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1. Introduction and preliminaries

Molodtsov [1] introduced the concept of soft sets in 1999 as an innovative way to deal with uncertain
data while modeling real-world situations in several domains such as data science, engineering,
economics, and health sciences. Numerous researchers have used the theory of soft sets as a
mathematical tool to solve real-world problems (see [2,3]). Shabir and Naz [4] initiated the structure
of soft topology and investigated many related topics. After that, several researchers interested in
abstract structures attempted to extend topological concepts to include soft topological spaces. For
instance, concepts such as soft compactness [5], soft separation axioms [6—10], lower soft separation
axioms [11-15], soft mappings [16,17], and soft metrics [18] were introduced. Furthermore, some
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researchers have investigated the concept of generalized open sets in soft topologies, such as soft semi-
open sets [19], soft somewhat open sets [20], soft Q-sets [21], and lower density soft operators [22].

Mashhour et al. [23] defined supra-topological spaces by removing the condition of finite
intersections in the traditional definition of topologies. Many topological researchers examined
topological notions by using supra-topologies to analyze their properties [24-28]. The authors
of [28] used supra-topologies to generate new rough set models for describing information systems.
Furthermore, the authors of [29] used supra-topologies in digital image processing.

The concept of supra-soft topological spaces, introduced in 2014 [30], generalizes crisp
mathematical structures to include soft ones. It included concepts like continuity [30],
compactness [31], separation axioms [32-36], separability [37,38], and generalized open sets [39-41].
Research in the field of supra-soft topologies remains vibrant and active.

This paper proposes new concepts in supra-soft topology that extend traditional supra-topologies
through a novel classification known as supra-soft w-open sets. Some new separation axioms and the
development of finer structures using supra-soft w-open sets connect existing theories to newer aspects
of the theory of topological structures. Besides developing our knowledge regarding supra-soft spaces,
these results provide fertile ground for future developments of topological methods. In addition, we
observe that supra-soft topological structures have not received the attention they deserve, especially
since the applications of supra-topological spaces are in many domains [28,29]. Therefore, we expect
this paper to offer a new approach to solving practical issues.

For concepts and expressions not described here, we refer the readers to [42,43].

Assume that U is a non-empty set and B is a set of parameters. A soft set over U relative to B is
a function H : B — P(U). SS (U, B) denotes the family of all soft sets over U relative to B. The
null soft set and the absolute soft set are denoted by Oy and 1, respectively. Let H € SS(U, B). 1f
H(a) = M for all a € B, then H is denoted by Cy,. If H(a) = M and H(b) = @ for all b € B — {a},
then H is denoted by ay,. If H (a) = {x} and H (b) = 0 for all b € B — {a}, then H is called a soft point
over U relative to B and denoted by a,. S P (U, B) denotes the family of all soft points over U relative
to B. If H € SS(U, B) and a, € S P(U, B), then a, is said to belong to H (notation: a,€H) if x € H (a).
If{H,:a €A} € SS(U, B), then the soft union and soft intersection of {H, : @ € A} are denoted by
UgeaH, and NyenH,, respectively, and are defined by

(UacaHa) (@) = UneaHo (@) and (PueaHy) (@) = NacaH, (a) for all a € B.

The sequel will utilize the following definitions.

Definition 1.1. [18] A soft set K € SS (U, B) is called countable if K(b) is a countable subset of U for
each b € B. CS S (U, B) denotes the family of all countable soft sets from SS (U, B).

Definition 1.2. [23] Let U # (0 be a set and let N be a family of subsets of U. Then N is a supra-topology
on U if

() {0,U} S N.

(2) N is closed under an arbitrary union.

We say in this case that (U, NX) is a supra-topological space (supra-TS, for short). Members of N
are called supra-open sets in (U, NX), and their complements are called supra-closed sets in (U, N). N¢
denotes the family of all supra-closed sets in (U, N).

Definition 1.3. [23] Let (U, N) be a supra-TS and let V C U. The supra-closure of V in (U, N) is
denoted by Cly (V) and defined by

Clx(WM)y=n{W:WeKandV C W}.
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Definition 1.4. [30] A subcollection ¢ € S S (U, B) is called a supra-soft topology on U relative to B if

(1) {0g, 15} € 4.

(2) ¢ is closed under arbitrary soft union.

We say in this case (U, ¥, B) is a supra-soft topological space (supra-STS, for short). Members of ¥
are called supra-soft open sets in (U, ¥, B), and their soft complements are called supra-soft closed sets
in (U, ¥, B). ¥ will denote the family of all supra-soft closed sets in (U, ¥, B).

Definition 1.5. [30] Let (U, ¢, B) be a Supra-STS and let K € SS (U, B).
(a) The supra-soft closure of K in (U, ¢, B) is denoted by Cl, (K) and defined by

Cl, (K)=0{H : H € y* and KCH}.
(b) The supra-soft interior of K in (U, y, B) is denoted by Int, (K) and defined by
Int, (K)=U{T : T € y and TCK}.

Theorem 1.6. [38] For each supra-STS (U, ¢, B) and each b € B, the collection {H(b) : H € ¢/} defines
a supra-topology on U. This supra-soft topology is denoted by ;.
Definition 1.7. [44] A supra-STS (U, ¢, B) is called a supra-soft compact (resp. supra-soft Lindelof)
if for every M C ¢ with Upe mM = 1p, we find a finite (resp. countable) subcollection M; € M with
GK€M1M = 13.
Definition 1.8. [45] Let (U, N) be a supra-TS and let V C U. Then, V is called a supra-w-open in (U, NX)
if, for each y € V, § € N and a countable subset N C U exist such thaty € § — N C V. The collection
of all supra-w-open sets in (U, N) is denoted by N,,.
Definition 1.9. [46] A supra-STS (U, N) is called supra-Lindelof if, for every M C N with UyemM =
U, we find a countable subcollection M; € M with U mM=U.
Definition 1.10. A supra-STS (U, ¢, B) is called supra-soft countably compact if, for every countable
subcollection M C ¢ with UyepM = 15, we find a finite subcollection M; € M with Ug. mM = 1g.
Definition 1.11. [31] Let (U, y, B) be a supra-STS, 0 # V C U, and ¥y = {GHCV G e w}. Then,
(V, ¥y, B) 1s called a supra-soft topological subspace of (U, ¢, B).
Definition 1.12. A supra-TS (U, N) is said to be

(1) [45] Supra-regular if, whenever V € Xandy € U — V,we find R, W e Nwithy e R,V C W,
and RN'W = 0;

(2) Supra-w-regular if, whenever V € (N,) andy € U — V, we find R € N and W € N, with y € R,
VcW,andRNW =0;

(3) Supra-w-locally indiscrete (supra-w-L-I, for short) if N C (N,,)°.
Definition 1.13. [36] A supra-STS (U, ¢, B) is called supra-soft regular if, whenever L € ¢¢ and
b,elg — L, we find G, H € y with b,€G, LCH, and GNH = 0p.
Definition 1.14. [37] Let (U, ¢, B) and (V, ¢, D) be two supra-STSs. Then the supra-soft topology on
U x V relative to B X D that has ¥ X ¢ as a supra-soft base will be denoted by pr (i X ¢).

2. Generated supra-soft topologies via supra-topologies

Theorem 2.1. Let {(U, ¢;,) : b € B} be a family of supra-TSs, and let

Yy={HeSS(U,B): H®b)cy,forallbe B}.
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Then (U, ¢, B) is a supra-STS.
Proof: Since for every b € B, 05(b) = 0 € ¥, and 15(b) = Y € ¥, therefore {0p, 15} C . Let
{H:HecH}Cy. Thenforall b € Band H € ‘H, H (b) € Y, and Uycq H (b) € .. So, for each b € B,
(UHGHH) (b) = UpegrH (b) € Y. Consequently, UperH € .
Definition 2.2. Let {(U, ¢;,) : b € B} be a family of supra-TSs.

(a) The supra-soft topology {H € S S (U, B) : H(b) € Y, for all b € B} is indicated by ®ycpi;.

(b) If ¥, = N for all b € B, then ®,cpY;, is indicated by u (N).
Theorem 2.3. Let {(U,y,) : b € B} be a family of supra-TSs. Then, for eacha € B, {ay : V € y,} C

QpesYs-
Proof: Leta € B and let Z € ,. We then have

V if b=a,
(“V)(b):{(o if b#a.

Consequently, (ay) (b) € ¥, for all b € B. Hence, ay € ®peptyy.
Theorem 2.4. Let {(U,y;) : b € B} be a family of supra-TSs and let H € SS (U, B) — {Og}. Then,
H € ®yepy, if for each b €H, we find V € , with y € V and byCH.
Proof: Necessity. Let H € ®cpy;, and let byEH . Then, y € H (b) € ¥,. Set V = H (b). Thus, we have
V ey, yeZ and byCH.
Sufficiency. Let H € S S (U, B) — {0} such that for each by’éH ,we find V € 4, withy € V and byCH.
Let b € B. To show that H (b) € y;, lety € H (b). Then b,€H and, by assumption, we find V € i, with
byEbVEH . Moreover, by Theorem 2.3, by € ®,cp¥;,. Hence, H € ®pepiy.
Theorem 2.5. Let {(U, ¢;,) : b € B} be a family of supra-TSs. Then, (®cp¥p), = ¥, forall a € B.
Proof: To demonstrate that (®ycp¥s), S Yp, let V € (Qpepifp),. We then find H € ®pepyp, with H (a) =
V. By the definition of ®pepys, H (a) € Y3, and thus V € ;. To demonstrate that ¢, C (®ep¥p),, let
V €y, then, by Theorem 2.3, ay € ®pepifs, and so ay (a) = V € (Dpeps),-
Corollary 2.6. If (U, N) is a supra-TS and B is any set of parameters, then (u (X)), = N for all b € B.
Proof: For every b € B, set iy, = N. Then, u (N) = ®,cpip, and, by Theorem 2.5, we get the result.
Theorem 2.7. If (U, ¢, B) is a supra-STS, then ¢ C ®,cpifp.
Proof: Let H € . Then, H (b) € y, for all b € B, and thus, H € ®pcpiy.

The equality in Theorem 2.7 is not often true.
Example 2.8. Let U = {1,2,3,4}, B = {s,1}, H = s4Ut34), and ¢ = {0, 15, H}. Then,
U = {0, U, {1,2}}, U = {0, U,{3,4}}, and Qpeplp = {OB, 15, S(1,2)5 13,4 F} Hence, W # Qpepip.
Theorem 2.9. For any supra-STS (U, ¢, B) and any a € B, (®pepip), = ¥p-
Proof: The proof is derived from Theorem 2.5.
Theorem 2.10. Let (U,N) be a supra-TS, B be a set of parameters, and ¢y = {Cy : V € N}. Then,
(U, ¥, B) is a supra-STS.
Proof: Since 0, U € N, then O = Cy € Y and O = Cy € ¢. Let {Cy, :iel} C  where
{Viiel} Cy. Wethen have U, V; € N and so Cy_,v, € . Moreover, it is not difficult to demonstrate
that UieICV,. = Cy,,v;- Consequently, UieICVl. EY.
Definition 2.11. For every supra-TS (U,N) and every collection of parameters B, the supra-soft
topology {Cy : V € N} is indicated by C (N).
Theorem 2.12. For every supra-TS (U, NX), and each collection of parameters B, (C (X)), = N for all
b e B.
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Proof: Obvious.
Theorem 2.13. Let (U, y, B) be a supra-STS with y C {Cy : ZC U}, and let 8 = {VC U : Cy € y}.
Then (U, N) is a supra-TS.
Proof: Since Op = Cp € y,and 13 =Cy € ¢, 0, U e X. Let{V;: i € I} CN. Then {Cy, : i € I} C ¢ and
SO U,-E,CVI. € . Since U,-E,CVI. = Cu,,vi» YierVi € N.
Definition 2.14. Let (U, ¥, B) be a supra-STS with ¢ C {Cy : V C U}. Then the supra-topology
{VCU: Cyey}isindicated by D ().

The following two results follow obviously:
Theorem 2.15. For any supra-STS (U, ¢, B) withy C{Cy : V C U}, ¥, = D () for all b € B.
Theorem 2.16. For every supra-TS (U, N) and every collection of parameters B, D (C (X)) = N.

3. Supra-soft omega open sets

Definition 3.1. Let (U, y, B) be a supra-STS and let H € S S (U, B).

(a) A soft point b, € S P(U, B) is a supra-soft condensation point of H in (U, ¥, B) if, for each K €
with b, €K, KNH ¢ CSS (U, B).

(b) The soft set U {by € SP(U, B) : by is a supra-soft condensation point of H in (U, ¢, B)} , which is
indicated by Cond(H).

(c) H is supra-soft w-closed in (U, ¥, B) if C ond(H)CH.

(d) H is supra-soft w-open in (U, ¥, B) if 15 — H is supra-soft w-closed in (U, ¥, B).

(e) The collection of all supra-soft w-open sets in (U, ¢, B) is indicated by ¢,,.
Theorem 3.2. Let (U, ¥, B) be a supra-STS and let H € SS (U, B). Then, H € v, iff for each b)EH , We
find K €  with byeK, and K — H € CS S (U, B).
Proof: Necessity. Let H € y,, and let byeH. Then, 1 — H is soft w-closed in (U, ¥, B) and bygl B —
H. Since Cond(1; — H)Cly — H, then bngond(IB — H), and thus, we find K € ¢ with byEK and
KN (13— H) € CSS (U, B). Since KN (13 — H) = K — H, we are done.
Sufficiency. We show that HClg — Cond(13 — H). Let b,€H. Then we find K € ¢ with b,€K and
K - H € CSS (U, B). Thus, we have K € ¢, byeéK, and KN(1z— H) = K — H € CSS (U, B). Hence,
byely — Cond(1p — H).
Theorem 3.3. Let (U, ¢, B) be a supra-STS and let H € SS (U, B). Then, H € y,, iff for each byEH , We
find K € y and F € CSS (U, B) with b,eK — FCH.
Proof: Necessity. Let H € ,, and let b,eH. By Theorem 3.2, we find K € y with byeK and K — H €
CSS (U,B). Set F = K — H. We then have F € CS S (U, B) with byEK -F=K-(K-H)=HCH.
Sufficiency. Let by€H. Then, by assumption, we find K € y and F € CSS (U, B) with b,éK — FCH.
Since K — HCF,K — H € CS S (U, B). Consequently, by Theorem 3.2, H € ,,.
Theorem 3.4. For any supra-STS (U, ¢, B), & C .
Proof: Let H € y and let byeH. Set K = H and F = 0p. We then have K € ¢ and F € CS S (U, B) with
byeK — F = KCK = H. Consequently, by Theorem 3.2, H € y,,.
Theorem 3.5. For any supra-STS (U, ¢, B), (U, ¥, B) is a supra-STS.
Proof: Since (U, y, B) is a supra-STS, {03, 13} C . So, by Theorem 3.4, {Op, 13} C ¢,. Let H C ¢,
and let byEGHGﬂH . Choose H, € H with byEHo. Since H, € ¢, by Theorem 3.3, we find K € ¢ and
F € CSS(U, B) with b,€K — FCH.CUpcqH. Again, by Theorem 3.3, Uy H € .

The example that follows demonstrates that equality in general cannot take the place of inclusion in
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Theorem 3.4.

Example 3.6. Let Y = R, B =N, and ¢ = {0, 13, C(_w0)» Co.0)}- Then (U, ¥, B) is a supra-STS and
Co) €Yo — Y.

Theorem 3.7. Let (U, y, B) be a supra-STS. Then, ¢ = ¢, iff (K —F : K e yand F € CSS(U, B)} C ¢.
Proof: Necessity. Let y = . Then, by Theorem 3.3, {K-F:Keyand F € CSS(U,B)} Cy, = .
Sufficiency. Let{K — F : K e y and F € CSS (U, B)} C . By Theorem 3.4, it is enough to demonstrate
that ¢, C ¢. Let H € y,,—{0p} and let byeH. Then, by Theorem 3.3, we find K € ¢ and F € CSS (U, B)
with b, €K — FCH. Since {K - F: K ey and F € CSS(U,B)} C ¢, K — F € . Consequently, H € .
Theorem 3.8. Let (U, ¥, B) be a supra-STS. Then for all b € B, (), = Ww)p-

Proof: Let b € B. To demonstrate that (), € (¥,)», let S € (¥), and let y € S. We then find M € ¢,
and a countable set N C U withy e M — N C §. Since M € ¥, we find G € ¢ with G(b) = M. Since
by € CSS(U,B),G-by € Y, and (G — by) (b) = G(b)—N = M—-N € (Y,)». Consequently, S € (¥,)p.
To demonstrate that (), € V)., let S € (¥,), and let y € §. Choose H € , with H(b) = S. Since
byeH € y,,, by Theorem 3.3, we find K € ¢ and F € CS S (U, B) with byeK — F CH. Consequently, we
have K (b) € ¥, F(b) 1s a countable subset of U, and y € K(b) — F (b) C H(b) = S. Hence, S € ().
Corollary 3.9. Let (U, ¢, B) be a supra-STS. If H € ¢, then for each b € B, H (b) € (Y1),

Proof:Let H € y, and let b € B. Then, H (b) € (,,)», and, by Theorem 3.8, H (b) € (¥p),,-

Theorem 3.10. For any family of supra-TSs {(U, y,) : b € B}, (®pes¥p),, = Qbes Wp),-

Proof: Let H € (®pep¥p),,- To demonstrate that H € ®yep (p),,, We show that H(a) € (¢¥,), for all
a € B. Leta € Band lety € H(a). We then have ayEH € (®pesYs),, and, by Theorem 3.3, we find
K € Quep¥y, and F € CSS (U, B) with ayEK — FCH. Consequently, we have K(a) € ¢, F(a) is a
countable subset of U, and y € K(a) — F (a) € H(a). This implies that H(a) € (¥,),. Conversely,
let H € ®pep (Yp),. To demonstrate that H € (®pep¥sp),,, let ayAéH. Then, y € H(a). Since H €
®pes W), H(a) € (Y,),. Sincey € H(a) € (Y,),, we find M € ¢, and a countable set N C U with
y€ M — N C H(a). Thus, we have ay € Queptyp, ay € CS S (U, B), and ayEaM —ayCH. Consequently,
by Theorem 3.3, H € (®pep¥s),,-

Corollary 3.11. For every supra-TS (U, NX) and every collection of parameters B, (u(N)),, = u (N,,) for
every b € B.

Proof: For each b € B, set ¢, = N. Then u (X) = ®,ep¥;, and, by Theorem 3.10,

(1 (W), (®vess),,

®per WUp),,
u(Ny).

Definition 3.12. A supra-STS (U, ¥, B) is called supra-soft locally countable (supra-soft L-C, for short)
if, for each b, € SP (U, B), we find K € y N CS S (U, B) with b)EK.

Theorem 3.13. If (U, ¢, B) is supra-soft L-C, then ¢, = S S (U, B).

Proof: 1Tt is sufficient to show that SP (U, B) C y,,. Let by € SP (U, B). Since (U, ¥, B) is supra-soft
L-C, then we find K € ¢ N CS S (U, B) with b,eK. Since K € CSS (U, B), then K — b,eCS S (U, B).
Thus, by Theorem 3.3, K — (K - by) =b, €Y.

Corollary 3.14. If (U, ¥, B) is a supra-STS with U being countable, then ¥, = S S (U, B).

Theorem 3.15. Let (U,y, B) be a supra-STS. Then (U, ¢, B) is supra-soft countably compact iff
S P (U, B) is finite.

Proof: Necessity. Let (U, {,, B) be supra-soft countably compact and assume, however, that S P (U, B)
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is infinite. Choose a denumerable subset {a, : n € N} € SP (U, B) with a; # a; when i # j. For each
neN,set H, = 15— Ukz,,ak. We then have U,owH, = 1z and {H, : n € N} C Y. Since (U, ¥, B) is
supra-soft countably compact, we find {H,,, H,,, ..., H,,} € {H, : n € N} with n; < ny < ... < i and
Gie{nlm ,,,,, nHi = Hy,, = 1p, which is a contradiction.
Sufficiency. Suppose that S P (U, B) is finite. Then SS (U, B) is finite. Thus, (U, ¥, B) is supra-soft
compact, and hence (U, ¥, B) is supra-soft countably compact.
Corollary 3.16. Let (U, ¢, B) be a supra-STS. Then (U, ¢, B) is supra-soft compact ift S P (U, B) is
finite.
Lemma 3.17. Let (U, ¢, B) be a supra-STS, and let K be a supra-soft base of (U, y, B). Then, (U, ¢, B)
is supra-soft Lindelof iff for every K; C K with GKE«IK = 1p, we find a countable subcollection
(](2 - 7(1 with GKeerK = 13.
Proof: Necessity. Let (U, y, B) be supra-soft Lindelof. Let K; € K with Gxequ = 1. Then, K| C ¥
with Uges, K = 13, and so, we find a countable subcollection K, € K| with Uxes, K = 15.
Sufficiency. Let H C y with UpeqeH = 15. For each b, € SP (U, B), choose H, € H with b,€H,, .
Since K is a supra-soft base of (U, ¥, B), for each b, € S P (U, B), we find K, € K with byEKh),EHb),.
Let K = {Kb)_ :b,eSP(U, B)}. We then have K| C K with GKeq(lK = 13, and, by assumption, we
find a countable subcollection K, C K; with GKE%K = 1. Choose a countable subsety C S P (U, B)
with %K, = {Kb)_ :by € y}. Let H, = {Hby by € y}. Then, H, is a countable subcollection of H with
UKE%H = 1. Consequently, (U, ¥, B) is supra-soft Lindelof.
Theorem 3.18. Let (U, ¢, B) be a supra-STS with B being countable. Then (U, ¢, B) is supra-soft
Lindelof iff (U, ¢,, B) is supra-soft Lindelof.
Proof: Necessity. Let (U, ¥, B) be supra-soft Lindelof. Set R ={K - F : K ey and F € CSS (U, B)}.
Then, by Theorem 3.3, R is a supra-soft base of (U, ¥, B). We apply Lemma 3.17. Let R; € R
with GRGRIR = lp,say R = {Kj —F;j:where K;eyand F; € CSS(U,B) : j € J}. Since UJ-GJKJ- = 1p
and (U, ¥, B) is supra-soft Lindelof, then there is a countable subset J; € J with Uje 5 Kj = 1p. Set
F = Uje;, F;. Then F € CSS(U, B). For each b,€F, choose jj, € J with byeK;, — F, . Let
Ro=|K;—F;:jenJulk; - F

Jby

jny  DyEF }

Then, R, € Ry, R, is countable, and Ugcg,R = 15.

Sufficiency. Let (U, ¢, B) be supra-soft Lindelof. By Theorem 3.4, s C . Thus, (U, ¢, B) is supra-
soft Lindelof.

Theorem 3.19. Let (U, ¢, B) be a supra-STS and let @ # V C U. Then, (Yv), = Wu)y-

Proof: To show that (yv), € (Y,)y, let S € (Yy), and let byAéS . By Theorem 3.3, we find M € ¢y and
L € CSS(V,B) with beM — LCS. Choose K € ¢ with M = KNCy. Then, K — L € ¢, byeK - L,
and (K —L)NCy = M — LCS. Consequently, S € (,,)y- Conversely, to show that (¥,), S (Wy),,
let S € (Y,)y, and let b,eS. Choose H € ¢, with S = H N Cy. Since byeH € y,,, by Theorem 3.3,
we find K € ¢ and F € CSS (U, B) with byEK — FCH. SetT = KNCy. We then have T € Uy,
FNCy € CSS(V, B), and b,eT — (Fﬁcv) CS. Again, by Theorem 3.3, S € (y),,.

Theorem 3.20. Let {(U,y;) : b € B} be a family of supra-TSs. Then (U, Q,cpiy, B) is supra-soft
Lindelof iff B is countable and (U, ¥;,) is supra-Lindelof for all b € B.

Proof: Necessity. Let (U, Qpepiy, B) be supra-soft Lindelof. Since {by : b € B} C Qpepiy, With
Upesby = 15, we find a countable subset B; C B with Upep by = 15. We must have B, = B, and

AIMS Mathematics Volume 10, Issue 3, 6636-6651.



6643

hence B is countable. Let a € B. To show that (U, i) is supra-Lindelof, let Y C ¢, with UycyY = U.
Let K ={ay: Y e YU {by : b € B-{a}}. Then, K C ®pepi, and UK = 15. Since (U, ®pepis, B)
is supra-soft Lindelof, we find a countable subcollection K; € K with GKemK = 1. Consequently,
we find a countable subcollection Y; C Y with K| = {ay : Y € Y1} U{by : b € B — {a}}. Moreover, we
must have Uycy, Y = U. This shows that (U, ;) is supra-Lindelof.
Sufficiency. Let B be countable, and (U,y;) be supra-Lindelof for all b € B. Let H =
{by : b e Band V € y,}. By Theorem 2.4, H is a supra-soft base of (U, ®,cp¥p, B). We apply Lemma
3.17. Let T C H with UpesT = 1. Foreach b € B,let 7, = {V C U : by € T}. For each b € B, we
have 7}, C ¢, with Uy, Y = U, and, we find a countable subcollection £, € 7}, with Uy, Y = U.
Let 7 ={by:be BandV € L,}. Since B is countable, 77 is countable. Consequently, we have a 7
that is a countable subcollection of 7~ with GTGTIT = 1p. It follows that (U, ®pep¥p, B) is supra-soft
Lindelof.
Definition 3.21. A supra-STS (U, ¢, B) is called supra-soft anti locally countable (supra-soft A-L-C,
for short) if for any G, H € y, either GNH = 0z or GNH ¢ CSS (U, B).
Theorem 3.22. A supra-STS (U, ¢, B) is supra-soft A-L-C iff (U, ¢,,, B) is supra-soft A-L-C.
Proof: Necessity. Let (U,y, B) be supra-soft A-L-C. Assume, however, we have G, H € ¥, with
GNH € CSS (U, B)—{0p}. Choose b,eGNH. By Theorem 3.3, we find M, N € y and F, L € CSS (U, B)
with byeM — FCG and bjéeN — LCH. Consequently, MNNC (GHH)G(F GL). This implies that
MNN € CSS (U, B) — {0g). Consequently, (U, ¥, B) is not supra-soft A-L-C, which is a contradiction.
Sufficiency. Obvious.
Theorem 3.23. Let (U, , B) be supra-soft A-L-C. Then for all H € y,, Cl,(H) = Cl, (H).
Proof: Let (U,y, B) be supra-soft A-L-C and let H € ,. Since, by Theorem 3.4, ¥ C ¥,
Cl%(H)EC l,(H). To demonstrate that Cl¢(H)EC Ly, (H), let bYECl¢(H), and let K € ¢, with byEK . By
Theorem 3.3, we find M € ¢ and F € CS S (U, B) with b,eM — FCK. Since b,eM € y and b,eCl,(H),
MNH # 0g. Choose a,e MNH. Since H € i, by Theorem 3.3, we find N €  and L € CSS (U, B)
with a,eN — LCH. Since a,e MNN and (U, y, B) is supra-soft A-L-C, MNN ¢ CSS (U, B). Thus,
(M - F)N(N - L) # 0p, and hence, KNH # 0. Consequently, b,eCl,, (H).

The following example demonstrates that Theorem 3.23 is no longer true when the assumption of
being “supra-soft A-L-C” is removed.
Example 3.24. Let U = Z, B = {a, b}, and ¢ = {0p, 15, C}. Then, Cy € ¢ C ,,. We have Cl,(Cy) =
1, but Cly (Cn) = Cy # 1p.

In Theorem 3.23, the assumption ”H € ,,”” cannot be eliminated.
Example 3.25. Let N be the usual topology on R. Consider (R, u (X),N). Let H € § S (R, N) be defined
by H(b) = Q — {b} for all b € N. Since H € CSS (R,N), Clyx)) (H) = H. Moreover, Cl,x)(H) = 1.
Theorem 3.26. Let (U, ¥, B) be supra-soft A-L-C. Then for all H € ()", Int,(H) = Int, (H).
Proof: Let (U, ¥, B) be supra-soft A-L-C and let H € (¥,,)°. Then, 13 — H € ¢, and, by Theorem 3.23,
Cl,(13 - H) =Cl, (1 — H). Thus,

Inty(H) = 15— Cl,(15— H)
= 1p-Cly, (15— H)
= Il’lt(pw(H)

Theorem 3.27. Let (U, y, B) be a supra-soft Lindelof space. If V C U with Cy € (¥,)" — {0}, then
(V, ¥y, B) is supra-soft Lindelof.
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Proof: Let (U, ¥, B) be a supra-soft Lindelof space and let V C U with Cy € (¥,,)° —{0p}. By Theorem
3.18, (U, ¢, B) is supra-soft Lindelof. Since Cy € (¢¥,)°, by Theorem 3.6 of [45], (V,(¥,)y ,B) is
supra-soft Lindelof. By Theorem 3.19, (V, (yv),, , B) is supra-soft Lindelof. Again, by Theorem 3.18,
we must have (V, ¥y, B) is supra-soft Lindelof.

4. Supra-soft w-local indiscreetness

Theorem 4.1. If (U, ¢, B) is a supra-STS with ¢ C y¢, then, (U, ¥, B) is a soft topological space.
Proof: Let G,H € . Then, G,H € ¢° and 13 — G,13 — H € . Therefore, 15 — (GHH) =
(1= G)U(l3 - H) € y. Thus, 15— (GNH) € y. Hence, GNH € .
Definition 4.2. A supra-STS (U, ¢, B) is said to be

(a) Supra-soft locally indiscrete (supra-soft L-1, for short) if ¢y C y¢;

(b) Supra-soft w-locally indiscrete (supra-soft w-L-1, for short) if ¥ C (¢¥,,) .
Theorem 4.3. A supra-STS (U, y, B) is supra-soft L-1 iff (U, ¥, B) is supra-soft L-I as a soft topological
space.
Proof: This follows from Theorem 4.1.
Theorem 4.4. Supra-soft L-C supra-STSs are supra-soft w-L-I.
Proof: Let (U, y, B) be a supra-soft L-C. Then, by Theorem 3.13, ¢, = SS (U, B). Thus, ¢ C ¥, =
W) =SS (U, B), and hence (U, y, B) is supra-soft w-L-I.

Theorem 4.4’s implication is not reversible in general.
Example 4.5. Let U = R, B = {a,b}, and ¢ = {0p, 15, Cryyj-1), Cz-n, Cz}. Consider the supra-STS
(U, l,//, B) Since {CNU{—I]a CZ—N’ Cz;} c CSS(U, B), then {CNU{—I}a CZ—N9 Cz} - (’,//w)c. Consequently,
we have ¥ C (¥,,), and hence, (U, ¢, B) is supra-soft w-L-I. Moreover, it is clear that (U, ¢, B) is not
supra-soft L-C.
Theorem 4.6. Every supra-soft L-I supra-STS is supra-soft w-L-I.
Proof: Let (U, y, B) be supra-soft L-I, and thus ¢ C ¢¥¢. Since ¢ C ¥, ¥¢ C (¥,,)°. Consequently,
v € (¥,) . Hence, (U, y, B) is supra-soft w-L-1.

Theorem 4.6’s implication is not reversible in general.
Example 4.7. Let U = Q, B = N, and ¢ = {0p, 15, Cyy-1}, Cz-n, Cz}. Consider the supra-STS
(U,y, B). Then, (U, ¥, B) is supra-soft L-C, and, by Theorem 3.13, ¢, = SS (U, B). Thus, (¥,) =
v, = SS(U, B), and hence (U, ¥, B) is supra-soft w-L-1. Moreover, since Cz_y € ¢ — ¢¢, (U, ¢, B) is
not supra-soft L-1.
Theorem 4.8. If (U, ¢, B) is supra-soft A-L-C, and supra-soft w-L-I, then (U, ¢, B) is supra-soft L-I.
Proof: Let H € y. Since (U, ¥, B) is supra-soft w-L-I, then H € (), and hence, Cl, (H) = H. Since
(U, ¢, B) is supra-soft A-L-C, then, by Theorem 3.23, Cl,(H) = Cl, (H). Thus, Cl,(H) = H, and
hence, H € y¢. Consequently, (U, ¢, B) is supra-soft L-I.

Example 4.7 is an example of a supra-soft L-C supra-STS that is not supra-soft L-I. An example of
a supra-soft L-I supra-STS that is not supra-soft L-C is as follows:
Example 4.9. Let U = [0, 1]U[2,3], B = {a, b}, and ¢ = {0p, 15, Cj01}, C[2.3;}- Consider the supra-STS
(U, ¥, B). Then, (U, ¥, B) is not supra-soft L-C. Since ¢ = ¥, (U, ¢, B) is supra-soft L-I.
Theorem 4.10. If (U, y, B) is supra-soft w-L-I, then (U, ¥,,) is supra w-L-I for all b € B.
Proof: Since (U, ¥, B) is supra-soft w-L-I, then ¥ C (). Let V € y,,. Choose K € ¢ with K (b) = V.
Therefore, we have K € (,,), and hence, V = K(b) € ((¥,,),). But, by Theorem 3.8, (¥,), = (¥p)w-
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Then, V € ((¥),,). This proves that ¥, C ((¥,).,)¢, and hence, (U, ¢;,) is supra w-L-I.
Theorem 4.11. Let {(U, ;) : b € B} be a family of supra-TSs. Then (U, ®cpis, B) is supra-soft w-L-I
iff (U, ) is supra w-L-I for all b € B.
Proof: Necessity. Let (U, ®pepip, B) be supra-soft w-L-I. Then, by Theorem 4.10, (U, (®pep¥p);,) 15
supra w-L-I for all b € B. But, by Theorem 2.5, (®,cp¥1), = ¥ for all b € B. This ends the proof.
Sufficiency. Let (U, ;) be supra w-L-I for all b € B. Let K € ®epip,. Then, K (b) € i, for all b € B.
Since (U, ;) is supra w-L-I for all b € B, K (b) € ((¢,),)° for all b € B. Therefore, K € (®pep (¥1),,) -
Now, by Theorem 3.10, K € ((®pepis),,) . It follows that (U, ®epis, B) is supra-soft w-L-I.
Corollary 4.12. Let (U, N) be a supra-TS and B be a set of parameters. Then, (U, u(X), B) is supra-soft
w-L-Tiff (U, N) is supra w-L-1.
Proof: For every b € B, set X, = N. Then, u(X) = ®,cpi,. Theorem 4.11 ends the proof.

The example that follows demonstrates that, generally, the conclusion in Theorem 4.10 is not true
in reverse.
Example 4.13. Let U = R and B = {s,t}. Let

T ={(s,(=00,0)), (z, (-0, 1))},

S =1{(s,[0, 1)), (#, (=00, 1))},

W =1{(s,[1,2)),([1, )},

L ={(s,[2,0)),(t[1,00))},

N ={(5,0),(, (=00, 1))},

M = {(s,0),(t,[1,00))}

Consider the supra-STS (U, ¥, B), where ¢ is the supra-soft topology having {T,S, W, L, N, M} as
a supra-soft base. Then, ¢, is the supra-topology on U having {(—c0,0),[0,1),[1,2),[2,00)} as a
supra base, and i, is the supra-topology on U having {(—o0, 1), [1, )} as a supra base. Hence, (U, ¢,,)
and (U, y,) are both supra L-I. Since (U, ¥, B) is supra-soft A-L-C and 13 — T ¢ ¢, by Theorem 4.8,
15 =T ¢ y,. This implies that (U, ¥, B) is not supra-soft w-L-I.

5. Supra-soft w-regularity

Definition 5.1. A supra-STS (U, ¢, B) is called supra-soft w-regular (supra-soft w-r, for short) if
whenever L € y¢ and b,€l — L, we find G € ¢ and H € y,, with b,€G, LCH, and GNH = 0.
Theorem 5.2. A supra-STS (U, ¢, B) is supra-soft w-r iff whenever T €  and b,€T, we find G €
with b,€GCCly, (G)CT.

Proof: Necessity. Let (U, , B) be supra-soft w-r. Let T € ¢ and by€T. Then, we have 15 — T € y°
and by€lp — (13 — T). We then find G € y and H € y,, with b,€G, 15 — TCH, and GNH = 0. Since
13—TCH, 13— HCT. Since GNH = 03, GC13—H, and so, b,eGCCl,, (G)CCl,, (15— H) = 13— HCT.
Sufficiency. Let L € ¢ and b,€1 — L. By assumption, we find G € y with b,€GCCl,, (G)Clp — L. Set
H =13 -Cl, (G). Then, H € y,,, LCH, and GNH = 03. Consequently, (U, ¥, B) is supra-soft w-r.
Theorem 5.3. If (U, y, B) is supra-soft w-L-1, then (U, ¥, B) is supra-soft w-r.

Proof: Let T € y and byET. Since (U, ¢, B) is supra-soft w-L-I, T € (¢,,), and so, T = Cl (T).
Hence, we have T € ¢ and byETEC ld,w(T)ET. Thus, by Theorem 5.2, (U, , B) is supra-soft w-r.
Corollary 5.4. If (U, ¢, B) is supra-soft L-C, then (U, ¢, B) is supra-soft w-r.

Proof: This follows from Theorems 4.4 and 5.3.

Theorem 5.5. Supra-soft regularity implies supra-soft w-regularity.
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Proof: Let (U, ¥, B) be supra-soft regular. Let T € ¢ and b €T . By the supra-soft regularity of (U, ¢, B),
we find G € y with b,€GCCl,(G)CT. Since Cl,, (G)CCl,(G), we have b,eGCCl,, (G)CCl,(G)CT.
Consequently, (U, ¥, B) is supra-soft w-r.

Lemma 5.6. Let (U,¢, B) be a supra-STS and let K € SS(U,B). Then, for every b € B,
Cly, (K (b)) € (Cly(K)) (b).

Proof: Lety € Cly, (K(b)). We show that byECll,,(K). Let G € ¢ with b}EG. We then have
y € G(b) € yy,. Since y € Cly, (K (b)), K(b) N G(b) # 0. Thus, (KHG) (b) = Kb)ynGb) # 0,
and hence, KNG # 0p. It follows that b,€CI,(K).

Theorem 5.7. If (U, y, B) is supra-soft regular, then (U, ;) 1s supra-regular for all b € B.

Proof: Let (U, ¢, B) be supra-soft regular and let b € B. Let V € ¥, and y € V. Choose T €
with T (b) = V. Then, byET € ¥, and, by the supra-soft regularity of (U, ¢, B), we find G € ¢
with byEGECl¢(G)§T. Thus, we have G (b) € y,, and, by Lemma 5.6, y € G(b) € Cl,,(G(b)) C
(Clw(G)) (b) € T(b) = V. Consequently, (U, y;,) is supra-regular.

Lemma 5.8. Let {(U, ;) : b € B} be a family of supra-TSs and let K € SS (U, B). Then, Cl,, (K(a)) =
(C loyesu, K ) (a) for every a € B.

Proof: Let a € B. Then, by Lemma 5.6, Clig, ,u,), (K (@)) € (Cls,.4,(K)) (a). Moreover, by Theorem
2.5, ®pentfs), = Ya- Hence, Cly, (K(@) € (Clo,.,0,K)(@). To demonstrate that (Cl,,,K)(a) <
Cly, (K(a)), let y € (Clg,.,y,K) (a), and let V € y, with y € V. We then have a,Eay € ®pepis. Since

yE€ (Cl®bEB¢,hK) (a), a,€Clg,_,y, K, and so, ayNK # 0g. Consequently, V N K(a) # 0. This shows that

y € Cly, (K(a)).

Lemma 5.9. Let {(U,¥},) : b € B} be a family of supra-TSs. Then, for any @ € Band V C U,

Clg,epy,(av) = aciy, ).

Proof: Leta € Band V C U. Let b € B. Then, by Lemma 5.8, (Cls,,y,av) (b) = Cly, (ay(b)) =
Cly,, (V) if b=a,

{ 0 it b#a.

Consequently, Clg, 4, (ay) = acy,, ).
Theorem 5.10. Let {(U,y;) : b € B} be a family of supra-TSs. Then, (U, ®,cp¥p, B) is supra-soft
regular if (U, y;) is supra-regular for all b € B.
Proof: Necessity. Let (U, Qpepyp, B) be supra-soft regular. Then, by Theorem 5.7, (U, (®pep¥s), » B) 1S
supra-regular for all b € B. But, by Theorem 2.5, (®ep¥1), = ¥, for all b € B. This completes the
proof.
Sufficiency. Let (U, ) be supra-regular for all b € B. Let T € ®,cpi, and let a)ET. Then,y € T (a) €
Y, and, by the supra-regularity of (U, ), we find V € y, withy € V C Cl, (V) C T (a). Consequently,
we have ayEaV € ®peps , and, by Lemma 5.9, Cly,_,y, (ay) = aClwa(V)ET- Therefore, (U, ®peptp, B) is
supra-soft regular.
Corollary 5.11. Let (U, N) be a supra-TS and B be a set of parameters. Then (U, u(N), B) is supra-soft
regular iff (U, N) is supra-regular.
Proof: For every b € B, set X, = N. Then, u(X) = ®,cpi,. Theorem 5.10 completes the proof.
Theorem 5.12 If (U, ¢, B) is supra-soft w-r, then (U, ¥,) is supra-w-regular for all a € B.
Proof: Let (U, Y, B) be supra-soft w-r and let a € B. Let V € Y, andy € V. Pick T €  with
T (a) = T. We then have ayET € Y, and, by the supra-soft w-regularity of (U, ¥, B) and Theorem 5.2,
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we find G € ¥ with ayEGEClww(G)ET. Thus, we have G (a) € ¥,, and, by Lemma 5.6, y € G(a) C
Cly, (G(a)) C (C lww(G)) (a) € T(a) = V. Consequently, (U, ¥,) is supra-w-regular.
Theorem 5.13. Let {(U,y,) : b € B} be a family of supra-TSs. Then, (U, ®,cpi, B) is supra-soft w-r
iff (U, ¢;) is supra-w-regular for all a € B.
Proof: Necessity. Let (U, ®pepis, B) be supra-soft w-r. Then, by Theorem 5.12, (U, (®pep¥s), , B) 1s
supra-w-regular for all b € B. But, by Theorem 2.5, (®pep¥s), = ¥, for all b € B. This completes the
proof.
Sufficiency. Let (U, ;) be supra-w-regular for all b € B. Let T € ®epp, and let a,€T. Then,
y € T(a) € ¢,. Since (U, y,) is supra-w-regular, we find V € ¢, withy € V C Cly, (V) C T (a).
Consequently, we have ayEaV € ®pepp and, by Lemma 5.9, Clg, ), (av) = agy, W)M(V)ET. Moreover,
by Theorem 3.10, (®ep¥s),, = ®pes Wp),,- Consequently, Clg, .y, (av) = Clig, 4y, (av). This shows
that (U, ®cp¥yp, B) is supra-soft w-r.
Corollary 5.14. Let (U, N) be a supra-TS and B be a set of parameters. Then (U, u(N), B) is supra-soft
w-r iff (U, N) is supra-w-regular.
Proof: For every b € B, set 8, = N. Then, u(N) = ®ep,. Theorem 5.13 completes the proof.

The opposites of Theorem 5.3 and Corollary 5.4 are false.
Example 5.15. Let B = {s,t}. Let ¢, and ¢, be the usual and the discrete topologies on R. Consider
the supra-STS (R, ®pepp, B). Then, the supra-TSs (R, ;) and (R,y,) are supra-regular. Thus, by
Theorem 5.10, (R, ®,cp¥p, B) is supra-soft regular. Hence, by Theorem 5.5, (R, ®,cpp, B) 1S supra-
soft w-r. Conversely, since (—c0,0) € s — ((¥y),) s (R, ;) is not supra-w-L-I. So, by Theorem 4.11,
(R, ®pep¥p, B) is not supra-soft w-L-1. Moreover, clearly, (R, ®pcpip, B) is not supra-soft L-C.

The contrary of Theorem 5.5 is generally untrue.
Example 5.16. Let U = Z, B = R, and N be the cofinite topology on U. Then, (U, N) is not supra-
regular. So, by Corollary 5.11, (U, u(NX), B) is not supra-soft regular. Since (U, u(NX), B) is supra-soft
L-C, by Corollary 5.4, (U, u(N), B) is supra-soft w-r.
Example 5.17. Consider (U, ¢, B) as shown in Example 4.13. In Example 4.13, we showed that both
(U,¢) and (U, y,) are supra-L-I, which means they are supra-regular and thus are supra-w-regular.
Assume that (U, ¥, B) is supra-soft w-r. If we let y = —1, then tyEIB —(1p—T)with 1 = T € y~.
Therefore, we find G € ¥ and H € y, with t),EG, 13— TCH, and GNH = 0. One can easily check that
we must have tyETEG, and so TNH = 0g. Thus, HClz — T, which implies that H = 15 — 7. But we
have shown in Example 4.13 that 13— T ¢ (¥,,)°. Consequently, (U, ¥, B) is not supra-soft w-r, and, by
Theorem 5.5, (U, ¢, B) is not supra-soft regular.
Theorem 5.18. If (U, ¢, B) is supra-soft A-L-C and supra-soft w-r, then (U, ¢, B) is supra-soft regular.
Proof: This follows from the definitions and Theorem 3.23.
Theorem 5.19. Let (U, ¢, B) and (V, ¢, D) be two supra-STSs. In this case:

@ (pr(W x ), € prW, X dy,); _

(b) Forany § € SS(U,B) and K € SS(V, D), Cly, (S) X Cls ,(K)SClipryxgy,, (S X K).
Proof: (a) Let T € (pr(yx¢)), and let (s,).,€l. We then find L € pr(yx¢) and
H € CSS(U x V,B x D) with (s,0),€L — HCT. Choose F € ¢ and G € ¢ with
(5.0uyeF X GEL.  Set M = (Ulc.: (c.d)¢weH for some d,ESP(V,D)}) - s, and N =
(Ofdu : (c.d)eH for some c.€S P(U, B)}) — t,. Then, M € CSS(U,B) and N € CSS(V,D).
Therefore, we have F — M € ¢,, G — N € ¢, and (s, t)(x’y)E(F —M) X (G—-N)S(F xG) — (M x
N)CL — HCT. Consequently, T € pr (¥, X ¢).
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(b) Let (s,1)x,)€CIy,(S) X Cly (K), and let T € (pr(y X ¢)), with (s,0)€T. By (a), T €
pr (¥, X ¢,,), and thus, we find W € y,, and E € ¢,, with (s,1),y€W x ECT. Since s,eWNCl, (S)
and t,€ENCl,, (K), WNS # 0z and ENK # 0p. Consequently, (W X E) N (S X K) # Opxp, and hence,
Tﬁ (S X K) # 0pyp. This 1mphes that (s, t)(x,y)ECl(pr(l//sz))w(S X K).

Theorem 5.20. Let (U, ¢, B) and (V, ¢, D) be two supra-STSs. If (U XV, pr (y X ¢), BX D) is supra-soft
w-t, then (U, ¥, B) and (V, ¢, D) are supra-soft w-r.

Proof: Let F € Y, G € ¢, s,€F, and 1,€G. Then, (s, 1), €F X G € pr (y X ¢), and, by the supra-soft w-
regularity of (U XV, pr ( X ), Bx D), we find K € pr (i X ¢) with (s, 1),y €KSClipryxay, (K)CF X G.
Choose S € yand T € ¢ with (s, )., €S XTCK. Then, by Theorem 5.19 (b), (s, £)(,,y€S X TCCl,,, (S )x
Cly,(T)CClipryxpy, (T X S)SClipryxsy, (K)CF X G. Consequently, we have s,€SCCly, (S)CF and
tyETEC ll,,w(T)EG. It follows that (U, ¥, B) and (V, ¢, D) are supra-soft w-r.

Question 5.21. Let (U, ¢, B) and (V, ¢, D) be two supra-soft w-r supra-STSs. Is (U X V, pr (¢ X ¢), BX
D) supra-soft w-r?

Theorem 5.22. If (U, Y, B) is a supra-soft w-r supra-STS, then for any @ # V C U, (V, ¥y, B) is supra-
soft w-r.

Proof: Let M € (Yy)° and byAéCv — M. Choose N € ¢ with M = NNCy. Since (U, Y, B) is
a supra-soft w-r, and we have N € y¢ and b,€lp — N, we find F € ¢ and G € y,, with a,EF,
NCG, and FNG = 0. Then, b,eFNCy € Yy, M = NNCyCGNCy with GNCy € (,)y, and
(FHCV) N(GNCy) = (FﬁG) NCy = 03NCy = 0g. Moreover, by Theorem 3.19, GNCy € Wv),-
This completes the proof.

6. Conclusion and future directions

Soft set theory demonstrates its effectiveness as a mathematical strategy for addressing uncertainty,
which is crucial for cognitive analysis and artificial intelligence. Based on soft set theory, many
mathematical structures have emerged, including soft topologies and some of their extensions, such
as supra-soft topologies.

In this paper, we first defined and investigated a new supra-soft topology using a collection of
classical supra-topologies. We then defined supra-soft w-open sets, a new generalization of supra-soft
open sets, using the supra-soft open sets and the countable soft sets. We also showed that supra-
soft w-open sets form a new supra-soft set that is finer than the given supra-soft topology. Finally, we
defined and investigated two new classes of supra-topological spaces: supra-soft w-local indiscrete and
supra-soft w-regular spaces. Specifically, we obtained subspace and product results of supra-soft w-
regular spaces. Finally, we explored the connections between our new concepts and their counterparts
in supra-topology.

We intend to do the following in the future papers:

(i) Define new continuity concepts between supra-soft topological spaces via supra-soft w-open
sets.

(i1) Define supra-soft semi w-open sets in supra-soft topological spaces.

(ii1) Define soft w-Hausdorft spaces in supra-soft topological spaces.

(iv) Explore how our new notions and results can be applied in digital and approximation spaces, as
well as decision-making problems.

(v) Define supra-fuzzy w-open sets in supra-fuzzy topological spaces.

AIMS Mathematics Volume 10, Issue 3, 6636-6651.
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