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Abstract: The primary objective of this research is to develop a novel high-order symmetric
and energy-preserving method for solving two-dimensional nonlinear wave equations. Initially,
the nonlinear wave equation is reformulated as an abstract Hamiltonian ordinary differential
equation (ODE) system with separable energy in an appropriate infinite-dimensional function space.
Subsequently, an energy-preserving and symmetric continuous-stage Runge-Kutta-Nystrom time-
stepping scheme is derived. After approximating the spatial differential operator using the two-
dimensional Fourier pseudo-spectral method, we derive an energy-preserving fully discrete scheme.
A rigorous error analysis demonstrates that the proposed method can achieve at least fourth-order
accuracy in time. Finally, numerical examples are provided to validate the accuracy, efficiency, and
long-term energy conservation of the method.
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1. Introduction

The nonlinear partial differential equations have significant roles in a variety of fields in engineering
and science (see, e.g., [4, 39]), including quantum field theory, nonlinear optics, propagation of
dislocations in crystals, nucleation, and solid state physics. In this paper, we consider the following
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nonlinear wave equation in two dimensions:

0*u Pu 0 u
W _K2 (@ + (9_)/2) :f(”(X,y,t)), (X,}’) € (OaLl)X(O’LZ)’ re [tO’ T]7 (11)
subject to the initial conditions
ou
u(xa Y, tO) = SDO(-X’ y)a E()Q Y, tO) = QD[(.X, )’), X € [0’ Ll] X [09 L2]9 (12)

and the periodic boundary conditions
u(x,y,t) = u(x + L1, y,0), u(x,y,t) =u(x,y+L,1), (x,9)€Q, te€lt,T], (1.3)

where «* is a dimensionless positive parameter, ¢o(x,y) and ¢,(x,y) are the given (L;, L,)- periodic
functions, and L; and L, are the basic positive periods. In the literature, many works have been
made to explore the analytical solution for the nonlinear wave equations (see, e.g., [1,39]). However,
it is difficult to obtain the general exact solutions for all the nonlinear wave equations. Therefore,
the development of efficient and high-precision numerical methods for solving the two-dimensional
nonlinear wave equations has became much more important. A great number of excellent numerical
strategies have been proposed to study the nonlinear wave equations, including the finite difference
methods (see, e.g., [12, 17, 18]), the finite element methods (see, e.g., [2, 3, 33]), the spectral
methods [25], the domain decomposition methods [19], and the radial basis functions methods [11].
If the nonlinear function f(u) is the negative derivative of a nonnegative function F(u), i.e., f(u) =
dF(u)

=3, > and the solution of (1.1) satisfies (u, %—‘t’) € H'(Q) x L*(Q), then the nonlinear wave Eqs (1.1)—

(1.3) could conserve the energy

INGE

% f (120 y. 1) + K|V, y. 0+ 2F (u(x, y, 1) )dxdy
«Q (1.4)

3 [ (e + et + 2Pty = B 12 0
The energy conservation (1.4) is a significant property of the nonlinear wave equations, and plays
prominent roles in investigating soliton theory. Under this case, the nonlinear wave equations like (1.1)
are called nonlinear Hamiltonian wave equations. We know that the energy conservation along the
exact flow is one most characteristic properties of the nonlinear Hamiltonian wave Eq (1.1). The
energy-conserving numerical schemes usually yield correct physical phenomenons and numerical
stability (see, e.g., [24,29, 32]). Therefore, it will be meaningful to design suitable numerical schemes
which could exactly preserve the discrete energy and symmetry of the nonlinear Hamiltonian wave
Eq (1.1).

The development of energy-preserving numerical schemes for nonlinear Hamiltonian wave
equations has garnered significant attention across various fields of mechanics. For example, Li
et al. [21] proposed several finite difference schemes that preserve specific algebraic invariants of the
nonlinear Klein-Gordon equations. Moreover, based on the concept of the discrete line integral method
(see, e.g., [5,6]), L. Brugnano et al. developed the energy-preserving Hamiltonian boundary value
methods (HBVMs) to solve the nonlinear Hamiltonian PDEs (see, e.g., [7, 8]). The energy-preserving
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average vector field (AVF) method was initially developed for solving Hamiltonian ordinary differential
equations (ODEs). Recently, the AVF method, when combined with appropriate spatial semi-
discretization techniques, has been utilized to numerically investigate nonlinear Hamiltonian wave
equations, thereby attracting significant attention from researchers. For instance, AVF finite element
methods have been introduced to solve one-dimensional Hamiltonian wave equations (see [10, 33]).
In [31,32], combining the AVF method with the spatial fourth-order finite difference semidiscretisation,
the authors developed energy-preserving methods for one- and two- dimensional Hamiltonian wave
equations with Neumann boundary conditions. However, the previous schemes have only second-
order accuracy in time. To enhance temporal accuracy, Hou et al. [17, 18] integrated the fourth-order
AVF temporal integrator with spatial compact finite difference (CFD) discretization to construct and
analyze high-order energy-preserving schemes for solving one- and two-dimensional nonlinear wave
equations with variable coefficients. This represents a significant advancement in the field of energy-
preserving methods for nonlinear Hamiltonian wave equations. Building on these contributions, we
aim to develop and analyze a high-order energy-preserving and symmetric scheme for two-dimensional
nonlinear Hamiltonian wave equations by combining the continuous-stage Runge-Kutta-Nystrom time
integrator with Fourier pseudo-spectral spatial discretization.

The rest of the paper is organized as follows: In Section 2, the two-dimensional nonlinear wave
Eq (1.1) will first be reformulated as an abstract infinite-dimensional separable Hamiltonian ODE
system in an appropriate function space. Then, the application of a continuous-stage Runge-Kutta-
Nystrom time integrator to the yielded ODE’s system to derive the time-stepping scheme is presented.
The energy preservation and symmetry of the proposed time-stepping scheme will be investigated.
Furthermore, by approximating the spatial differential operator using the two-dimensional Fourier
pseudo-spectral method, we derive a fully discrete scheme. A rigorous analysis of the energy
conservation properties of this scheme is then conducted. The error analysis demonstrates that
the proposed scheme achieves sixth-order accuracy in the relatively low regularity function space
C?([ty, T],B). Numerical experiments are presented in Section 4. Lastly, a concise conclusion is
provided in Section 5.

2. Temporal semi-discretisation: energy-preserving and symmetric time-stepping scheme

In this section, we will first represent the two-dimensional nonlinear wave Eqgs (1.1)—(1.3) as an
abstract nonlinear ODE on an appropriate infinite-dimensional Hilbert space. Then, we will develop
and analyze a novel energy-conserving time-stepping scheme for the abstract ODE.

2.1. Abstract Hamiltonian ODE’s system

According to the analysis in references [30,37], by defining the mapping
u(r) == [(x,y) = ulx, y, 0],
we can express the nonlinear wave Eqs (1.1)—(1.3) as the following abstract ODE (e.g., [29, 30, 38]):

{u () = —Au@) + f(u@)) = gu@®), te€lt,T], @0

u(ty) = po(x,y), U (to) = ¢1(x,y), (x,y) €Q,
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where A is the linear differential operator
Au(t) = —*Au(t), Yu(t) € B,
and B is the infinite-dimensional Hilbert space
B={ueH(Q) : u(xy)=ulx+Ly,y), u(xy)=ulxy+ L) (2.2)

For any ¢(x, y), ¥(x,y) € B, we introduce the inner product and the norms

(B(x. ), (x, ) = fg $(x, Y (x, y)dxdy,  [lgll = \/(fb(x,y),qb(x,y)), |l = \/(—A¢(x,y),¢(x,y))~

Then, by taking the inner product of the abstract ODE’s system (2.1) with ’(¢), we are able to find that
system (2.1) can preserve the separable energy

Hlu(n), ' @] := Hilw' O] + Halu@®)] = Hilu' ()] + Holulto)] = Hlu(to), u'(10)], (2.3)

where the kinetic energy part H,[u’(#)] and the potential energy part H,[u(z)] are

1 2
Hilw®) = 5[0 and Holw el = ZVu@f, + (F@). 1) (2.4)

respectively. Obviously, the energy H[u(t),u'(¢)] of the abstract ODE (2.1) is the same as the
energy E(f) of the two-dimensional nonlinear wave Eqs (1.1)—(1.3). Moreover, the abstract ODE’s
system (2.1) is actually a Hamiltonian system

d M(t) 57‘{2[:(f)]
oo 250

where v(t) = u/(¢) and S is a skew-adjoint operator

s=[2 1]

In light of the definition of the variational derivatives, we are able to check that

671(16[:0)] — () and 5?(25[5(0] = Aut) — £(u(t)) = —g(ul)). 06

The main purpose of this work is to design a suitable time-stepping scheme for the two-dimensional
nonlinear wave Eqs (1.1)—(1.3), which could exactly preserve the separable energy H[u(z),u’(t)] or
E(t). To achieve this purpose, the temporal discretization strategy will be first considered for the
abstract ODE (2.1) in the infinite-dimensional function space.
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2.2. Formulation of the energy-preserving time-stepping scheme

For any positive integer N, we define the temporal mesh grid as

QN .= {tn

th=to+nAt, n=0,1,...,N| 2.7)
with time step size At = (T — ty)/N, and introduce the following approximations:
u' ~ u(t,), Vi u/(t,), U? =~ u(t, + TAr), VYt e[0,1].

Then, applying the energy-preserving integrators, which are proposed for the second-order
Hamiltonian ordinary differential systems (see [22,26]), to the abstract ODEs (2.1), we can establish
the time-stepping scheme for the two-dimensional nonlinear wave Eqs (1.1)—(1.3).

Definition 2.1. For any one temporal single step t, to t,., a continuous-stage Runge-Kutta-Nystrom
(RKN) time-stepping scheme for the abstract ODE (2.1) is defined as

1
U!=u"+71An" + AP f P35(7,0)g(Uy)do,
0

1
W =W+ AN+ AP f (1 - 1)g(UNdr, (2.8)
0

1
V= g Atf g(UNdr,
0
where the weight function P, (1, o) is a cubic binary polynomial of the form
Pss(1,0) = %(1 — 60 + 607 + 37 — 60°1 — 27% + 4o T?), V(r,0) € [0,1] x [0, 1].

Remark 2.1. In [22, 26], the authors introduced a framework for energy-preserving continuous-
stage RKN methods for solving second-order Hamiltonian ODEs. Drawing upon the methodologies
proposed in [22,26], we develop a novel energy-preserving time-stepping scheme utilizing the weight
function Ps,(t,0), and extend this scheme to the two-dimensional nonlinear wave Egs (1.1)—(1.3).
Furthermore, it is important to emphasize that the selection of the weight function Ps,(t,0) is not
unique. Different choices of weight functions can result in numerical methods exhibiting varying
accuracy.

Now, we focus on verifying the energy conservation of the continuous-stage RKN time-stepping
scheme defined in Definition 2.1 for the two-dimensional nonlinear wave Eqs (1.1)—(1.3).

Theorem 2.1. The continuous-stage Runge-Kutta-Nystrom time-stepping scheme (2.8) can exactly
preserve the energy H[u(t), v(t)] of the two-dimensional nonlinear wave Eqs (1.1)—(1.3) or the infinite-
dimensional abstract ODE’s system (2.1), that is,

Hu" v = Hu", v, n=0,1,2,...,N—1. (2.9)

Proof. Noticing the form of the separable energy (2.3) and (2.4), we have

?{[un+l’vn+l] — 7_{1 [vn+]] + 7_[2[un+1] — %(vn+]’vn+l) + 7‘{2[1/!”+1]. (210)
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n+1

It follows from inserting the expression of V""" into (2.10) and after a careful calculation that

1 1
Hu", v = %(V" + Atf g(UNHdr,v" + Atf g(Uf)dT) + Ho[u™ ]
0 0 (2.11)

1 2l 1
At
= 7—([u",v"]+At(v",f g(UNdr)+—( f g(UMdr, f g(UNAT)+Ho [ |- FHo[u"].
0 2 Yo 0
Moreover, it is evident that

: LU dU? : du;
n+lq n — - T T — _ n T
Ho[u''] - Holu"] fod%[U,] fo(—5u o fo(g(UT), )i @12)

Substituting the expressions of U” into (2.12) leads to

LOP;3 5 (1, 0)

1
Ho[u"™ - Ho[u"] = - f (g(Uf), A" + AP f g(Ug)da)dT
0 0 or
| . 9Py (r. o) (2.13)
= - Ar(v", f g(UNdr) - A f (s, f 2 g(Undo)dr.
0 0 0 or
Noticing the form of the weight function Ps (7, o), we have
OP5 (7, 1
3’2#0) = 3 -30 4314307 =30 — 60t + 607, ¥(ro) € [0.11x [0, 1]
-
Therefore, Eq (2.13) can be simplified as
1 AIZ 1 1
Hotu )= Hiu') = sy, [ gnar) - ([ awnan [ gwma). @19
0 0 0
Comparing (2.11) with (2.14), we obtain
Hu" w1 = Hu", ™, n=0,1,2,...,N—-1.
The conclusion of the theorem is confirmed. O

The symmetric time integration method usually exhibits superior long time computational behavior
along the numerical flows (see Chapter V in [16]). We know that the two-dimensional nonlinear wave
Eqgs (1.1)—(1.3) are temporal reversible (see, e.g., [24, 28, 29]). Therefore, it will be significant to
investigate the symmetry of the energy-preserving continuous stage RKN time-stepping scheme.

Theorem 2.2. The energy-preserving continuous-stage Runge-Kutta-Nystrom time-stepping
scheme (2.1) for solving the two-dimensional nonlinear wave Eqgs (1.1)—(1.3) is temporal reversible.

Proof. According to the concept of the time reversible integration method (see Chapter V in [16]), and
applying the following transformations

At & —At, oo, VARIRE SV T=1-1
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to the time-stepping scheme (2.1), we obtain the adjoint scheme

1
Ul =u"™" = (1 =DAv"™ + AP f P3,(1 —7,0)8(Ug)do,
0

1
u' ="t - A"+ AP f og(Uh)do, (2.15)
0

1
V=l o Atf g(U)do-.
0

After a careful calculation, the last two equations of the adjoint scheme (2.15) can be rewritten as

1
u™t = u" + A+ AP f og(U)do,
0

| (2.16)
V= At f g(UM)do.
0
Inserting Eq (2.16) into the first equation of (2.15), we obtain
1
Ul_, =u"+1An" + AP f (c—(1-7)+ P3(1 —7,0))g(U)do. (2.17)
0
The integral transformation 7 = 1 — ¢ yields that
1-&=(1 =1+ P3o(1 —7,1 = &) = P3,(1, ). (2.18)
Therefore, we see that the adjoint scheme (2.15) is the same as scheme (2.8). That means the energy-
preserving continuous stage RKN time-stepping scheme is symmetric or temporal reversible. O

Utilizing the variation-of-constants formula on the infinite-dimensional abstract ODE system (2.1),
the exact solution of the abstract system (2.1) can be expressed as

u(t, + TAY) = u(t,) + TA(t,) + A fT(T —o)g(u(t, + ocAr))do, VYt el0,1]. (2.19)
0

Furthermore, it is easy to obtain from Eq (2.19) that

1
u(tye) = u(ty) + Avv(t,) + AP f (1 = 1)g(u(t, + TAt))dr,
0 (2.20)

1
V(the1) = v(t,) + Atf g(u(t, + TAr))dr.
0

Inserting the exact solution u(?) of the infinite-dimensional abstract ODE system (2.1) into the time-
stepping scheme (2.8), we have

1
u(t, + TAL) = u(t,) + TAN(L,) + AP f P3o(t,0)g(u(t, + oAt))do + R" (1),
0

1
u(t,e1) = u(t,) + Arv(t,) + Atzf (1 —1)g(u(t, + TAr))dr, (2.21)
0

1
W(t,e1) = v(2,) + At f g(u(t, + TAr))dr,
0

AIMS Mathematics Volume 10, Issue 3, 6764-6787.



6771

where the residual R"(7) is a function of 7 € [0,1]. Applying the Taylor expansion with integral
remainder

u(t, + oA = u(t,) + cAv(t,) + AP f (o —2u” (t, + zANdz (2.22)
0

to the nonlinear integrands appearing in (2.19) and the first equation of (2.21) results in

u(t,+7AL) = u(t,)+7Atv(t,)+Ar? fo T(T—a)g(u(tn)+o-Atv(tn)+At2 fo U(O’—z)u"(tn+zAt)dz)dO', (2.23)
and

u(t,+7At)= u(tn)+TAtv(tn)+Ati}3,2 (7, O')g(u(tn)+0'Atv(t,,)+Atsz\‘(70'—z)u"(tn+zAt)dz)d0'+R" (7). (2.24)

Comparing the formulae (2.23) with (2.24), and noticing g(u) = —Au + f(u), we can approximate the
local residuals R"(1), 0 <7 < 1, in the following theorem.

Theorem 2.3. Suppose that the exact solution u of the abstract ODE’s system (2.1) satisfies u €
C2([to, T1, B) and the nonlinear function ' € L*([ty, T],B). Then, the remainder R*(t) satisfies the
estimations

IR"(7)l| < CA#*,  0<7<I, (2.25)

where C is a constant and independent of At.

Proof. Subtracting (2.24) from (2.23) and noticing g(u) = —Au + f(u), we obtain
R'(1) = Of(1) + O5(1), (2.26)

where

@'(1) = — AP f T(r — ) A(u(t,) + TAN(L,) + AP f U(a — u(t, + 2ADdz)dor

3 ’ (2.27)

+ AP f P3(1, O')ﬂ(u(tn) + oAtv(t,) + A f (o —2u’(t, + zAt)dz)da,
0 0

and

@3(1) = AP f T(r -o)f (u(t,,) + TAN(t,) + AL f U(O' —u’’ (t, + zAt)dz)dO'
0 0 (2.28)

1 o
— AP f P3o(r, o) f(ut,) + oAtv(t,) + AP f (0 = " (t, + 2AD)dz)dor.
0 0
It follows from the definition of the bilinear polynomial weight function P; (7, o) that

T 1 2 T 1 3
f (t—o)do = f Piy(t,0)do = % and f o(t—o)do = f oP3,(t,0)do = % (2.29)
0 0 0 0

Therefore, it is easy to check that

T O 1 o
Of(1)= —At{ (t—0)o—2)Au" (1, +zAt)dzda’+At{ f P3,(t, 0) (0 —2)Au” (t,+zAt)dzdo. (2.30)
0Jo 0Jo
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Utilizing the Taylor expansion of f(-), i.e.,

f (u(tn)+aAtv(tn)+At2]Era - z)u”(tn+zAt)dz)= f(t,))+f ’(u(tn))(aAtv(tn)+Atif((;' —2u”(t, + ZAt)dz)+ e
0 0

in (2.28) and recalling Eq (2.29), we have

Ol(1) = A f' (u(t,)) f ' f U(r —o)o - (¢, + zZAtdzdo
0 O (2.31)

1 o
— A f (u(t,)) fo fo P3,(1, 0) (0 — 2’ (1, + zADdzdo + O(AP).

Inserting the results (2.30) and (2.31) into (2.26), and taking the L? norms on both sides of (2.29), it is
easy to verify the estimated result of the theorem.
O

3. Structure-preserving fully discrete scheme

In this section, by combing the Fourier pseudo-spectral spatial approximation with the continuous-
stage RKN time-stepping scheme (2.8), we will construct the energy-preserving fully discrete scheme
for the two-dimensional nonlinear wave Eqs (1.1) and (1.2).

Choose M, and M, to be any even integers, and define Ax := ]ﬁ—’l and Ay = 1%4_22 as the spatial steps.
Then, the temporal-spatial grid points are denoted as Q) = Q) x QV, where the temporal grid Q" is
given by (2.7), and the spatial grid Q,, is defined as

Qu :={(x; ;) | x = jAx, j=0,1,..., My =1, y=kAy, k=0,1,....My—1}.  (3.1)
The grid function space V,, defined on Q, is given by
Vi ={u | = (ujp) with wje = u(x;y0, ()31 € Qua).
For any u = (u;;) € Vj;, we can reformulate it as the vector form
.
u= (Mo,o, L UMI-1,0, U0, s UMI-1,1, 0 s UOMy—15 "t auMl—l,Mz—l) .
Therefore, the vector space of the grid functions V,, which is identical to V,, can be presented as
T .
Vu = {ll | = (Uoo, s Uny—1.05 U015 " s UM =115 s UOMa—15 " s Upr—1.0—1)  With u = (u) € VM}-

In addition, the corresponding discrete inner product and norm are defined as

M—-1 M>r—1
(v)y=AxAy Y >, = ((wu),  Vave V.
=0 k=0
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3.1. Spatial semi-discretisation: Fourier pseudo-spectral method

Define the interpolation space as
Sy = Span{gj(x)gk(y), 0<j<M-1,0<k<M,- 1},

where g;(x) and g(y) are trigonometric polynomials

My/2 My /2

1 L jpexy) 1 U om-wo
gj(x) 141 P, gk()’) - — ke
M, kl—ZMl/z M kzz—ZMQ/Z Cla
with y; = i , Mp =%, and
L, kil < My/2, I, |kl < My/2,
Cy, = C, =
2, |kl =M/2, 2, |kl = M,/2.

Therefore, for any periodic function u(x,y) € Lﬁ(Q), the interpolation operator Iy, : Li(Q) — 85{4 1S

Mi—1 M>—1 My/2 My /2

hyu(ey) = ) > uby0giRe®) = D > ik pe e, (3.2)

j=0 k=0 ki=—M/2 ko=—M>/2

where the Fourier coeflicients &, , are

Mi-1 Mr-1
~ —ikypx; —ik
ukl,kz — Z Z u(.xl, yk)e 1H1 le 2,“2)71( (33)
Mlckl Mzckz =0 =0
Moreover, it is simple to check that
Uopypo. = Uagypo. and G pppp = gy -

It follows from applying the differential operator (A to the interpolation I,,u(x, y) that

M /2 M>/2

K[ (k) + (ako) iy, g, €442
ki=—M; /2 ky=—M>/2

My /2 My /2
ki

ky=—M1/2 \ky=—M>/2
M/2 ( M/2

==M;/2 \ky=—M; /2

Alyu(x, y)|

X=Xi,y=Y;

(3.4)

- ((IM2 ® Di + D), ® Iy, )u)i,j’

where Iy, i = 1,2 are the unity matrices, and D = Fj) A{Fy, and D, = F}} A,Fy, are the spectral
i 1 2
differential matrices. Here, we should point out that F', is the discrete Fourier transform matrix with
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=2mi(j)(k) . . . . .
elements (Fy)x = \/I—Me W , hk=0,1,... . M—1, FZ is the conjugate transformation matrix of F),,

and A4, A, are the frequency matrices with entries

Kz(,ll1j)2, OSjSMl/Za

K (j - Ml))z’ M2 <j<M -1,
(), 0<j< M2,

(= M), Maj2<j<Mp-1.

Ay = diag(Apyo, Apsts - - - > Apyy-1)s - Apyj = {
(3.5

Ay = diag(/ng,o,/lD;,l, .. .,/lpg,Mz_O, Apy ;= {

Thus, the spectral differential matrix A for approximating the 2D differential operator ‘A can be
expressed as (see, e.g., [13, 14,40])

Au =(Iy, ® D5 + D, ® Iy, )u
=(Fy, I, Far, ® Fig AFy, + Fiy AosF oy, ® Fiy Iy, Fyg)u
=((Fa, ® Far)" (Is, ® A)(Fat, ® Far,) + (Fat, ® Fur,)™ (A2 ® Iy, )(Far, ® Fag,)Ju
=((Fu, ® Fur)" (I, ® At + Ay ® Iy, )(Far, ® Fig) .

(3.6)

Actually, the spectral differential matrix A is a symmetric and semi-positive matrix, and Au can be fast
computed by the two-dimensional FFT function ifft2(A. * fft2(u)) built in MATLAB.

Using the spectral differential matrix A to approximate the differential operator A, the two-
dimensional nonlinear wave Eqs (1.1) and (1.2) or the abstract ODE system (2.1) can be converted
into the semi-discrete system

{u (1) = g(u(), r€ln,T], (3.7)

u(to) = ¢o, W(ty) = ¢1,
where u(r) € V), and g(u(z)) = —Au(t) + f(u(z)) with

F@) =(foo®)s -, flttar,100), f (1010 - F(trty1.10) -+, F(tto p1y1 (D) f(uMl—l,Mz—l(t)))T~

Taking the discrete inner product on both sides of the semi-discrete system (3.7) with u’(¢), we have
(0’0, 0 (®) + (Au@), ' (®) - (f(@).w' () =0,

which means

d% (%<U’(t), w'(0) + %(Au(r), u() + (F(u()), 1)) 0.

Therefore, we can conclude that the semi-discrete system (3.7) is energy-conserving.

Theorem 3.1. Suppose that u(t) € Vy, is the solution of the semi-discrete system (3.7). Then, the
semi-discrete system (3.7) can conserve the discrete energy

Hu®),w'(0)] := Hi[w'(0)] + Hz[u(®)], (3.8)
where the discrete kinetic energy H [0 ()] and discrete potential energy H>[u(t)] are given by

H][u’(t)]:%<u’(t),u’(t)> and Hg[u(t)]:%(Au(t),u(t)>+<F(u(t)),1>. (3.9)
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Proof. The proof process is straightforward along the above analysis. Therefore, we omit the details.
O

Remark 3.1. Actually, the energies (3.8) and (3.9) the discrete versions of the energies (2.3) and (2.4)
of the the two-dimensional nonlinear wave Eqs (1.1) and (1.2) or the abstract system (2.1). Therefore,
we will explore the fully discrete scheme which can exactly preserve the discrete energies (3.8) and (3.9)
in this work.

3.2. Energy-preserving fully discrete scheme

The main strategy of the construction of the energy-preserving fully discrete scheme is to
approximate the differential operator A in the continuous-stage RKN time-stepping scheme (2.8) by
the spectral differential matrix A. Therefore, the following theorem will show that the fully discrete
scheme could preserve the discrete energy (3.8) and (3.9) exactly.

Theorem 3.2. By following the continuous stage RKN Fourier pseudo-spectral scheme

1
U" = u" + TAV" + AP f P35 (1, 0)g(Uy)do,
0

1
ut! = w4+ AV + AP f (1 - 1)g(U)dr, (3.10)
0

1
vt = v+ At f g(Uhdr,
0

with g(u) = —Au + f(u) and At the time step size, the discrete energies (3.8) and (3.9) are conserved,
ie.,
H[u™',v**'] = H[u", v"]. (3.11)

Proof. We calculate the separable energy
H[u™!', v**'] = H [v"*'] + Hy[u"]. (3.12)

Inserting v"*! into H,[v"**'] and keeping that A is a symmetric matrix in mind gives

Hi[v*'] = %<V"+1,V””> - %(V + At f 1 g(Uhdr, v" + At f 1 g(Uﬁ)dT>
0 0
1 2 1 1
= %<V",V”>+At<vn, fo g(Uﬁ)dT>+A71< fo g(UMdr, fo g(Uﬁ)dT> (3.13)

2

1 1 1
= H[v']+ ALV, f g(Uz)dr>+A7t< f g(UMdr, f g(Un)dr).
0 0 0

On the other hand, we have

! ! du”
Holu'™] - Hylu'] = f dH, U] = - f (eur), S5 ar
‘ 0 dr (3.14)
! , [ OPs (T, 0)
=- f (g(U). Atv" + At f ——g(Us)dor)dr.
0 0 or
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It follows from inserting

0P5 (7, 1
M = — =30 +37+30% - 37° — 60°1 + 607°
or 2
into (3.14) that
1 Atz 1 1
Hy[w™'] - Hy[u"] = —Af( f g(Un)dr, v') — —( f g(UM)dr, f g(Uz)dor). (3.15)
0 2 0 0

Combining the results of (3.12), (3.13), and (3.15), we have the desired result. O

Remark 3.2. Similar as the proof process of Theorem 2.2, it can be verified that the continuous stage
RKN Fourier pseudo-spectral scheme (3.10) is time reversible. Moreover, we have noticed that the
authors in [40] considered the integrating factor technique and the 4th-order (2-stage) Gauss-Legendre
Runge-Kutta scheme to propose a symplectic time integration method for three-dimensional nonlinear
water waves. This method can sufficiently use the oscillation generated by the spatial discretisation.
Moreover, we have observed that the authors in [40] employed the integrating factor technique
and the fourth-order (two-stage) Gauss-Legendre Runge-Kutta scheme to develop a symplectic time
integration method for three-dimensional nonlinear water waves. This approach efficiently utilizes the
oscillations resulting from spatial discretization, and typically yields accurate results at a reasonable
computational cost. Perhaps, the combination of our proposed energy-preserving time integrator with
the integrating factor technique could lead to a more efficient energy-preserving scheme. This will be
considered in our future research.

Remark 3.3. In practice, the integrals in the fully discrete scheme usually cannot be easily calculated.

Therefore, the s-point Gauss-Legendre formula (b;, c¢;);_, will be used to evaluate the integrals

Unl_ =u"+ C,'Aan + Atz Z bjP3’2(C,', Cj)g(UZj), 1= 1, 2, e S,

C
Jj=1

ut = ut + AV + AP Z bi(1 —c)g(Uy), (3.16)

i=1

V=V ALY big(UL).
i=1

Since the s-point GL quadrature formula is symmetric, the formula (3.16) is also symmetric.

To date, we have developed an energy-preserving fully discrete scheme for solving the two-
dimensional nonlinear wave Eqs (1.1) and (1.2). This was achieved by initially semidiscretizing the
temporal derivatives using a continuous-stage RKN method, followed by applying the Fourier spectral
differential matrix A to approximate the spatial differential operator A. It has been observed that the
Fourier pseudo-spectral method for approximating spatial derivatives can achieve spectral precision of
order O(M™") provided that the spatial regularity conditions are adequately satisfied.

Assume that u(f) and v(f) represent the exact solution and its derivative of the abstract ODE’s
system (2.1), while u(¢) and v(r) denote the exact solution and its derivative of the semi-discrete
system (3.7). Additionally, u" and v" signify the numerical solutions obtained from the continuous
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stage RKN Fourier pseudo-spectral scheme (3.10). It follows from inserting the exact solution u(z) of
the semi-discrete system (3.7) into the continuous stage RKN Fourier pseudo-spectral scheme (3.10)
that

1
u(t, + A = u(t,) + TArv(t,) + AP f P;(t,0)g(u(t, + cAt))do + R (1),
0

1
u(t,1) = u(t,) + Arv(t,) + Atzf (1 = 7)g(u(z, + TAr))dr, (3.17)
0

1
V(t,e1) = V(8,) + At f g(u(t, + TAt))dr,
0

where R"(1) € V), is the temporal local truncation error. Similar to the analysis of Theorem 2.3, we
obtain the estimation for the residual R"(7) in the following theorem.

Theorem 3.3. Suppose that the semi-discrete system (3.7) is well-posed and satisfies u(t) € C*([ty, T1)
and the nonlinear function f' € L*([ty, T]). Then, the local truncation error R"(t) could be estimated
as

IR'@l <CAf,  0s7t<I, (3.18)
where C is a constant and independent of At.

Proof. The details of the proof are similar to the process of Theorem 2.3, so we omit the details. O

Letting
e =ut,)-u", n"=vt,)-v", e =ul,)-u", n"=vt,)-v', El =u(l,+7A)-U;, (3.19)
and subtracting (3.10) from (3.17), we obtain

1
E' = €' + A" + AP f Ps (7, 0)(g(u(t, + oAr) - g(UL)))dor + R'(7),
0

1
e = e+ A" + AP f a- T)(g(u(l‘n + TAD) — g(Uz))dT, (3.20)
0

1
Nt = 0" + At f (8(u(t, + TAD) — g(UD))dr.
0

We suppose the two-dimensional nonlinear wave Eqs (1.1) and (1.2) are well-posed. Subsequently, we
present the error estimation for the fully discrete scheme (3.10) as detailed in the following theorem.

Theorem 3.4. If the exact solution u(x,y, t) of the two-dimensional nonlinear wave Egs (1.1) and (1.2)
satisfies u(x,y,t) € C*([ty, T1,B), and the nonlinear function f(-) satisfies f' € L ([ty, T], B), then
under the limitation of 0 < At < hy with a sufficiently small hy such that ho||A|| < 1, we obtain the error
bounds

le"l| + Adllg"ll < M~ + Af. (3.21)

Here, we should point out that A < B means there is a constant C such thatA < CB, and M = M, = M,
is the spatial grid scale. Moreover, the constant C depends on T, but is independent of M, ||A||, and At.
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Proof. The concept of the temporal-spatial error splitting method suggests that

lle"ll + Adi"ll < Nu(z,) — w(@)Il + Adllv(z,) = V(@I + lla(z,) — u'll + Adllv(z,) — V']

) — Ui n (3.22)
< OM™) +le"]| + Atn"|l.

Therefore, to obtain the accuracy of the fully discrete scheme, it is essential to concentrate on the
analysis of temporal accuracy. Taking norms on both sides of (3.20) leads to

1
IEZIl < lle®Il + Alln"|| + AtZIIAllf IE; ldo + O(ArY),
0

1
e < lle”ll + Adin"|| + AtzllAllf (1 - DIE7]ld, (3.23)
0

1
||n"+1||S|I?7"II+AtllA||f IEZlld.
0

Then, under the restriction of the time step size At < h with sufficiently small A satisfying hol|Al| < 1,
the first inequality of (3.23) results in

1
f [Eflldr < [le”]l + Adin"[| + O(Ar*). (3.24)
0
Summing up the last two inequalities of (3.23), we have
1
lle™ !+ Adin™ || < lle”]| + 2At|n"|| + AtlllAllf |IEZ|d. (3.25)
0
Moreover, the third inequality of (3.23) results in
n—1 1
Il Al Y [ IESar (3.26)
k=0 V0
Combining (3.25) and (3.26), we obtain
noopl
lle™ '+ Adln™ Il s lle”]l + Adin"|| + AtzllAIIZf |[EX]|dz. (3.27)
k=0 V0

The mathematical induction will be an efficient approach to prove the result of the theorem.
Step I. Letting n = 0 in (3.24) and noticing €° = 0,77° = 0, we have

1
| e = ocart
0

Furthermore, noticing the limitation of the time step size again, the inequality (3.25) leads to
1
lle'll + Adin'll < AtzllAllf [EJlld = O(Ar).
0
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Step II. Now, we assume that the estimation (3.21) is valid for 1 <n < m — 1. That is,
lle"ll + Atlln"|| = O(ArY), n=12,....m-1.

Then, by mathematical induction, we only need to verify that the estimation (3.21) is still valid for
n = m. Setting n = m — 1 in (3.27) and using the above assumptions leads to

m—1 1
le” )l + Adlin™|l < 1le" "Il + Adin™ |l + ALl Y f IEf Idr
k=0 V0

m—1

= O(AF) + AP A Z O(AFY) < AF.
k=0

Therefore, the proof of (3.21) is completed. O

Remark 3.4. The conclusion of Theorem 3.4 indicates that the continuous-stage RKN Fourier pseudo-
spectral scheme has at least fourth-order accuracy in the temporal domain. Owing to the temporal
reversibility of the scheme (3.10), the forthcoming numerical experiments demonstrate that the
proposed energy-preserving continuous-stage RKN Fourier pseudo-spectral scheme (3.10) can achieve
sixth-order convergence in time.

Remark 3.5. In general, the preservation of energy typically ensures the stability of the fully discrete
scheme. The analysis process of Theorem 3.2 demonstrates that the proposed energy-preserving
scheme (3.10) is unconditionally stable. However, according to the result presented in Theorem 3.4,
it can be concluded that the continuous stage RKN Fourier pseudo-spectral scheme (3.10) exhibits
convergence under the condition 0 < At < hy with hyl|lA|| < 1. In fact, the constraint hyl|Al| < 1
corresponds to the CFL condition, as the differential matrix is intrinsically linked to the spatial
discretization scale.

4. Numerical experiments

We observe that the weight function P;;(7,0) of the the continuous stage RKN Fourier pseudo-
spectral scheme defined in Definition 2.1 is a cubic binary polynomial. Hereafter, the continuous stage
RKN Fourier pseudo-spectral scheme will be denoted as EP3-FP. In this section, we will calculate the
two-dimensional Klein-Gordon equation and the two-dimensional sine-Gordon equation to verify the
precision, the efficiency, and the energy preservation of the derived EP3-FP scheme. Additionally, the
following energy-preserving time integrators are chosen for comparison:

e AVF: the energy-preserving second-order averaged vector field method (see, e.g., [15,16]);
e HEP3: the symmetric sixth-order energy-preserving integrator constructed by Hairer in [15];
e SRKN3: the continuous-stage symplectic RKN method of order six (see, e.g., [34-36]).

The fully discrete scheme is obtained after discretizing the spatial derivatives with the Fourier pseudo-
spectral method. We compute the temporal convergence rate by the following formula:

GE(h)

Rate = 10g2 m

with GE(h) = [|U(T; h) — u(T; h)||, 4.1)
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where the global error GE(h) is the difference of the exact solution U(T'; h) with the numerical solution
u(T; h) at time T with step h. Moreover, it is known that the exact solution of the two-dimensional
sine-Gordon equation could not be explicitly represented. Therefore, we will use the posterior error
(see, e.g., [9,20]) to calculate the convergence rate, i.e.,

PE(h)

Rate = log, PE(1/2)

with PE(h) = |lu(T; h) — u(T; h/2)||. 4.2)
Furthermore, it is important to emphasize that the energy-preserving continuous-stage RKN time-
stepping method introduced in this work, as well as the numerical methods selected for comparison,
are closely associated with nonlinear integrals. To approximate these nonlinear integrals, the four-point
Gauss-Legendre quadrature formula will be employed in numerical simulation.

Problem 1. Consider the two-dimensional nonlinear periodic Klein-Gordon equation (see, e.g., [18])

2 2 2
Ou_ 201 T v bl = fryt), (ny) € (=2.2) X (<2.2). 1€ (0,100].
or? ox?  0y?
- 4.3)
iy, 0) = cos(atr+ ), D < in(ae), () € 2,20 x -2,

with the right-hand function f(x,y,t) = cos (n(x + y — £)) + cos® (m(x + y — 1)). The exact solution is
given by
u(x,y,t) = cos (n(x +y—1)).

We choose the parameters as ¢ = 1,6 = 1, and = % In Table 1, we list the errors and the
corresponding convergence rates of the proposed EP3-FP scheme by varying the spatial and temporal
step sizes. In Figure 1, we set the spatial grid scales as M = M, = M, = 64, and the logarithms of
the global errors log,,(GE) against different time steps and the CPU times are plotted in Figure 1(a)
and Figure 1(b), respectively. The logarithms of the energy errors of the EP3-FP scheme are plotted
in Figure 1(b), which show that the proposed scheme is energy-preserving. The numerical results
in Table 1 and Figure 1(a) illustrate that the proposed EP3-FP scheme achieves sixth-order temporal
accuracy. Figure 1(c) shows that the EP3 time-stepping scheme has better computational efficiency

than the chosen numerical methods.

Table 1. The global errors and temporal convergence rates of the “EP3-FP” scheme for
solving Problem 1.

Error At =0.08 At = 0.04 At =0.02 At =0.01
M=8 47423E-08 7.4247E-10 1.1636E—-11 2.0639E — 13
Rate - 5.9971 5.9957 5.8170

M =16 5.5603E-08 87012E—-10 1.3624E—-11 2.4547E - 13
Rate - 5.9978 5.9970 5.7944

M =32 59563E-08 93049E-10 1.4581E-11 2.4236E - 13
Rate - 6.0003 5.9958 5.9108

M =64 59670E -08 9.3484E—-10 1.4611E-11 2.4836E - 13
Rate - 5.9962 5.9996 5.8785

AIMS Mathematics

Volume 10, Issue 3, 6764-6787.



6781

% =
S
I
w =
o
S’ . z
=] 1
— S —
o ~. e
K=} SK-AVF ~ T
S5EP3 ~e S.15
-+ HEP3 o
3 SRKN3 9o
1.5 2 25 -16

: ) : 0O 20 40 60 80 100
IoglO(A t) IoglO(CPU Time) t

(a) (b) (©

Figure 1. Results for Problem 1 with M, = M, = 64. (a) the log-log plot of the global error
against different steps 4. (b) the log-log plot of the global error against CPU time. (c¢) the log
plot of the relative energy error against integrate time with H(0) = 123.9352528130722.

Problem 2. Consider the two-dimensional sine-Gordon equations (see, e.g., [23,26,27])

& Pu &
a—t’; — i (6—”2‘ + a_bzt) +sin(u(x,y,0) =0, (xy)e[-L1]1x[-1,1], e(0,100],  (4.4)
2 Ay

with the dimensionless parameter k = 1/20, and the initial conditions

Ou(x,y,0)

0.
ot

u(x,y,0) = 4 arctan ( exp(3 - \/szyz Kz))’

Suppose that the two-dimensional sine-Gordon Eq (4.4) is equipped with periodic boundary conditions.
Some snapshots of the numerical solution by the EP3-FP scheme are shown in Figure 2. These results
demonstrate that the proposed EP3-EP scheme can efficiently simulate the two-dimensional sine-
Gordon Eq (4.4) in a relatively long time domain. Moreover, it can be clearly observed from Figure 2
that the ring soliton shrinks during the initial stage, and oscillations and radiations have emerged by
t = 34.2. Furthermore, the graphs also illustrate that the pulse simulated by the 2D sine-Gordon
equation exhibits periodic oscillation. These phenomena are indeed valid, as other numerical methods
have been employed to simulate this problem and exhibit similar phenomena. Here, we do not display
the graphs obtained by other numerical methods. The numerical data listed in Table 2 demonstrates
the convergence rate of the proposed EP3-FP scheme by varying the spatial and temporal step sizes. In
Figure 3, after discretizing the spatial derivatives by the Fourier pseudo-spectral method with the fixed
spatial mesh grid scales M = M, = M, = 64, the problem is calculated by a different time-stepping
scheme. These phenomena further validate the accuracy, efficiency, and long-term energy conservation
of the EP3-FP scheme.
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Figure 2. Snapshots of the numerical solution of the proposed EP3-FP scheme for solving
Problem 2 at different times with the spatial mesh grid scales M = M, = M, = 256 and time
step size At = 0.01.

Table 2. The posterior errors and temporal convergence rates of the “EP3-FP” scheme for
solving Problem 2.

Error At=04 At=0.2 At =0.1 At = 0.05
M=8 5.0772E-06 8.1347E-08 1.2794E-09 1.9459E - 11
Rate - 5.9638 5.9906 6.0388

M =16 3.4833E-05 5.6543E—-07 8.9029E-09 1.4501E - 10
Rate - 5.9449 5.9889 5.9401

M =32 3.0811E-04 5.3090E-06 8.5278E-08 1.3415E - 09
Rate - 5.8588 5.9601 5.9902

M =64 18629E—-03 2.9562E-05 4.7003E -07 7.3794E —09
Rate - 5.9777 5.9748 5.9931
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Figure 3. Results for Problem 2 with M, = M, = 64. (a) the log-log plot of
the posterior error against different steps 4. (b) the log-log plot of the posterior error

against CPU time. (c) the log plot of the relative energy error against integrate time with
H(0)=0.377193865036316.

5. Conclusions

In this paper, based on the blend of the energy-preserving continuous-stage RKN time integrator
with the Fourier pseudo-spectral spatial discretization, we presented a novel energy-preserving and
symmetric fully discrete scheme for solving the two-dimensional nonlinear wave equations. The
discrete energy of the two-dimensional nonlinear wave Eqs (1.1) and (1.2) is well conserved by
the proposed scheme. Meanwhile, another significant discovery is that the derived EP3-FP scheme
can achieve sixth-order temporal accuracy under the low regularity assumption u € C?*([ty, T], B).
Numerical experiments are presented to illustrate the accuracy, efficiency, and long-term energy
conservation of the derived EP3-FP scheme.

In light of a similar process, the derived EP3-FP scheme could be generalized to investigate other
Hamiltonian PDEs, including the fractional nonlinear Hamiltonian wave equation, the Klein-Gordon
equation with weak nonlinearity, the Klein-Gordon equation in the nonrelativistic limit regime, and the
Klein-Gordon-Zakharov system.
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