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1. Introduction

In this work, A refers to an associative ring, and Z(A) denotes the center of A. The symbols [r, s]
and r o s stand for rs — sr and rs + sr, respectively. If S C A, define ¥ : A — A to be centralizing on
S if [s,F (s)] € Z(A) for all s € S; and is commuting on S if [s, F(s)] = O for all s € S. A mapping
F is said to be strong commutativity-preserving on S if [s, ] = [F (s), F (¢)] for all 5,1 € S.

A is considered prime if rAs = {0}, where r and s are both in A, implying that either r is zero or s
is zero. This prime ring definition is equivalent to: (i) The product of two non-zero two-sided ideals of
A 1s not zero. (ii) The left annihilator of a non-zero left ideal is zero; for further information, see [1],
page 47. A is considered semiprime if rAr = {0}, then r = 0. If D(rs) = D(r)s + rD(s) holds for every
r, s in A, then the additive map D is said to be a derivation.

In a recent publication [2], Bell and Daif introduced the idea of a ring’s centrally extended
derivation (CE-derivation). Suppose that 9 is a mapping of aring A. If D(s+u)—D(s)—D(u) € Z(A)
and D(su) — D(s)u — sD(u) € Z(A) for every s,u € A, then D is known as a CE-derivation. The CE-
(p, o)-derivation on A has been described by Tammam et al. [3] as a map D on A achieves, for each
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s,u € A\, both
D(s + u) — D(s) — D(u) and D(su) — D(s)p(u) — o (s)D(u) are in Z(A).

The concept of homoderivations of rings was first introduced by El-Soufi in 2000 [4]. A mapping
hion aring A is defined as a homoderivation if it satisfies the relation 7i(su) = sh(u) + A(s)u + a(s)h(u)
for all s,u € A, provided that 7 is additive.

The following are a few instances of homoderivations:

Example 1.1. [4] Let A be a ring and ¢ be an endomorphism of A. Then, the mapping h : A — A
defined by h(u) = ¢(u) — u is a homoderivation of A.

Example 1.2. [4] Let A be a ring. Then, the additive mapping h : A — A defined by h(u) = —u is a
homoderivation of A.

Example 1.3. [4] Let A = Z(V2), a ring of all the real numbers of the form u+ s V2 such that u, s € Z,
the set of all the integers, under the usual addition and multiplication of real numbers. Then, the map
i A — A defined by h(u + s \2) = =25 V2 is a homoderivation of A.

Melaibari et al. [S] demonstrated the commutativity of a prime ring A in 2016 by admitting a non-
zero homomoderivation 7 that satisfies any one of the following requirements: i. [v, u] = [A(v), i(u)],
for all v,u € U, non-zero ideal of A; ii. A([v,u]) = O, for all v,u € U, a non-zero ideal of A; or iii.
A([v,u]) € (A), forall v,u € A.

According to Alharfie et al. [6], a prime ring A is commutative if any of the following requirements
are met: For all v,u € I, 1. vii(u) £ vu € Z(A), ii. vi(u) £ uv € Z(A), or iii. vi(u) = [v,u] € Z(R). hi is
a homoderivation of A, and / is a non-zero left ideal of A.

The commutativity of a semiprime (prime) ring admitting a homoderivation meeting certain
identities on a ring was investigated in 2019 by Alharfie et al. [7] and Rehman et al. [8].

Over the past few years, researchers [9-11] have obtained many significant results pertaining to
different aspects of homoderivations.

In 2022, Tammam et al. [12] extended the concept of homoderivations by introducing the notion
of n-homoderivations, where #n is an integer. A map 7, is known as an n-homoderivation if it fulfills
the requirement 7,,(su) = sh,(u) + h,(s)u + nh,(s)h,(u) for all s,u € A, provided 7, is additive.

We draw inspiration from Bell and Daif’s study [2], building on the new concept of n-
homoderivations introduced in [12]. We focus on exploring the notion of a centrally extended n-
homoderivation (CE-n-homoderivation), where n € Z, as an extension of the traditional definition of
homoderivations. Moreover, we explore several results regarding the ring commutativity of a ring
equipped with a CE-n-homoderivation fulfilling specific conditions.

Definition 1.1. Let s and u be any two elements in A and n be an integer, and let H,, be a mapping on
a ring A. If H,, achieves

7‘[,1(.8' + I/t) - 7—{n(s) - 7’{n(’/t) € Z(A)’ and?fn(su) - 7‘{”(3’)1/! - Sq‘{n(u) - nq‘{n(s)q_{n(u) € -Z(A)7
then H, is called a CE-n-homoderivation.
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It is clear that the previous definition generalizes the idea of centrally extended derivations (CE-
derivations) presented by Bell and Daif [2] to the general case of centrally extended homoderivations
of the type n (CE-n-homoderivations).

Chung was the first to develop the idea of nil and nilpotent derivations in [13]. Consider a ring A
that has a derivation 6. § is considered to be nil if k = k(r) € Z* occurs for every r € A with 6" = 0.
If the integer k can be freely taken out of r, then the derivation ¢ is said to be nilpotent.

Definition 1.2. Assume that S C A and that H and ¢ are two maps on a ring A. For some k € Z* —{1},
H is considered nilpotent on S if H*S) = {0}. If ¢(H(s)) = H(P(s)), for every s € S, then two

mappings H and ¢ are said to be commute on S.

Remark 1.1. According to our definition of a CE-n-homoderivation, we assert that

(1) Any CE-0O-homoderivation of A is a CE-derivation on A.

(2) Any CE-1-homoderivation of A is a CE-homoderivation on A.

(3) Any n-homoderivation is a CE-n-homoderivation, but the inverse (in general) is not true.

Remark 1.2. 04 (r, s, +) and 64((r, s, -) refer to the central elements generated through the influence
of H,, on the sum r + s and the product r - s, respectively, for any two elements r, s € A.

Theorem 1.1. Given a ring A, let n be any arbitrary non-zero integer. If the following centrally additive
map vy, : N — A satisfies

Y($t) = Yu()t + syn(t) + 1yn(8)yn(t) + O4,(5, 1, ), (1.1)

foreach s,t € A\, 04,(s,t,-) € Z(A), then there exists a centrally extended homomorphism ¢, : A — A
such that ¢,(s) = s + ny,(s) for each s € A.

Proof. Clearly, since v, is a centrally additive, ¢, is centrally additive. Multiplying (1.1) with n leads to
ny,(st) = ny,($)t + nsy,(t) + ny,(s)ny,(t) + nby (s,t,-) for all s,z € A.
If we add st to both sides of this equation, then
ny,(st) + st = ny, ()t + nsy,(t) + ny,(s)ny,(t) + st + nby, (s,1,-),
for all 5,7 € A. Observe however that
nyn()t + nsy(t) + ny,($)ny,(t) + st = (nyu(s) + $)(ny,(t) + 1),

for all s, t € A; revealing precisely that the mapping ¢, : A — A specified by ¢,(s) = ny,(s) + s for all
s,t € A is a centrally extended homomorphism. O

Few adoptions on the proof of [12] Lemma 1 asserts that

Lemma 1.1. Let K be a non-zero left ideal and A be a semi-prime ring. ‘H,, is commuting on K if it is
a centralizing CE-n-homoderivation on K.
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2. Examples of CE-n-homoderivations

In this section, we confirm the presence of CE-n-homoderviation maps in the instances
listed below.

Example 2.1. Let A = M,(Z), the ring of 2 X 2 integer matrices, and let K be a nonzero central
ideal of A. Suppose that f, : A — K is any additive map and h,, : A — A is any n-homoderivation
of A. Therefore, the map H, : A — A such that H,(x) = h,(x) + f,(x), for all x € A, is a CE
n-homoderivation but it is not n-homoderivation.

Example 2.2. Let A; be a commutative domain, A, a noncommutative prime ring with an n-
homoderivation h,, and A = A; & A,. Define H, : A — A by H,((s,u)) = (g(s),hi,(n)), where
g : A\ = Ay is a map that is not an n-homoderivation. Then, A is a semiprime ring, and H, is a CE-
n-homoderivation that is not an n-homoderivation. Furthermore, A1 & {0} is an ideal that is contained
in the center of A.

3. Rings with centrally extended n-homoderivations

In this section, we explore the conditions under which a CE-n-homoderivation
fulfills the requirements of an n-homoderivation. Additionally, it delves into the fundamental
properties of CE-n-homoderivations.

Throughout, H,, is a centrally extended n-homoderivation of a ring A, and n € Z, ¢, will be the
related CE-homomorphism to H,, defined in Theorem 1.1.

Theorem 3.1. Let A be any ring containing no non-zero ideals in its center. Then, each nilpotent
CE-n-homoderivation H, on A is additive. Also, every CE-n-homoderivation H, on A related to an
epimorphism ¢, is additive.

Proof. (i) If ‘H,, is nilpotent:
Let s,u € A be two fixed elements. By assumption,
H,(s + u) = Hy(s) + H,(u) + Ogq, (5, u, +). (3.1)
So, for each v € A, we obtain

H,((s + u)y) = (s + wH,(v) + H,(s + w)v + nH,(s + W)H,(v) + Og (s + u, v,-)
= (H,(s) + H,(u) + O3, (s, u, +))(v + nH,(v)) + uH,(v) + sH,(v) (3.2)
+ O, (s +u,v,-).

However, we also have

H,((s +u)v) = H,(sv + uv)
= H,(sv) + H,(uv) + Ogy, (sv, uv, +)
= H,(s)v + sH,(v) + nH,(s)H,(v) + uH,(v) + H,(u)v
+ nH,(WH, (V) + Op, (s, uv, +) + O3, (5, v, -) + Ogq, (u, v, -).

(3.3)
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Comparing (3.2) and (3.3), we get
v +nH,(v))0q,(s,u,+) € Z(A), forall v e A. 3.4)

Due to the fact that H, is nilpotent, 3k € Z, k > 1 so that H*(s) = 0 for all s € A. By putting H*"'(v)
instead of v in (3.4), the result is

H ()04 (5,u,+) € Z(A), foreachv e A. (3.5)
Putting H*2(v) instead of v in (3.4), we get
(H2W) + nHE ' (0))64, (5, u, +) € Z(A), foreach v € A. (3.6)
Once more, using (3.5), we get
7-(,’1‘_2(\/)97{”(5“, u,+) € Z(A), foreachv e A. 3.7
Hence, we may repeat the preceding procedure to achieve
H,(v)0gy, (s, u, +) € Z(A), foreachve A. (3.8)

Using (3.4) and (3.8), we get vOy (s,u,+) € Z(A), forall v € A. Thus, vOy (s,u,+) €
Z(A), forall v € A. Therefore, AOy, (s,u,+) € Z(A). Thus, Aby (s,u,+) = {0}. If Ann(A) is
the 2-sided annihilator of A, then 6y (s, u, +) € Ann(A). However, Ann(A) is an ideal on A contained
in Z(A), so 64 (s,u,+) = 0. Therefore, using (3.1), H, (s + ) = H,(s) + H,(u).
(i) If ¢, is an epimorphism:
Rewriting (3.4) in the form
8203, (5, 1, +) € Z(N),

re., ¢p,(v)a = B € Z(A), where @ = 04,(s,u,+) € Z(A), and B € Z(A). Since ¢, is an epimorphism,
we get A« is an ideal contained in Z(A) and therefore Aa = {0}. If K(A) is the two-sided annihilator
of A, then, we have @ € K(A). But K(A) is an ideal contained in Z(A), so @ = 0 and using (3.1),
H,(s + u) = H,(s) + H,(u) O

Applying the previous theorem, when n = 0, we obtain the following special case

Corollary 3.1. Assume A is a ring. If A containing no non-zero ideals in the center, then every nilpotent
CE-derivation D is additive.

Also, when n = 1, we get the case of ordinary CE-homoderivation as a special case.

Corollary 3.2. Let A be any ring containing no non-zero ideals in the center. Then, every nilpotent
CE-homoderivation H on A and every CE-homoderivation H on A related to an epimorphism ¢(t) =
t + H, (1) is additive.

Theorem 3.2. If the semiprime ring A has no non-zero ideals in its center, then each CE-n-
homoderivation H, on A related to an epimorphism ¢, is an n-homoderivation.
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Proof. Let s,u,t € A be arbitrary elements. Then,

H,((su)t) — nH,(su)H,(t) — suH,(t) — H,(su)t € Z(A) and
H,(s(ut)) — nH,(s)H,(ut) — sH,(ut) — H,(s)ut € Z(A\).

Subtracting, we get
— Hu(su), (1) — suH, (1) + ¢u(s)H, (ur) + Hy(s)ut € Z(A).
Let

H,(su) = ¢, (s)H,(u) + Hy($)u + O, (5,u,-), O (s,u,-) € Z(A) and
H,(ut) = H,(u)p, (1) + uH,(t) + g (u,t,-), Oq,(u,t,-) € Z(N).

Using (3.11) in (3.10), we obtain

—{Dn()H () + H(S)u + O3, (5, 1, )}y (t) — suTH, (1)
+n (S H ()P (2) + uH, (1) + O, (u, t, )} + H,(s)ut € Z(A),

which can simplify to

—01,(8, 1, V(1) + P(5)0g4,(u, 1, -) € Z(A).
This gives

[6n(5)03, (11, 1, ), pu(D)] = [$n(5), D)1, (u, 1, -) = 0.

Since ¢, is an epimorphism, we have

[s, ()]0, (u,t,-) =0, foralls,t,u € A.
Replacing s by sr, r € A, and using (3.13) and (3.11) we have

[s, @ (O]r{H, (ut) — nH,(u)H,(t) — uH,(t) — H,(u)t} = 0, for allr, s, t,u € A.

Thus,

L5, pu(DIA{H, (ut) — nH, (w)H, (1) — uH, (1) — H, (W)t} = {0}

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Presume that the ring A IEIS a collection of prime ideals { /l_l A € Q} such that (K, = {0}, and let K
deIE)te a typical K. Let A = A/K and Z(A) the center of A, and let 7 = r + K be a typical element
of A. Fix u and ¢ above, and let s vary. Then 64 (u,¢,-) is fixed but 04 (s, u, -) depends on s. As seen

from (3.15), either
(@) [s, ()] € K forall s € A,
or

(i1) O34, (u, 1, -) = H,(ut) — Hy(H, () — uH, (1) — Ha(w)t € K,
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hence ¢,(t) € Z(A) or 04, (u,t,-) = 0. It follows from (3.12) that for each s € A,

—Og(, (5, U, +) Pu(O)+Pu(s) Ogy (1, t,-) € Z(A) so that if ¢, (t) € Z(A), Abg (u,t,-) S Z(A). On the other
hand, if 64 (u,1,-) = 0, Certainly, it is true that Afy (u,1,-) € Z(A). Thus [r04 (u,1,-),u] € K for
all ,u € A; and since (K, = {0}. This provides the conclusion that Afy (u,t,-) is a central ideal
of A, therefore AOg (u,t,-) = {0}. Thus, letting K(A) be the two-sided annihilator of A, we have
Oy, (u,t,-) € K(A). However, K(A) is a central ideal, so 04 (u,t,-) = 0. Since H, is additive by
Theorem 3.1, then H,, is an n-homoderivation. O

Corollary 3.3. Every CE-homoderivation H on A related to an epimorphism ¢,(t) = t + H,(¢t), for
eacht € A, is also a homoderivation if the only central ideal in the semiprime ring is the zero ideal.

Corollary 3.4. Every CE-derivation D on A is also a homoderivation if the only central ideal in the
semiprime ring is the zero ideal.

Theorem 3.2, Examples 2.1 and 2.2 together provide the following result.

Theorem 3.3. A semiprime ring A admits a CE-n-homoderivation H, on A related to an epimorphism
¢, which is not an n-homoderivation if and only if the only ideal in the center of A is the zero ideal.

Theorem 3.4. If a semiprime ring A has no non-zero central ideals, then every nilpotent CE-n-
homoderivation H, on A must be an n-homoderivation.

Proof. Theorem 3.1 states that #, is additive. For any u, s and ¢ in A. From (3.12), we have
O, (1t 5, )t + nH, (1)) — O3, (s, 1, )u + nH, (W) € Z(A). (3.16)

Therefore,
Op,(u, s, )t + nH, (1), u + nH,(u)] = 0. (3.17)

Replacing ¢ by H*!(¢) in (3.17), we have
Oz (u, 5, YH' (&), u + nH,(u)] = 0. (3.18)
Replacing ¢ by H*2(¢) in (3.17) and using (3.18), we have
Oz (u, 5, VH2(E), u + nH,(u)] = 0. (3.19)
By repeating the previous procedures, we obtain
Oy, (1, 8, Y[ H, (1), u + nH,(u)] = 0. (3.20)
From (3.17) and (3.20), we obtain
O, (1, s, )t u + nH,(u)] = 0. (3.21)
Substituting ¢x for 7 in (3.21), we obtain
O34, (u, s, Ht[x, u + nH,(u)] = 0.

Therefore,
O, (ut, 5, )AL x, nH, (1) + u] = {0}.
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Let K = {K;, | Q € A,K)beaprimeideal in A} and NK; = {0}. Suppose that K represents
a standard K, in K. For each u € A, we have either 04 (u,s,.) € K, forall s € A or
[x, nH,(u) + u] € K, forall x € A. First, if 04 (1, s,.) € K, forall s € A, then K + 0y (1, 5,.) =
K, forall s € A. Thus, K + Aby (u,s,.) = K, forall s € A. So, (K + Al (u,s, ))(K +r) =
(K + r)(K + AOy,(u, s,.)), forall s,r € A. Therefore, K + [Aby, (u,s,.),r] = K, forall s,r € A.
Thus, [AOg, (1, s,.),r] € NK; = {0}, forall s,r € A. That is Ay (u,s,.) € Z(A), forall s € A.
So, O4(,(u,s,.) = 0 forall s € A. In the other case, if [x,nH,(u) + u] € K, foreach x € A, then
[x, nH,(u) + u]l + K = K, for each x € A. Therefore,

[x+ K, (nH,(u) + u) + K] = K, foreach x € A. (3.22)
From (3.16) and (3.22), we have

K = [0p,(u, s, YnH, (1) + 1) + K — O (5,1, )(nH, () + u) + K, x + K]

(3.23)
= [04,(u, s, )(nH, (1) + 1) + K, x + K] foreach s,1,x € A.

As above in Eq (3.17) we get K = [64,(u, 5, )t + K, x + K] = [0, (4, 5, )1, x] + K, for each 5,1, x € A.
Thus, [0y, (u,s,.)t,x] € K, foreachs,t,x € A. Thus, we achieve [0y (u,s,.)t,x] € NK, =
{0}, foreach u, s, ¢, x € A. Again, 04 (u,s,.) = 0, forall s € A. Moreover, we have 04 (u, s,.) =
0, for all u, s € A. From (3.11), we have

H,(us) = H,(u)s + uH,(s) + nH,(w)H,(s).
Therefore, H,, is an n-homoderivation of A. O

Corollary 3.5. Any nilpotent CE-homoderivation is also a homoderivation if the only central ideal in
the semiprime ring is the zero ideal.

Corollary 3.6. Any nilpotent CE-derivation is also a derivation if the only central ideal in the
semiprime ring is the zero ideal.

Theorem 3.4, Examples 2.1 and 2.2 together provide the following result

Theorem 3.5. A semiprime ring A admits a CE-n-homoderivation H, on A which is not an n-
homoderivation if and only if A contains a non-zero ideal that is a subset of its center.

4. Center invariance with CE-n-homoderivations

A map ¥ : A — A preserves the subset S C A if F£(S) € S. Our purpose of this
section is to study preservation of Z(A) by CE-n-homoderivations. It is necessary to show that
not all CE-n-homoderivations preserve Z(A). Here is an example for a CE-n-homoderivation, with

H,(Z(N) € Z(A).

Example 4.1. Let A, be a noncommutative ring satisfying A2 € Z(A,), for example a noncommutative
ring with Ag = {0}. Let Ay be a zero ring with (Ay,+) = (Ay,+). Let f : (A1,+) — (Ay,+) be
an isomorphism. Let A = A; ® Ay, and let H, : A — A given by H,((x,y)) = (0, f(x)), where
x € A,y € Ay Itis clear that Z(A) = (A1, Z(Ay)). Thus, ‘H, is a CE-n-homoderivation, but H,(Z(A))
is generally not central unless f(x) is zero. Moreover, A1 ®{0} is a two-sided ideal in A, and A1 ®{0} C
Z(N), but H,(A, ©{0}) € Z(A).

AIMS Mathematics Volume 10, Issue 3, 7191-7205.
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A CE-n-homoderivation preserves the center under certain conditions, according to the

following theorem.

Theorem 4.1. Let A be a ring with center Z(A), and assume that zero is the only nilpotent element
in Z(A). Then every CE-n-homoderivation H, on A associated with an epimorphism ¢,, or every

nilpotent CE-n-homoderivation H, on A, preserves Z(M\).

Proof. (i) The first case, when H,, is related to an epimorphism ¢,,.
Let ¢ € Z(A) and r € A. Then

7‘{”(5?) - nq_{n(é:)q_[n(r) - 7_{n(é‘:)r - f?’(n(l’) € Z(A)

and

H, (r§) — nH, (NH(&) — H,(né — rH (&) € Z(N),

and by subtracting, we obtain

[‘Pn(’”)’ 7_[11(2;)] = [i", 7—{n(f)] + [l’l?‘[n(l"), 7_{n(g)] € Z(A) fOl" allr € A.

Since ¢, is an epimorphism on A, we get
[r, H, ()] € Z(A) forallr € A.
Replacing r by rH, (&) in (4.2) gives [r, H,(&)1H,(&) € Z(A), so
[[r, HAEIH(E), 1] = 0 = [ HA(E] forallr € A.

4.1)

4.2)

4.3)

Since there is no nontrivial nilpotent elements in Z(A), (4.2) and (4.3) give [r, H,(£)] = O for all r € A,

Le., H,(&) € Z(A).
(ii) Now, we are in a position to prove the second case when H,, is nilpotent.

From (4.1), we have
[nH,(r) + r, H, ()] € Z(A), forall r € A.

Putting H*"!(r) instead of r in (4.4), we get
[HE(r), H,(€)] € Z(A), forall r € A.
Once more, substituting H*>(r) for r in (4.4) and using (4.5), we achieve
[H2(r), H,(€)] € Z(A), for each r € A.
Using the same procedure as before, we get
[H,(r), H.(£)] € Z(A), foreachr e A.
From (4.4) and (4.7) we have

[r, H,(&)] € Z(A), foreachr € A.

4.4)

4.5)

(4.6)

4.7)

(4.8)
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In (4.8), replacing r with rH, (&) gives
[rH.(E), Hi(§)] = [r, Hy(OIH,(E) € Z(A), foreachr € A. (4.9)
Thus, we get [[r, H,(&)]H, (&), r] = 0, for all r € A. Therefore,
[r, H,(&)]> = 0, foreachr e A. (4.10)

However, the nilpotent elements in the center Z(A) are zero, so we can deduce that [r, H,(£)] =
0, for all r € A from (4.8) and (4.10). Hence, H,(¢) € Z(A), i.e., H, preserves the center. O

Naturally, the following consequence follows.

Corollary 4.1. Let A be a ring with center Z(A\) that has no non-zero nilpotent central elements.
Then every CE-homoderivation H on A associated with an epimorphism ¢,, or every nilpotent CE-
derivation D on A, preserves Z(N\).

CE-n-homoderivations that preserve Z(A) may also preserve subsets of Z(A), namely the set
K(A) = {€ € Z(N) | EA € Z(A)}. Tt is readily seen that K(A) is the maximal central ideal, a central
ideal that contains all other central ideals.

Theorem 4.2. If H, is a CE-n-homoderivations on a ring A which preserves Z(A), then H,
preserves K(N\).

Proof. Let & € K(A). Since K(A) € Z(A), H,(¢) € Z(A). For arbitrary s € A,
Hau(€s) — nH(E)H, () — EHL(5) — H,(E)s € Z(N);

and since H,(£s) € Z(AN), H,(EH,(s) € Z(A), and EH,(s) € Z, and H,(£)s € Z(A). Therefore
Ha.(€) € K(A). O

Corollary 4.2. Every CE-homoderivation H or every CE-derivation D on a ring A that preserves
Z(N), then H, and D preserve K(A).

5. CE-n-homoderivations and commutativity of prime rings

In this section, our main objective is to illustrate the requirements that ensure a prime or semiprime
ring is commutative when it admits a CE-n-homoderivation.

Theorem 5.1. If H, is not an n—homoderivation of a prime ring A, then A\ is commutative.

Proof. If A includes no non-zero central ideals, according to Theorem 3.4, H,, is an n—homoderivation
on A, which is a contradiction. As a consequence, A has a non-zero ideal that is contained in the center
Z(A). Thus, A is commutative using [14, Lemma 1(b)]. O

Theorem 5.2. Let A be a prime ring and ‘H, be a CE-n-homoderivation. If H,(0) # 0, then A
is commutative.
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Proof. Let ‘H, be a CE-n-homoderivation with H,(0) # 0. Since H,(0 + 0) — H,(0) — H,(0) € Z(A),
we have H,(0) € Z(A). Since H,(0t) — nH,(0)H,,(t) — H,(0)t — OH,(t) € Z(A), we now get
H,(0)p,(1) € Z(A) for all t € A. But ¢,(¢) is epimorphism of A, then we get H,(0)t € Z(A) for
all t € A. Therefore, [H,(0)t,v] = 0, forall ¢,v € A. Since H,(0) € Z(A), we get H,(0)[t,v] =
0, forallv,r € A. Replacing t by wt, we arrive at H,(0O)w[t,v] = 0, foreachv,z,w € A. So,
H,(0)A[t,v] = 0,for all v, € A. Using the primeness of A and H,(0) # 0, [t,v] = 0,for all v,z € A,
i.e., A is commutative. m]

Theorem 5.3. Let A be a prime ring endowed with either a non-zero nilpotent CE-n-homoderivation
‘H,, or a non-zero CE-n-homoderivation H, associated with an epimorphism ¢,. If H,([u, s]) = 0 or
H,(uos)=0,foreachu,s € A, then A is commutative.

Proof. If A has a non-zero central ideal, then by [14, Lemma 1(b)] A is commutative. Now, assume
that the only central ideal in A is the zero ideal. Due to Theorem 3.1, H,, is additive. First, assume that
H,([u, s]) = 0, for all u, s € A. Substituting su for u, we get H,([su, s]) = 0 = H,(s[u, s]), for each u, s
in A. Thus, we get

H,(u)[s,u] € Z(A), forall u,s € A. (5.1)

In (5.1), putting su instead of s, the result is H,,(u)[s, ulu € Z(A), for all u, s € A. Thus,
(¢, H,(u)[s,ulu] =0, forall u,s,t €A,

which leads to
H,(u)[s,ullt,u] =0, for all u,s,t € A. (5.2)

Putting w in place ¢ in (5.2) and using (5.2), we get
H,(u)[s, ult[w,u] =0, forall u,s,w,t € A. (5.3)

Using the primeness of A, for each u € A either u € Z(A) or H,(u)[s,u] = 0, forall s € A. Assume
that u € A with H,(u)[s,u] = 0 for all s € A. Replacing s by st, we get H,(u)s[t,u] =0, forall z,s €
A. Thus, for each u € A either u € Z(A) or ‘H,(u) = 0. Consider that

A={ueA :ueZ(N},

and
B={ueA:H,(u)=0}.

Then, (A, +) and (8B, +) are additive subgroups of the group (A, +), and the union of A and B gives
the whole ring A. So either A = A implies A is commutative or 8 = A implies H,, = 0.

Second, let H,(u o s) = 0, for all u,s in A. Putting su instead of u in H,(u o s) = 0, then
H,(suos)=H,(s(uos)) =0 forall u,s € A. So,

H,(s)(uos)e Z(A), forall u,s € A. (5.4)
Substituting us for u in (5.4), we get

H,(s)wuo s)s € Z(A), forall u,s € A.
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By [15, Lemma 4] for each s € A, either H,(s)(u o s) = 0 forall u € A or s € Z(A). Assume that
s € A where
H,(s)(wos)=0 forall ueA. (5.5)

Putting tu instead of u in (5.5) and using (5.5), we get H,(s)t[u, s] = 0 for all u € A. By the primeness
of A, either H,(s) = 0 or s € Z(A). Therefore, for each s € A, there are two cases: Either H,(s) = 0
or s € Z(A). Thus, H, = 0 or A is commutative. O

Theorem 5.4. Let A be a semiprime ring and K a non-zero left ideal of A. If A admits a CE-
n-homoderivation, which is non-zero on K and centralizing on K, then A contains a non-zero
central ideal.

Proof. By Theorem 3.3, A has a non-zero central ideal or H,, is an n-homoderivation; and if H, is an
n-homoderivation, our theorem reduces to Tammam et al (2022), Theorem 2, which was an extension
to Bell and Martindale [16] (1987), Theorem 3. O

As a demonstration of our findings, we achieve the subsequent result:

Corollary 5.1. A prime ring A with either a nilpotent CE-homoderivation H or a nilpotent CE-
derivation D is commutative if any of the following conditions hold.

(1) H, is not a homoderivation.
(2) H,(0) is not zero.
3) H,([u,t]) =0 (or H,(uot) =0) for each u,t € A.

It is essential that a semiprime ring A be commutative if it admits a derivation O such that [s, 7] =
[D(1), D(s)], for all s,t € A. we conclude with a commutativity theorem with hypotheses using CE-n-
homoderivations. (For further details, see [17], Theorem 3.3; [18], Corollary 1.3.)

Theorem 5.5. Let A be a semiprime ring and H,, a CE-n-homoderivation on A such that [u,t] =
[H,.(), H,(w)] for all u,t € A. If H, is centralizing CE-n-homoderivation on A related with an
epimorphism ¢,, or H, is nilpotent, then A is commutative.

Proof. (i) If ‘H, is centralizing, then by Lemma 1.1, H,, is commuting. Thus, we have
[H,(2),1] =0 forallt € A. (5.6)
Now, our assumption assert that
[u,t] = [H,(t), H,(w)] forallu,t e A. 5.7)
Replacing u by tu in (5.7) and using (5.6) and (5.7), we obtain
H,(O[p, (), H,(1)] =0 forallu,t € A.
Since ¢, is surjective, we obtain
H,(O)[u, H,(t)] =0 forallu,t € A. (5.8)
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We now replace u by uw in (5.8), thereby obtaining
H,(Hulw, H,()],=0 forallu,t,w € A.

i.e.,

[H(0), wIA[H, (1), w] = {0};

and A is semiprime, gives
(w, H, ()] =0 forallw,t € A. (5.9)

Hence H,(A) € Z(A) and therefore A is commutative by (5.7).

(it) The second case, if H,, is nilpotent:
Replacing u by tu in (5.7) and using (5.7), we obtain

[H,.(1), u + nH,(u)|H, () + H,(w)[H,(1),t] =0 forallu,t € A. (5.10)
In (5.10), replacing u by H*"!(u), we obtain
[H,,(1), H ) H, (1) = 0 forallu,t € A, (5.11)
using (5.7), gives
[, H 2 ()1 H, () = 0 forallu,t € A, (5.12)
replacing u by uw, gives
[, HE2(0)IWH,(t) = 0 forallu,t € A, (5.13)
replacing w by wH*"!(u), gives
[, HE2(OIWHE (w)yH, () = O forallu,t € A. (5.14)
Commuting (5.13) with H*"!(u), we get
[, H > (O IWH (1), H, ™ (w)] = 0, (5.15)
which gives
[, Hy > OIW[H, (1), Hy ' @)] + [[u, Hy (01w, Hy ' @) H, (1) = . (5.16)
using (5.13) and (5.14) in (5.16), we get
[, H, > () IW[H (1), Hy ™ ()] = 0. (5.17)
using (5.7) in (5.17), we obtain
[, HE2 () Iwlu, H ()] = 0. (5.18)
By semi-primness of A, we obtain
[u, H2(1)] = 0. (5.19)
Thus, H*2(t) € Z(A). Now, in (5.7), replacing t by H*3 (1), we get H*3(¢) € Z(A). We repeat this
until we get [u, t] = 0, which gives the commutativity of A. O

We conclude the article by presenting the following open question: Can the results derived in this
manuscript be extended to a more general framework, such as non-associative structures, specifically
alternative rings and algebras? For recent publications in this area, refer to [19-21].
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6. Conclusions

The commutativity of a ring A with a special class of mappings known as centrally extended
n-homoderivations, where » is an integer, is investigated in this article. The ideas of derivations and
homoderivations are expanded upon by these maps. We also looked into certain characteristics of the
center of these rings.
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