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Abstract: In this article, the Cauchy problem for a 3D elliptic equation is considered in a
cylindrical domain. To regularize the problem, we propose a regularization method named “identical
approximation regularization”, which does not require complicated calculations. Two identical
approximate regularization solutions are compared in the numerical section. The experimental results
show that the Dirichlet reconstruction solution is more effective than the others.
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1. Introduction

The Cauchy problem for elliptic equations(CPEE) is one of the emblematic classical inverse
problems [1]. As widely known, elliptic equations have been successfully applied in various fields,
such as geophysics, wave propagation, vibration, nondestructive testing, etc. [2].

Our research aim is to obtain a stable regularization solution for an inverse 3D elliptic equation
problem with variable coefficients.

bi(X)uxy + bo(Xuy + b3()u + uyy, +u,, =0, (x,y,2) € Q,
u(0,y,2) = ¢(y,2), (v,2) € R?, (1.1)
u(0,y,2) =0, (v,2) € R?,

where u = u(x, y, z), the domain Q = (0, d) x R?, variable coefficients b;(x), b,(x) and bs(x) satisfies
bi(x) € C*[0,d], bi(x) € C'[0,d],i =2,3;

O0< M, < bl(x) < M,, b3(X) <0, xe|0, d]


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2025308

6733

The exact data ¢(y, z) and its measurement data ¢°(y, z) satisfy

llp — 905||HS(R2) <é. (1.2)
Here 6 > 0 is the noise data, || - ||y«r2) Tepresents the norms on Sobolev space H*R?), i.e.
1 lersz2) += € f @ OP U+ y? + ) dyd)'”. (1.3)
R

Here f € L*(R?), f is the Fourier transform for f. The definitions of Fourier transform and inverse
Fourier transform can be found in Ref. [1].

If b1 (x) = 1 and b;(x) = O fori = 2, 3, then problem (1.1) reduces to the 3D Laplace equation, which
arises in many physical, engineering fields, for instance, cardiology, geophysics, and so forth [1]. If
bi(x) = 1, by(x) = 0 and b3(x) = —k?, problem (1.1) simplifies to a 3D modified Cauchy Helmholtz
problem, which is also an interesting problem from a physical and mathematical perspective.

There have been some research results on the CPEE. Ref. [3] used a non-local boundary value
method to handle the ill-posedness of CPEE; proposing a posteriori and a priori parameter selection
rules methods optimal regularization solution. Ref. [4] proposed the Landweber iteration and steepest
descent methods to manage the CPEE. Ref. [5, 6] used the mollification method to solve inverse
elliptic problems. The authors in Ref. [7] made a change of variables and removed the non-linearity
from the leading term of the equation by studying a non-linear operator elliptic equation, obtaining a
convergent iterative procedure. Ref. [8] focused on inverse problems of semilinear elliptic equations
with fractional power- type nonlinearities; their arguments are based on the higher-order linearization
method. Ref. [9] used the generalized Tikhonov-type regularization method to work out the
ill-posedness of a semi-linear elliptic equation. Ref. [10] developed the gradient descent-type
methods to handle convex optimization problems in Hilbert space, and applied them in CPEE.
Ref. [11] established a variational quasi-reversibility method to solve a prototypical CPEE. In
Ref. [12], the inverse source problems of 2D and 3D elliptic-type nonlinear partial differential
equations are considered. The authors solved a system of linear algebraic equations that satisfied an
over-specified Neumann boundary condition to obtain the unspecified coefficients.

Ref. [13] employed the Fredholm Alternative to address an inverse problem of identifying an
unknown source function on the right - hand side of an elliptic equation. Ref. [14] derived the
Lipschitz stability of the inverse problem for an admissible class of unknown boundary functions.
Their analysis was applicable not only to an interior problem but also provided an extension to the
parabolic case. Ref. [15] studied a quasilinear Dirichlet problem dictated by a p-Laplacian-type
operator, which was distinguished by an unbounded coefficient. They successfully demonstrated the
existence of a bounded weak solution. Nevertheless, articles [13—15] failed to conduct numerical
experiments to validate the effectiveness of the proposed method. In Ref. [16], a localized meshless
collocation method was put forward to tackle the inverse Cauchy problem related to the fractional heat
conduction model within the context of functionally graded materials (FGMs), and in the results and
discussions section, three numerical experiments were carried out to demonstrate the efficiency and
accuracy of the proposed approach. Similarly, article [17] addresses inverse Cauchy problems in heat
conduction for 3D functionally graded materials (FGMs) with heat sources using a semi-analytical
boundary collocation solver. The boundary particle method and regularization technique were
combined and employed to deal with the ill-posed inverse Cauchy problems. The regularization
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technique was used to eliminate the effect of the noisy measurement data on the accessible boundary
surface of 3D FGMs. However, there is relatively scarce literature available regarding the inverse
problems of elliptic equations with variable coefficients in strip - shaped domains.

In article [18], we used the identical approximation regularization method to handle the Cauchy
problem of the 2D heat conduction equation; the results showed that the identical approximation
regularization method is highly efficiency. In this paper, we extend the identical approximation
regularization method to consider the problem (1.1), establishing stability error estimates under an a
priori regularization parameter selection principle. We leave the a posteriori selection principle to
further research.

The rest of the current article is split into five parts. In Part 2, the ill-posedness of problem (1)
is analyzed, and identical approximate operators are introduced. Part 3 focuses on stability estimates
of identical approximation operators. Two numerical implementations demonstrate the validity of the
method in Part 4. A brief summary is provided in Part 5.

2. Ill-posedness of the problem and identical approximation operator

LetL=5b l(x)% + bz(x)(;—’x + b3(x). Applying Fourier transform to problem (1.1) for variable (y, z),
we have

La(x, ¢, 0) = W + Oy, ), 0<x<d, (f,{) € R
0(0,4,0) = ¢, 0. W, ) e R?, 2.1)
i.(0,9,0) = 0, W, {) € R?.

The solution for problem (2.1) is

w(x, ¥, 8) = v, ¥, oW, ). (2.2)
The solution v(x, ¥, {) is obtained by solving the following equation.
LGy, ) = (0° + 00,0, 0<x<d, @.0) R,

p(0,4,0) =1, W, ) € R, (2.3)
2:(0,¢,0) =0, (W, 0) € R%.

The following Lemma will be used in this paper. The proofs of these results can be found in [19].
Lemma 2.1. lemma There exists a unique solution v(x, ¥, {) of (2.3) such that
(1) ve W>>0,d), ¥ (,0) € R%;

(2) v(d, ¥, ) #0, ¥ (¥,0) e R?;
(3) There exists constants ¢; > 0 (i = 1, 2, 3, 4) satisfying

v(x, , O)| < e V0D |u(d, g, )| = e VW H0@,

Moreover, if w = \W? + {? > wy = 0, then

e, 9, Ol < €307, (6,1, )] 2 €ae®,

where G(x) = [ 7=, Vx € [0,d]. If x = d, then i(d, ¥, {) = v(d, ), )W, {).
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It is not difficult to verify that problem (1.1) is severely ill-posed using conclusion (3) of Lemma 2.1.
To address it, we employ an identical approximation regularization technique.

In this paper, we exclusively consider the following three operators (referred to as identical
approximate operators) (see [20,21]):

e The Gaussian operator G,(x) = m \}71)” FHI e—(%)Z’ which has
/2 A & _”252
@ry'2Gu&) = | | 2.4)
j=1
e The Dirichlet operator D,(x) = ﬂ—l,, - M satisfies
j=1
. 1, 27, =1{& & <1/u},
2D, (&) = p =& g1 < 1/ 2.5)
0, I¢l=1/p.

n o oS .
e The de la Vallée Poussin operator V,(x) = (%)” I1 w, and it’s Fourier transform fulfills

j=1 J

@m0, = [1 AE)), where,
j=1

1, &l < 1/,
A& = 2—-pé;, 1/u<lIgl <2/p, (2.6)
0, 1€l > 2/p.
Here, regularization parameter u > 0, variable x = (xy, x5, - , X;,).

Modifying the measurement data ¢° to equation (1.1) by identical approximate operator T, we
obtain the modified equation as follows:

Lu*’ + u*)‘,f +u =0, (x,y,2)€Q,
w(0,y,2) = (T, * ¢ ), 2), (,2) €R?, (2.7)
u0,y,2) =0, (y,z)€R%

The solution of problem (2.7) is

" (x, 01, §) = v 4, DT @)W, ).
Here T}, * ¢ is the 2D convolution defined by [21],

(T, * "), 2) = f f L0430 — Y- 2)dydd,
R
It is well known that [15],

(Ty * @)W, ) = 27T, OP° W, 0). (2.8)

The authors of Ref. [5] applied the Gaussian operator to work out the problem (1.1). In this paper,
we will utilize the Dirichlet identical approximation operator and de la Vallée Poussin identical
approximation operator to handle problem (1.1), the error estimates and convergence rate for the
approximate solutions to exact solutions are obtained. In the numerical experiment part, we compare
the three identical approximation solutions, and find that the Dirichlet identical approximation
solution is superior to the others.
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3. A priori parameter choice and convergence estimate

3.1. Dirichlet identical approximation
For the case in (2.8), taking 7, as 2D Dirichlet operator

sin(y/p) sin(z/p)
n2yz ’

Dy(y,2) = (u>0)

we get the regularization solution of problem (1.1),

04 (x, 4, ) = v(x, W, O)(Dy * )W, &) = 270v(x, o0, D, O, O). (3.1

We establish the error estimate and approximation effect between the Dirichlet regularized solution
and exact solution at 0 < x < d.
Theorem 3.1. Let ¢(y, z) satisfy (1.2). Suppose that problem (1.1) has the exact solution u(x, y, z) and
the Dirichlet regularization solution u(x,y, 7).

(i) For any x € (0,d), if we choose u = lj(jj;% with a priori bound |lu(d, -, )l|lgs@2) < M,. Then the
following estimate holds ‘

it = 1] sz, < CME? '@ (3.2)

(ii) For x = d, if we select u = 7% (r > s > 0) with a priori bound lu(d, -, g2y < M, (r > s > 0).
We obtain 2G(d) -
N

d,-) = u(d, -, M < 8M(———=)"+c16" T M, . 3.3

lu(d, -, ) = u**(d, -, Mgs@2) (ln(M,/é)) ci (3.3)

Proof. (i) We have the following equality

9
= 9 ey = f f 0= 240P(1 + g2 + ) dydl
k=1 Ex

8
> [ [ upas st eyavder [ [ - wopae s 2yava
k=1 Ex Ey

8
> f PCx g, i, w, OF(L+ 42 + &) dyd+
k=1 Ex

f f VGt D@ — PP+ 02 + 22 dyde.
Ey
For convenience, let @ = 1/u, for each E; (1 <k <9),
E; = (=00, —@) X (=00, —), E; = (—a, @) X (-0, —), E3 = (@, +0) X (—00, —a),

E; = (@, +0) X (—a, @), Es = (a, +) X (@, +0), Eg = (—a, @) X (@, +0),
E; = (—00,—) X (a, +0), Eg = (—00, —@) X (-, @), Eg = (—a, @) X (—a, ).

Let
v(x, ¥, {)

P 0= v.0

Wl € R).
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By calculations, we obtain that

8
”I/l - uﬂﬁ”ip(RZ) < Z(Sgp |P(X, W, §)|)2||l/’2(da K )”?.13(1@2) + 62(8313 |V(X, lﬁ, éll)2
k=1 k 9

/ 8 8
Using inequality 4[>, ax < Y. +ax, (ax > 0) and the properties for v(x, ¥, {), we have
k=1 k=1

8

[l = | 2y = Z sup [P(x, yr, Olllid, -, Il + 5SEP v(x, 4, O
9

=1 Ek
< 8M,EL e C@O-GENIu 5 VINGE)
< '
If we choose u = lnz(cﬁ;l(‘%), and substitute it into the above inequality, we deduce that

06 Cl y Gy 18 G 1-gw
e — u°| s 2y < SC_MS 0 @ +c MW @, (3.4)
2

Letc = 8”1 + ¢y, we thereby conclude the error estimate (3.2).
(ii) The followmg assertion is the straightforward results of (i) by taking x = d,
llu(d, -, ) = u*°(d, -, "Il

HS(RZ)

= Z f lid, . O) = #°(d, g, OP (1 + 42 + &) dydd
= Ey
k81
=) f jid, . OP (L + 42 + ) dyrdd +
k=1 Ex
f id, . &) = @°(d, g, OF (L +¢* + ) dyde.
Ey
Denote Q(x, ¥, ) = W (¥, £ € R), there is

8
llu(d, -, ) = u*(d, - M) < Z Sup 10Cx, v, Dlllia(d, -, sy + 6 sup v(x, ¥, O)I
=1 Ex o

M
< Lﬂ + clée‘/ic(d)/’“‘, (r>s52>0).
I+ 1/u?)=

2G(d)
In(M,/6)’

If we choose u = then equation (3.3) holds. O

3.2. De la Vallée Poussin identical approximation

Taking T, as a 2D de la Vallée Poussin operator,

2(008(\///1) — cos(2y/u))((cos(z/u) — COS(Zz/u))
7r2y222

Vu (y, Z) =
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The de la Vallée Poussin regularization solution for problem (1.1) is,

00 (x, i, &) = v(x, W, (Vg % OO, &) = 270v(x, o, OV, OF (W, O). (3.5)

Theorem 3.2. Let ¢(y, z) satisfy (1.2). Suppose that problem (1.1) has the exact solution u(x, y, z) and
the De la Vallée Poussin regularization solution u*°(x, y, z).

(i) For any x € (0, d), if we choose u = 1;74(%) with a priori bound |lu(d, -, *)||gsw2) < M, we have

S 6w
llu — 1w s g2y < CMID 6" G, (3.6)

where C = 59Msi—; + 36¢;.
(ii) For x = d, if we select u = mifl(r‘%)
the following estimate is valid,

(r > s > 0) with a priori bound ||u(d, -, )| grgzy < M, (r > s > 0),

8d

lu(d, -, ) = u*°(d, -, Mlps@2y < 59Mr(m

Y+ 36M 2512,

Proof. (i) Using a similar method with Theorem 3.1 to prove this theorem, we obtain

25
=y = ) [ = 0P+ 02 4 e
k=1 Dk

16 25
=Y f AP (1 + 2 + 2y dydl + Y| lie— P+ P+ ) dydl
k=1 ¥ D« k=17 ¥ Dx
16 25
< M2 (suplpw, OD* + ) | 1@ = (T @), OP (L +y? + £ dydy.
k=1 Dx k=17 ¥ Dx
A
In
D13 D12 D!ll D10 D9
1200
ia
— D15 __—Z_a D24 'i;""[a ————— —a— D20 __Ea_ p7 ——> w
|
|
2z
|
|

Figure 1. Foreach D, (i = 1,2,---,25).
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25
Here, R? = | D; (see Fig.1). For simplicity let @ = 1/u, p(,{) = tg’—i’g,
i=1 i
qW,0) = v(x, ¥, ), (. { €R).

25

Do | 1@ = @t Daw, OP( + 2 + £ydydg =

k=17 ¥ Dk

(@ — 2 = )2 = w@)gW, OPA + ¢ + ) dydl +

D7

(@ — 2 = m@)q(, HIF(1 + ¢ + ) dydl +

D3

(@ — 2 = )2 = w@°)g(, OPA + ¢* + ) dydl+

Dy

(@ — 2 = y@))qw, HIF +y? + ) dydl+

Do

(@ - 2=y (2 = @ )gw, HPA +¢* + )’ dydl+

Dy,

(@ — 2 = qw@)q(w, HIF(1 + ¢ + ) dydl +

Dy

(@ = 2 = y)2 = m)@"qW, OP (L + 4 + ) dyrd+

D3

(@ — 2 =y @)q(y, HIF(1 + y* + ) dydl+

Dy

(@ — &)BW, HIF(1 + ¢ + ) dydL.

Dss

Noting that 9 < (2 — yu)(2 — {u) < 16 holds in D7, we get
D17 = (—20’, —Q’) X (—2(][, —a').

It follows that

(| 1@-Q =y -0, OIF (1 +y* + ) dydd)'

D7
=1 -2 -yu)(2 - KN)SAD&)Q(% O+ lﬁz + fz)s/anZ(Dn)
<11gq, O + ¢ + )Pl + 161E° = & + &g, O + ¥ + Il
< 1718q(p, O(L + 02 + 2Pl + 161@° — @)qw, O + ¢ + ) llzo,)
< 17M sup [p(¥, )| + 166 sup lg(y, O)\.

D7 D7

By conducting a series of elaborate calculations, the error estimates on other D, (k = 18,---,24)
can be obtained. Whereupon we have

0
Il — v ”HX(RZ)

16 25
<MY suplp@, Ol + Y (| 1@ = T+ @Naw, QP+ + 'dyd)'".
=1 D, D,

k k=17 ¥ D«
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Combination with the properties of v(x, ¥, {), we deduce that

C1 _ -
it — 0| pysgzzy < SIM— e CD-COK 4 36,52 V20K,
&) Cs

Choosing regularization parameter y = m, the error estimate (3.6) is obtained .
(ii) Using similar methods to the above, we can arrive at the statement of (ii). O

Remark 3.1. If s = 0, it is straightforward to verify that the results of the Theorems 3.1 and 3.2 can be
deduced to the convergence estimate in space L*(R?).

4. Numerical tests

This subsection is devoted to the implementation of our theoretical results in Section 3. The works
are performed by MATLAB 2020(a).

First, we take N = 101, discrete interval [-10, 10] x [-10, 10], M = |lu(1, -, -)|l», data ¢°(y, z) is got
through

¢°(7,2) = ¢ + 6(2Randn(S ize(p)) - 1),
where
20 - 1) 110G -1
N-1 Y7 N-1

1 N N
5=l - ¢'ll> = J o D 2803 — 0P

i=1 j=1

@ = (@01, Z) s Vi = ,(i,j=1,2,3,--- ,N),

Let 2 and u denote the regularization solution and exact solution, respectively, and

Ml = w0l

lJull>

R(u)

signifies the relative error. Let Rp(u), Rp(u) and Rs(u) denote the relative error between the exact
solution and de la Vallée Poussin, Dirichlet, and Gaussian regularization solution, respectively. The
regularization parameter u = 4/ In(M/96).

Taking by(x) = x> + 1, by(x) = x, bsy(x) = 0, the solution of equation (2.3) is
P(x, ¥, &) = cosh(G(x) \y? + £?), the solution of problem (1.1) is

ii(x, ¥, {) = cosh(Vy? + PG ()W, ).

Let ¢(y, z) be the following functions:
Example 4.1. ¢(y, z) = e
Example 4.2.

9—y2—z2, y2+zzs9,
0, yY+22>09.

o(y,z) = {

Table 1 presents the relative L>—errors of the three kinds of reconstructions in Example 4.1 for
noise levels 6 = 0.001. Fig.2 shows the error of Rp(u) to Example 4.1 at x = 0.4 and x = 0.7 with

AIMS Mathematics Volume 10, Issue 3, 6732-6744.
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6 = 1073, Fig.3 displays the Dirichlet regularization solution at x = 0.4, x = 0.7 under conditions
5 =107, E = 200.

Table 1. The error for 6 = 0.001 of Example 4.1.

X x=01 x=05 x=09
Rp(u) 0.2133 5.5791 87.8083
Rp(w) 0.0726 0.1025 0.3104
Rs(m) 0.0779 0.1751 21.4179

(a) The error at x = 0.4 (b) The error at x = 0.7

Figure 2. Example 4.1: The error between the Dirichlet regularization solution and exact
solution (a)atx = 0.4 (b) at x =0.7.

10

(a) The Dirichlet regularization solution at x = 0.4 (b) The Dirichlet regularization solution at x = 0.7

Figure 3. Example 4.2: The Dirichlet approximation solution (a) at x = 0.4 (b) at x = 0.7.

It is evident from Table 1 and Figures 2-3 that the method proposed in this paper exhibits both

AIMS Mathematics Volume 10, Issue 3, 6732-6744.
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stability and efficiency. Notably, the reconstruction accuracy is satisfactory, and the results in Table 1
indicate that the Dirichlet operator achieves a lower relative error compared to other operators.

5. Conclusions

This article presents a regularization method called the identical approximation regularization

method to address the Cauchy problem for a 3D elliptic equation. The Cauchy problem, which
involves reconstructing an unknown function from noisy data on its boundary or derivatives, is known
to be ill-posed and highly sensitive to data perturbations. Two numerical tests are presented. The
numerical results verify the stability of the regularization method, and the accuracy of the procedure
is quite acceptable. Stable approximate errors are obtained under an a priori parameter choice rule.
However, this study only focuses on a priori estimates and a-posteriori estimates are not considered.
We leave the development of an a posteriori parameter selection rule for future research.
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