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Abstract: We consider a bilinear control system defined by a linear time-invariant system of
differential equations with multiple lumped and distributed delays in the state variable. A problem of
finite spectrum assignment is studied. One needs to construct control vectors such that the characteristic
function of the closed-loop system is equal to a polynomial with arbitrary given coefficients. We obtain
conditions on coefficients of the system under which the criterion was found for solvability of this finite
spectrum assignment problem. This criterion is expressed in terms of rank conditions for matrices
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illustrative example is presented.
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1. Introduction

Bilinear systems appear in the control of various real problems and have found a rich area of
applications in physics, biochemistry, agriculture, engineering, economics, etc. (see, e.g., [1] and
the references therein). The problems of stabilization of bilinear systems using the second (direct)
Lyapunov method were studied in early works [2–5] and in later and recent works (see [6–10] and
references therein). The Jurdjevic–Quinn stabilization technique [2] was extended to bilinear periodic
systems [11–13], infinite-dimensional bilinear systems [14–16], bilinear systems with delays [17–19],
and complex-valued bilinear systems [20–22]. See also the recent papers [23, 24].

Another approach for solving problems of stabilization and control over asymptotic behavior of
bilinear systems is based on the first Lyapunov method (eigenvalue approach). The problems of
assigning the spectrum of eigenvalues were studied in [25–29]. The eigenvalue approach for stabilizing
systems with delays is presented in [30].
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In the presented work we use the first Lyapunov method (eigenvalue approach). We consider
a bilinear time-invariant system with multiple lumped and distributed delays. We are studying the
problem of assigning a polynomial with given coefficients to the characteristic function.

The paper is organized as follows. In Section 2, we introduce notations and present some
background to the issue and describe previously obtained results. In Section 3, we give the statement
of the problem and present the main result of the work, namely, Theorem 1. In Section 4, we present
auxiliary statements that are required to prove the main result. In Section 5 we give a proof of
Theorem 1. In Section 6 we derive corollaries from the main result and note that Theorem 1 generalizes
some results obtained earlier. In Section 7 we show that the main result can be extended to systems
that have a slightly more general form. In Section 8, we provide modeling examples that illustrate the
results obtained. In Section 9, we give a conclusion.

2. Notations and preliminaries

Relations α := β and β =: α mean that α is assumed, by definition, equal to β. Denote K = C or
K = R; Kn = {x = col (x1, . . . , xn) : xi ∈ K} is the linear space of column vectors over K; Mm,n(K) is the
space of m× n-matrices over K; Mn(K) := Mn,n(K); I ∈ Mn(K) is the identity matrix; O ∈ Mn(K) is the
zero matrix; T is the transposition of a vector or a matrix; ∗ is the Hermitian conjugation, i.e., A∗ = A

T
;

Sp H is the trace of a matrix H ∈ Mn(K); χ(H; λ)
de f
= det(λI − H); we use the denotation A0 := I for

any matrix A ∈ Mn(K); the notation i = α, β (where α, β ∈ Z and α ≤ β) means that i runs from α to β.
Consider a bilinear control system defined by a time-invariant differential system with multiple

lumped and distributed delays in the state:

ẋ(t) = A00x(t) + u01A01x(t) + . . . + u0r0 A0r0 x(t)
+ A10x(t − ω1) + u11A11x(t − ω1) + . . . + u1r1 A1r1 x(t − ω1) + . . .
+ Aℓ0x(t − ωℓ) + uℓ1Aℓ1x(t − ωℓ) + . . . + uℓrℓAℓrℓ x(t − ωℓ)

+

∫ 0

−ω1

(
C10(τ) + w11(τ)C11 + . . . + w1q1(τ)C1q1

)
x(t + τ) dτ + . . .

+

∫ −ωℓ−1

−ωℓ

(
Cℓ0(τ) + wℓ1(τ)Cℓ1 + . . . + wℓqℓ(τ)Cℓqℓ

)
x(t + τ) dτ, t > 0,

(2.1)

with initial conditions x(τ) = x0(τ), τ ∈ [−ωℓ, 0]; here 0 = ω0 < ω1 < . . . < ωℓ are constant delays;
x0 : [−ωℓ, 0] → Kn is a continuous function; x ∈ Kn is a state vector; uµ = col (uµ1, . . . , uµrµ) ∈ K

rµ ,
µ = 0, ℓ, are control vectors; wξ(τ) = col

(
wξ1(τ), . . . ,wξqξ(τ)

)
∈ Kqξ , ξ = 1, ℓ, τ ∈ [−ωξ,−ωξ−1], are

control vector functions; Aµν ∈ Mn(K), µ = 0, ℓ, ν = 0, rµ; Cξ0 : [−ωξ,−ωξ−1] → Mn(K) are integrable
functions, Cξζ ∈ Mn(K), ξ = 1, ℓ, ζ = 1, qξ.

In [31], we considered a control system defined by a linear time-invariant differential equation of nth
order with multiple not necessarily commensurate lumped and distributed delays in the state variable
x ∈ K; the input is a linear combination of m variables and its derivatives up to the order ≤ n − p, and
the output is a k-dimensional vector of linear combinations of the state x and its derivatives up to the
order ≤ p − 1:

x(n)(t) +
n∑

i=1

s∑
j=0

ai jx(n−i)(t − h j) +
n∑

i=1

s∑
η=1

∫ −hη−1

−hη
giη(τ)x(n−i)(t + τ) dτ =

m∑
α=1

n∑
l=p

blαu
(n−l)
α (t), (2.2)
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yβ(t) =
p∑
ν=1

cνβx(ν−1)(t), β = 1, k, (2.3)

t > 0; here x(n−i)(τ) = xi0(τ) are initial conditions, τ ∈ [−hs, 0]; 0 = h0 < h1 < . . . < hs are constant
delays, xi0 : [−hs, 0] → K are continuous functions; ai j, blα, cνβ ∈ K, i = 1, n, j = 0, s, l = p, n,
α = 1,m, ν = 1, p, β = 1, k; giη : [−hη,−hη−1] → K are integrable functions (i = 1, n, η = 1, s);
u = col (u1, . . . , um) ∈ Km is a control vector, y = col (y1, . . . , yk) ∈ Kk is an output vector; p ∈ {1, n}.
The controller in the system (2.2), (2.3) was constructed as linear static output feedback with lumped
and distributed delays:

u(t) =
θ∑
ρ=0

Qρy(t − σρ) +
θ∑
κ=1

∫ −σκ−1

−σκ

Rκ(τ)y(t + τ) dτ, (2.4)

where y(t) = 0, t < −hs; here θ ≥ 0 is an integer, 0 = σ0 < σ1 < . . . < σθ are constant delays; Qρ =

{q
ρ
αβ} ∈ Mm,k(K) are constant matrices (ρ = 0, θ), Rκ(τ) = {rκαβ(τ)} ∈ Mm,k(K), rκαβ : [−σκ,−σκ−1] → K

are integrable functions (κ = 1, θ), α = 1,m, β = 1, k. The problem of assignment of arbitrary
coefficients to the characteristic function for the closed-loop system (2.2)–(2.4) has been solved in [31];
in particular, the arbitrary finite spectrum assignment problem has been solved.

These results were generalized in [32] for the case when a control system is defined by a system of
differential equations with lumped and distributed delays. In [32], we considered the following system
of delay differential equations with constant coefficients:

ẋ(t) =
s∑

j=0

Φ jx(t − h j) +
s∑

η=1

∫ −hη−1

−hη
Ψη(τ)x(t + τ) dτ + Θu(t), t > 0, (2.5)

y(t) = Ξ∗x(t), (2.6)

with an initial condition x(τ) = x0(τ), τ ∈ [−hs, 0]; here 0 = h0 < h1 < . . . < hs are constant delays,
x0 : [−hs, 0] → Kn is a continuous function; Φ j ∈ Mn(K) ( j = 0, s), Θ ∈ Mn,m(K), and Ξ ∈ Mn,k(K)
are constant matrices; Ψη : [−hη,−hη−1] → Mn(K) (η = 1, s) are integrable functions; x ∈ Kn is a state
vector, u ∈ Km is a control vector, and y ∈ Kk is an output vector.

For the system (2.5), (2.6), the controller is constructed in [32] as linear static output feedback with
lumped and distributed delays (2.4). The closed-loop system (2.4)–(2.6) has the form

ẋ(t) = (Φ0 + ΘQ0Ξ
∗)x(t) +

s∑
j=1

Φ jx(t − h j) +
θ∑
ρ=1

ΘQρΞ
∗x(t − σρ)

+

s∑
η=1

∫ −hη−1

−hη
Ψη(τ)x(t + τ) dτ +

θ∑
κ=1

∫ −σκ−1

−σκ

ΘRκ(τ)Ξ∗x(t + τ) dτ.

(2.7)

For system (2.5), (2.6), the problem of arbitrary coefficient assignment to the characteristic function
of the scalar type by linear static output delayed feedback (2.4) has been solved in [32]; in particular,
sufficient conditions have been obtained for assigning an arbitrary finite spectrum for the system (2.7).

The system (2.7) can be considered as a special case of the system (2.1). In fact, let system (2.7) be
given, where

Θ = [Θ1, . . . ,Θm], Ξ = [Ξ1, . . . ,Ξk], Θα,Ξβ ∈ K
n,
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Qρ = {q
ρ
αβ}, Rκ(τ) = {rκαβ(τ)}, q

ρ
αβ ∈ K, r

κ
αβ : [−σκ,−σκ−1]→ K,

ρ = 0, θ, κ = 1, θ, α = 1,m, β = 1, k.

Denote

T1 := {h1, . . . , hs}, T2 := {σ1, . . . , σθ},

S 1 := { j ∈ {1, s} : h j ∈ T1 \ T2}, S 2 := { j ∈ {1, s} : h j ∈ T1 ∩ T2},

S 3 := {ρ ∈ {1, θ} : σρ ∈ T1 ∩ T2}, S 4 := {ρ ∈ {1, θ} : σρ ∈ T2 \ T1}.

Set T := T1 ∪ T2, ℓ := |T |. Set ω0 := 0. Denote the elements of the set T as ω1 < ω2 < . . . < ωℓ.
Let

K1 := {µ ∈ {1, ℓ} : ∃ j ∈ S 1 ωµ = h j},

K2 := {µ ∈ {1, ℓ} : ∃ j ∈ S 2 ∃ ρ ∈ S 3 ωµ = h j = σρ},

K3 := {µ ∈ {1, ℓ} : ∃ ρ ∈ S 4 ωµ = σρ}.

Set
rµ := mk, µ = 0, ℓ; qξ := mk, ξ = 1, ℓ; A00 := Φ0;

A0,β := Θ1Ξ
∗
β, A0,k+β := Θ2Ξ

∗
β, . . . , A0,(m−1)k+β := ΘmΞ

∗
β, β = 1, k,

u0 := col (q011, q
0
12, . . . , q

0
1k, q

0
21, . . . , q

0
2k, . . . , q

0
m1, . . . , q

0
mk).

(2.8)

Next, we set

Aµ0 :=

Φ j, if µ ∈ K1 ∪ K2 and ωµ = h j,

O, if µ ∈ K3.
(2.9)

Next, we set

Aµν :=

A0ν, if µ ∈ K2 ∪ K3 and ωµ = σρ,

O, if µ ∈ K1,
ν = 1, rµ,

uµ :=

col (qρ11, q
ρ
12, . . . , q

ρ
1k, q

ρ
21, . . . , q

ρ
2k, . . . , q

ρ
m1, . . . , q

ρ
mk), if µ ∈ K2 ∪ K3 and ωµ = σρ,

col (0, . . . , 0), if µ ∈ K1.

(2.10)

Next, we set

Cξ0(τ) :=

Ψη(τ), if ξ ∈ K1 ∪ K2 and ωξ = hη,

O, if ξ ∈ K3.
(2.11)

Next, we set

Cξζ :=

A0ζ , if ξ ∈ K2 ∪ K3 and ωξ = σκ,

O, if ξ ∈ K1,
ζ = 1, qξ,

wξ(τ) :=

col (rκ11(τ), . . . , rκ1k(τ), . . . , rκm1(τ), . . . , rκmk(τ)), if ξ ∈ K2 ∪ K3 and ωξ = σκ,

col (0, . . . , 0), if ξ ∈ K1.

(2.12)

Then system (2.7) takes the form (2.1) with coefficients (2.8)–(2.12).
In the present paper, we obtain sufficient conditions for arbitrary finite spectrum assignment for the

system (2.1). These results generalize some of the results of [32] (namely, Corollary 3 on assigning
arbitrary finite spectrum and Corollary 4 on stabilization by linear static delayed output feedback) from
system (2.7) to system (2.1) and extend the results of [33, 34].
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3. Main result

System (2.1) can be written in the form

ẋ(t) =
ℓ∑

µ=0

(
Aµ0x(t − ωµ) +

rµ∑
ν=1

uµνAµνx(t − ωµ)
)

+

ℓ∑
ξ=1

( ∫ −ωξ−1

−ωξ

(
Cξ0(τ) +

qξ∑
ζ=1

wξζ(τ)Cξζ

)
x(t + τ) dτ

)
.

(3.1)

Let us denote by ψ(λ) the characteristic function of the system (3.1), i.e.,

ψ(λ) = det
[
λI −

ℓ∑
µ=0

(
Aµ0 +

rµ∑
ν=1

uµνAµν

)
e−λωµ −

ℓ∑
ξ=1

∫ −ωξ−1

−ωξ

(
Cξ0(τ) +

qξ∑
ζ=1

wξζ(τ)Cξζ

)
eλτ dτ

]
. (3.2)

System (3.1) has the form

ẋ(t) = D0x(t) +
ℓ∑

µ=1

Dµx(t − ωµ) +
∫ 0

−ω

F(τ)x(t + τ) dτ. (3.3)

Here ω = ωℓ,

Dµ = Aµ0 +

rµ∑
ν=1

uµνAµν, µ = 0, ℓ,

F(τ) = Fξ(τ), τ ∈ [−ωξ,−ωξ−1],

Fξ(τ) = Cξ0(τ) +
qξ∑
ζ=1

wξζ(τ)Cξζ , ξ = 1, ℓ.

Let us introduce the following denotations:

Σ1 =
{
s : s =

1∑
i=1

ωεi , εi ∈ {0, 1, . . . , ℓ}
}
= {ω0, ω1, . . . , ωℓ} =: {s10, s

1
1, . . . , s

1
π1
},

Σ2 =
{
s : s =

2∑
i=1

ωεi , εi ∈ {0, 1, . . . , ℓ}
}
=: {s20, s

2
1, . . . , s

2
π2
},

. . . ,

Σn =
{
s : s =

n∑
i=1

ωεi , εi ∈ {0, 1, . . . , ℓ}
}
=: {sn0, s

n
1, . . . , s

n
πn
}.

Here πi := |Σi| − 1, i = 1, n; the i in the notation sik means the index, not the power. We suppose that the
elements sik of the set Σi are sorted in ascending order, i.e., sik < s

i
k+1. We have s10 = . . . = s

n
0 = 0. Set

π0 := 0, s00 := 0.
The characteristic function ψ(λ) of the system (3.3) has the form
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ψ(λ) = λn +

n∑
i=1

λn−i

( πi∑
k=0

δi0k exp(−λsik)

+

i∑
υ=1

πi−υ∑
k=0

∫ 0

−ω

. . .

∫ 0

−ω

δiυk(τ1, . . . , τυ) exp
(
λ
( υ∑

l=1

τl − s
i−υ
k

))
dτ1 . . . dτυ

)
. (3.4)

Here the numbers δi0k (i = 1, n, k = 0, πi) and the functions δiυk(τ1, . . . , τυ) i = 1, n, υ = 1, i, k = 0, πi−υ,
τl ∈ [−ω, 0], l = 1, υ) depend on coefficients Dµ (µ = 0, ℓ) and F(τ) (τ ∈ [−ω, 0]) of the system (3.3).

The set Λ = {λ ∈ C : ψ(λ) = 0} of the roots of the function (3.2) forms the spectrum of the
system (3.1). In general, the spectrum Λ of the system (3.1) is infinite.

Suppose that, in (3.4), δi0k = 0 for all i = 1, n and k = 1, πi, and δiυk(τ1, . . . , τυ) ≡ 0 for all i = 1, n,
υ = 1, i, k = 1, πi−υ, τl ∈ [−ω, 0], l = 1, υ. Then the characteristic function turns into a polynomial,
and the spectrum Λ is finite. Consider the problem of assigning an arbitrary finite spectrum Λ for the
system (3.1).

Definition 1. We say that the system (3.1) is an arbitrary finite spectrum assignable if, for any γi ∈

K, i = 1, n, there exist constant vectors uµ ∈ Krµ (µ = 0, ℓ) and integrable vector functions wξ :
[−ωξ,−ωξ−1] → Kqξ (ξ = 1, ℓ) such that the characteristic function ψ(λ) of the system (3.1) satisfies
the equality

ψ(λ) = λn + γ1λ
n−1 + . . . + γn.

In [34], sufficient conditions for the solvability of the finite spectrum assignment problem were
obtained for the system (3.1) containing only lumped delays and no distributed delays (i.e., in the case
where Cξζ ≡ O, ξ = 1, ℓ, ζ = 0, qξ). In [33], sufficient conditions for the solvability of the finite
spectrum assignment problem were obtained for the system (3.1) containing only one lumped and one
distributed delay (ℓ = 1). Here, the results of [33, 34] are generalized to systems with multiple lumped
and distributed delays.

Suppose that the coefficients of the system (3.1) have the following special form: The matrix A00

has the lower Hessenberg form with non-zero superdiagonal entries; for some p ∈ {1, . . . , n}, the first
p − 1 rows and the last n − p columns of matrices Aµν, µ = 0, ℓ, ν = 0, rµ

(
(µ, ν) , (0, 0)

)
, and of

matrices Cξζ , ξ = 1, ℓ, ζ = 0, qξ, are equal to zero, i.e.,

A00 =


a11 a12 0 . . . 0
a21 a22 a23 . . . 0
. . . . . . . . . . . . . . .

an−1,1 an−1,2 . . . . . . an−1,n

an1 an2 . . . . . . ann


, ai,i+1 , 0, i = 1, n − 1, (3.5)

Aµν =

[
0 0

Âµν 0

]
, Âµν ∈ Mn−p+1,p(K), µ = 0, ℓ, ν = 0, rµ, (µ, ν) , (0, 0), (3.6)

Cξ0(τ) =
[

0 0
Ĉξ0(τ) 0

]
, Cξζ =

[
0 0

Ĉξζ 0

]
, (3.7)

Ĉξ0(τ), Ĉξζ ∈ Mn−p+1,p(K), ξ = 1, ℓ, ζ = 1, qξ, τ ∈ [−ωξ,−ωξ−1].
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From system (3.1) we construct the matrices Γµ ∈ Mn,rµ(K) (µ = 0, ℓ), Xµ ∈ Mn,1(K) (µ = 1, ℓ) and
matrices Yξ ∈ Mn,qξ(K),Zξ(τ) ∈ Mn,1(K), τ ∈ [−ωξ,−ωξ−1], ξ = 1, ℓ:

Γ0 =


Sp (A01) Sp (A02) . . . Sp (A0r0)

Sp (A01A00) Sp (A02A00) . . . Sp (A0r0 A00)
. . . . . . . . . . . .

Sp (A01An−1
00 ) Sp (A02An−1

00 ) . . . Sp (A0r0 An−1
00 )

 , (3.8)

Γµ =


Sp (Aµ1) Sp (Aµ2) . . . Sp (Aµrµ)

Sp (Aµ1A00) Sp (Aµ2A00) . . . Sp (AµrµA00)
. . . . . . . . . . . .

Sp (Aµ1An−1
00 ) Sp (Aµ2An−1

00 ) . . . Sp (AµrµA
n−1
00 )

 , (3.9)

Xµ =


Sp (Aµ0)

Sp (Aµ0A00)
. . . . . .

Sp (Aµ0An−1
00 )

 , (3.10)

Yξ =


Sp (Cξ1) Sp (Cξ2) . . . Sp (Cξqξ)

Sp (Cξ1A00) Sp (Cξ2A00) . . . Sp (CξqξA00)
. . . . . . . . . . . .

Sp (Cξ1An−1
00 ) Sp (Cξ2An−1

00 ) . . . Sp (CξqξA
n−1
00 )

 , (3.11)

Zξ(τ) =


Sp

(
Cξ0(τ)

)
Sp

(
Cξ0(τ)A00

)
. . . . . . .

Sp
(
Cξ0(τ)An−1

00
)
 . (3.12)

Construct the matrices ∆µ = [Γµ,Xµ] ∈ Mn,rµ+1(K) (µ = 1, ℓ) and the matrices Ωξ(τ) = [Yξ,Zξ(τ)] ∈
Mn,qξ+1(K), τ ∈ [−ωξ,−ωξ−1], ξ = 1, ℓ.

Theorem 1. Suppose that the matrices of the system (3.1) have the special form (3.5)–(3.7). Then the
system (3.1) is arbitrary finite spectrum assignable if and only if the following conditions hold:

(C1) rankΓ0 = n;
(C2) rankΓµ = rank∆µ for all µ = 1, ℓ;
(C3) rankYξ = rankΩξ(τ) a.e. τ ∈ [−ωξ,−ωξ−1] for all ξ = 1, ℓ.

4. Auxiliary statements

For proving Theorem 1, we need auxiliary statements. Let χ(A00; λ) =: λn + a1λ
n−1 + . . . + an. Set

a0 := 1. From the matrix A00, we construct the matrices

Ni := a0Ai
00 + a1Ai−1

00 + . . . + aiI, i = 0, n − 1. (4.1)

Lemma 1. Suppose that a matrix A00 has the form (3.5) and a matrix H ∈ Mn(K) has the following
form for some p ∈ {1, . . . , n}:

H =
[

0 0
H1 0

]
, H1 ∈ Mn−p+1,p(K). (4.2)
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Let χ(A00 + H; λ) =: λn + g1λ
n−1 + . . . + gn. Then gi = ai − Sp (HNi−1) for all i = 1, n.

Lemma 1 is given in [32, Lemma 1]. The proof is given in [35, Lemma 1].

Lemma 2. Let τ0 < τ1 < . . . < τk. Let β : [−τk,−τ0] → K be an integrable function. Consider a
function

f (λ) = α0e−λτ0 + α1e−λτ1 + . . . + αke−λτk +

∫ −τ0

−τk

β(τ)eλτdτ, λ ∈ K.

Suppose that f (λ) = 0 for any λ ∈ K. Then

α0 = α1 = . . . = αk = 0, β(τ) ≡ 0 a.e. τ ∈ [−τk,−τ0].

Lemma 2 with the proof is given in [32, Lemma 4].

5. Proof of Theorem 1

Let the matrices of the system (3.1) have the form (3.5)–(3.7). We will solve the problem of
assigning an arbitrary finite spectrum. Let a polynomial

p(λ) = λn + γ1λ
n−1 + . . . + γn (5.1)

with numbers γi ∈ K be given. We need to find uµ ∈ Krµ (µ = 0, ℓ) and wξ : [−ωξ,−ωξ−1] → Kqξ

(ξ = 1, ℓ) such that the characteristic function (3.2) of the system (3.1) satisfies the equality

ψ(λ) = p(λ). (5.2)

Denote

H =
r0∑
ν=1

u0νA0ν +

ℓ∑
µ=1

(
Aµ0 +

rµ∑
ν=1

uµνAµν

)
e−λωµ +

ℓ∑
ξ=1

∫ −ωξ−1

−ωξ

(
Cξ0(τ) +

qξ∑
ζ=1

wξζ(τ)Cξζ

)
eλτ dτ. (5.3)

We have

ψ(λ) = det
(
λI − (A0 + H)

)
= χ(A0 + H; λ). (5.4)

From conditions (3.6) and (3.7), it follows that the matrix (5.3) has the form (4.2). Taking into
account (5.1), (5.2), (5.4), and condition (3.5), and applying Lemma 1, we obtain that the system (3.1)
is an arbitrary finite spectrum assignable if and only if there exist uµ ∈ Krµ (µ = 0, ℓ) and wξ :
[−ωξ,−ωξ−1]→ Kqξ (ξ = 1, ℓ) such that the following equalities hold:

γi = ai − Sp (HNi−1), i = 1, n. (5.5)

Taking into account (5.3), we obtain that equalities (5.5) are equivalent to the following equalities:

γi = ai − Sp

( r0∑
ν=1

u0νA0ν

)
Ni−1

 − ℓ∑
µ=1

Sp

(Aµ0 +

rµ∑
ν=1

uµνAµν

)
Ni−1

 e−λωµ

−

ℓ∑
ξ=1

∫ −ωξ−1

−ωξ

Sp

(Cξ0(τ) +
qξ∑
ζ=1

wξζ(τ)Cξζ

)
Ni−1

 eλτdτ, i = 1, n.

(5.6)
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By Lemma 2, we obtain that (5.6) are equivalent to the following equalities:

γi = ai − Sp

( r0∑
ν=1

u0νA0ν

)
Ni−1

 , i = 1, n,

Sp

(Aµ0 +

rµ∑
ν=1

uµνAµν

)
Ni−1

 = 0, µ = 1, ℓ, i = 1, n,

Sp

(Cξ0(τ) +
qξ∑
ζ=1

wξζ(τ)Cξζ

)
Ni−1

 = 0, a.e. τ ∈ [−ωξ,−ωξ−1], ξ = 1, ℓ, i = 1, n.

(5.7)

From the definition (4.1) of the matrices Ni, it follows that, for any i = 1, n,

Ni−1 =

i−1∑
η=0

ai−1−ηA
η
00. (5.8)

Substituting (5.8) into (5.7), we get that (5.7) are equivalent to the following systems:

i−1∑
η=0

ai−1−η

( r0∑
ν=1

u0ν Sp (A0νA
η
00)

)
= ai − γi, i = 1, n, (5.9)

i−1∑
η=0

ai−1−η

( rµ∑
ν=1

uµν Sp (AµνA
η
00)

)
= −

i−1∑
η=0

ai−1−η Sp (Aµ0Aη
00), µ = 1, ℓ, i = 1, n, (5.10)

i−1∑
η=0

ai−1−η

( qξ∑
ζ=1

wξζ(τ) Sp (CξζA
η
00)

)
= −

i−1∑
η=0

ai−1−η Sp (Cξ0(τ)Aη
00)

a.e. τ ∈ [−ωξ,−ωξ−1], ξ = 1, ℓ, i = 1, n.

(5.11)

The system (5.9) consists of n linear equations with r0 unknown variables u01, . . . , u0r0 . For every µ =
1, ℓ, equalities (5.10) represent a linear system of n equations with rµ unknown variables uµ1, . . . , uµrµ .
For every ξ = 1, ℓ, equalities (5.11) represent a linear system of n equations with rµ unknown functions
wξ1(τ), . . . ,wξrµ(τ). Let us rewrite (5.9)–(5.11) in vector form. Let us construct the matrices (see [32,
(50)])

G := {gi j}
n
i, j=1, gi j = 0 (i < j), gi j = ai− j (i ≥ j), (5.12)

and (3.8)–(3.12). Denote d0 := col (a1−γ1, . . . , an−γn) ∈ Kn. Then one can rewrite systems (5.9)–(5.11)
in the vector form

GΓ0u0 = d0, (5.13)

GΓµuµ = −GXµ, µ = 1, ℓ, (5.14)

GYξwξ(τ) = −GZξ(τ) a.e. τ ∈ [−ωξ,−ωξ−1], ξ = 1, ℓ. (5.15)

Taking into account that det G = 1 , 0, we see that the system (5.13) is resolvable with respect to u0,
for any given γi ∈ K, i = 1, n, if and only if condition (C1) is fulfilled; the systems (5.14) are resolvable
with respect to uµ (µ = 1, ℓ) if and only if condition (C2) is fulfilled; the systems (5.15) are resolvable
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with respect to wξ(τ) (ξ = 1, ℓ) if and only if condition (C3) is fulfilled. SinceZξ(τ), τ ∈ [−ωξ,−ωξ−1],
ξ = 1, ℓ, are integrable, it follows that wξ(τ), τ ∈ [−ωξ,−ωξ−1], ξ = 1, ℓ, are integrable as well. Finding
u0, uµ (µ = 1, ℓ), and wξ(τ) (ξ = 1, ℓ) from (5.13)–(5.15), we assign a desirable polynomial (5.1) as the
characteristic function for the system (3.1). Theorem 1 is proved.

Remark 1. Note that the condition r0 ≥ n is necessary for condition (C1).

6. Corollaries

Suppose that the following condition holds:
(C4) rankΓµ = n for all µ = 1, ℓ.
(A necessary condition for (C4) is rµ ≥ n, µ = 1, ℓ.) Then, clearly, (C2) holds.
Similarly, let the following condition hold:
(C5) rankYξ = n for all ξ = 1, ℓ.
(A necessary condition for (C5) is qξ ≥ n, ξ = 1, ℓ.) Then, clearly, (C3) holds.
So we have the following corollary.

Corollary 1. Suppose that the matrices of the system (3.1) have the special form (3.5)–(3.7). Suppose
that the following conditions hold: (C1) and

(
(C2) or (C4)

)
and

(
(C3) or (C5)

)
. Then the system (3.1)

is an arbitrary finite spectrum assignable.

Next, consider a problem of exponential stabilization for the system (3.1): one needs to construct
uµ ∈ Krµ (µ = 0, ℓ) and wξ : [−ωξ,−ωξ−1] → Kqξ (ξ = 1, ℓ) such that the system (3.1) is exponentially
stable. The system (3.1) is exponentially stable if and only if Λ ⊂ C− := {λ ∈ C : Re λ < 0}. Suppose
that the system (3.1) is an arbitrary finite spectrum assignable. Let us choose the polynomial (5.1) such
that its roots lie in C−. Then system (3.1) is exponentially stable. So, we get the following corollary
from Corollary 1.

Corollary 2. Suppose that the matrices of the system (3.1) have the special form (3.5)–(3.7). Suppose
that the following conditions hold: (C1) and

(
(C2) or (C4)

)
and

(
(C3) or (C5)

)
. Then the system (3.1)

is exponentially stabilizable.

Remark 2. Suppose that ℓ = 1. In this case, Theorem 1 was proved in [33, Theorem 3]. Thus,
Theorem 1 is a generalization of [33, Theorem 3] to the case of multiple delays.

Remark 3. Suppose that Cξ0(τ) ≡ O, τ ∈ [−ωξ,−ωξ−1], Cξζ = O, ξ = 1, ℓ, ζ = 1, qξ. In this case,
Theorem 1 was proved in [34, Theorem 1]. Thus, Theorem 1 is a generalization of [34, Theorem 1] to
the case of systems containing, in addition to lumped ones, also distributed delays.

Remark 4. Suppose that the system (2.1) has the form (2.7), i.e., the coefficients of the system (2.1)
have the form (2.8)–(2.12). In this case Γ0 = Γµ = Yξ for all µ = 1, ℓ, ξ = 1, ℓ. Suppose that, for this
system (2.7), the conditions of [32, Corollary 3] hold for assigning an arbitrary finite spectrum, i.e.,
the matrices of the system have the special form and the matrices

Ξ∗Θ, Ξ∗Φ0Θ, , . . . , Ξ∗Φn−1
0 Θ (6.1)

are linearly independent. One can check that (see, e.g., [34, Remark 1 and Lemma 2]), in this case,
the coefficients (2.8)–(2.12) of the system (2.1) have the form (3.5)–(3.7), and conditions (C1), (C4),
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and (C5) are fulfilled. Then, by Theorem 1, the system (2.1) is an arbitrary finite spectrum assignable.
Conversely, if the matrices (6.1) are not linearly independent, then condition (C1) does not hold and,
hence, by Theorem 1, the system (2.1) is not an arbitrary finite spectrum assignable. Thus, Theorem 1
extends the results of [32, Corollary 3] from systems (2.7) to systems (2.1). Similarly, Corollary 2
extends the results of [32, Corollary 4] on stabilization from systems (2.7) to systems (2.1).

7. Case of time-varying Cξζ , ξ = 1, ℓ, ζ = 1, qξ

Consider the system similar to (3.1) where the matrix coefficients Cξζ , ξ = 1, ℓ, ζ = 1, qξ, are not
constant and are time-varying:

ẋ(t) =
ℓ∑

µ=0

(
Aµ0x(t − ωµ) +

rµ∑
ν=1

uµνAµνx(t − ωµ)
)

+

ℓ∑
ξ=1

( ∫ −ωξ−1

−ωξ

(
Cξ0(τ) +

qξ∑
ζ=1

wξζ(τ)Cξζ(τ)
)
x(t + τ) dτ

)
.

(7.1)

t > 0, with initial conditions x(τ) = x0(τ), τ ∈ [−ωℓ, 0]; here 0 = ω0 < ω1 < . . . < ωℓ are constant
delays; x0 : [−ωℓ, 0] → Kn is a continuous function; x ∈ Kn is a state vector; uµ = col (uµ1, . . . , uµrµ) ∈
Krµ , µ = 0, ℓ, are control vectors; wξ(τ) = col

(
wξ1(τ), . . . ,wξqξ(τ)

)
∈ Kqξ , ξ = 1, ℓ, τ ∈ [−ωξ,−ωξ−1], are

control vector functions; Aµν ∈ Mn(K), µ = 0, ℓ, ν = 0, rµ; Cξ0 : [−ωξ,−ωξ−1] → Mn(K) are integrable
functions, Cξζ : [−ωξ,−ωξ−1]→ Mn(K) are continuous functions, ξ = 1, ℓ, ζ = 1, qξ.

Suppose that the matrices of the system (7.1) have the special form (3.5), (3.6), and

Cξζ(τ) =
[

0 0
Ĉξζ(τ) 0

]
, Ĉξζ(τ) ∈ Mn−p+1,p(K), ξ = 0, ℓ, ζ = 1, qξ, τ ∈ [−ωξ,−ωξ−1]. (7.2)

Construct the matrices (3.8)–(3.10), the matrix

Wξ(τ) =


Sp (Cξ1(τ)) Sp (Cξ2(τ)) . . . Sp (Cξqξ(τ))

Sp (Cξ1(τ)A00) Sp (Cξ2(τ)A00) . . . Sp (Cξqξ(τ)A00)
. . . . . . . . . . . .

Sp (Cξ1(τ)An−1
00 ) Sp (Cξ2(τ)An−1

00 ) . . . Sp (Cξqξ(τ)An−1
00 )

 , (7.3)

and the matrix (3.12).

Theorem 2. Suppose that the matrices of the system (7.1) have the special form (3.5), (3.6), and (7.2).
Then the system (7.1) is an arbitrary finite spectrum assignable if and only if the following conditions
hold: (C1) and (C2) and

(C6) For every ξ = 1, ℓ, for almost every τ ∈ [−ωξ,−ωξ−1], the system of linear equations

Wξ(τ)Xξ(τ) = Zξ(τ)

is resolvable with respect to Xξ(τ) ∈ Kqξ and the solution Xξ(τ), τ ∈ [−ωξ,−ωξ−1], is an integrable
function on [−ωξ,−ωξ−1].
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The proof of Theorem 2 repeats the proof of Theorem 1 up to formula (5.15), with replacing Cξζ by
Cξζ(τ), ξ = 1, ℓ, ζ = 1, qξ. Instead of (5.15), we have the equality

GWξwξ(τ) = −GZξ(τ) a.e. τ ∈ [−ωξ,−ωξ−1], ξ = 1, ℓ. (7.4)

Resolvability of system (7.4) is equivalent to condition (C6), which completes the proof.

Corollary 3. Conditions of Theorem 2 are sufficient for exponential stabilization of the system (7.1).

8. Examples

Example 1. Let us present an example illustrating Theorem 2. Suppose K = R, n = 3, ℓ = 2, p = 2,
r0 = 3, r1 = 3, r2 = 2, q1 = 3, q2 = 2, and the matrices of the system (7.1) have the following form:

A00 =


−1 1 0
−2 2 1
2 −1 −1

 , A01 =


0 0 0
−2 1 0
3 −1 0

 , A02 =


0 0 0
1 0 0
−3 1 0

 , A03 =


0 0 0
1 −1 0
0 1 0

 ,
A10 =


0 0 0
1 0 0
−1 1 0

 , A11 =


0 0 0
−1 1 0
3 −2 0

 , A12 =


0 0 0
1 0 0
0 0 0

 , A13 =


0 0 0
0 1 0
0 −1 0

 ,
A20 =


0 0 0
−1 1 0
2 −1 0

 , A21 =


0 0 0
0 1 0
1 −2 0

 , A22 =


0 0 0
2 −1 0
0 0 0

 , (8.1)

C10(τ) =


0 0 0

cos τ sin τ 0
sin τ cos τ 0

 , C11(τ) ≡


0 0 0
2 −1 0
−1 1 0

 , C12(τ) ≡


0 0 0
−1 1 0
3 −2 0

 , C13(τ) ≡


0 0 0
0 0 0
2 −1 0

 ,
C20(τ) =


0 0 0

cos τ 0 0
0 sin τ 0

 , C21(τ) =


0 0 0

sin τ 0 0
− cos τ 0 0

 , C22(τ) =


0 0 0

2 cos τ 0 0
sin τ cos τ 0

 .
The matrices (8.1) of the system (7.1) have the special forms (3.5), (3.6), and (7.2). We have χ(A00; λ) =
λ3 − 1. Hence, a1 = 0, a2 = 0, a3 = −1. Let’s calculate the matrices (5.12), (3.8)–(3.10), (7.3),
and (3.12): we obtain G = I,

Γ0 =


1 0 −1
−1 2 0
1 −1 1

 , Γ1 =


1 0 1
−1 1 1
1 1 0

 , Γ2 =


1 −1
0 0
0 1

 , X1 =


0
2
1

 , X2 =


1
0
1

 ,
W1(τ) ≡


−1 1 0
1 −1 −1
1 1 1

 , W2(τ) =


0 0

sin τ 3 cos τ
sin τ − cos τ 3 cos τ + sin τ

 ,
Z1(τ) =


sin τ

2 cos τ + 2 sin τ
2 cos τ + 2 sin τ

 , Z2(τ) =


0

cos τ + sin τ
cos τ + sin τ

 .
(8.2)
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One can see that conditions (C1), (C2), and (C6) hold. Hence, by Theorem 2, the system (7.1) with
the matrices (8.1) is an arbitrary finite spectrum assignable. Let us construct that control u0 ∈ R

3,
u1 ∈ R

3, u2 ∈ R
2, w1(τ) ∈ R3 (τ ∈ [−ω1, 0]), w2(τ) ∈ R2 (τ ∈ [−ω2,−ω1]). Suppose, for example, that

p(λ) = (λ + 1)(λ + 2)(λ + 3) in (5.1). We have γ1 = 6, γ2 = 11, γ3 = 6. Hence,

d0 = col (a1 − γ1, a2 − γ2, a3 − γ3) = (−6,−11,−7). (8.3)

Resolving the systems (5.13), (5.14), and (7.4) with coefficients (8.2), (8.3), we obtain

u0 = col
(
−

37
3
,−

35
3
,−

19
3

)
, u1 = col

(
1
3
,−

4
3
,−

1
3

)
, u2 = col (−2,−1) ,

w1(τ) = col (−2 cos τ − 2 sin τ,−2 cos τ − 3 sin τ, 2 cos τ + 3 sin τ),

w2(τ) = col
(
−

sin τ(cos τ + sin τ)
1 + 2 cos2 τ

,−
cos τ(cos τ + sin τ)

1 + 2 cos2 τ

)
.

(8.4)

The system (7.1) with the matrices (8.1) closed-loop by the control (8.4) takes the form

ẋ(t) =


−1 1 0

14/3 −4 1
0 −20/3 −1

 x(t) +


0 0 0
−2/3 0 0

0 2/3 0

 x(t − ω1) +


0 0 0
−3 0 0
0 3 0

 x(t − ω2)

+

∫ 0

−ω1


0 0 0
α(τ) 0 0

0 −α(τ) 0

 x(t + τ) dτ +
∫ −ω1

−ω2


0 0 0
β(τ) 0 0

0 −β(τ) 0

 x(t + τ) dτ,

(8.5)

where α(τ) = − cos τ−sin τ, β(τ) =
cos3 τ − sin τ cos2 τ − sin τ

1 + 2 cos2 τ
. Calculating the characteristic function

for the system (8.5), we obtain that ψ(λ) = (λ + 1)(λ + 2)(λ + 3). In particular, the system (8.5) is
exponentially stable.
Example 2. Let us consider the mathematical model of an automatic rheostat voltage regulator [36,37].
The dynamics are described by a system of differential equations with delay [36, 37]

θ1α̈(t) + εα(t) + Bα(t − τ) − εβ(t) = A,

θ2β̈(t) + kβ̇(t) + εβ(t) − εα(t) = 0.
(8.6)

Here θ1 is a moment of inertia of the regulator anchor, θ2 is a moment of inertia of the damper sector and
the regulator washer, α is the angle of rotation of the regulator anchor, β is the angle of rotation of the
damper sector and the regulator washer, k is a damping coefficient, A = 2CUnU0 − 2CUnγψ0 − 2CU2

n ;
B, ε,C,Un, γ, ψ0 are constants, U0 is a voltage at the anchor terminals, τ > 0 is a constant delay. Let us
assume that the voltage U0 can be chosen from the class of piecewise continuous functions. Then, the
value A in (8.6) acquires the meaning of control A = v(t) ∈ R. Let us introduce a change of variables
x = col(α, α̇, β, β̇) ∈ R4. Then, system (8.6) will be written in the form

ẋ(t) = Ax(t) + Bx(t − τ) + Gv(t), (8.7)

A =


0 1 0 0
−κ 0 κ 0
0 0 0 1
ρ 0 −ρ −σ

 , B =


0 0 0 0
−δ 0 0 0
0 0 0 0
0 0 0 0

 , G =


0
1
0
0

 , (8.8)
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κ = ε/θ1, ρ = ε/θ2, σ = k/θ2, δ = B/θ1. (8.9)

Suppose that ε , 0. Then, κ , 0, ρ , 0. The free system (8.7)–(8.9) (i.e., a system with v(t) ≡ 0) is not
asymptotically stable for some values of parameters. For example, let k = 2, θ1 = θ2 = ε = 1, B = 1/2,
τ = π/2. Then, κ = 1, ρ = 1, σ = 2, δ = 1/2. Then, the characteristic equation has the root λ = i [36].
In [36], the linear state feedback regulator with delay is constructed in the form

u(t) = Q0x(t) + Q1x(t − τ), Q0,Q1 ∈ M1,4(R), (8.10)

such that the characteristic function ψ(λ) of the closed-loop system (8.7)–(8.10) is equal to (λ+ 2)4 (in
particular, the closed-loop system is asymptotically stable).

Let us consider a slightly modified system (8.7)–(8.9), namely: We will assume that the system has
not one but two control inputs and has the form

ẋ(t) = Ax(t) + Bx(t − τ) +Hv(t). (8.11)

Here x ∈ R4, v = col(v1, v2) ∈ R2, the matricesA and B are taken from (8.8), and the matrixH has the
form

H =


0 0
1 0
0 0
0 1

 .
Suppose that the output is not the entire state vector but only part of its coordinates:

y1 = x1, y2 = x2, y = (y1, y2) ∈ R2. (8.12)

Suppose that the controller v(t) in the system (8.11) is constructed as linear static output feedback with
delay: [

v1(t)
v2(t)

]
=

[
q0

1 q0
2

q0
3 q0

4

] [
y1(t)
y2(t)

]
+

[
q1

1 q1
2

q1
3 q1

4

] [
y1(t − τ)
y2(t − τ)

]
. (8.13)

Then, the closed-loop system (8.11), (8.13) takes the form

ẋ(t) = A0x(t) + q0
1A1x(t) + q0

2A2x(t) + q0
3A3x(t) + q0

4A4x(t)
+B0x(t − τ) + q1

1B1x(t − τ) + q1
2B2x(t − τ) + q1

3B3x(t − τ) + q1
4B4x(t − τ),

(8.14)

A1 =


0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , A2 =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , A3 =


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

 , A4 =


0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

 , (8.15)

A0 = A, B0 = B, B1 = A1, B2 = A2, B3 = A3, B4 = A4. (8.16)

Thus, system (8.14)–(8.16) has the form (2.1) where ℓ = 1, r0 = r1 = 4, ω1 = τ, and all Cξζ = O ∈
Mn(K).

One can see that the matrices (8.15) and (8.16) of the system (8.14) have the special form (3.5)–
(3.7). Let us show that the conditions of Theorem 1 are satisfied and construct a control q0

i , q
1
i , i =

1, . . . , 4, that makes the characteristic function ψ(λ) equal to the given polynomial p(λ). We have
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χ(A0; λ) = λ4+σλ3+ (ρ+κ)λ2+σκλ. Hence, a1 = σ, a2 = ρ+κ, a3 = σκ, and a4 = 0. Let us calculate
the matrices (3.8)–(3.10) and (5.12) (the matrices (3.11) and (3.12) are zero, so (C3) holds): we obtain

Γ0 = Γ1 =


0 1 0 0
1 0 0 0
0 −κ 0 κ

−κ 0 κ −σκ

 , X1 =


0
−δ

0
δκ

 , G =


1 0 0 0
σ 1 0 0

ρ + κ σ 1 0
σκ ρ + κ σ 1

 . (8.17)

We have detΓ0 = κ
2. Since ε , 0, it follows that κ , 0. So, (C1) and (C2) hold. Hence, by

Theorem 1, the system (8.14)–(8.16) is an arbitrary finite spectrum assignable. Suppose, for example,
that p(λ) = (λ + 1)4 in (5.1). We have γ1 = 4, γ2 = 6, γ3 = 4, γ4 = 1. Hence,

d0 = col (a1 − γ1, a2 − γ2, a3 − γ3, a4 − γ4) = (σ − 4, ρ + κ − 6, σκ − 4,−1). (8.18)

Resolving the systems (5.13) and (5.14) with coefficients (8.17) and (8.18), we obtain

q0
1 = −σ

2 + κ + ρ + 4σ − 6, q0
2 = σ − 4,

q0
3 = (σ2ρ − κρ − 4σρ + 6ρ − ρ2 − 1)/κ,

q0
4 = (σ − 2)(σ2 − 2ρ − 2σ + 2)/κ,

q1
1 = δ, q1

2 = q1
3 = q1

4 = 0.

(8.19)

Calculating the characteristic function for the system (8.14)–(8.16) with coefficients (8.19), we obtain
that ψ(λ) = (λ + 1)4. In particular, this system is exponentially stable.

9. Conclusions

We have studied a problem of arbitrary finite spectrum assignment for a bilinear control system
defined by a linear time-invariant system of differential equations with multiple lumped and distributed
delays in the state variable. We have obtained the criterion for solvability of this problem when the
coefficients of the system have a special form. This criterion is expressed in terms of rank conditions
for matrices constructed from the matrix coefficients of the system. Corollaries on stabilization of a
bilinear system with delays have been obtained. The results extend the previously obtained results for
less general cases. Modeling examples have been presented.
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