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Abstract: In Banach spaces, first we present a new geometric constant, C(Z")(t, B), which is closely

related to the Zbdaganu constant. We prove that % and % are respectively the lower and upper

bounds for C(Zq)(t, B). Furthermore, we also derive that C(Zq)(t, B) = C(Zq)(t, E), where B denotes the
ultrapower spaces of B. Then, we can establish certain sufficient conditions that ensure a Banach
spaces possesses a normal structure, which involve different constants such as the Zbdganu constant
and Dominguez—Benavides coeflicient.
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1. Introduction and preliminaries

In recent years, geometric constants have been extensively cited and extensively studied in academic
research in functional analysis. These constants serve as quantitative measures of the geometric
attributes of spaces, thereby facilitating a more streamlined approach to tackling challenges within
Banach spaces. The elegance of these mathematical constructs is undeniable, and they exhibit an
intricate web of interrelationships. For scholars who are enthused by geometric constants of study,
we suggest consulting the references listed in [1-3] along with any additional citations mentioned
within. Furthermore, it is important to recognize that geometric constants have a significant impact
on addressing a range of mathematical challenges, including investigations into the Banach—Stone
theorem, the Bishop—Phelps—Bollobas theorem, and Tingley’s problem. These represent significant
avenues of investigation within the field of functional analysis, and if the reader wishes to go into more
depth, they may refer to the literature in [4, 5].

Brodskii and Milman initially introduced the notion of normal structure in [6]. Subsequently, Kirk
showed in [7] that a single-valued nonexpansive mapping in a Banach space with normal structure has
the fixed—point property. As a result, the examination of normal structure constitutes the most crucial
aspect of research in fixed point theory [8-11].
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The configuration of the unit sphere in a Banach space dictates its normal structure; however, it does
not adequately capture the spatial geometric structure’s features. Hence, in recent years, numerous
scholars have introduced a variety of geometric constants to characterize the geometric structure of
Banach spaces.

The James, Jordan-von Neumann, and Zbdganu constants are widely studied classical constant
in [12-14]. In this article, for Banach spaces B, B’ denotes the dual spaces of B. Let Up and Vj
represent the unit sphere and the unit ball of the spaces B, respectively:

J(B) = sup {min{|la + bl|, lla - DI} : a,b € Vg},

lla + bl +lla = bl }
ta,b € B,llall +[Ibl| > 0,
2(llall> + 116117

lla + blllla — bl }
——————:a,be B,(a,b) # (05,0p) ¢ .
llalP® + (1] Boe

In order to generalize the results of geometric constants, first Dhompongsa introduced two
constants, J(z, B) and Cy,(t, B) (see [1, 15]), where t > 0,

J(t, B) = sup {min{|la + bl [la — DI} : a,b,c € Ug},

Cny(B) = SMP{

Cz(B) := sup{

a+b|?+lla-c|?
I 2|| ||2 ||2:a,b,c€B},
2||all* + 116l + llcl|

when a, b, ¢ are not all zero and ||b — c|| < #||al|. The constants have the following properties:

(1) Cn,(0, B) = Cny(B), J(0, B) = J(B);

(2) Cyy(t, B) and J(¢, B) are increasing continuous functions;

(3) When X is Banach spaces, 1 + 4% < Cyy(t,B) < 2 for all t > 0. For Hilbert spaces, we have
Cny(t,B) = 1 + 7% for all 7 € [0, 2].

Cui [16] and Dinarvand [17] respectively introduced the constants C%}(B) and C
sufficient conditions for its normal structure when ¢ > 0, 1 < g < oo,

lla + bll* + lla — bl|?
. Cl,b € B,(a,b) * (O,O)}’
2071 (lall + (Ibl|)

lla + blI7 + lla — cll?
CO ) = :a,b,c€ By,
N B) = SO0 STl 2072 (o + ey

when a, b, c are not all zero and ||b — ¢|| < t||a]|.To delve deeper into the geometric characteristics
of Banach spaces, including properties like normal structure and uniform non-squareness, certain
researchers have brought forth the concepts of the constants (see [2, 18, 19]). C_.(B), C_(t, B) and
C'?(B), whent > 0and 1 < q < oo. For further insights into these geometric constants:

Cny(,B) = SUP{

(q)

v, (1, B) and give

C\(B) = sup{

min {|la + b1, lla - bIP}

C_(B) =
(B) = sup lal? + 1612

ta,b e B,llall +1bll > 0,

min {[la + b, lla = |1}
2472 (lall* + [1b]1)
2min [la + b, lla - cIP’

2llal® + 161> + licll?

C(_qgo(B) = sup{ :a,b e B,(a,b)# (0, O)} ,

C_o(t,B) = sup

ta,b,c € By,
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when a, b, ¢ are not all zero and ||b — ¢|| < {||a]|.
In the subsequent section, we provide several essential notations and definitions.

Definition 1.1 ([3]). Let B be Banach spaces, if there exists o > 0, we have
min{|la + bl|, |la — bl|} < 2(1 — o),

for any a,b € Vg. Then Banach spaces B is uniformly non-square.

Definition 1.2 ([6]). Banach spaces B is said to possess a (weak) normal structure, which implies that
for any (weakly compact) closed bounded convex subset G in B that contains more than one point,
there exists an element By € G such that the following condition holds for

sup{llap — b|| : b € G} < supflla — bl : a,b € G},
and then if there exists ¢ € (0, 1) such that the following condition holds for

sup{llap — b|| : b € G} < csup{|la — b|| : a,b € G}.
Then B is characterized as having a uniform normal structure.

For the purpose of the proofs in the later sections, primarily we present basic information about the
ultrapower spaces in [20-22].

When B is Banach spaces and € is a filter on N. Relative to €, a sequence {a,} in B converges
on A, denoted limga, = A, then for each neighborhood V of A, we have {y € A€ V} e € A
filter B on N is said to be an ultrafilter if it is the greatest element under the subset relation. An
ultrafilter is said to be trivial if it is of the form {Z C: y, € Z} for a fixed subset y, € N, if not, then it
is said to be nontrivial. When L, (B) denote the subspace of the product spaces [ [,y B, then we have

I(@)llee = Sup,e llaall < 0.
If B is an ultrafilter on N, then we have

Na(B) = {4 = (@) € Lu(B) : lip [ = 0}.
The ultrapower spaces Bof Bis the quotient space ]L\,"jg; which is equipped with the quotient norm.
Let (a,)y denote the elements of the ultrapower. It follows from the definition of the commercial
specification that ||(an) g|l = limg ||a,|| . So we can know that if ¥ is nontrivial, then a can isometrically
be mapped into B. Moreover, an important result on ultrapower spaces is that if B is super-reflexive,
ie.,B = (B) then B has normal structure if and only if B has uniform normal structure (see [21]).

2. New constant C(Z")(t, B)

First, the new constant is defined as C(Zq)(t, B), which takes the form

ﬂ g
lla + bl[2lla — cl|>
242 (Jlale + 16114 + [ell)

C(Zq)(t,B):sup{ bceB(abc)i(OOO)}

forall 1 < g < ocoand > 0, where |[|b — ¢|| < t]la]|. Next, we are going to introduce some properties of
this new constant.
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Remark 2.1. When B is Banach spaces and 1 < q < oo, the following statements are all valid.
(1) For ¢ > 0, we can know that C(Zq)(t, B) is a continuous and increasing function;
(2) B is uniformly non-square if and only if C(Zq)(t, B) < ;—‘,then Cz(B) < ‘5‘;
(3) For any ¢ > 0, we can get C(Zq)(t, B) < Cz(B) < ‘3—‘.

Theorem 2.1. For the Banach spaces X, when 1 < g < oo, we can obtain

(t + 2 © 4
T2 <94, B)<-.
sy <2 BB <3

Proof. According to Remark 2.1, for all # > 0, we have C(Zq)(t, B) < %‘. Whena € Vg, b = —c = %a such
that b — ¢ = ta. Moreover,

t r+2
lla + bl = a+§a =
lla —c|| = a+£a :ﬂ
2 2
Then .
g5 Jatblila-clt (2) sy
2072 (llalle + N0l + llell9) - 2972(1 + 505) 2471 (2471 + 1)

Example 2.1. Define B to be R? with the metric induced by the l, — I, norm

b

lCa,a)lly, aiax >
<

l(ar, a2l , ara2

0
0.

I(ar, a)ll = {

(q) _
Then CZq (1,B) = ‘3—‘.
Proof. From Theorem 2.1, we have C(Zq)(l, B) < %. Ifa=(,-1),b=(1,0),c =(0,1), we can obtain
b—c=(,-1)=a, lla+b|l=2,-Dllw =2, lla—cl|l=|I(1,-2)llc = 2.
From the definition of the C(Zq)(t, B), we can obtain

lla + b1 |la — cl|? 24 4

Cc91,B) > - .
2z (1.B) 202(|lalle + ||Bl19 + [clle)  3-2972 3

Hence, C(1,B) = 2. O

Example 2.2. Define B to be R? with the metric induced by the I, — I, norm

lCar, a)lly, aia

(a1, a2)||2 , adi1dy

>0,
<0

(@1, ax)ll = {

Then CY(2, B) = .
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Proof. From Theorem 2.1, we have Cy”(2, B) < 4. Leta = (},1).b = (0. 1),¢ = (~1,0). We have

11 13 31
b—c=(,1D=2(==|=2a, lla+b|=|=.2|l =2, lla=cll=|[= =] =2
= un=2yg) =20 twemn=[[3 )] =2 we-a=5.5)]
From the definition of the C(Z")(t, B), we have
lla + bll2lla - cl|? 20 4
C91,B) > = =,
z (1.B) 2972(|lalle + 1blI9 + llclle)  3-2472 3
Then (2, B) = %. O

According to the definitions of the constants J(¢, B) and C(Z")(t, B), we can effortlessly deduce the
subsequent lemma.

Lemma 2.1. If B is a Banach space and 1 < g < oo. Then for all t > 0, we have

J(t.B) < (V3202 (:/C?(z, B)) :

Proof. For 1 < g < oo and ¢ > 0, we have

4 g9
@ lla + blIz]la — |2
C¥,B) >

3.2472
. [minflla + bll, lla — cll}]*
B 3-2472
, @B
=~ 3.242

So we know that ) o
[J(t,B)]? <3-21 CZq (t, B),

J(t.B) < (V3-242) (:/C(Z’f)(t, B)) :

Then we can obtain the result. O

Lemma 2.2. For Banach spaces B, when 1 < g < co. We have
C(t,B) = CY(t, B).
Proof. For 1 < g < co, we can obtain
C(1,B) < CY(1, B).

Next, we prove that C(ZQ)(I, B) > C(ZQ)(I, B). If o > 0,8 € [0,]. Assume that E,Z,E € B satisfy
b —¢|| = Bllall. For a = 0, we have
la+blfla-ar e,
292(|[alle + ||bll9 + [[elle)  2972(|Ibl|7 + |[cl|9)
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thus 2177 < C(Zq)(t, B). When a # 0, then for all ¢ > 0 such that ¢ < o[a]|l. We can get |[a]| = lim, ||a,||

and _, , ) .
_ la+bllla-cl> . la, + bull> lla, —call>

= — = lim === = limk,,.

20-2(|[@lje + ||ble + |[elle) v 297%(lanll? + 11ball + lleall?) - w

Then, the set
Q={neN:lk, —kl <o, |b, — cill < Bllayll + ¢ < (B + o) llanll}

in the ultrafilter about B. Specifically, for all n € Q, notice that a, # 0, there exists n such that

I[@ + bl| |[a - <I?
20-2(|[@ll< + ||l + [[l9)

+0 < C(Zq)(t+0',B)+0'.

Hence, according to the continuity of Cgp(-, B) and the arbitrariness of o, we have the inequality
C(1,B) < C(1, B).
]
Lemma 2.3 ([23]). If super-reflexive Banach spaces B have no normal structure, for d € (0, 1], then
we have ay,az,a3 € Vg, 81,82, 83 € Vg such that
(D |f@ - @] = 1and i (a;) = 0 forall i # j, (i, j = (1,2,3));

(2)gi(a;) =1 wheni=1,2,3;
(3) llas — (a2 + dapll > llaz + day|l.

Theorem 2.2. For Banach spaces X, when t € [0, 1], then we have
1= t2 q

J@t,B)+2t) "’

C¥, B) < (1+t+

1
3.24¢-2
where 1 < g < oo, then we can know that B has a normal structure.

Proof. According to Lemma 2.1, we can obtain (J(t, B))? < 3 - 2472 . C(Z")(t, B). So B is a uniform
non-square from the inequality in [1], therefore, B is also super-reflexive. If B has a normal structure
and for any ¢ € [0, 1], the inequality holds. Then, we have a;, a,, a3 € Vz, g1, 82,93 € Vi conforming
all the specifications in Lemma 2.3.

Let

a=da;—da,

b= ta; + (1 — 1) 22t

llaz—ax+aill’

a3—ar+a
llaz—az+all”

Then |[@] = 1, 1b]l < 1,|[€ll < 1,b — = f@. Then, we can obtain

a3 — @ + a

c=tay+( -1

@+ bl = ||@ —a +taz +(1—1)

@—@+a)

llaz — a + aill
>g~3(673—c71+tc73+(1—t) —
llas — a> + ai|

1-1¢

=1l+t+ ——F,
llas — as + ayl|
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a3 —a + a
llas — a + aill

-l =

az—ay —ta;—(1-1)

[~ ~ as —a, +a
= (—gl)(a3 —a)+ta; + (1 - I)T)
llas — a> + ai|
1-1¢
=l+t+ =
llas —a> + ai|
From Lemma 2.2, we can obtain

C(t,B) = C(t, B)
[ + Il [ — I
20-2(|fall” + [l + 11el)

o | 1—t¢ 4
*se M Y E s aea

las —a +aill)

By taking

a=a—da,

b =ta + (1 — 1)~

llaz—-az-aill’

~ _ = _ A\ —a3tar+ai
¢ =tar+ (1 - 025

Then |[@l| = 1,|/bll < 1,|[¢]l < 1,b - = fa. Similarly, we have

C(t, B) = C(t, B)
[ + Il [ — I
20-2(|fall? + [l + 11el)

s ! 1+7+ ! ’
~3.202 las —a —all)

By taking

When [[@l| = 1, 16|l < 1,|[¢ll < 1,b — T = fa. Hence,

@+ bl| = |@s — @ + tas + (1 — Ha||

> (1 +0llas — ax + aill - tllay — 2aill,
lla -7l = llas — (1 + t)d> — (1 — Dyl >

(1 + D llaz — az — aill - tllas - 2al| ,
llaz = 2a1ll < llaz — aill + llaill = 2, llas — 2a11l < 2.
From the definition of J(¢, B), we can obtain
J(t,B) = J(t, B)
> min{|[a + b, |[@ — I}
> (1 +)minf{lla; — ax + aill, llaz — az — aill} - 2¢.
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Consequently,
1 I +1¢

- ——— — > .
min{llaz —ax + all, llaz —a, —aill} = J(t, B) + 2t

As a result, we obtain

1-1¢
a+tr+——— )
min{|las — ax + ail, llas — ax — ajl}

> 1+1+ 1-r Y
~ 3.242 J(t, B) + 2t

CPt,B) >

1
3.24¢-2

This contradicts the hypothesis. Therefore, we know that Banach spaces B have normal structure. O
3. Dominguez-Benavides coefficient

Dominguez-Benavides introduce the constant D(¢, B) in 1996 in [24], for t > O,
D(t, B) = sup {lim inf {lla, + all}},
when the supremum satisfies all a € B with ||a|| < ¢. Then all weakly null sequences {a,} in Uy satisfy

D[(a,)] = limsuplimsup|la, — a,| < 1.

Particularly, when ¢t = 1, we have 1 < D(1, B) < 2.

Lemma 3.1 ( [23]). A super-reflexive Banach space B has no normal structure; then we have a,a, €
V5, 81,82 € Vi) such that

(1) i@ - @ll = 1 and g (a;) = 0 for i # j. (i, j = (1,2));

(2) gi(a;)) = 1 wheni=1,2;

(3) llaz + a1ll < D(1, B).

Theorem 3.1. Banach spaces B, where there exists t € [0, 1], if

! 1+1+ Lot
3.24-2 D(1,B)] °

when 1 < g < oo, then B has a normal structure.

C(t,B) <

Proof. Suppose that 1 < g < oo if t = 1, we can know that B has a normal structure. When 0 <7 < 1
and D(1, B) > 1, we have C(Zq)(t, B) < f—‘, then we can obtain B is a uniform non—square; therefore, B is
super—reflexive.

Assume that B has no normal structure. According to Lemma 3.1, we have a;,a; € V3, 81,82 € V(g)*
conforming to all the conditions delineated in Lemma 3.1. By taking

a=da;—dady,

b=ta,+ (1 - )2

llaz+aill”

ar+aj
llaz+aill*

c=ta; +(1-1)
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Then |[@l| = 1, [|bll < 1, |[¢l < 1, and ||@ + @]l > &1 (@ + a;) = 1. We can obtain

— - - - a, + a
||E+b||: az—a1+ta2+(l—t)T‘
llaz + ail|
_ - = — a + a
>g2(a2—a1+ta2+(1 H)—————— )
||az al”
1—1¢
=1+t+ =,
llay + ail|
a2+a1
la-cll=|a-a-ta-(1-t)—— ‘
llaz + ail|
—_ - = — a +a
9(—81)(612—a1—lal I-t)y=—— )
llaz + ajll
1-1¢
=1+t+ —=———.
lla, + ayl|

From the definition of the C(Zq)(t, B), we can obtain
CP(t,B) = CY(t, B)
[ + blfa — 2
" 202(|@ll + Bl + [[dl)
> L (1 +t+ %)q
3.2072 llaz + aill

. \4
>—|1 .
3-2q—2( +t+D(1,B))

This contradicts the hypothesis. Thus, this completes the proof.

If ¢ = 0, we obtain the following corollary.

Corollary 3.1. For Banach spaces X, when

OBy < — (1 Ly
:B<3o=\"bae)

where 1 < g < oo, we can get that B has a normal structure.

We know that if

o % (1 +l) 2
C,(t,B) < 3 (1 + (min{D(l,B)Jf”Z}) )

then B has a normal structure [18]. According to Theorem 3.1, it has

when g = 2. Then, for ¢ € [0, 1], 1 < D(¢, B) < 2, we have
-t , 34 2

1
=(1+t+
3¢

1 34, 2 1+
b lazh 3( +(min{D(1,B)+t,2}))€[
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In particular, when g = 2, according to Corollary 3.1, we have

)%

1
(2)

B) < —(1
AU )<3( +D(1,B)

Since | 5 |

Y<Z(1+ ———
D(1,B) 3 D(1, B)?
holds, then we have improved the results.

1
3+ )

4. Conclusions

In this paper, we present a novel geometric constant C(Zq)(t, B) in Banach spaces, which bears
a significant relationship to the Zbaganu constant. At first, we introduce the definition and some
properties of this new constant, and the focus of this paper is on the relationship between the normal
structure and the constant C(Zq)(t, B). Using ultrapower techniques, we establish the relationship
between the Zbaganu constant (Dominguez-Benavides coefficient) and C(Zq)(t, B), which gives us
a sufficient condition for the normal structure. Thus, we can improve on the results obtained
in [18,23,25].
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