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Abstract: In this paper, we put up with a new algorithm for tensor completion problems that include
missing slices or row/column fibers, where embedding a structured tensor by a multi-way delay-
embedding transform (MDT) makes the tensor to be completed have a special structure. The main idea
is to employ a tensor completion algorithm based on the tensor ring rank, constructing latent tensor
ring factors with a structure that approximates the original tensor starting from the tensor structure.
It is also proved that the sequence generated by the new algorithm converges to the optimal solution.
Finally, the feasibility of the proposed algorithm is verified by experiments. Compared with other
completed algorithms based on tensor ring rank, the completed accuracy is improved, up to 30%.
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1. Introduction

The problem of completing a low-rank matrix or tensor from small sets of linear measurements
occurs in many areas, such as hyperspectral compressive sensing [1], color images [2, 3], data
analysis [4], various video processing [5, 6], and machine learning [7]. Mathematically, the
optimization model of a tensor completion is described as follows [8]:

min
X

rank(X), (1.1)

s.t. PΩ(X) = PΩ(T ),
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where X,T ∈ RI1×I2×...×IN are both Nth-order tensors, T is the observed incomplete tensor, and Ω
denotes the index set of the known samples, PΩ(·) : RI1×I2×...×IN → RI1×I2×...×IN is the associated sampling
orthogonal projection operator, which acquires only the entries indexed by the set Ω.

As we know, the rank of a tensor has many definitions based on different decompositions of a tensor.
The most popular ones currently include the CANDECOMP/PARAFAC (CP) rank [9], Tucker rank
(or multilinear rank) [10], tensor train (TT) rank [11], and tensor ring (TR) rank [12]. These tensor
ranks have found application in various fields. The tensor completion problem is one of the most
important applications of tensor decompositions, with the goal to complete an incomplete tensor from
the available data. Moreover, the rank-minimization-based tensor completion models can be generated
by citing different rank function; it is very challenging to specify the optimal rank beforehand. This is
especially the case for Tucker, TT, and TR decompositions, for which the rank is defined as a vector; it
is therefore impossible to find the optimal ranks by cross-validation due to the immense possibilities.
And many theoretical results and algorithmic methods for completing a low-rank tensor have been
obtained. For example, Liu et al. [8] first proposed a definition for the tensor nuclear norm, minimize
the weighted sum of the nuclear norm on unfolding matrices to tackle the color image and video
completion problems. Then (1.1) can be relaxed into a convex optimization problem as follows:

min
N∑

i=1
αi∥X(i)∥∗,

s.t. PΩ(X) = PΩ(T ),
(1.2)

where αi ≥ 0 are constants satisfying
∑N

i=1 αi = 1, X(i) ∈ R
Ii×
∏

j,i I j is the mode-i unfolding of
tensor X for i ∈ {1, . . . ,N}, and ∥X(i)∥∗ is the nuclear norm of matrix X(i). Later, Xu et al. [13]
and Liu et al. [14] estimated the missing data with the regularized CP decomposition. Furthermore,
Bengua et al. [15] applied the TT format to recover incomplete tensors. Zhang et al. [16] considered
minimizing a tensor nuclear norm (TNN) on t-SVD to find a low tubal-rank tensor. Zhao et al. [17]
employed a Bayesian treatment on the CP model to handle the incomplete tensor. Chen et al. [18]
further explored a Bayesian Gaussian CP decomposition model on the traffic data imputation problem.
Long [19] presented a Bayesian low-rank tensor completion method with the TR format for the image
completion problem. The central effort, for which this paper will further study, focuses on how to retain
the correlated information of data sets as much as possible under the tensor low-rank framework in a
tractable way in order to achieve the high accuracy of approximations. Based on TR decomposition,
Yuan et al. [20] introduced the weight optimization algorithm (TR-WOPT) and the singular value
thresholding algorithm (TR-SVD); Zhao et al. [21] proposed the least squares method (TR-ALS) to
approximate tensors. Recently, some works [22, 23] jointly consider the low-rank and smoothness
properties, which use the hierarchical structured information. Besides, the structured low-rank model
also proposed in [24]. Numerous detailed derivations on the tensor completion problem can be referred
to in the references given therein.

These algorithms mentioned above were usually used to generalize tensor completion models. They
directly represent data with the tensors themselves, and some structures of the tensors are assumed, and
then they can be considered as one of two classes of methods for modeling tensors. By contrast, the
algorithms in the second class are embedding the data into a high-dimensional feature space, and it
is assumed that the data can be represented by a low-rank or a smooth manifold in the embedded
space [25–28]. Typically, a time series is represented by a Hankel matrix, and its low-rank property
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has been employed widely for modeling a linear time-invariant system of singles [27,28]. For example,
Li et al. [29] proposed a method for modeling damped sinusoidal signals based on a low-rank Hankel
approximation. Ding et al. [25] proposed the use of rank minimization of a Hankel matrix for the video
inpainting problem by assuming an autoregressive moving average model.

This study focuses on a case where all of the elements in some continuous slices or row/column
fibers are missing in tensor data. The completion of missing slices or row/column fibers is recognized
as a difficult problem that common tensor completion algorithms usually fail to solve in this case. The
research on using embedded structured data for low rank or smoothness of data has mainly been applied
to matrix completion problems; only a few works [30, 31] have studied tensor completion algorithms
for embedded structures. Therefore, there is still a lot of research in tensor completion problems for
embedding structured data.

To obtain the structured data, the popular method of embedding data is vector delay
embedding (VDT) or multi-way delay-embedding transform (MDT) [31], which is a special Hankel
structure formed by embedding a set of vectors into some data. It is frequently used in the signal
processing of time series [32]. It is noted that [31] have proposed two Tucker decomposition algorithms
by using the same embedding method. This paper is to use the MDT technique to embed data from
general tensors and expand them into high-order structured tensors, and a kernel factor with a special
structure (Hankel) is constructed to approximate and achieve tensor completion for improving the
approximated accuracy. We suggested a new algorithm that effectively alleviates the burden of rank
selection and improves the accuracy of tensor completion.

The rest of this paper is organized as follows: the notations used throughout this paper and related
preliminaries are introduced in Section 2. Section 3 establishes the proposed algorithms in detail.
Convergence analysis is discussed under mild conditions in Section 4. In Section 5, we compare the
proposed algorithms with the previous algorithms to show the effectiveness of the new algorithms.
Finally, we conclude the paper in Section 6.

2. Notation and preliminaries

Throughout this paper, N stands for the set of the natural number and R the real number; RI1 and
RI1×I2 denote the space of I1 dimensional real column vectors and I1 × I2 dimensional real matrices,
respectively. Let RI1×I2×···×IN be the space of Nth-order tensors with size I1×I2×· · ·×IN . The calligraphic
letters, e.g.,A, denote tensors; capital letters, e.g., A, denote matrices; lowercase letters, e.g., a, denote
vectors; and Greek letters, e.g., α, denote scalars. For matrix X, we let σ1(X) ≥ σ2(X) ≥ · · · ≥ σr(X)
be singular values of X with rank r and ∥X∥∗ = trace((XT X)

1
2 ) =

∑r
i=1 σi(X) be the nuclear norm of

X, here trace(·) is the matrix trace operation. For an Nth-order tensor X ∈ RI1×I2×...×IN , its element is
denoted by Xi1i2...iN , where 1 ≤ in ≤ In and 1 ≤ n ≤ N. Where appropriate, a tensor sequence can also
be written as [X]. The inner product of two tensors, X and Y, of the same order and size is defined as
⟨X,Y⟩ =

∑
i1,i2,...,iN Xi1i2...iNYi1i2...iN . The Frobenius norm of a tensor is given by ∥X∥F = ⟨X,X⟩

1
2 . The

orthogonal projection operator onto an index set Ω, denoted by PΩ(·), is defined as

(
PΩ(X)

)
i1i2...iN =

{
Xi1i2...iN , if i1i2 . . . iN ∈ Ω,

0, if i1i2 . . . iN ∈ Ω̄,
∀X ∈ RI1×I2×...×IN ,
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where Ω̄ is the complementary set of Ω. A Hankel matrix H = (hi+ j−1)n
i, j=1 ∈ R

n×n is of the form

H =


h1 h2 · · · hn

h2 h3 · · · hn+1
...

...
. . .

...

hn hn+1 · · · h2n−1

 ,
which is determined by 2n − 1 entries, that is, the first row and the last column.

The TR decomposition represents a tensor of higher order by circular multi-linear products over a
sequence of low-order latent core tensors, i.e., TR factors. For n = 1, 2, . . . ,N , the TR factors are
denoted by G(n) ∈ Rrn×In×rn+1 and each consists of two rank modes (i.e., mode-1 and mode-3) and one
dimension mode (i.e., mode-2). The syntax r = {r1, r2, . . . , rN} denotes the TR-rank, which controls the
model complexity of the TR decomposition. The TR decomposition applies trace operations, and all of
the TR factors are set to be 3-order; thus, the TR decomposition relaxes the rank constraint on the first
and last core of the TT to r1 = rN+1. Moreover, the TR decomposition linearly scales to the order of the
tensor, and in this way, it overcomes the curse of dimensionality. In this case, the TR can be considered
as a linear combination of the TTs and hence offers a powerful and generalized representation ability.
The element-wise relation of the TR decomposition and the generated tensor is given by:

Xi1i2...iN = trace

 N∏
n=1

G(n)
in

 , (2.1)

where Xi1i2...iN denotes the (i1, i2, . . . , iN)th element of the tensor, G(n)
in
∈ Rrn×rn+1 is the in-th mode-2

slice matrix of G(n), which can also be denoted by G(n)(:, in, :) according to the matlab notation. For
simplicity, we denote the TR decomposition by X = Ψ(G(1),G(2), . . . ,G(N)).

There now exist three “unfold” operations unfoldn(T ) along the n-mode of an Nth-order tensor
T ∈ RI1×I2×···×IN are respectively defined as: T⟨n⟩ ∈ R

∏n
j=1 I j×

∏N
j=n+1 I j , the n-unfolding matrix (see [12,30])

with its elements defined by Ti1i2...iN = T⟨n⟩(i1 . . . in, in+1 . . . iN); T(n) ∈ R
In×
∏

j,n I j , the classical mode-n
unfolding matrix (see [8, 12, 30]) with its elements defined by Ti1i2...iN = T(n)(in, i1 . . . in−1in+1 . . . iN);
T[n] ∈ R

In×
∏

j,n I j , the mode-n unfolding matrix (see [12, 30]) with its elements defined by Ti1i2...iN =

T[n](in, in+1 . . . iNi1 . . . in−1). The difference between the latter two types of mode-n unfolding operations
lies in the ordering of indices associated with the N − 1 modes, which corresponds to a specific
dimensional permutation performed on T . Their inverse operation “fold” is respectively defined as
foldn(T(n)) = T , foldn(T⟨n⟩) = T , foldn(T[n]) = T . By the way, ∥T ∥F = ∥T(n)∥F for any 1 ≤ n ≤ N and
so on.
Definition 1. (see [12]) The subchain tensor by merging all cores except the nth core G(n), i.e.,
G(n+1), . . . ,G(N),G(1), . . . ,G(n−1), is denoted by G,n ∈ Rrn+1×

∏
j,n I j×rn whose slice matrices are defined

by

G,n(in+1 . . . iNi1i2 . . . in−1) =
N∏

j=n+1

G( j)
i j

n−1∏
j=1

G( j)
i j
. (2.2)

Definition 2. (see [33]) The n-mode (matrix) product of a tensor T = (Ti1i2···iN ) ∈ RI1×I2×···×IN with a
matrix X = (X jin) ∈ R

J×In is denoted by T ×n X and is of size I1 × I2 × · · · × In−1 × J × In+1 × · · · × IN .
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Elementwise, we have

(T ×n X)i1···in−1 jin+1···iN =

In∑
in=1

Ti1i2···iN X jin . (2.3)

Each mode-n fiber is multiplied by the matrix X. The idea can be expressed in terms of unfolded
tensors:

Y = T ×n X ⇔ Y(n) = XT(n),

that is to say, Y = foldn(Y(n)) = foldn(XT(n)).
Definition 3. (see [31]) A standard delay embedding transform (VDT) of a vector v =

(v1, v2, . . . , vL)T ∈ RL with τ is given

H(v) =


v1 v2 · · · vL−τ+1

v2 v3 · · · vL−τ+2
...

...
. . .

...

vτ vτ+1 · · · vL

 ∈ Rτ×(L−τ+1),

it can be considered as a Hankelization operation sinceH(v) is a Hankel matrix.
If S ∈ Bτ(L−τ+1)×L ⊂ Rτ(L−τ+1)×L with B = {0, 1} is a Boolean or a 0-1 matrix that satisfies

vec(H(v)) = S v,

then the standard delay embedding transform can be obtained by

(H(v)) = fold(L,τ)(S v),

where fold(L,τ) : Rτ(L−τ+1) → Rτ×(L−τ+1) is a folding operator from a vector to a matrix. It should be
noted that S is also a duplication matrix; the diagonal elements of (S T S ) comprise the numbers of
duplications for individual elements, which are usually τ ∈ N, but low for marginal elements.

The inverse delay embedding transform for a Hankel matrixVH can be given by

H−1
τ (VH) = S †vec(VH),

where S † = (S T S )−1S T stands for the Moore–Penrose pseudo-inverse of S . An inverse transform of a
VDT can be decomposed into duplication and folding, so the inverse transform can also be decomposed
into the individual corresponding inverse transforms: a vectorization operation and the Moore–Penrose
pseudo-inverse.
Definition 4. (see [31]) A multi-way delay-embedding transform (MDT) for an Nth order tensor
T ∈ RI1×I2×···×IN with τ = (τ1, τ2, . . . , τN) ∈ NN is defined by

MDT : Hτ(T ) = fold(I,τ)(T ×1 S 1 ×2 · · · ×N S N),

where the operator fold(I,τ) : Rτ1(I1−τ1+1)×···×τN (IN−τN+1) → Rτ1×(I1−τ1+1)×···×τN×(IN−τN+1) constructs a 2Nth
order tensor from the input Nth order tensor.

The inverse MDT for a Hankel tensor is given by

invMDT : H−1
τ (TH) = TH ×1 S †1 × · · · ×N S †N ,

AIMS Mathematics Volume 10, Issue 3, 6492–6511.



6497

where TH is a 2Nth order tensor, this operator reshaped an Nth order tensor from the 2Nth order tensor.
For convenience, they would be denoted by MDT(X) and invMDT(X) in the subsequent,

respectively. In fact, the MDT is also a combination of multi-linear duplication and multi-way folding
operations. Figure 1 shows flowcharts to illustrate MDT and invMDT for N = 3.

Figure 1. The technique of a multi-way delay-embedding transform (MDT) and its inverse
for N = 3.

Let X ∈ RI1×I2 be a matrix with rank r. The SVD of X is given by X = UΣrVT , where U ∈ RI1×r and
V ∈ RI2×r have orthogonal columns formed by the left and the right singular vectors of X, respectively,
and Σr = diag({σi}1≤i≤r) is a diagonal matrix consisting of all singular values of X, see [34]. Let τ > 0 be
a parameter. The singular value shrinkage operator is given by Dτ(X) = Udiag({max(σi−τ, 0)}1≤i≤r)VT ,
see [35].

3. Proposed algorithm

In this section, we introduce a new algorithm by embedding a Hankel structure for low-rank tensor
ring completion.

To the best of our knowledge, there are two proposed TR-based tensor completion algorithms: the
TR-ALS and TR-WOPT, mentioned in above Section 1. They apply the same optimization model,
which is formulated as:

min
[G]
∥PΩ(T − Ψ([G])∥2F , (3.1)

where the optimization objective is the TR factors sequence [G], PΩ(T ) denotes all the observed
entries, the set of indices of observed entries represented by Ω, and Ψ([G]) = Ψ(G(1),G(2), . . . ,G(N))
denotes the approximated tensor generated by [G]. Every element of Ψ([G]) is calculated by Eq (2.1).

Completion by rank minimization-based regularization, the model (3.1) can be formulated as:

min
X

rank(X) +
λ

2
∥PΩ(T − X)∥2F , (3.2)

where X is the completed low-rank tensor, and rank(X) is a rank regularizer. The model can therefore
find the low-rank structure of the data and approximate the incomplete tensor.

Because determining the tensor rank is an NP-hard problem [33, 36], work in [8, 37] extends the
concept of low-rank matrix completion and defines tensor rank as a sum of the rank of the mode-n
unfolding of the object tensor. A model of the tensor ring completion can be equivalently rewritten as:

min
G

N∑
n=1

rank(G(n)) +
λ

2
∥PΩ(T − Ψ([G]))∥2F ,
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Usually, the model is solved by ADMM algorithms, and it is shown to have fast convergence and
good performance when the data size is small. However, when dealing with large-scale data, the
multiple SVD operations in the optimization step will be intractable due to high computational cost.

By nuclear norm regularization and imposing low rankness on each of the TR factors, a tensor
completion model is formulated as follows:

min
[G],X

N∑
n=1
∥G(n)∥∗ +

λ
2∥X − Ψ([G])∥2F ,

s.t. PΩ(X) = PΩ(T ).
(3.3)

Further, the model (3.3) was finally rewritten as the tensor ring low-rank factors (TRLRF) model
in [19, 33, 36, 38]:

min
[G],X

N∑
n=1

3∑
k=1
∥G(n)

(k)∥∗ +
λ
2∥X − Ψ([G])∥2F ,

s.t. PΩ(X) = PΩ(T ).
(3.4)

This TRLRF model has two distinctive advantages. First, the low-rank assumption is placed on tensor
factors instead of on the original tensor; this greatly reduces the computational complexity of the SVD
operation. Second, the low-rankness of the tensor factors can enhance the robustness to rank selection,
which can alleviate the burden of searching for the optimal TR-rank and reduce the computational cost
in the implementation. Immediately after, a new model is proposed that utilizes the rank relationship
between a tensor and its core, which gives low-rank constraints on the two rank modes of the TR
factors, i.e., the unfolding of the TR factors along mode-1 and mode-3, which can be expressed by∑N

n=1 ∥G
(n)
(1)∥∗ +

∑N
n=1 ∥G

(n)
(3)∥∗ [20]. Furthermore, it is noted that a slicing matrix of the mode-2 tensor

core factor represents that important information of the original from definition 1, and so it can be used
instead of mode-1 and mode-3 to improve computational efficiency and reduce computation time. So
we developed it as follows:

min
[G],X

N∑
n=1

3∥G(n)
(2)∥∗ +

λ
2∥X − Ψ([G]))∥2F ,

s.t. PΩ(X) = PΩ(T ).
(3.5)

By embedding the Hankel structureHT = MDT(X), the model (3.5) is reexpressed as the following
model:

min
[G],HT

2N∑
n=1

3∥G(n)
(2)∥∗ +

λ
2∥HT − Ψ([G])∥2F ,

s.t. PΩ(X) = PΩ(T ).
(3.6)

We apply the augmented Lagrange multiplier (ALM) method [39] to solve (3.6). By introducing
M,Y, then the augmented Lagrangian function optimization model of (3.6) with a constraint is given
as

L(G,X,M,Y) =
2N∑
n=1

(3∥M(n)
(2)∥∗ + ⟨Yn,Mn − Gn⟩ +

µ

2
∥Mn − Gn∥

2
F) +

µ

2
∥Hτ − Ψ([Gn])∥2F ,
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s.t. PΩ(X) = PΩ(T ), (3.7)

where µ > 0 is the penalty parameter, Mn is the auxiliary variable of Gn, Yn is the Lagrangian
multiplier, and Gn,Mn,Yn are independent of each other. The corresponding mathematical
programming can be given in the following

min L(G,X,M,Y),
s.t. PΩ(X) = PΩ(T ). (3.8)

The optimization problem (3.8) is a nonconvex and nonsmooth programming. Thus, we obtain
Algorithm 1.

Algorithm 1: Embedding Structured Data in Low-rank Tensor Ring Completion.

Input: PΩ(T ),Ψ,N;
output: X
0. Let the subscripts of each element position in GN be (i, j, k), the element values that make their
subscripts equal to sum(i + j) the element are the same. Y1 = 0,M1 = 0, λ = 5, µ = 10−1, µmax = 102,

ρ = 1.3, ϵ = 10−6, tmax = 5000;
1. X = PΩ(T )
2. Hτ = MDT(X),

for t = 1 : tmax,

while n = 1 : 2N
3. Hlast = Hτ

4. Gn+1 = fold2

(
(3(µMn

(2) + Yn
(2)) + λHlastG,n

<2>)(λG
,n,T
<2>G,n

<2> + 3µI)−1
)

5.Mn+1 = fold2(D 1
µ
(Gn+1

(2) −
1
µ
Yn

(2)))
6. Hτ = PΩ(Hlast) + PΩ̄(Ψ([G]))
7. Yn+1 = Yn + µ(Mn+1 − Gn+1)
8. µ = min(ρµ, µmax)
9. if ∥Hτ−Hlast∥F

∥Hτ∥F
< ϵ, break

end
end

10. X = invMDT(Hτ)

Remark. The algorithm 1 is conceptually quite simple, comprising three steps: (1) MDT; (2) low-rank
tensor approximation; and (3) inverse MDT. In (2), we obtain a low-rank approximation of X based on
the TR decomposition model (3.5).

4. Convergence analysis

In this section, we discuss the global convergence of Algorithm 1.
For the ease of exposition, H ,Mk,Gk,Yk as described in Algorithm 1, let (M∗,G∗,Y∗) be the

solution of (3.8).
Lemma 1. The sequence {Yk} generated by Algorithm 1 is bounded.
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Proof. Let B = µk(Mk+1 +
1
µk
Yk − Gk). We have the following from Algorithm 1,

Yk+1 = Yk + µk(Mk+1 − Gk+1)
= Yk + µk(Mk+1 − Gk + Gk − Gk+1)
= Yk + µk(Mk+1 − Gk) + µk(Gk − Gk+1).

By simple deduction,

µk(Gk − Gk+1) = µkPΩ̄(Gk − Gk+1)
= µkPΩ̄(Gk − (Mk+1 + µk

−1Yk))
= PΩ̄(µk(Mk+1 + µk

−1Yk − Gk))
= PΩ̄(B).

And

∥B∥F = ∥µk(Mk+1 + µk
−1Yk − Gk)∥F

= µk

N∑
i=1

∥Mk+1
(i) + µk

−1Yk
(i) −Gk

(i))∥F

≤ Nµk∥Mk+1
(2) + µk

−1Yk
(2) −Gk

(2))∥F .

The truncated SVD has been used in Algorithm 1, then

Mk+1
(2) + µk

−1Yk
(2) = UkΣkV

T
k + ŨkΣ̃kṼT

k ,

where UkΣkV
T
k and ŨkΣ̃kṼT

k are both the partial SVD divided by thresholding µk
−1, that is to say,

σk > µk
−1, σ̃k ≤ µk

−1.
Hence,

∥B∥F = ∥µk(Mk+1
(2) + µk

−1Yk
(2) −Gk

(2))∥F
≤ Nµk∥(Mk+1

(2) + µk
−1Yk

(2) −Gk
(2)∥F

= N∥µk(UkΣkV
T
k + ŨkΣ̃kṼT

k − Uk(Σk − µk
−1I)V

T
k )∥F

= N∥µk(µk
−1UkIV

T
k + ŨkΣ̃kṼT

k )∥F .

From the Lemmas 1 and 4 in [39], µk(Mk+1
(2) + µk

−1Yk
(2) −Gk

(2)) ∈ ∇∥M
k+1
(2) ∥∗.

Let Mk+1
(2) = UΣVT,

∥Mk+1
(2) ∥∗ = {UVT +W : W ∈ Rn×m,UTW = 0,WV = 0, ∥W∥2 ≤ 1},

∥UVT +W∥2F = trace(VVT +WTW) ≤ N,

∥µk(Mk+1
(2) + µk

−1Yk
(2) −Gk

(2))∥F ≤
√

N,

AIMS Mathematics Volume 10, Issue 3, 6492–6511.



6501

Then,
N∥µk(Mk+1

(2) + µk
−1Yk

(2) −Gk
(2))∥F ≤ N

√
N,

∥µk(Mk+1 + µk
−1Yk − Gk)∥F ≤ N

√
N,

∥B∥F ≤ N
√

N.

Thus, Lemma 1 holds.
Theorem 1. Suppose that the series

∑+∞
k=1 µ

−1
k diverges if µk → +∞. Then the sequences {Mk}, {Gk}

generated by Algorithm 1 converge to the optimal solution of (3.8).
Proof. According to Algorithm 1, we obtain

Yk+1 = Yk + µk(Mk+1 − Gk+1),

µ−1
k (Yk+1 − Yk) =Mk+1 − Gk+1,

lim
k→+∞

µk
−1(Yk+1 − Yk) = lim

k→+∞
(Mk+1 − Gk+1) = 0.

LetM∗,G∗ denote the optimal solution of (3.8); this meansM∗ = G∗. In order to prove this theorem,
we now consider the formula

∥Mk+1 −M
∗∥2F + µ

−2
k ∥Yk+1 − Y

∗∥2F

= ∥Mk −M
∗∥2F + µ

−2
k ∥Yk − Y

∗∥2F − ∥Mk+1 −Mk∥
2
F

− µ−2
k ∥Yk+1 − Yk∥

2
F − 2µk

−1⟨Gk+1 − G
∗, Ŷk+1 − Y

∗⟩.

Suppose that Ŷk+1 = Yk + µk(Mk+1 − Gk),Y∗ is the optimal solution of the dual problem in [39].

∥Mk+1 −M
∗∥2F + µ

−2
k ∥Yk+1 − Y

∗∥2F

= ∥Mk −M
∗∥2F + µ

−2
k ∥Yk − Y

∗∥2F − (∥Mk+1 −Mk∥
2
F + µ

−2
k ∥Yk+1 − Yk∥

2
F)

+ 2⟨Mk+1 −M
∗,Mk+1 −Mk⟩ + µ

−2
k ⟨Yk+1 − Y

∗,Yk+1 − Yk⟩

=∥Mk −M
∗∥2F + µ

−2
k ∥Yk − Y

∗∥2F − (∥Mk+1 −Mk∥
2
F + µ

−2
k ∥Yk+1 − Yk∥

2
F)

+ 2⟨Mk+1 −M
∗,Mk+1 −Mk⟩ + 2µk

−1⟨Yk+1 − Y
∗,Mk+1 − Gk+1⟩

=∥Mk −M
∗∥2F + µ

−2
k ∥Yk − Y

∗∥2F − (∥Mk+1 −Mk∥
2
F + µ

−2
k ∥Yk+1 − Yk∥

2
F)

+ 2⟨Mk+1 −M
∗,Mk+1 −Mk⟩ + 2µk

−1(⟨Yk+1 − Y
∗,Mk+1 −M

∗⟩

+ ⟨Yk+1 − Y
∗,G∗ − Gk+1⟩)

=∥Mk −M
∗∥2F + µ

−2
k ∥Yk − Y

∗∥2F − (∥Mk+1 −Mk∥
2
F + µ

−2
k ∥Yk+1 − Yk∥

2
F)

− 2µk
−1⟨Gk+1 − G

∗, Ŷk+1 − Y
∗⟩.

Since ∥G∥∗ is a convex function and Ŷk+1 ∈ ∇∥Gk+1∥∗, then

⟨Gk+1 − G
∗, Ŷk+1 − Y

∗⟩ ≥ 0.

It is noted that ∥Mk+1 −Mk∥
2
F + µ

−2
k ∥Yk+1 − Yk∥

2
F ≥ 0, and

∥Mk+1 −M
∗∥2F + µ

−2
k ∥Yk+1 − Y

∗∥2F ≤ ∥Mk −M
∗∥2F + µ

−2
k ∥Yk − Y

∗∥2F + 2µk
−1⟨Gk+1 − G

∗, Ŷk+1 − Y
∗⟩.
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Then {∥Mk −M
∗∥2F + µ

−2
k ∥Yk − Y

∗∥2F} is not increasing, and
∑∞

k=1 µk
−1⟨Mk −M

∗,Yk − Y
∗⟩ < +∞.

Consequently,M∗,G∗ is the optimal solution of (3.7) by the proof of Lemma 2 in [39].
So the theorem is proven.

Theorem 2. Assume that the tensorHτ is formed by [Gk]. Then

∥Hτ −H
∗∥F ≤ ∥Ψ([Gk]) −H∗∥F ,

hereH∗ is the solution of (3.6).
Proof. Because of

∥Ψ([Gk]) −H∗∥2F =∥Ψ([Gk]) −Hτ +Hτ −H∗∥2F
=∥Ψ([Gk]) −Hτ∥2F + ∥Hτ −H

∗∥2F + 2⟨Ψ([Gk]) −Hτ,Hτ −H∗⟩
=∥Ψ([Gk]) −Hτ∥2F + ∥Hτ −H

∗∥2F ,

then ∥Hτ −H∗∥F ≤ ∥Ψ([Gk]) −H∗∥F holds.
The theorem is proven.

5. Numerical experiments

In this section, we conducted experiments to testify to the effectiveness of our algorithm 1 by
comparing some algorithms in the relative square error (RSE), peak signal-to-noise ratio (PSNR), the
computing time in seconds (CPU(s)), and structural similarity (SSIM) [40]. They are defined as

PSNR = 10 log10 (2552/MSE),

where the mean squared error (MSE) was defined by

MSE =
∥X − T∥2F

num(T )
, num(T ) means the number of elements of T ;

RSE =
∥X − T∥F

∥T ∥F
;

SSIM(x, y) = [(l(x, y)]α · [(c(x, y)]β · [(s(x, y)]γ,

where α, β, γ are all positive real numbers. As for the details of the functionals l(x, y), c(x, y), and
s(x, y), please refer to [40].

The TR-WOPT [20] and TR-LRF [38]) algorithms were used to solve the model (3.4); algorithm 1
from [31] was used to solve the model (20) in [31]; and our algorithm 1 was exploited to solve the
model (3.6). In the experiments, we selected three benchmark images, named Lena, House, and
Peppers with the size of them being 256 × 256 × 3, which can be considered a 3rd order tensor. p
represents the sampling rate in the test.

There are three cases for the experiment in the following. In our implementations, all the codes
were written by Matlab R2019b and run on a PC with an Intel Xeon E5 processor, 2.5GHz, and 20GB
memory.
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5.1. Verification of the proposed algorithm using benchmark images inpainting

We prepared two missing formats of the images. One of them is randomly missing, and the other is
missing with special structures. The sampling rate of those images was set as p = 0.5, a light blurring.
Figure 2 and Table 1 have reported the experimental results obtained after the completion of three
incomplete images for four algorithms. Evidently, the result obtained by the proposed algorithm 1
was better than that by other algorithms. Table 1 shows the SSIM, PSNR, RSE, and CPU(s) for these
comparisons, where the best RSE, PSNR, CPU(s) and SSIM values are emphasized in bold font.

Furthermore, it is noted that all four algorithms have completed the filling task well for two missing
formats by Figure 2 and Table 1. The proposed algorithm and algorithm 1 of [31] exhibit better visual
effects for the structured missing case facade 2. Due to their inclusion of MDT, their advantage lies not
in computation time but in the completion effect.

original missing proposed trlrf trwopt algorithm 1 of [31]

Figure 2. Color images completed with various algorithms. Two missing color images were
artificially generated comprising: random missing case facade 1, structured missing case
facade 2.
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Table 1. Computational results for the missing images.

image missing item proposed trlrf trwopt alg.1 of [31]
SSIM 0.8790 0.7850 0.7650 0.8025

facade 1 PSNR 27.028 25.373 26.217 26.572
RSE 0.0800 0.0970 0.0920 0.0730

Lena CPU(s) 8.4800 6.3297 6.4905 8.4411
SSIM 0.8530 0.7470 0.6130 0.7344

facade 2 PSNR 25.665 24.495 22.181 24.027
RSE 0.0920 0.1080 0.1470 0.1338
CPU(s) 6.1768 6.97 50 6.8912 6.1020
SSIM 0.9030 0.8730 0.8170 0.8820

facade 1 PSNR 27.587 26.922 26.913 27.307
RSE 0.0710 0.0750 0.0770 0.0723

House CPU(s) 9.0821 6.4911 6.5720 9.1208
SSIM 0.8580 0.8030 0.6870 0.8117

facade 2 PSNR 26.937 25.451 24.313 26.229
RSE 0.0790 0.0890 0.1050 0.0823
CPU(s) 6.3728 7.0957 7.1120 6.4432
SSIM 0.8730 0.8010 0.7130 0.8331

facade 1 PSNR 26.678 25.449 24.899 26.187
RSE 0.0920 0.1070 0.1260 0.0923

Peppers CPU(s) 11.0748 9.2470 9.4965 10.3912
SSIM 0.8480 0.7560 0.5920 0.8510

facade 2 PSNR 26.321 24.285 21.691 26.556
RSE 0.1070 0.1360 0.1760 0.1121
CPU(s) 10.3477 9.0231 9.0020 10.0015

5.2. Comparison using benchmark images inpainting for row/column fibres missing

In order to compare the performance of the new algorithm in solving images inpainting with
row/column fibers missing, we prepared three row/column fibers missing formats of the images
mentioned above for this experiment, which are shown in Figures 3–5. The missing rates of the
image were set as p =0.3, 0.4, 0.5, and the corresponding missing fibers in the row and column are
pr = 20, 10, 5 and pc =24,12,6, respectively.

From the visual effect of Figures 3–5 and the results recorded in Table 2. It is clear that the result
obtained by our algorithm 1 and the algorithm 1 of [31] were much better than that of the other
two algorithms without MDT. That is to say, our algorithm 1 and the algorithm 1 of [31] are more
suitable for special cases of the tensor completion. Table 2 shows the SSIM, PSNR, and RSE for these
comparisons, where the best RSE, PSNR, and SSIM values are emphasized in bold font.
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Table 2. Completed results of three images for the different missing rate.

image missing item proposed trlrf trwopt alg.1 of [31]
p=0.3 SSIM 0.9499 0.9303 0.9039 0.9019
pr=20 PSNR 24.2172 23.6465 22.3610 22.2662
pc=24 RSE 0.0920 0.1388 0.1403 0.1196
p=0.4 SSIM 0.9630 0.9394 0.9383 0.9525

Lena pr=10 PSNR 26.181 25.1286 25.0333 25.7863
pc=12 RSE 0.0870 0.1014 0.1024 0.0936
p=0.5 SSIM 0.9733 0.8717 0.8130 0.9721
pr=5 PSNR 28.7825 28.1753 28.0181 28.7815
pc=6 RSE 0.06068 0.0693 0.0740 0.0636
p=0.3 SSIM 0.8808 0.8538 0.8525 0.8170
pr=20 PSNR 24.7000 23.5651 23.5148 24.0913
pc=24 RSE 0.0963 0.1180 0.1186 0.1007
p=0.4 SSIM 0.9179 0.8820 0.8819 0.9670

House pr=10 PSNR 25.3162 25.0296 25.0206 25.4313
pc=12 RSE 0.0809 0.0923 0.0894 0.0795
p=0.5 SSIM 0.9583 0.9417 0.9416 0.9430
pr=5 PSNR 27.9485 27.6135 27.6093 27.7811
pc=6 RSE 0.0521 0.0683 0.0683 0.0570
p=0.3 SSIM 0.9818 0.8843 0.8847 0.9130
pr=20 PSNR 30.3795 22.3312 22.3587 28.8990
pc=24 RSE 0.0551 0.1393 0.1388 0.0860
p=0.4 SSIM 0.9218 0.8824 0.9188 0.9208

Peppers pr=10 PSNR 24.5184 22.0556 23.4397 24.691
pc=12 RSE 0.1124 0.1576 0.1393 0.1060
p=0.5 SSIM 0.9588 0.9237 0.9528 0.9536
pr=5 PSNR 25.9665 24.8717 25.1861 25.7920
pc=6 RSE 0.0818 0.1104 0.1114 0.0847
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original missing proposed trlrf trwopt algorithm 1 of [31]

Figure 3. The completed Lena for p = 0.5 (Top), p = 0.4 (middle) and p = 0.3 (Bottom).

original missing proposed trlrf trwopt algorithm 1 of [31]

Figure 4. The completed house for p = 0.5 (Top), p = 0.4 (middle) and p = 0.3 (Bottom).

AIMS Mathematics Volume 10, Issue 3, 6492–6511.



6507

original missing proposed trlrf trwopt algorithm 1 of [31]

Figure 5. The completed peppers for p = 0.5 (Top), p = 0.4 (middle) and p = 0.3 (Bottom).

5.3. Comparison using Lena’s image for missing slice

To compare the performance of the proposed algorithm with the other algorithms for solving image
completion problems with a slice missing, we prepared Lena’s images with badly random missing; the
lower sampling rates of the image were badly set as 0.01, 0.03, and 0.05, respectively.

From the visual effect of Figure 6 and the results recorded in Table 3. It is noted that the results
obtained by our algorithm 1 and algorithm 1 of [31] were much better than those by two other
algorithms without MDT. That is to say, our algorithm 1 and algorithm 1 of [31] are more suitable for
this special case of the tensor completion problems. Table 3 shows the SSIM, PSNR, and RSE for
these comparisons, where the best RSE, PSNR, and SSIM values are emphasized in bold font.

original missing proposed trlrf trwopt algorithm 1 of [31]

Figure 6. The completed Lena for p = 0.05 (Top), p = 0.03 (middle) and p = 0.01 (Bottom).
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Table 3. Completed results of missing Lena for the different missing rate.

missing item proposed trlrf trwopt alg.1 of [31]
SSIM 0.6729 0.5720 0.5581 0.6631

p=0.05 PSNR 21.5228 18.0491 19.6552 21.0217
RSE 0.5080 0.7901 0.8312 0.5126
SSIM 0.8530 0.6470 0.5840 0.8130

p=0.03 PSNR 22.6065 19.4995 18.9337 21.9181
RSE 0.0920 0.8080 0.8869 0.1014
SSIM 0.8530 0.4470 0.4584 0.8555

p=0.01 PSNR 16.665 14.4956 13.9897 16.181
RSE 0.2920 0.9780 0.9921 0.3470

6. Conclusions

This paper focuses on the problem of completing a tensor with structured missing or missing slices
or missing row/column fibers. In the proposed algorithm, embedding structured data in a tensor
for solving a non-convex optimization model of tensor completion problems by multi-way delay-
embedding transform (MDT) makes the tensor to be completed with a special structure. We have
introduced an efficient and high-performance tensor completion algorithm based on the tensor ring
rank, constructing latent tensor ring factors with Hankel structure the approximates the original tensor
starting from the tensor structure. It has been shown to effectively handle model selection and provide
much better completion results. This has been demonstrated from the extensive experiments on images
inpainting.

The proposed algorithm has many potential extensions, such as using different embedding
transformations in step 1 of our algorithm 1 or different approximated methods in step 2 of our
algorithm 1.
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