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Abstract: In this paper, we focused on solving the perturbed four-banded linear system derived
from the traffic process associated with a Markovian queueing model. Utilizing the spectral
decomposition of circulant and skew circulant matrices, we computed the product of Toeplitz inversion
and a vector, leading to a decomposition algorithm for perturbed four-banded linear systems. This
decomposed Toeplitz system features multiple right-hand terms, significantly reducing computational
complexity through Toeplitz inversion. Additionally, we introduced an algorithm based on banded LU
decomposition, resulting in a banded linear system with multiple right-hand terms, where the sparsity
of the banded LU decomposition is pivotal. To evaluate the algorithm’s performance, we presented
two examples in numerical simulations.
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1. Introduction

Since Erlang proposed the idea of queueing theory [1], it has been widely used in
telecommunication and other fields. There are various queueing models due to different arrival
processes, waiting lists, queueing disciplines, and service processes, such as M/G/1,GI/M/1.
Consider an M[x]/M/1/n − 1 queue model with feedback for a first-come-first-serve rule [2]. The
queue has a Poisson batch arrival of requests (mean batch interarrival time 1

b ), exponential service
times (mean 1

u ), a single server, and finite waiting rooms of size n − 1. Let the maximum batch size
be 2 and, f1 and f2 denote the probability of the group size 1 and 2, respectively, where f1 + f2 = 1,
and c = f1b, d = f2b. Let h be the probability that a customer is fed back immediately after his
service completion and a = (1 − h)u. The infinitesimal generator P = (pi, j)n

i, j=1 of the traffic process
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associated with the Markovian queueing model [2] is the band matrix with lower bandwidth 1 and
upper bandwidth 2, where

pi, j =



−b, i = j = 1,
−(a + b), i = j = 2, 3, · · · , n − 2,
−(a + c + ud), i = j = n − 1,
−a, i = j = n,

a, i = j + 1, j = 1, 2, · · · , n − 1,
c, i = j − 1, j = 2, 3, · · · , n − 1,
c + ud, i = j − 1, j = n,

d, i = j − 2, j = 3, 4, · · · , n,
0, otherwise.

(1.1)

The infinitesimal generator is an important index for analyzing the queueing model. The steady-
state probability distribution in queuing models is typically obtained by solving a system of linear
equations. Oda [2] utilized the infinitesimal generator, alongside the steady-state distribution and the
rate matrices of the traffic process, to formulate the recursive linear equations necessary for calculating
the moments of the traffic process. In contrast to earlier studies [3], Oda’s methodology can be extended
to a broader range of applications due to the sparsity and unique structure of the infinitesimal generator.
Additionally, Wen et al. [4] utilized a multipreconditioned generalized minimal residual (GMRES)
method, incorporating multiple preprocessors, to solve linear systems associated with generation
matrices, thereby deriving the steady-state probability distribution of stochastic automatic networks
within the context of queueing system modeling.

In this paper, by perturbing the first row of the infinitesimal generator of the above traffic process
associated with the Markovian queueing model, we study the perturbed four-banded linear system

Gx = y, (1.2)

where G = (gi, j)n
i, j=1, the entries gi, j are the same as pi, j in Eq (1.1), except for g1,n = 0, x =

(x1, x2, ..., xn)T, and y = (y1, y2, ..., yn)T. From the perspective of structure, the matrix G is a perturbed
banded Toeplitz matrix.

Early research on the solution of banded linear systems predominantly utilized direct methods
and iterative methods. While these approaches demonstrated efficacy for small-scale problems,
their computational complexity and storage requirements escalated. In recent years, with in-depth
research into the structural properties of matrices, numerous efficient algorithms have been developed
specifically for structured matrices, such as fast Fourier transform (FFT)-based methods [5–7], Krylov
subspace methods [8], preconditioning techniques [9], parallel computing and GPU acceleration [10],
and so on [11–15]. For example, Bini and Meini [5] integrated the techniques of cyclic reduction and
displacement rank to formulate an efficient algorithm with a computational complexity of O(n log n)
for solving banded Toeplitz systems. Building upon the fast Fourier transform, Fischer et al. [6]
systematically explored the use of Toeplitz factorizations in conjunction with the Sherman-Morrison-
Woodbury (SMW) formula for solving symmetric banded Toeplitz linear systems. Subsequently,
Malyshev and Sadkane [7] advanced this methodology by integrating spectral factorization of
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generating functions with the SMW formula as an alternative to cyclic reduction, thereby extending
Fischer et al.’s [6] approach to accommodate large-scale nonsymmetric systems.

On the other hand, preconditioners are crucial for accelerating the convergence of iterative
methods. Serra Capizzano and Tablino Possio [9] introduced a multigrid technique employing
multilevel circulant matrices as preprocessors to efficiently handle the banded systems arising from
the discretization of partial differential equations. This approach significantly reduces computational
complexity to a linear scale of O(n), encompassing O(n) arithmetic operations and O(1) memory
operations. In addition, utilizing GPU and distributed computing technology, some scholars have
proposed parallel algorithms to further accelerate the solution of large-scale perturbed banded systems.
Jandron et al. [10] introduced a novel methodology for solving banded linear systems utilizing
asynchronous direct solvers, where the key mechanism is that reduction to row-echelon form is not
required by the solver. However, in distributed computing, data communication between nodes may
become a performance bottleneck, especially in sparse linear systems.

In certain low-rank perturbed linear systems, some researchers employ low-rank decomposition
techniques to convert high-dimensional problems into low-dimensional ones, thereby substantially
reducing computational complexity [16–23]. Sogabe [24] decomposed the coefficient matrix in
comrade linear systems into a tridiagonal matrix and a low-rank matrix. Jia and Li [25] gave two
algorithms for solving opposite-bordered tridiagonal systems based on matrix decomposition. In
accordance with the structural properties of the coefficient matrix discussed in this paper, a divide-
and-conquer strategy is employed. This approach involves decomposing the large-scale problem
into smaller subproblems via matrix decomposition, thereby enhancing computational efficiency.
Following two kinds of decompositions, two distinct types of sublinear systems are identified: Toeplitz
systems and four-banded linear systems. By leveraging existing Toeplitz processors, a solution method
with O(n log n) complexity can be realized. Unlike most iterative methods, direct methods are generally
straightforward to implement. For banded linear systems, the band LU decomposition can be directly
applied to achieve a solution method with linear complexity. Specifically, it has a cost of O(n)
arithmetic operations with O(n) memory requirements during the formation of the U factor in the
LU decomposition [26].

The rest of this paper is organized as follows. In Section 2, we introduce a decomposition method
for the linear system that utilizes a Toeplitz solver, followed by a discussion of a decomposition method
based on band LU decomposition in Section 3. In Section 4, we provide several numerical examples
to demonstrate the effectiveness of these methods. Finally, Section 5 concludes the paper.

2. Toeplitz solver-based algorithm for solving a perturbed four-banded linear system

This section is organized into two subsections. The first subsection introduces the decomposition
form based on matrix structure, while the second subsection discusses the Toeplitz linear solver.

2.1. Toeplitz solver-based algorithm

Observing the structure of the perturbed four-banded matrix G, we can separate it into the sum of a
four-banded Toeplitz matrix and three rank-one matrices. Examining perturbed elements from various
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perspectives, such as columns or rows, results in different methods for decomposing the matrix G. We
focus exclusively on column decomposition to illustrate the decomposition algorithm. Analogously,
readers are encouraged to develop their own decomposition algorithms for row decomposition,
following the principles demonstrated in the column decomposition example.

After separation, we need to combine the SMW formula to calculate the inverse matrix of the
decomposed matrices. However, to know the conditioning of the decomposed matrix is essential
for reliable numerical results in terms of precision [27–30]. Furthermore, the SMW can be unstable
when ill-conditioning is present [26]. In order to ensure the stability of the SMW, we explore strictly
diagonally dominant linear systems and decomposed linear systems in this paper. Thus, we translate
the problem of solving the linear system Gx = y into four four-banded Toeplitz linear systems.

For convenience to describe our algorithm, we give the SMW formula and the inverse of identity
matrix plus three rank-one matrices below.

Lemma 2.1. ( [31], Generalized Sherman-Morrison-Woodbury Formula) Let A be an n-by-n matrix.
Let Uk and Vk be matrices of size n-by-m. Then

A + n∑
k=1

UkVT
k

−1

= A−1 − A−1[U1,U2, . . . ,Un]M−1


VT

1
VT

2
...

VT
n

 A−1,

where M is an nm-by-nm matrix given by

M =


Im + VT

1 A−1U1 VT
1 A−1U2 · · · VT

1 A−1Un

VT
2 A−1U1 Im + VT

2 A−1U2 · · · VT
2 A−1Un

...
...

. . .
...

VT
n A−1U1 VT

n A−1U2 · · · Im + VT
n A−1Un

 .
Corollary 2.1. Let u1, u2, u3, v1, v2, v3 be vectors of length n. Then, the inverse of the matrix of the form
In + u1vT

1 + u2vT
2 + u3vT

3 can be explicitly given by

(In + u1vT
1 + u2vT

2 + u3vT
3 )−1 = In − [u1, u2, u3]M−1


vT

1
vT

2
vT

3

 ,
where

M =


1 + vT

1 u1 vT
1 u2 vT

1 u3

vT
2 u1 1 + vT

2 u2 vT
2 u3

vT
3 u1 vT

3 u2 1 + vT
3 u3

 .
For the convenience of describing the theorem, some notation explanations are given below. Q =

(qi, j)n
i, j=1 is a four-banded Toeplitz matrix with lower bandwidth 1 and upper bandwidth 2, where qi,i =

−(a + b)(i = 1, 2, · · · , n), qi,i−1 = a(i = 2, 3, · · · , n), qi,i+1 = c(i = 1, 2, · · · , n − 1), qi,i+2 = d(i =
1, 2, · · · , n − 2), and otherwise, qi, j = 0.
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Theorem 2.1. Consider the strictly diagonally dominant perturbed four-banded linear system Gx = y
as shown in Eq (1.2). Then

x = ϕ −
r
m
µ −

s
m
ν −

t
m
ω, (2.1)

where ϕ = [ϕ1, ϕ2, · · · , ϕn]T, µ = [µ1, µ2, · · · , µn]T, ν = [ν1, ν2, · · · , νn]T, and ω = [ω1, ω2, · · · , ωn]T

are the solution of Qx = y, Qx = ξ, Qx = δ, and Qx = φ, respectively, and Q is a non-singular
four-banded matrix,

m = (1 + µ1)(1 + νn−1)(1 + ωn) + µnν1ωn + µn−1νnωn−1 − µn(1 + νn−1)ω1 − µn−1ν1(1 + ωn) −
(1 + µ1)νnωn−1, (2.2)

r = [(1 + νn−1)(1 + ωn) − νnωn−1]ϕ1 + [νnω1 − ν1(1 + ωn)]ϕn−1 + [ν1ωn−1 − (1 + νn−1)ω1]ϕn, (2.3)
s = [µnωn−1 − µn−1(1 + ωn)]ϕ1 + [(1 + µ1)(1 + ωn) − µnω1]ϕn−1 + [µn−1ω1 − (1 + µ1)ωn−1]ϕn, (2.4)
t = [µn−1νn − µn(1 + νn−1)]ϕ1 + [µnν1 − (1 + µ1)νn]ϕn−1 + [(1 + µ1)(1 + νn−1) − µn−1ν1]ϕn. (2.5)

Proof. Consider column element perturbations of the matrix G. Then, the matrix G has the following
decomposition:

G = Q + ξeT
1 + δe

T
n−1 + φeT

n ,

where ξ = [a, 0, · · · , 0]T, δ = [0, · · · , 0, b−c−ud, 0]T, φ = [−a, 0, · · · , 0, ud, b]T, and ei(i = 1, n−1, n)
is the ith unit vector. Assume that Q is a nonsingular matrix.

Then the linear system Gx = y satisfies

Q(In +Q
−1ξeT

1 +Q
−1δeT

n−1 +Q
−1φeT

n )x = y, (2.6)

where In is the n-by-n identity matrix.
Let Q−1ξ = µ, Q−1δ = ν, Q−1φ = ω, and Q−1y = ϕ, where µ = [µ1, µ2, · · · , µn]T, ν =

[ν1, ν2, · · · , νn]T, ω = [ω1, ω2, · · · , ωn]T, and ϕ = [ϕ1, ϕ2, · · · , ϕn]T, respectively. In this case, Eq (2.6)
is equivalent to the following equation:

(In + µeT
1 + νe

T
n−1 + ωeT

n )x = ϕ.

Calculate the above equation, and we have

x = (In + µeT
1 + νe

T
n−1 + ωeT

n )−1ϕ. (2.7)

According to Corollary 2.1, we have

(In + µeT
1 + νe

T
n−1 + ωeT

n )−1 = In −
(
µ ν ω

)
·


1 + µ1 ν1 ω1

µn−1 1 + νn−1 ωn−1

µn νn 1 + ωn


−1

·


eT

1
eT

n−1
eT

n

 .
Substitute the above results into Eq (2.7) to obtain

x = ϕ −
(
µ ν ω

)
·


1 + µ1 ν1 ω1

µn−1 1 + νn−1 ωn−1

µn νn 1 + ωn


−1

·


ϕ1

ϕn−1

ϕn


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= ϕ −
r
m
µ −

s
m
ν −

t
m
ω,

where m, r, s, t are the same as in Eqs (2.2)–(2.5). □

Based on the above Theorem 2.1, we give the following Algorithm 1 for solving the linear system
Gx = y.

Algorithm 1 Toeplitz solver-based (TS-based) algorithm for solving Gx = y.
Step 1: Solve Qµ = ξ, Qν = δ,Qω = φ, and Qϕ = y by any Toeplitz linear solver.
Step 2: Determine the value of m, r, s, t by Eqs (2.2)–(2.5) and calculate x = ϕ − r

mµ −
s
mν −

t
mω by

Eq (2.1).

From the above TS-based algorithm, it can be seen that we need to solve a Toeplitz linear system
with multiple right-hand sides. We can see that the amount of calculation and storage in the second step
of the TS-based algorithm are both O(n). The main work of the algorithm is to solve Toeplitz linear
systems, such as Qµ = ξ. One method for solving Toeplitz linear systems involves combining the FFT
algorithm, which reduces the time complexity to O(n log n). In addition, there are also some iterative
methods, such as the generalized minimum residual method [8, 32–35]. Even for ill-conditioned
Toeplitz systems, Chan et al. [36] gave a solution by constructing the new circulant preconditioners.
Overall, the complexity of the TS-based algorithm is O(n log n).

Next, we introduce some Toeplitz linear solvers to support the algorithm mentioned above.

2.2. Toeplitz linear solver

Lemma 2.2. [37] Let T = (ti− j)n
i, j=1 ∈ Cn×n be a Toeplitz matrix. If the vectors u = [u1, u2, · · · , un]T ,

v = [v1, v2, · · · , vn]T , e1, and en are the first and last unit vectors satisfying

Tu = e1, Tv = en, (2.8)

and u1 , 0, then T is invertible and

T−1 = −
1

2u1
(C1S 1 −C2S 2), (2.9)

where C1, C2 are circulant matrices with u, v̈ = [vn, v1, v2, · · · , vn−1]T is their first columns,
respectively; S 1, S 2 are skew-circulant matrices with v̇ = [−vn, v1, v2, · · · , vn−1]T , and u is their first
column, respectively.

Perform spectral decomposition on the circulant matrix and skew-circulant matrix in Eq (2.9), and
then Eq (2.9) can be rewritten as

T−1 = −
1

2u1
F∗(Λ1FΩ∗F∗Λ2 − Λ3FΩ∗F∗Λ4)FΩ, (2.10)

where the Fourier matrix F = (F j,k)n
j,k=1, F j,k =

1
√

ne
2πi( j−1)(k−1)

n , 1 ≤ j, k ≤ n, Ω = diag(1, e
−iπ
n , . . . , e

−i(n−1)π
n ),

F∗, Ω∗ represent the conjugate transpose of F, Ω, respectively, andΛ1,Λ2,Λ3,Λ4 are diagonal matrices
containing the eigenvalues of C1, S 1,C2, S 2, respectively [38].
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Algorithm 2 Compute p = T−1q.
Step 1: p1 = FΩq;
Step 2: p2 = Λ1FΩ∗F∗Λ2 p1;
Step 3: p3 = Λ3FΩ∗F∗Λ4 p1;
Step 4: p = − 1

2u1
F∗(p2 − p3).

Based on the representation of Toeplitz matrix inversion, we give the following Algorithm 2 for
computing the product of Toeplitz matrix inversion T−1 and a vector q.

The main workload of Algorithm 2 can be done by three FFTs and three inverse FFTs (IFFTs), more
precisely, 9n log n+O(n). Besides, it can be seen from the above description that the first step needs to
solve two Toeplitz systems in Eq (2.8) and then obtainΛ1,Λ2,Λ3,Λ4, u1. For high-order linear systems
with Toeplitz structure, the Krylov subspace method has certain advantages. In addition, because the
condition number of the Toeplitz matrix in general is not very small, Lei and Huang proposed the
generalized minimal residual (GMRES) method with a Strang-type block-circulant preconditioner to
accelerate the convergence of the GMRES [35]. Here, we use the preconditioned GMRES (PGMRES)
to solve two Toeplitz systems in Eq (2.8). The preparatory work for Algorithm 2 is given by
Algorithm 3 below.

Algorithm 3 Compute Λ1,Λ2,Λ3,Λ4, u1.
Step 1: Solve Tu = e1 by the PGMRES method;
Step 2: Solve Tv = en by the PGMRES method;
Step 3: v̇ = [−vn, v1, v2, · · · , vn−1]T ;
Step 4: v̈ = [vn, v1, v2, · · · , vn−1]T ;
Step 5: Λ1 = Fu;
Step 6: Λ2 = FΩv̇;
Step 7: Λ3 = Fv̈;
Step 8: Λ4 = FΩu.

The complexity of solving the two linear systems can be regarded as O(n log n) since the iteration
number of the PGMRES method is usually very small [32]. The workload of computing Λ1,Λ2,Λ3,Λ4

is four FFTs, i.e., 6n log n + O(n). Overall, the complexity of this Toeplitz linear solver is O(n log n).

3. The band LU decomposition-based algorithm for solving a perturbed four-banded linear
system

In this section, we give the algorithm for solving a perturbed four-banded linear system based on
band LU decomposition. Unlike the previous section, we separate the matrix G into the sum of a four-
banded matrix and one rank-one matrix. For the sake of convenience in describing our algorithm, and
considering the varying numbers of rank-one matrices, we present a corollary of the SMW formula,
the inverse of the identity matrix plus one rank-one matrix.

Corollary 3.1. Let u1 and v1 be vectors of length n. Then, the inverse of the matrix of the form In+u1vT
1
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can be explicitly given by

(In + u1vT
1 )−1 = In −

u1vT
1

1 + vT
1 u1

.

Theorem 3.1. Consider the strictly diagonally dominant perturbed four-banded linear system Gx = y
as shown in Eq (1.2). Then

x = ψ −
ψn

1 + τn
τ, (3.1)

where ψ and τ are the solutions of Px = y and Px = η, respectively, and P is a non-singular four-
banded matrix and the same as in Eq (1.1).

Proof. Consider column element perturbations of the matrix G. Then, the matrix G has the following
decomposition:

G = P + ηeT
n ,

where η = [−a, 0, · · · , 0, 0]T, en is the nth unit vector, and P is a non-singular four-banded matrix and
the same as in Eq (1.1). Here, we assume P is a nonsingular matrix.

Then the linear system Gx = y satisfies

P(In +P
−1ηeT

n )x = y, (3.2)

where In is the n-by-n identity matrix. Let P−1η = τ and P−1y = ψ, where τ = [τ1, τ2, · · · , τn]T and
ψ = [ψ1, ψ2, · · · , ψn]T, respectively. In this case, Eq (3.2) is equivalent to the following equation:

(In + τeT
n )x = ψ.

Calculate the above equation, and we have

x = (In + τeT
n )−1ψ. (3.3)

According to Corollary 3.1, we have

(In + τeT
n )−1 = In −

τeT
n

1 + τn
.

Substitute the above results into Eq (3.3) to obtain

x = (In −
τeT

n

1 + τn
)ψ.

Subsequent simplification yields the result

x = ψ −
ψn

1 + τn
τ.

□

AIMS Mathematics Volume 10, Issue 3, 6546–6559.



6554

Based on the above Theorem 3.1, we give the following Algorithm 4 for solving the linear system
Gx = y.

Algorithm 4 Band LU decomposition-based (BLUD-based) algorithm for solving Gx = y.
Step 1: Solve Pψ = y and Pτ = η by band LU decomposition.
Step 2: Calculate x = ψ − ψn

1+τn
τ by Eq (3.1).

From the above BLUD-based algorithm for solving the linear system Gx = y, the main work is to
solve the four-banded linear sysytem with lower bandwidth 1 and upper bandwidth 2. The number of
floating-point operations (flops) required to solve an n-by-n banded linear system using the band LU
decomposition method is O(n) [26]. It can be seen that the number of flops in the second step can be
basically ignored. Overall, the complexity of the BLUD-based algorithm is O(n).

4. Numerical experiments

In the experiments, to test the performance of the proposed algorithms for perturbed four-banded
linear system Gx = y, we run two examples using the TS-based algorithm, BLUD-based algorithm,
and backslash operator (MATLAB). From the analysis in the previous section, we know that the TS-
based algorithm is based on the existing Toeplitz solvers. Here we use the Toeplitz solver based
on Algorithms 2 and 3 in Section 2.2. For the PGMRES method, the stopping criterion we used is
∥rk∥2
∥r0∥2

< 10−14, where rk is the residual vector of the linear system after k iterations, the restart iteration
we used is 500, and the initial guess is chosen as the zero vector. This Toeplitz solver is dealing
with strictly diagonally dominant linear systems, so the coefficient matrices of these systems must
be guaranteed to be strictly diagonally dominant. In order to ensure the stability of the SMW, these
decomposed linear systems are also strictly diagonally dominant linear systems in this section. Here,
we calculate the condition number of the coefficient matrix for each algorithm to demonstrate the
stability of the SMW formula.

All experiments are performed in MATLAB R2022a on DESKTOP-CPVUBT4 with Intel (R) Core
(TM) i7-13700k CPU 3.40 GHz and 32GB RAM. In the following tables, “n” denotes the matrix order,
“Cond” denotes the condition number of the coefficient matrices G,Q, and P, “RelError = ∥x−xexact∥

∥xexact∥
”

denotes the relative error of x, where xexact represents the exact solution, “Residual= ∥Gx − y∥” means
the residual error, “Time(s)” is the total CPU time in seconds, and “NaN” represents calculation failure
due to a very large matrix and insufficient memory or computing resources. 100 repeated simulations
are conducted for these examples.

Example 4.1. Consider an n-by-n perturbed four-banded linear system Gx = y where a, b, c, d, u are
random numbers generated from open interval (0, 0.1). Set xexact = [1, 1, ..., 1]T and y = Gxexact.

Table 1 shows the results of three methods for perturbed four-banded linear systems in terms of
relative error and computation time in Example 4.1. From the selected data, it can be seen that the
relative errors of the three algorithms are not significantly different, and all remain at least 10−14.
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Table 1. Comparison of the relative error and computation time for Example 4.1.

n
Backslash operator BLUD-based algorithm TS-based algorithm

Cond RelError Time(s) Cond RelError Time(s) Cond RelError Time(s)

26 32.7778 1.1832e-16 3.2618e-05 14.4002 1.9611e-16 0.0011 7.1748 4.9257e-15 0.0024

28 16.6655 2.8159e-16 1.7969e-04 13.7407 2.2611e-16 0.0050 4.0125 1.5297e-14 0.0028

210 34.2421 1.1832e-17 6.7969e-04 34.3333 1.5297e-17 0.0161 4.8849 4.2611e-15 0.0032

212 18.8910 9.8473e-17 0.0035 10.8810 4.4473e-17 0.1370 2.4620 3.3609e-14 0.0544

214 37.1825 1.8154e-17 0.0147 25.3417 1.1154e-16 0.5062 5.1873 1.5947e-14 0.2025

216 57.8503 3.8173e-17 0.0639 40.7000 2.3726e-16 1.9346 8.5577 2.4790e-14 0.8423

218 60.1530 3.8173e-17 0.2431 36.9918 2.3726e-16 7.1146 10.3718 2.4790e-14 3.4423

220 NaN NaN NaN

Regarding computational efficiency, the backslash operator in MATLAB demonstrates superior
performance. Furthermore, the BLUD-based algorithm outperforms the TS-based algorithm for linear
systems of order less than 28. However, as the system order increases, this advantage diminishes,
contradicting the theoretical analysis presented in Sections 2 and 3. This discrepancy is primarily
attributable to the matrix operations and storage demands inherent in the internal elimination and
replacement processes of the BLUD-based algorithm.

Upon further observation of the condition number of the coefficient matrix, it is evident that
the backslash operator (MATLAB) has the highest condition number, followed by the BLUD-based
algorithm, and the TS-based algorithm has the lowest. We know that the larger the condition number,
the worse the numerical stability of the matrix. When the matrix order is greater than 220, it
may indicate a calculation failure due to a very large matrix and insufficient memory or computing
resources. Therefore, we can say that although the algorithms we provide do not have as good
computation time as the backslash operator (MATLAB), they are more stable.

Example 4.2. Consider an n-by-n perturbed four-banded linear system Gx = y where a, b, c, d, u, y
are random numbers.

Table 2 shows the results of three methods in residual and computation time for the perturbed four-
banded linear system in Example 4.2. Similar to Example 4.1, regarding the computation time, the
backslash operator (MATLAB) demonstrates superior performance. As the matrix order increases,
the TS-based algorithm performs well, and the advantages of the TS-based algorithm become greater.
In terms of condition numbers, the TS-based algorithm performs the best. Therefore, the TS-based
algorithm has a good comprehensive performance ability.
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Table 2. Comparison of the residual error and computation time for Example 4.2.

n
Backslash operator BLUD-based algorithm TS-based algorithm

Cond Residual Time(s) Cond Residual Time(s) Cond Residual Time(s)

26 20.5933 6.5983e-15 9.2829e-05 11.3683 6.9723e-15 0.0011 4.3527 4.8137e-14 0.0040

28 20.4567 2.1479e-15 1.2969e-04 13.2324 2.3916e-15 0.0042 3.7568 9.4897e-14 0.0059

210 36.6288 4.8832e-15 7.1319e-04 26.2567 6.8297e-15 0.0183 5.8124 1.2611e-14 0.0132

212 40.2399 3.8444e-14 0.0035 19.3468 3.4473e-14 0.0724 8.9512 3.3609e-13 0.0194

214 29.2466 6.9394e-14 0.0135 18.3458 7.0154e-14 0.2796 5.5572 2.8317e-13 0.0867

216 21.7949 1.6245e-14 0.0522 15.8294 7.1208e-14 1.1215 3.4736 2.4790e-12 0.2996

218 22.8314 6.6724e-14 0.2553 11.8327 8.9776e-14 4.1146 4.4563 7.4581e-12 1.8524

220 NaN NaN NaN

5. Conclusions

This paper investigates the perturbed four-banded linear system derived from the traffic process
associated with a Markovian queueing model—M[x]/M/1/n − 1—with feedback for a first-come-first-
serve rule. Initially, the perturbed four-banded matrix is decomposed into the sum of a four-banded
Toeplitz matrix and three rank-one matrices. Utilizing the spectral decomposition of circulant and
skew circulant matrices, we compute the product of the Toeplitz inversion and a vector. Additionally,
the perturbed four-banded matrix is further decomposed into the sum of a four-banded matrix and
a rank-one matrix. Band LU decomposition is then applied to solve the resulting separated linear
systems. To evaluate the performance of the proposed algorithms, we conduct numerical simulations
comparing computation time, relative error, and residuals of test cases against the backslash operator
in MATLAB. The results indicate that the proposed algorithms demonstrate favorable performance in
terms of computational efficiency and stability.
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