining
a, B, and y-duals for these BK spaces, certain classes of matrices are characterized as an application of
matrix transformations.

By using this new matrix operator and resulting sequence spaces, many fascinating results can
be obtained in the theory of sequence spaces and matrix transformations. One can study compact
operators on matrix domains as the interesting application of Hausdorff measure of noncompactness in
the theory of sequence spaces. New paranormed sequence spaces or series spaces can be defined. It is
planned to study the domains of this matrix in the spaces of convergent and null sequences. In the next
stage, a novel matrix will be obtained by using the Jordan totient function and its summation function.
The final study will be the advancement of the previous ones.
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