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Abstract: Based on the K-means method, an effective block-row partitions algorithm was proposed
in [1], which involves partitioning the rows of the coefficient matrix A ∈ Rm×n. However, with the
increase of the size of the coefficient matrix, the time required for the partitioning process will increase
significantly. To address this problem, we considered selecting features from the columns of the
matrix A to obtain a low-rank matrix Ã ∈ Rm×d (d ≪ n). Lasso is a regression analysis method for
feature selection, which is simple and has excellent processing ability for high-dimensional data. In
view of this, we first introduced a new criterion for selecting the projection block, and proposed the
maximum residual block Kaczmarz algorithm. Then, we put forward the feature selection algorithm
based on Lasso, and further presented a maximum residual block Kaczmarz algorithm based on feature
selection. We analyzed the convergence of these algorithms and demonstrated their effectiveness
through numerical results, while also verifying the performance of the proposed algorithms in image
reconstruction.
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1. Introduction

For decades, research on solving large linear systems Ax = b with A ∈ Rm×n and b ∈ Rm

has maintained an abundant and enduring history. Among the various solving approaches, iterative
methods stand out due to their outstanding performance in efficiency and stability [2–4], particularly
in dealing with large linear systems. The Kaczmarz method [5] is a typical representative, which has
been widely used in many fields, such as computerized tomography, signal processing, and image
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reconstruction [6–9].
A randomized version of the Kaczmarz method was proposed in [10], known as the randomized

Kaczmarz (RK) method, which randomly selects rows of the coefficient matrix instead of selecting
them in a cyclic manner. It has been proven that this method possesses an expected linear convergence
rate. In [11], a better upper bound on the convergence rate of the RK method was provided. To
enhance the convergence speed, Bai and Wu presented an effective probability criterion for selecting
the larger entries in the residual vector as much as possible at each iteration, based on which the
greedy randomized Kaczmarz (GRK) method [12] was proposed. Additionally, they demonstrated that
its convergence rate is significantly faster than that of the RK method. Based on the GRK method,
the relaxed GRK method was introduced in [13], and a non-randomized greedy Kaczmarz method was
presented in [14]. For more discussions on the RK method, see also [15–18] and the references therein.
References [19] and [20] provided a recent comprehensive investigation and review of Kaczmarz-
type methods. In addition, the RK method is applied to solve the tensor equations, as detailed in
references [21–23].

In many calculation processes, the block Kaczmarz method [24] can be implemented more
efficiently than the Kaczmarz method, which uses some rows of the coefficient matrix at each iteration
step. In order to improve the convergence speed, Needell and Tropp presented the randomized block
Kaczmarz method [25], which has an expected linear rate of convergence. Afterwards, Necoara
developed the randomized average block Kaczmarz method [26], which can be deployed on distributed
computing units. Miao and Wu proposed the greedy randomized average block Kaczmarz [27] method,
which can be implemented in a distributed environment and also analyzed two kinds of extrapolated
step sizes. For the block version of the RK method, see also [28–31] and the references therein. A
partition strategy based on the K-means method was proposed in [1, 32], which used cosine distance
to measure the similarity between row vectors of the coefficient matrix. Due to the fact that cosine
distance measures both the distance and directional similarity between two vectors, this strategy often
yields better partitioning results. However, when the size of the coefficient matrix is too large or even
huge, the time required for partitioning will significantly increase. Therefore, we consider utilizing a
feature selection method to obtain a low-rank matrix, thereby improving solving efficiency.

Lasso (least absolute shrinkage and selection operator) [33] is a regression analysis method that
performs both variable selection and parameter estimation by shrinking coefficients with smaller
absolute values to zero through the penalty term. Based on the idea of Lasso, we consider selecting
features from the columns of coefficient matrix A ∈ Rm×n and obtain the low-rank matrix Ã ∈
Rm×d (d ≪ n). Therefore, our objective is to solve the following problem:

min
β

{
1
2
∥b − Aβ∥22 + λ∥β∥1

}
, (1.1)

where A ∈ Rm×n, b ∈ Rm, β ∈ Rn, and λ > 0. By adjusting the value of λ, the sparsity of the vector β can
be controlled, where non-zero entries correspond to the positions of selected features from coefficient
matrix A. Let β( j) represent the j-th entry of β, and construct the index set of non-zero entries in β,
denoted by

D =
{

j̃
∣∣∣ β( j) , 0, j = 1, 2, · · · , n

}
, (1.2)

and the number of elements inD is d. The low-rank matrix Ã ∈ Rm×d can be obtained, with its column
indices given by D. Then, we partition the row vectors of matrix Ã instead of matrix A, which can
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improve the efficiency of the partition process. This process of feature selection and partitioning is
shown in Figure 1.

Figure 1. The process of feature selection and partitioning.

By partitioning the row vectors of matrix Ã, we obtain the block index set J̃ = [J̃1, · · · , J̃q].
This index set applies to the row vectors of the coefficient matrix A, which is divided into q blocks
AJ̃1
, · · · , AJ̃q

. Compared to directly partitioning the row vectors of A, partitioning those of Ã can
significantly reduce the time required for the partitioning process.

In this paper, we first introduce a new criterion for selecting the projection block, which involves this
block containing the row with the maximum modulus of the residual vector, and propose the maximum
residual block Kaczmarz algorithm. Then, we present the feature selection algorithm based on Lasso,
and further put forward the maximum residual block Kaczmarz algorithm based on feature selection.
The convergence of these algorithms is analyzed respectively, and numerical results demonstrate their
effectiveness. In addition, we also verify the performance of both algorithms in image reconstruction.

2. Preliminaries and notation

For a matrix A =
(
ai j

)
∈ Rm×n, we use A⊤, A†, ∥A∥2, A(i), σmin (A), and σmax (A) to denote its

transpose, Moore-Penrose pseudoinverse, spectral norm, i-th row, smallest nonzero value, and largest
singular value, respectively. Let [m] := {1, 2, · · · ,m}, J =

{
J1, J2, · · · , Jq

}
, and Jv ∩ Js = ∅, v, s ∈

{1, 2, · · · q},
⋃q

s=1 Js = [m]. AJs and |Js| represent the row submatrix indexed by Js and the number of
rows contained in block Js. When generating test images, N, θ, and p denote the number of pixels,
the scanning angle, and the number of X-ray beams, respectively. The cosine distance [1] between the
n-dimensional vectors x1 and x2 is expressed as dc (x1, x2).

2.1. Soft-thresholding operator

The soft-thresholding operator [34] is a commonly used feature selection method that allows for
screening and compression of features based on their importance, particularly in solving the Lasso
estimator. By setting feature values below a certain threshold to zero and filtering out features
that have minimal or redundant impact on the target variable, the dimensionality of the data is
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effectively reduced. This approach reduces computational complexity and enhances the simplicity
and effectiveness of the model. The soft-thresholding operator is defined as

Sλ (x) = sign (x) (|x| − λ)+,

where x ∈ Rn, t+ denotes the positive part of t ∈ R. It has a simple explicit expression, given by

Sλ

(
x j

)
=


x j − λ, x j > λ,

0,
∣∣∣x j

∣∣∣ ≤ λ,
x j + λ, x j < −λ.

2.2. The block-row partitions algorithm

K-means clustering is a powerful tool for exploratory data analysis and data compression, and it is
particularly valuable for identifying natural groupings within the data. Based on the clustering idea of
the K-means method, an efficient partitioning strategy was presented in [1]. The block-row partitions
algorithm is as follows.

Algorithm 2.1. The block-row partitions algorithm.
Input: A ∈ Rm×n and the number of the blocks q (q < m)
Output: AJ1 , AJ2 , · · · , AJq

(1) Randomly select q rows of the matrix A as the initial block centers x̄1, x̄2, · · · x̄q, where
x̄s (s = 1, · · · , q) ∈ R1×n;

(2) Repeat

(3) Assign each row A(i) (i = 1, 2, · · · ,m) to the block which has the nearest block AJl , i.e.,

d(i)
c

(
A(i), x̄l

)
= min

s

(
d(i)

c

(
A(i), x̄s

))
(s = 1, 2, · · · , q) ;

(4) Update the average value x̄s =
∑

A(i)∈AJs

A(i)

|AJs |
, where |AJs | is the number of row vectors in the

block Js;

(5) Compute the criterion function: C =
q∑

s=1

∑
x∈AJs

dc(x, x̄s)2;

(6) Until C no longer changes, AJs is generated.

3. The maximum residual block Kaczmarz algorithm based on feature selection

3.1. The maximum residual block Kaczmarz algorithm

Based on the block-row partitions algorithm, we can obtain q sub-matrices (referred to as blocks)
of the coefficient matrix A, i.e., AJ1 , AJ2 , · · · , AJq . Thereafter, the selection of the projection block
becomes our main focus. Inspired by the GRK method, when solving large linear systems, those
terms with large modulus of the residual vector are given priority for the iteration to achieve faster
convergence. However, in the block iteration method, the components of the residual vector in each
block can be uneven, so determining the appropriate total residual metric to represent the entire block is
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a complex task. Therefore, we introduce a criterion for selecting the projection block, which involves
selecting the block containing the row with the maximum modulus of the residual vector.

At the k-th iterate, the row index of the maximum modulus of the residual vector is denoted as hk,
given by

hk = arg max
1≤i≤m

∣∣∣b(i) − A(i)xk

∣∣∣ , (3.1)

which satisfy hk ∈ Jsk . Afterward, the current iterate xk is orthogonally projected onto the hyperplane
defined by AJsk

xk = bJsk
. For any initial vector x0, the maximum residual block Kaczmarz (MBK)

algorithm can be formulated as

xk+1 = xk + A†Jsk

(
bJsk
− AJsk

xk

)
, k = 0, 1, 2, · · · , (3.2)

where hk ∈ Jsk is defined in (3.1). The maximum residual block Kaczmarz algorithm is given as
follows.

Algorithm 3.1. The maximum residual block Kaczmarz algorithm: MBK.
Input: A ∈ Rm×n, b ∈ Rm, l, q (q < m), and x0

Output: xl

(1) The blocks AJs , bJs (s = 1, 2, · · · , q) are obtained by Algorithm 2.1, and satisfy Jv ∩ Js = ∅, v, s ∈
{1, 2, · · · q} and

⋃q
s=1 Js = [m];

(2) for k = 0, 1, · · · , l − 1 do

(3) Compute rk = b − Axk;

(4) Select the projection block AJsk
satisfying

hk = arg max
1≤i≤m

∣∣∣r(i)
k

∣∣∣ , hk ∈ Jsk ;

(5) Set xk+1 = xk + A†Jsk

(
bJsk
− AJsk

xk

)
;

(6) end for

Theorem 3.1. Let the large linear system Ax = b, with the coefficient matrix A ∈ Rm×n and the right-
hand side b ∈ Rm, be consistent. The iteration sequence {xk}

∞
k=0 generated by the MBK algorithm

starting from any initial vector x0 ∈ R
(
A⊤
)

converges to the unique least-norm solution x⋆ = A†b.
Moreover, the solution error for the iteration sequence {xk}

∞
k=0 obeys

∥xk − x⋆∥22 ≤

1 − σ2
min (A)

σ̂2
(
m − N̂min

)
k

∥x0 − x⋆∥22 , (3.3)

where σ̂ = max
Jsk

{
σmax

(
AJsk

)}
and N̂min = min

Jsk−1

{∣∣∣Jsk−1

∣∣∣} (defining
∣∣∣Js−1

∣∣∣ = 0).

Proof. From the definition of the maximum residual block Kaczmarz algorithm, for k = 0, 1, 2, · · · , we
have

xk+1 − xk = A†Jsk
AJsk

(x⋆ − xk) .
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Since AJsk
x⋆ = bJsk

, we immediately get

xk+1 − x⋆ =
(
I − A†Jsk

AJsk

)
(xk − x⋆) .

Based on the properties of the Moore-Penrose pseudoinverse, we can obtain

(x⋆ − xk)⊤
(
A†Jsk

AJsk

)⊤ (
I − A†Jsk

AJsk

)
(xk − x⋆)

= (x⋆ − xk)⊤
(
A†Jsk

AJsk
− A†Jsk

AJsk
A†Jsk

AJsk

)
(xk − x⋆)

= 0,

and it follows that

∥xk+1 − x⋆∥22 = ∥xk − x⋆∥22 −
∥∥∥∥A†Jsk

AJsk
(x⋆ − xk)

∥∥∥∥2
2
. (3.4)

From the definition of the MBK algorithm, again, we know that

∣∣∣b(hk)
− A(hk)xk

∣∣∣2 = max
1≤i≤m

∣∣∣b(i) − A(i)xk

∣∣∣2, hk ∈ Jsk , (3.5)

and

∥b − Axk∥
2
2 =
∑

u∈Jsk−1

∣∣∣b(u)
− A(u)xk

∣∣∣2 + ∑
v∈[m]\Jsk−1

∣∣∣b(v)
− A(v)xk

∣∣∣2
=

∥∥∥∥∥bJsk−1
− AJsk−1

(
xk−1 + A†Jsk−1

(
bJsk−1

− AJsk−1
xk−1

))∥∥∥∥∥2
2
+
∑

v∈[m]\Jsk−1

∣∣∣b(v)
− A(v)xk

∣∣∣2
=
∥∥∥∥AJsk−1

x⋆ − AJsk−1
xk−1 − AJsk−1

A†Jsk−1
AJsk−1

x⋆ + AJsk−1
A†Jsk−1

AJsk−1
xk−1

∥∥∥∥2
2

+
∑

v∈[m]\Jsk−1

∣∣∣b(v)
− A(v)xk

∣∣∣2
=
∑

v∈[m]\Jsk−1

∣∣∣b(v)
− A(v)xk

∣∣∣2
≤
(
m −
∣∣∣Jsk−1

∣∣∣) max
v∈[m]\Jsk−1

{∣∣∣b(v)
− A(v)xk

∣∣∣2}
≤
(
m −
∣∣∣Jsk−1

∣∣∣) ∣∣∣b(hk)
− A(hk)xk

∣∣∣2,

(3.6)

where
∣∣∣Jsk−1

∣∣∣ represents the number of rows contained in block Jsk−1 and [m] \Jsk−1 denotes the set
difference between the set [m] and Jsk−1 . Combining (3.4), (3.5), and (3.6), it leads to the inequality

AIMS Mathematics Volume 10, Issue 3, 6270–6290.



6276

∥xk+1 − x⋆∥22 = ∥xk − x⋆∥22 −
∥∥∥∥A†Jsk

AJsk
(x⋆ − xk)

∥∥∥∥2
2

≤ ∥xk − x⋆∥22 − σ
2
min

(
A†Jsk

) ∑
ik∈Jsk

∣∣∣A(ik) (x⋆ − xk)
∣∣∣2

≤ ∥xk − x⋆∥22 − σ
2
min

(
A†Jsk

)
max
ik∈Jsk

{∣∣∣b(ik)
− A(ik)xk

∣∣∣2}
≤ ∥xk − x⋆∥22 − σ

2
min

(
A†Jsk

) ∣∣∣b(hk)
− A(hk)xk

∣∣∣2
≤ ∥xk − x⋆∥22 −

σ2
min

(
A†Jsk

)
m −
∣∣∣Jsk−1

∣∣∣ ∥b − Axk∥
2
2

≤ ∥xk − x⋆∥22 −
σ2

min (A)

σ2
max

(
AJsk

) (
m −
∣∣∣Jsk−1

∣∣∣) ∥xk − x⋆∥22 ,

where we have used the following estimate:

∥Az∥22 ≥ σ
2
min (A) ∥z∥22 , z ∈ R

(
A⊤
)
.

Therefore, for k = 0, 1, 2, · · · , we have

∥xk+1 − x⋆∥22 ≤

1 − σ2
min (A)

σ̂2
(
m − N̂min

) ∥xk − x⋆∥22 , (3.7)

where σ̂ = max
Jsk

{
σmax

(
AJsk

)}
and N̂min = min

Jsk−1

{∣∣∣Jsk−1

∣∣∣}. By induction on the iteration index k, the

estimate (3.3) holds.

3.2. The maximum residual block Kaczmarz algorithm based on feature selection

The maximum residual block Kaczmarz algorithm introduces an effective criterion for determining
the projection block, which contains the row with the maximum modulus of the residual vector.
However, as the size of the coefficient matrix increases, the time required for the partitioning process
will increase significantly. Therefore, by solving the problem (1.1), we can select features from the
columns of the coefficient matrix A ∈ Rm×n, and obtain the low-rank matrix Ã ∈ Rm×d (d ≪ n). Then,
partitioning the row vectors of Ã using Algorithm 2.1 can significantly reduce the required time.

For solving the problem (1.1), the proximal gradient descent method [35] is a straightforward
and efficient computational approach, which is a variant of the gradient descent method and is
often referred to as the iterative soft-thresholding method [36]. It iteratively updates the solution
by combining gradient descent with the proximal operator, effectively handling non-smooth and
regularized optimization problems. The proximal operator is defined as follows:

proxt (β) = arg min
z

{
1
2t
∥β − z∥22 + λ∥z∥1

}
= arg min

z
{∥β − z∥ + 2λt∥z∥1}

= Sλt (β) ,
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where Sλt (β) is the soft-thresholding operator. Choosing any initial approximation β0 and t0, the
proximal gradient update of problem (1.1) is

βk+1 = Sλtk (βk − tk∇g (βk)) , k = 0, 1, 2, · · · ,

where ∇g (βk) = −A⊤ (b − Aβk), that is,

βk+1 = Sλtk
(
βk + tkA⊤ (b − Aβk)

)
, k = 0, 1, 2, · · · , (3.8)

where tk is the step size [36].
For the value of the parameter λ, cross-validation can be used to select the optimal regularization

parameter, but this requires an amount of computation. Our objective is not to obtain the optimal
solution but to perform feature selection from the columns of the coefficient matrix A. An effective
and practical approach is adopted where the penalty parameter λ is determined by rough estimation
to ensure that the number of selected columns falls within a given range. This approach can help
us quickly obtain feature selection results while maintaining a certain level of accuracy and reducing
computational complexity. On this basis, the feature selection algorithm based on Lasso is as follows.

Algorithm 3.2. The feature selection algorithm based on Lasso.
Input: A ∈ Rm×n, b ∈ Rn, λstep, [λl, λr], [dl, dr], t0, β0, max Iter
Output: Ã ∈ Rm×d

(1) for λ = λl : λstep : λr do

(2) for k = 0, 1, 2, · · · ,max Iter do

(3) Update the step size tk+1 =
1+
√

1+4t2k
2 ;

(4) Compute βk+1 = Sλt̃
(
βk +

tk−1
tk+1

A⊤ (b − Aβk)
)
;

(5) if ∥βk+1 − βk∥2 < 10−6 end if

(6) end for

(7) Determine the index setD =
{

j̃
∣∣∣ β( j)

k , 0, j = 1, 2, · · · , n
}
, where the number of elements inD

is d;

(8) if dl < d < dr end if

(9) end for

(10) Construct the low-rank matrix Ã ∈ Rm×d, where the column index is denoted byD.

Remark 3.1. At the k-th iterate, the constant step size is t̃ = tk−1
tk+1

. The initial value is set to t0 =
1

σ2
max(A) ,

ensuring that 0 < t̃ < 1
σ2

max(A) always holds true.

Many studies [35–38] have analyzed the convergence of the proximal gradient descent method.
Below is the convergence analysis of Algorithm 3.2 for solving the problem (1.1).

Theorem 3.2. We are given the coefficient matrix A ∈ Rm×n and the right-hand side b ∈ Rm. The
iteration sequence {βk}

∞
k=0 generated by the feature selection algorithm based on Lasso starting from
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any initial approximation β0 converges to the optimal solution β⋆. Moreover, the solution error for the
iteration sequence {βk}

∞
k=0 obeys

∥βk+1 − β⋆∥2 ≤
(
1 − t̃σ2

max (A)
)
∥(βk − β⋆)∥2, (3.9)

where 0 < t̃ < 1
σ2

max(A) .

Proof. From the definition of Algorithm 3.2, we know that

βk+1 = Sλt̃
(
βk + t̃A⊤ (b − Aβk)

)
, k = 0, 1, 2, · · · , (3.10)

where t̃ = tk−1
tk+1

and S λt̃ (·) is the soft-thresholding operator. For n-dimensional vectors β1 and β2, where
β

( j)
1 and β( j)

2 represent their j-th entry ( j = 1, 2, · · · , n), if they have the same sign, we have

∥S λt̃(β1) − S λt̃(β2)∥2 =

∥∥∥(β1 − λt̃

)
−
(
β2 − λt̃

)∥∥∥
2
, β

( j)
1 > 0, β( j)

2 > 0,∥∥∥(β1 + λt̃
)
−
(
β2 + λt̃

)∥∥∥
2
, β

( j)
1 < 0, β( j)

2 < 0,

= ∥β1 − β2∥2.

On the contrary, if β( j)
1 and β( j)

2 have opposite signs, we have

∥S λt̃(β1) − S λt̃(β2)∥2 =

∥∥∥(β1 − λt̃

)
−
(
β2 + λt̃

)∥∥∥
2
, β

( j)
1 > 0, β( j)

2 < 0,∥∥∥(β1 + λt̃
)
−
(
β2 − λt̃

)∥∥∥
2
, β

( j)
1 < 0, β( j)

2 > 0,

=


∥∥∥β1 − β2 − 2λt̃

∥∥∥
2
, β

( j)
1 > 0, β( j)

2 < 0,∥∥∥β1 − β2 + 2λt̃
∥∥∥

2
, β

( j)
1 < 0, β( j)

2 > 0,

< ∥β1 − β2∥2.

Thus, we can get the estimation

∥S λt̃ (β1) − S λt̃ (β2)∥2 ≤ ∥β1 − β2∥2. (3.11)

Using (3.10) and (3.11), we obtain

∥βk+1 − β⋆∥2 =
∥∥∥Sλt̃ (βk + t̃A⊤ (b − Aβk)

)
− Sλt̃

(
β⋆ + t̃A⊤ (b − Aβ⋆)

)∥∥∥
2

≤
∥∥∥βk + t̃A⊤ (b − Aβk) −

(
β⋆ + t̃A⊤ (b − Aβ⋆)

)∥∥∥
2

≤
∥∥∥(In − t̃A⊤A

)
(βk − β⋆)

∥∥∥
2

≤
(
1 − t̃σ2

max (A)
)
∥(βk − β⋆)∥2,

where 0 < t̃ < 1
σ2

max(A) .

Based on the idea of Lasso, we accomplish feature selection from the columns of the coefficient
matrix A by employing Algorithm 3.2, which involves obtaining a low-rank matrix Ã. Subsequently,
guided by the criterion outlined in (3.1) for selecting the projection block, we present the maximum
residual block Kaczmarz (LMBK) algorithm based on feature selection. The specific implementation
steps of LMBK are as follows.
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Algorithm 3.3. The maximum residual block Kaczmarz algorithm based on feature selection: LMBK.
Input: A ∈ Rm×n, b ∈ Rn, [λl, λr], [dl, dr], t0, β0, max Iter, l, q (q < m), and x0

Output: xl

(1) The low-rank matrix Ã ∈ Rm×d is obtained by Algorithm 3.2;

(2) Partition the rows of the matrix Ã by Algorithm 2.1 to obtain the block set J̃ =
[
J̃1, · · · , J̃q

]
satisfying J̃v ∩ J̃s = ∅ and

⋃q
s=1 J̃s = [m];

(3) for k = 0, 1, · · · , l − 1 do

(4) Compute rk = b − Axk;

(5) Select the projection block AJ̃s̃k
satisfying

h̃k = arg max
1≤i≤m

∣∣∣r(i)
k

∣∣∣ , h̃k ∈ J̃s̃k ;

(6) Set xk+1 = xk + A†
J̃s̃k

(
bJ̃s̃k
− AJ̃s̃k

xk

)
;

(7) end for

Remark 3.2. In this algorithm, we first select features from the columns of the coefficient matrix A to
obtain a low-rank matrix Ã, and then the rows of matrix Ã are partitioned using Algorithm 2.1, which
is notably faster than Step 1 in Algorithm 3.1.

Theorem 3.3. Let the large linear system Ax = b, with the coefficient matrix A ∈ Cm×n and the right-
hand side b ∈ Cm, be consistent. The iteration sequence {xk}

∞
k=0 generated by the LMBK algorithm

starting from any initial approximation x0 ∈ R
(
A⊤
)

converges to the unique least-norm solution x⋆ =
A†b. Moreover, the solution error for the iteration sequence {xk}

∞
k=0 obeys

∥xk − x⋆∥22 ≤

1 − σ2
min (A)

σ̃2
(
m − Ñmin

)
k

∥x0 − x⋆∥22 , (3.12)

where σ̃ = max
J̃s̃k

{
σmax

(
AJ̃s̃k

)}
and Ñmin = min

J̃s̃k−1

{∣∣∣J̃s̃k−1

∣∣∣} (defining
∣∣∣J̃s̃−1

∣∣∣ = 0).

Proof. The difference between the MBK algorithm and the LMBK algorithm lies in the feature
selection preprocessing of the coefficient matrix, which significantly reduces the time required for the
partitioning process. For the convergence analysis of the LMBK algorithm, refer to the proof process
of Theorem 3.1.

4. Numerical examples

In this section, we implement the greedy randomized Kaczmarz (GRK) method [12], the maximum
residual block Kaczmarz (MBK) algorithm, and the maximum residual block Kaczmarz algorithm
based on feature selection (LMBK), and demonstrate that the latter is numerically advantageous over
the former in terms of the number of iteration steps (IT) and the computing time in seconds (CPU).

The coefficient matrix A ∈ Rm×n is obtained from three different sources. The first class of
matrices is generated randomly by the MATLAB function randn, the second class is selected from
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the University of Florida Sparse Matrix Collection [39], and the third class is taken from problems
related to image reconstruction. The right-hand side is b = Ax⋆, where x⋆ ∈ Rn is generated by the
function randn. Note that b is noise-free in our experiments. Let max Iter =100, the initial vector
x0 = 0, β0 = 0, and the relative residual (rres) is defined by

rres =
∥b − Axk∥

2
2

∥b∥22
.

The iterations are stopped when xk satisfies rres ≤ 10−4 or CPU exceeds 10,000 seconds.

All experiments are performed using MATLAB (version R2021a) on a personal computer with 3.10
GHz central processing unit (Intel(R) Core (TM) i5-11300H), 16 GB memory, and a Windows 11
operating system.

Example 4.1. The coefficient matrix A ∈ Rm×n is randomly generated by using the MATLAB function
randn. Let

[
λl : λstep : λr

]
= [1 : 0.5 : 10], [dl, dr] = [2, 100], and the numerical results of GRK, MBK,

and LMBK are as follows. Note that q is used for MBK and LMBK, whereas d is used for LMBK
only.

From Tables 1 and 2, it is observed that the LMBK algorithm outperforms both the GRK and MBK
algorithms in terms of IT and CPU. Furthermore, as the size of the coefficient matrix A increases,
the GRK method fails to converge within the specified time, whereas the two proposed algorithms in
this paper perform quite well. To visualize the performance of these three algorithms, we plot the
convergence curves based on the aforementioned numerical results as follows.

Table 1. IT and CPU of GRK, MBK, and LMBK for matrix A with n = 3000 and different
m.

m × n q d
GRK MBK LMBK

IT CPU IT CPU IT CPU

20,000×3000 10 7 4154 64.1042 9 11.9749 9 3.2472
50,000×3000 20 9 3033 117.6046 6 30.0806 5 5.7335
80,000×3000 40 18 – – 9 60.7425 9 12.7522

100,000×3000 60 17 – – 12 77.6643 12 18.8722
200,000×3000 80 11 – – 6 304.5365 6 54.6815
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Table 2. IT and CPU of GRK, MBK, and LMBK for matrix A with m = 80, 000 and different
n.

m × n q d
GRK MBK LMBK

IT CPU IT CPU IT CPU

m × n q d
GRK MBK LMBK

IT CPU IT CPU IT CPU
80,000×2000 40 12 1710 123.3912 1 35.2884 1 6.4711
80,000×4000 40 22 – – 14 87.8377 14 24.3464
80,000×6000 40 28 – – 23 94.8711 23 37.9381
80,000×8000 40 3 – – 32 150.6195 31 39.0150

80,000×10,000 40 42 – – 42 238.9067 41 73.1683

Figure 2 intuitively demonstrates the sharp drop in convergence curves for both the MBK and
LMBK algorithms, underscoring their high effectiveness. The key disparity between these two
algorithms lies in the fact that the LMBK algorithm first selects features from the columns of the
coefficient matrix, which greatly reduces the time for the partition process. The following figure
illustrates the comparison of the time for the partition process (Pcpu) between these two algorithms,
corresponding to the matrices outlined in Tables 1 and 2, respectively.

(a) 20,000×3000 (b) 50,000×3000

(c) 80,000×4000 (b) 80,000×6000

Figure 2. Convergence curves of GRK, MBK, and LMBK.
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From Figure 3, it is evident that after the feature selection of the coefficient matrix using
Algorithm 3.2, the time for the partition process is significantly reduced. Since the quality of the
partitioning also directly affects the convergence rate, we provide the following figure to compare the
time for the iteration process (ITcpu) for these two algorithms, corresponding to the matrices listed in
Tables 1 and 2, respectively.

(a) Table 1 (b) Table 2

Figure 3. CPU for the partition process.

From Figure 4, it can be observed that the time for the iteration process of the MBK and LMBK
algorithms are nearly the same, with LMBK being relatively smaller. Therefore, by employing
Algorithm 3.2 for the feature selection of the coefficient matrix and subsequently partitioning its rows,
the obtained partitioning result is reliable.

(a) Table 1 (b) Table 2

Figure 4. CPU for the iteration process.

Example 4.2. The coefficient matrix A ∈ Rm×n is selected from the University of Florida Sparse
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Matrix Collection. Let
[
λl : λstep : λr

]
=
[
10−2 : 10−2 : 1

]
, [dl, dr] = [2, 100], and the numerical results

of GRK, MBK, and LMBK are as in Table 3.

Table 3. IT and CPU of GRK, MBK, and LMBK.

name m × n q d
GRK MBK LMBK

IT CPU IT CPU IT CPU

Franz10 19,588×4164 5 48 5574 3.3594 7 1.3927 1 0.4788

scsd8-2c⊤ 35,910×5130 15 38 20,824 27.5643 10 5.0037 1 1.1135

scsd8-2r⊤ 60,550×8650 25 20 33,384 66.8752 20 19.3880 10 6.0809

lp nug20⊤ 72,600× 15,240 30 38 17,779 68.4472 60 48.2827 5 20.8793

mesh deform 234,023×9393 85 10 24,131 284.8606 60 199.8508 4 28.9125

fome20⊤ 108,175× 33,874 30 41 – – 148 1465.9682 10 420.4182

In Table 3, the GRK method fails for the matrix fome20⊤, and the IT and CPU of LMBK are
considerably smaller than those of the GRK and MBK algorithms for all convergent cases. We also
describe the convergence curves in Figure 5.

(a) scsd8-2r (b) mesh-deform

Figure 5. Convergence curves of GRK, MBK, and LMBK.

According to the display in Figure 5, the LMBK algorithm exhibits the fastest convergence speed
among the three algorithms. In comparison, the convergence speed of the GRK method is significantly
slower.
Example 4.3. In this example, the GRK, MBK, and LMBK algorithms are used to reconstruct two
test images. The structural similarity index (SSIM) [40] is used as the metric to evaluate the similarity
between the test images and the reconstructed images, which comprehensively considers information
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regarding brightness, contrast, and structure, providing a score within the range of [-1, 1]. When
SSIM = 1, it indicates that the two images are identical. Let

[
λl : λstep : λr

]
=
[
10−2 : 10−2 : 1

]
and

[dl, dr] = [2, 1000].

The first test image is obtained by loading human 3-D chest CT scan data into the MATLAB
workspace, then extracting the central slice in the X-Y plane, which performs lung segmentation,
as shown in subplot (a) of Figure 6. Let N = 90, θ = 0 : 1 : 179, p =

⌊√
2N
⌋

, q = 5, and we
can obtain the coefficient matrix A with a size of 22,860 × 8100 [30]. Then, the GRK, MBK, and
LMBK algorithms are used to solve this linear system, and the corresponding reconstructed images are
generated and displayed in the following figure.

(a) Exact (b) GRK

(c) MBK (d) LMBK

Figure 6. Image reconstruction.

In Figure 6, it is observed that the corresponding subplot (d) for the LMBK algorithm is the clearest,
followed by the MBK algorithm (see subplot (c)). The image for the GRK method (see subplot (b)) is
relatively blurry.

The second test image is obtained by using the function phantom in the Image Processing Toolbox.
Let N = 100, θ = 0 : 1 : 179, p =

⌊√
2N
⌋

, q = 15, and the coefficient matrix A with a size of 25,380
× 10,000 can be obtained. The corresponding reconstructed images are generated and displayed in
Figure 7.
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(a) Exact (b) GRK

(c) MBK (d) LMBK

Figure 7. Image reconstruction.

Figure 7 clearly demonstrates that the reconstructed images obtained by the LMBK algorithm (see
subplot (d)) are the clearest. To provide a more intuitive evaluation of image reconstruction achieved
by the three algorithms, Tables 4 and 5 list the corresponding IT, CPU, and SSIM values for each
algorithm.

Table 4. Test image 1 (d = 196).

GRK MBK LMBK

IT 196 1 1

CPU 12.5840 10.4741 3.9521
SSIM 0.6171 1.0000 1.0000

Table 5. Test image 2 (d = 554).

GRK MBK LMBK

IT 8248 2 2

CPU 71.6283 58.2951 11.7294
SSIM 0.6198 1.0000 1.0000
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According to Tables 4 and 5, it is observed that the SSIM values for MBK and LMBK are both 1,
indicating that the images reconstructed by these two algorithms are highly similar to the test images.
In contrast, the SSIM values for GRK are 0.6171 in Table 4 and 0.6198 in Table 5, which are relatively
lower, correlating with the clarity of the subplot (a) in Figures 6 and 7. Additionally, the reconstruction
CPU for the LMBK algorithm is the shortest.

In addition, we added 2% white noise to the second test image and performed image reconstruction.
Let the image pixel size be N = 60, p =

⌊√
2N
⌋

, q = 5, and we get the coefficient matrix A with a
size of 15,120 × 3600. The reconstructed images generated by the GRK, MBK, LMBK, and LMBK
algorithms are shown in Figure 8.

(a) Image with 2% White Noise (b) GRK

(c) MBK (d) LMBK

Figure 8. Image reconstruction.

As shown in Figure 8, the GRK, MBK, LMBK, and LMBK algorithms have successfully
reconstructed the test image with 2% white noise. The corresponding IT, CPU, and SSIM values
of these algorithms are compared below to more intuitively evaluate their performance in image
reconstruction.

From Table 6, the numerical results indicate that the LMBK algorithm performs the best in terms of
IT and CPU. Both the MBK and LMBK algorithms achieve an SSIM value of 1, while the SSIM value
for the GRK method is 0.7578, demonstrating the effectiveness of the MBK and LMBK algorithms
proposed in this paper.
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Table 6. Image with 2% White Noise (d = 227).

GRK MBK LMBK

IT 4821 1 1

CPU 17.9093 3.4363 1.3232
SSIM 0.7578 1.0000 1.0000

5. Conclusions

In this paper, to efficiently solve large linear systems, we consider selecting features from the
columns of the coefficient matrix, and propose the feature selection algorithm based on Lasso.
Subsequently, we introduce a new criterion for selecting the projection block and propose two solving
algorithms. One is the maximum residual block Kaczmarz algorithm, and the other is the maximum
residual block Kaczmarz algorithm based on feature selection. The convergence theory of these
algorithms is analyzed, and their effectiveness is demonstrated through numerical results. Additionally,
we also verify the performance of the proposed algorithms in image reconstruction.
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