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Abstract: Heroin addiction is a continuously progressing phenomenon that represents a major problem
for world’s the public health; this indicates that the development of new methodologies to address the
issue at the international level is a crucial priority. To study its transmission dynamics, a new stochastic
fractional delayed heroin model based on stochastic fractional delay differential equations (SFDDEs)
was developed to focus on the positive aspects of randomness and memory effects. The positive,
boundedness, existence, and uniqueness of the model were studied rigorously. The equilibria (i.e.,
heroin-free equilibrium and the present equilibrium, which gives a clue about both eradication and
persistence cases), reproduction number, and sensitivity of parameters were analyzed. The local and
global stability of the new model was studied around its steady states. Also, well-known theorems are
presented to investigate the extinction and persistence of heroin. The Grunwald-Letnikove non-
standard finite difference (GL-NSFD) method was used for the efficient computational analysis of the
stochastic fractional delayed model. For the dynamical consistency of the model, the positivity and
boundedness of an efficient method were studied rigorously. The given study focuses on delay
strategies and fractional calculus that could be useful in formulating specific measures for regulating
addiction. Moreover, the simulated results support the theoretical analysis of the model and validate it.
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1. Introduction

Humans have been aware of heroin's stimulating qualities for a very long time. The primary
sources of heroin are smack and chakra. Even in current times, there is proof that these poppies were
cultivated. Aeon’s ago, poppies were harvested for their opium-rich sap, which was widely used. In
particular, opium poppies were widespread throughout the eighteenth century. In 1897, a German
pharmaceutical company announced that heroin was now a medicinal product and started marketing it
to treat various illnesses like morphine addiction and tuberculosis [1]. In [2], authors provided
numerical solutions for the traditional White and Comiskey model (NFD-WCM) based on regressive
fractional order derivatives. The NDF-WCM has genuine and precise solutions of NFD-WCM.
Levenberg-Marquard backpropagation (LMB), a controlled probabilistic determining technique using
neural networks (NNs), provides the solutions to the fractional NFD-WCM. In [3], the authors focused
on an instance of the heroin pandemic with limited balanced network technology. In [4], authors
examined a model of the transitioning of heroin into a global epidemic, wherein the opium plants'
blooming and fruiting seasons influence heroin availability. In [5], authors focused on the dynamic
characteristics of a stochastic model for a worldwide heroin epidemic with Leonardy sounds. In [6],
authors presented and examined a probabilistic model with a propagated delay to describe heroin use
in an inconsistent setting. In [7], authors emphasized the nonlinear age-space structured heroin
propagation model's computational boundary reliability. The primary nonlinear age-space structured
model was discretized spatially to generate a semi-discrete structure. In [8], authors committed to
researching the dynamics of a heroin-cocaine pandemic model constructed according to a certain age.
In [9], authors created a unique R-D heroin epidemic model that included an enclosure for everlasting
vaccination and a segment for readmission. In [10], authors explained the dynamics of a deterministic
model of illegal opioid use disorder (IOUD). In [11], authors discussed White and Comiskey's standard
mathematical model, which illustrates heroin epidemics and provides mathematical and numerical
evidence for the existence of stable equilibrium. In [12], authors utilized an Atangana—Blaenau
fractional-order derivative in the Caputo practical sense to create a heroin epidemic model that closely
depicted real-world issues and was endowed with both permanent immunity and recovery. In [13],
authors proved that both susceptibility and recovery are age-dependent, and the current age-structured
heroin epidemic model was developed. In [14], authors examined internal competition among drug
users for a small amount of drugs in a heroin epidemic model with treatment age. The impact of a drug
user's treatment duration before stopping treatment was examined, and the model under consideration
was capable of backward bifurcation, indicating the potential for two endemic equilibriums. In [15],
authors investigated an epidemic model of heroin use that takes into account only the age distribution
of current users. In [16], authors evaluated the heroin epidemic model's overall characteristics,
including its nonlinear distribution function and time-distributed latency. In [17], authors created a
model of the HIV/heroin co-infection pandemic to explain how the two diseases co-transmit within
the same community. In [18], authors showed that the dissemination of knowledge regarding the
consequences of heroin is a necessary condition for an individual's behavioral reaction. Also, a
mathematical model of the heroin pandemic was analyzed, incorporating preventative information and
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treatment as control interventions. In [19], authors examined in detail a novel spatiotemporal model
that incorporates the concept of the Laplacian operator into the cocaine-heroin epidemiology model
with essential dynamics. In [20], authors employed various demographic data, and an innovative
mathematical technique was used to examine the dynamics of the heroin epidemic model and its
detrimental effects on society. The authors studied different fractional models like COVID-19,
Hepatitis B, HIV/HCV co-infection, and hepatitis C using different techniques [21-25].

Using a stochastic delayed technique offers benefits, in science by combining stochastic processes,
fractional calculus, and temporal delays to create more precise models of complex systems. This
advanced strategy utilizes derivatives to account for memory effects, which are vital in fields like
biology and economics where past events heavily influence present circumstances. By including delays
this approach paints a realistic picture of the time lag between cause and effect, thus improving the
accuracy of system portrayals. The stochastic aspect deals with uncertainty. Randomness is present in
these systems, ensuring that models can better handle unpredictability. Together, these components
enhance the accuracy and reliability of models, resulting in accurate representations of real-world
phenomena.

The paper is structured into seven successive sections to explore significant areas of the research.
Section 1 presents an adequate literature review of infections comparable to heroin. This section
provides background information and related findings to set the context for the study. Section 2
examines the complexity of the delayed model, especially the stochastic fractional delayed heroin
model. This section also provides mathematical discussions on local and global stabilities’ assessment
of the model’s equilibria. Furthermore, the section includes an analysis of the reproduction number as
well as the stability analysis of different levels of the model. Section 3 goes further in establishing the
sensitivity of the reproduction number for the system. This sensitivity analysis is conducted using a
stochastic fractional delay differential equation, which gives a more profound insight into the
alterations of variables across the system. In section 4, the stochastic fractional delayed model is
analyzed using the stochastic GL-NSFD method. This section revolves around the utilization of this
method in analyzing the model as well as its feasibility. Section 5 focuses on the analysis of the non-
negative and boundedness of the stochastic GL-NSFD method. Achieving these properties is important
to support the generalizability of the model in capturing real-world scenarios. Section 6 is devoted to
the computation and shows how the numerical simulations, derived in the previous sections, can be
implemented. It presents a detailed analysis of the findings, which focuses on the implications of the
research in the context of practical application. Finally, Section 7 contains the findings of the study, its
originality, and future research recommendations.

2. Model formulation

This section analyzes the dynamics of the heroin epidemic model, as presented in [1]. The model
comprises many significant state variables to represent the different groups of the population affected
by the disease. In specific terms, U(t) defines the probability density function of the group of persons
most vulnerable to heroin usage based on their propensity to get addicted. The variable V(t) depicts
the quantitative future state of the affected community in connection with continual drug abuse, namely
active heroin users. W (t), representing non-drug users, is used for evaluating the exposure to risk
between drug takers and current heroin users. Figure 1 shows the flow in and out of these states over
time, creating a series of flows that is useful to give insights into how the epidemic unfolds. The flow
map informs a representation that characterizes susceptible persons, drug users, and non-drug users in
the model community and facilitates the interpretation of our ability to capture historically reported
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heroin epidemic situations.
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Figure 1. Flow map of heroin epidemic model.

Several parameters that characterize rates of transmission determine the dynamics of the epidemic
and are essential for the assessment of the epidemic's progress. The main parameters are (See Table 1):

Table 1. Parameters description.

Parameters Description
A The rate at which new people begin using heroin
u1 The rate at which current drug users discontinue their regular use
B1 The risk of infection for drug users
B3 The pace at which non-drug users enter the drug-user
compartment
P The mortality rate among drug users
e H? The artificial delay parameter

These parameters are incorporated into the model using a set of linked delay differential equations
(DDEs) with first-order nonlinearity, together with the long-term effects of treatment and quitting,
giving a complete framework for studying the heroin epidemic model.

WO~ A B U~ DIV (E ~ De™™T — 1 U (D),
TR = BUE =DV (E = De T — pV () + BV (OW () — iV (@), (1)
‘”ZE” = pV(t) = BsV(OW () — i W (D).

The non-negative (initial) conditions for the system (1) are U(0) = 0,V (0) = 0,W(0) =0, t >
Otr<tand N=U+V+W.

The delayed deterministic model (1) is the basic epidemiological model, in which the first-order
temporal derivatives are replaced by Caputo fractional derivatives of order a. In our opinion, this will
provide a better representation of heroin viral infection. The model analysis is given in part by Caputo
fractional derivatives to account for memory effects. These derivatives also inform how the system
relies on previous states and saves it in long-term memory about past infections. With this modification,
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the model is now able to capture a complex nonlinear response of infection dynamics over time.
Stochastic perturbations in the model help to manage this natural unpredictability and variability of
biological systems. These stochastic elements are included in the model to simulate and evaluate the
complexities of disease transmission more intuitively, accounting for the inherent randomness and
unpredictable nature of biological processes within real outbreaks.

DEUB)] = A% = BSU(t — DV (t — De ™7 — pfU(t) + 0,U(D)d(B(1))
DEVO] = B{Ut — DVt — D)e T — p™V () + BIV(OW () — sV (0) + o,V (Dd(B(®) . (2)
DEW(®)] = p V() = BSV(OW (L) — W (t) + oW ()d(B(D))
This strategy indicates how the random disturbances in the system can be represented by the
stochastic fluctuations o;;i = 1,2,3. Let B(t) be Brownian motion, a continuous stochastic process for

time t > 0. The parameter t acts as a time delay to the system provided that t < t; also, the effect
of the delayed feedback is visible only after a time interval.

Preliminaries. In the conceptualization of Caputo, the following foundational preliminary definitions
are crucial for a thorough understanding of the fractional derivative concept:

Definition 1. For a function g € C,,, the Caputo fractional derivative of order @ € (m — 1,m),m €
N is

1 t g™ (TdI
rm—a Jo G 3)

6D a(t) =

Definition 2. For the function ¢(t), the expression describes the equivalent fractional integral with
order a > 0.
1

1£a(0) = 5z [y, (€ = D 1D, )

Where "I is the gamma function displayed.

2.1. Existence and uniqueness

The purpose of this section is to verify the existence and uniqueness of solutions for the stochastic
fractional delayed model given in (2). We adapt the notion of fractional integral to this specific case
when the system is subject to those exact initial conditions to establish these properties. In this
benchmark, o; = 0;i = 1,2,3. Given that there is no interacting deterministic feature, this assumption
helps reduce the stochastic noise components to zero and makes us able to focus exclusively on the
deterministic features of any system. After that, CL can be combined with applicable mathematical
tools to guarantee the existence and uniqueness of fractal delayed model outcomes.

Ut) = U, + ﬁ [t = w1y (u, U)du
V() =V, + % Ji(t —w* Py (u, V)du . (5)

W(t) = W, + % J; (t —w)* Py (u, W)du

In system (5), the functions defined under the integral are as follows:
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Py(t,U) = A% — BEUOV (e M7 — ufU(t)
P,(t,V) = BEUDV(D)e ™M™ — paV (£) + BSV ()W (£) — iV (D) (- (6)
Ps(t, W) = pV () — BV (OW () — i W (2)

There is also a general assumption that the limiting functions U(t), V(t), and W (t) are strictly
non-negative. For these functions of asymptotic behavior, positive constants €;, €,, and €; should
be set. In such a manner, as the period (t) undergoes an increasing scale, the values of U(t), V(t),
and W(t) tend to approach particular positive values below which no greater number than a
predetermined one can be found (those will be denoted by €;, €,, and &;).

Such that

IV < &, IV < € and [W (]| < €;.

Theorem 1. Let P; be functions for i = 1,2,3 with 0 < W = max{1,2,3} < 1, satisfying 0 <
W < 1, and assuming g; = 0;i = 1,2,3. Then each function P; satisfies the Lipschitz condition and
is a contraction mapping.

Proof. First of all, we consider the function P; as our main concern. To further understand the
associations and consequences of the following functions, let's define and analyze them in the context
of U and U,.

1Py (¢, U) = Po(t, UDII = ||BFEU — UpDVe ™ T + uf (U — Uy)|.

1Py (8, U) = Po(t, UDII < ||BEU — UpDVe ™ 17|| + |ug (U — U

1P, (£, U) = P, (t, U < (BFe M |IVI| + w)IU — Ul

1P, (t, U) — Po(t, U < (Bfe 7€, + puf)IIU — U4

|P1(t, U) — Po(t, UDIl < 111U — Uyl (7

The equation §&; = (,81 e~ MTE, + uf) confirms that function &; satisfies the Lipschitz
condition. To ensure that the Lipschitz criteria apply for the functions P;, where i = 2,3, we may
employ an analogous method that takes advantage of the nature of these functions. Additionally, the
fact that these functions are contractions is confirmed under the specific conditions W =
max{1,2,3} <1 and W = max{1,2,3} < 1. This implies the presence of contractile properties in
the system, which are required for the solutions to stabilize and converge. It is also noteworthy that the
system, as shown by Eq (6), has a consistent expression. For the overall validity and stability of the
model to be maintained, the solutions must be continuous for them to behave smoothly over the
designated domain.

U,(t) = ﬁf (t —w)* P, (u,U,_)du
V() = r( )f (t —wW* ' Py (u, Vypy)du 3. (8)
W, (t) = f(t— w)* 1P (u, W,_1)du

F()

The representation of the variation between the two terms in (8) is
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Yn-1(8) = (Un(®) = Un1 (D) = % Jy (PrQ, Up-y) = Py (a1, Un—3))du |
Pn-1(8) = (Va () = Voa () = e i o (Paw Vo)) = P Vo ))du £ (9)
Ip1(8) = (Wa(©) = Woes (©) = 15 Jy (P, W) — P, Wa ) ) du
Therefore, we have
Un(t) = Xizo i (1), V() = Xilo 9:(0), Wa(8) = Xio 0: (8. (10)
Let,
1N = 1U(®) = Up-1 (DI.
Ol = 75 Jy (Pr @ Uny) = Py, U ) ) du.

I (Nl = 7 )f U () = Un_1 (&) lldu.

(Ol = £ (an

When the remaining equations of system (9) are solved using the same approach, the following
outcomes are obtained:

lon(®ll = F( )

: (12)
901 = )f B (6)du

As required.

Theorem 2. (i) There exists a uniform function defined in system (9).
(ii) If there is a t, > 1 such that &1

I'a)
i=12,3 and g; =0;i = 1,2,3.

< 1, then the model system (2) has at least one solution, for

Proof. The functions U(t),V(t),and W(t) are bounded, and each kernel P; for i = 12,3, fulfills
the Lipschitz condition, leading to the derivation of the following relations.

ln Ol < WO 20|
leall < VO @] (13)
18,01l < WOl |25 @

In the system (13) demonstration, the function given in (10) is demonstrated to exist and be
uniform.

To prove (ii), one must show that the system of solutions of (2) is reached by U(t),
V(t) and W(t). Specifically, we define A,(t), B,(t),and C,(t) as terms that function after n
variations are performed, so that

I'(a)

U(t) = U(0) = Up(t) — An(0)
V() =V(0) =) = B(®) . (14)
W(t) = W(0) = Wp(t) — Cu(t)
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Utilizing the triangle inequality in conjunction with &; Lipschitz condition, we conclude that

142 @Ol = 175 Jy (P, Up—t) = Pr(w, U ) ) du.

14Ol < 725 [1Un (&) = U1 (Ol

Repetitively carrying out the procedure in (15), we get

1.0 < |2 o e

Next, at t,, one acquires

n+1

g,.

14n O < || =2 (2)

I'a)

Assuming n — oo as the limit.

n+1

g,.

. m ||
lim 14, (O < lim ||

§1
I'a)

By applying the hypothesis (t,) < 1, we have from (18) that

lim [l4, ()] = 0.

By using the same process as for n—o0, we get

1B, (DIl = 0}
GOl = 0)

Therefore, there is certainly a single solution.

(15)

(16)

17)

(18)

(19)

(20)

Theorem 3. If <1 — % (t)) >0 and g; = 0;i = 1,2,3, then the system (2) has a unique solution.

Proof. Consider that another collection of solutions to (2) is represented by the sets U;, V;,and W;.

1
I'la)

ORI GIEE GENAG] ]

1U@®) = Uyl = = [ (P (w, U) — Py (w, Uy))du.

If the terms in (21), are rearranged, one gets

I'a)

(1 = f—l(t)) lU(t) — U, (DIl < 0.

By applying the hypothesis (1 — rilx) (t)> > 0, we have from (22) that

U@ = U, = 0.

It follows from this because U(t) = U, (t).
Applying the identical process to every solution for i = 2,3, we arrive at:

V(D) = Vi(), W(t) = Wy (D).

€2y

(22)

(23)

(24)
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Hence, the theorem is proved.

Theorem 4. For o; = 0;i = 1,2,3, the shown stochastic fractional delayed heroin model (2) has a
positive solution in R*3 based on its initial conditions.

Proof. Whenever the states are possibly constrained by the initial conditions, the states must remain
non-negative throughout the system. This means that the system's variables and parameters, unless
specified, cannot be negative at any point in the evolutionary framework mentioned above. Non-
negativity is important for convolution's sake as negative states will not make much real sense or even
be well-defined mathematically in many cases in most physical models. We get

oDELUD]ly=0 = A% = 0, GDE[V(E)]ly=0 =0 =0, GDF[W () ]lw=0 = p*V = 0. (25)

The positive solution is achieved based on the given stochastic fractional delayed heroin model
as described in the system (2) if the initial condition is located in the feasible region. This means that
even in the presence of stochastic randomness and fractional time intervals, the system is possible and
will not go beyond the realms of physical or biological reality to arrive at a positive outcome. The
stability of the model and the accuracy with which it describes the dynamics of heroin addicts' behavior
are thus retained; this means that the position of initial parameters in the allowable region is defined
correctly.

Theorem 5. For any time t, the system (2) in feasible region H = {(U (1), V(b), W(t)) € R™30 <
N(t) < L\—Z, vVt > 0,7 < t} (where N(t) = U(t) + V(t) + W(t) is the total human population) with
1

the initial condition is bounded assuming that ¢; = 0;i = 1,2,3.

Proof. The total sum of human populations can be written as;

EDEN(H) < A® — uEN (D). (26)
After resolving the inequality above, we obtain
A A
<—= —— e Ht
N <7+ (N (o) ﬂ%) e, 27)
Using Grown’s inequality
limSup N(t) <. 28)
t—o0 1257

Therefore, the epidemiologically feasible region for the propagation of heroin is provided by (28).
H = {(U(t),V(t), W) ER¥0< N < 2—2,\# >0,7< t}. (29)
1
From an epidemiological perspective, when analyzing and predicting the epidemic characteristics
of heroin addiction, it is reasonable to use the stochastic fractional delayed heroin model (2). This
model is suitable and stable to analogize the dissemination of heroin use among people, providing
adequate points of view on the key parameters of the distribution course. According to the report made
in (29), this positive invariance means that the structure of the model can preserve the epidemiological
parameters' integrity in its usage.
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2.2. Model equilibria and reproduction number

This section examines the intricate stages of the stochastic fractional delayed heroin model (2) in
connection with the dynamics of heroin infection. It provides a comprehensive examination of the
system's behavior under different conditions, highlighting the heroin-present equilibrium a state in
which the infection persists, and the heroin-free equilibrium a state in which the disease is eradicated.
By assessing these equilibrium states, the section aims to shed information on the underlying
mechanisms that limit the infection's tendency to spread throughout a population. It also considers the
effects of stochastic components, fractional orders, and delays on the stability and transition between
these equilibria, giving insight into the effectiveness of various intervention strategies.

Therefore,
Heroin-free equilibrium= HFE = 0° = (Uy, Vy, W,) = (L‘— 0,0,0). (30)
1
Heroin-present equilibrium= HPE = 0* = (U*,V*,W™). (€2))
U = LX) -BEANBS) e _ ATpfUT e BEVIART
B p* ’ pEUTeHIT pav*

In epidemiology, the reproduction number holds great significance. This implies whether or not
the illness is common among people in general. In a population where the reproduction number is less
than one, disease may be averted; if it is greater than one, disease already exists. To determine the
reproduction number, we apply next-generation methodology. £ therefore, becomes the matrix of
transmission, and M the matrix of transition.

BIA® a a
Pic + 0
r= [ pr: Ol, M= [(P O.ﬁh) a].
0 0 -P K
The largest eigenvalue of the matrix in heroin-free equilibrium, also known as the spectral radius
or reproduction number, is as follows:
pinse-s
== 2
07 wF(pa+u) (32)
Theorem 6. Heroin-free equilibrium (30) is locally asymptotically stable for a € (0,1) ifRy <1
assuming that o; = 0;i = 1,2,3.

Proof. The stochastic fractional delayed heroin model (2) is linearized around (30) to get a 3 X 3

dimensional Jacobian matrix with negative real components and eigenvalues:

A__a/l__a/l_ﬂtle\a_a a
1= THL A= A= T (p% + uf).

Therefore, if Ry < 1, then the heroin-free equilibrium of the given stochastic fractional delayed
heroin model (2) is stable locally. Otherwise, (30) is unstable in the local sense if Ry > 1.

Theorem 7. The stochastic fractional delayed heroin model (2) is globally asymptotically stable (GAS)
at heroin-free equilibrium, 0° if R, < 1 with the assumption of 0; = 0; i = 1,2,3.

Proof. Define the Lyapunov function L:H — R as, 0° = (Uy, Vo, Wp)

L) = [U — Uy — Uplog Ulo] + Vo + W,

AIMS Mathematics Volume 10, Issue 3, 6102—6127.
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U -,
DaL(r) = [ ] DEU + D&V + DEW.

U —
oDFL(E) =

2| (A% = BEUOV (DT — ugU(®))

+ (BEUOV (©)e ™ = p () + BEV(OW (1) — SV (2) )

+(p*V () — BSV(OW (1) — ufW (D).

_ 2 a - a‘c
SDEL(E) < A U — v (o) 1 - RO pew o),
0 My
This implies that (DFL <0 if Ry <1 and {DFL=0 if U(t) =U, V() =W(t)=0.

Therefore, 0° is globally asymptotically stable.

Theorem 8. Heroin-present equilibrium (31) is locally asymptotically stable for ¢ € (0,1) if Ry > 1
with the assumption that o; = 0;i = 1,2,3.

Proof. The stochastic fractional delayed heroin model (2) is linearized around (31) to geta 3 X 3
dimensional Jacobian matrix with negative real components and eigenvalues

by = —(BEV"e T 4+ ),
The second-order polynomial follows as
A%+ (E+ AB)A+ (C — DAB + AE) = 0.
Here,
A= (BV" +uf) > 0,8 = BFU e MT + BIW" + BEUV"e ™M™ > 0, C = p*BfV e " > 0,
D =BW*V* >0, E=uf+p* >0.

Which is the second-order polynomial where the coefficients of the polynomial are positive with E +
AB >0, CDAB + AE > 0. So, by the Routh-Hurwitz Criterion for the second-degree polynomial, the
coefficient of the characteristic equation is positive with the constraint Ry > 1. Hence, the heroin-
present equilibrium of the given system (2) is locally stable. I[f Ry < 1, then Routh Hurwitz's condition
for stability is violated. Thus, (31) is locally unstable.

Theorem 9. The stochastic fractional delayed heroin model (2) is globally asymptotically stable (GAS)
at heroin-present equilibrium, (0*) if R, > 1 with assumption of g; = 0; i = 1,2,3.

Proof. Define the Lyapunov function Z: H - R as,

szl(U—U* Uln( ))+k2(V Ve — Vln( ))+k3(W w* — W*ln(

)

Given positive constants k;(i = 1,2,3), we can express the following equation:

D7 = ky [”‘U”*] DU + k, [V;V* BV ks | W*] D&
_I17*)2 a _17*\2 2
§D8Z = —k AU e, (BEUV (e T + BV OW () LT — kypey () LW
If we choose k; where (i = 1,2,3)
(W W*)2

067 = —r= S — (BrUOV (e + BV (OW (9) Lo — pev (o) U
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¢DEZ <0, for Ry >1 and §DFZ =0 if and only if U=U",V =V"*,W = W*. Hence Lasalle's
invariance principle (31) is globally asymptotically stable.

2.3. Extinction and persistence

Definition. Let B(t) be a Brownian motion and Y (t) be an It6 drift-diffusion process that satisfies
the stochastic fractional delay differential equation:
SDEV(D)] = BEUMV (D)e ™™ + BSV(OW (1) — (p% + uf)V (D) + 0,V (D d(B(D)).
SDEV(D)] < BEUMDV(D)e ™™ — (p® + V(1) + 0,V (£)d(B(D)).
If f(V,t) € C*(R% R), then f(V(t),t) is also an Itd drift-diffusion process, which satisfies as
follows:

1, .a
SDE(f(V (D), 0)) = §DEF(V (D), t)dt + §DE((V (1), £))dB(t) + 5 0D% ((Vv(®),1))dB(t)>
2(p‘fiu )

Let us introduce RS = R4 —

Lemma. The unique solution of the system (2) lies in the region H if it satisfies
(U(0),V(0),W(0)) € R*3.

Definition. The infected individuals will be extinct in the system (2), if gim V() =0, vt = 0.

a
penTe i

d 2
Theorem 10. If Ry <1 and o5 < WE (Pt pd)

then the infected individuals of the system (2)

exponentially tend to zero.

Proof. Let us consider the initial data (U (0),V(O),W(0)) € R*3 and the system (2) admits the
solution as (U (t),V(t),W(t)), with ¢ and ¢ being the randomness and drift, respectively, if it
satisfies the stochastic fractional delay differential equation:

a —u‘f‘r
§DEV (D] < (’ipﬁ — (o + ui")) dt + o,cV (O)d(B(D)).

By using the It6's lemma with f (V) = In(V), we have
pEIn(V) = SDE(V)AV + = ~6D?¢ (V)V2o?dt.

DE(V) = ;dV + > (— E)Vzﬁzdt.
D) < BEEs — (0% + ) — S0d)dt + ocd (B (D).

Biue” uit
(p*+uf)

In¥) < (V) < f; (B2~ (0 + ) — 203 ) de + [ ,cd (B().

Notice that, W (t) = fotazcd(B(t)) with W (0) = 0.
e
ui (p*+uf)’

In(V) = (

If 63 >

piAte T o | e _3ﬂane—u‘%f>
e~ Pt D) e | W) + IV (0),
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apa,—ufr
ln(V)2<,B’1A e H1T _(p +‘u1)>+w_(t)+lnv(0)

t 2uf(p*+uf)
. In(v) ONFe~H1T W(t)
tlgg = <2u“(p“+ua) — (p% + 1 )) > 0, with hm = 0.
If 0% < pne it then
2 ufpr+udy
e H1T
ln(V(t)) <W (p% + uf) — 02> t+W(t)+1nV(0),

In(V FA* e HiT w) nv(Qo
()s( a)< 1>+ ()+ (),
t 1(p% + i) t t

llmsup 2 < (p% + 1) (RE - 1),

when RY < 1, we get llm sup ) <, llmV(t) = 0, as desired.

o3

R = RS ~ oD
3. Sensitivity analysis

In this section, we examine the behavior of model parameters concerning reproduction number
R,. Examine the transmission and spread of disease with the sensitive analysis of the model.
Preliminary: The formalized sensitivity index of a variable € depends on a parameter o:

o] e
ES == x—.
e e Jdo

In spatial terms, determine the sensitive indices of parameters concerning the reproduction
number R,.

A® 3R, BE  9Rg dR _ 1

p
Vie = — X =1 Vopa == X—=1>V,a =—X =
A% Ry OA% >0, B Ry 0BY > e Ry  0p“ (p*+uf) >0,
¢ OR 2uf+p®
Vo =L x —— = — —2E b
H1 Ry  duj pi(p%+up)

The uncertainty signs and values of the sensitivity indicators are presented in Tables 2 and 3. In
Table 2, the positive signs of the uncertainty indicators of R, correspond to the more sensitive
parameters, whereas the non-positive signs indicate less sensitive parameters. Furthermore, if we
control the transmission parameter [, which is very sensitive, then the disease will be controlled in
the population (See Figure 2).
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Basic Parameters

A B, p Hy
Sensitivity indices of R0

Figure 2. Sensitivity indices of reproduction number (R;).

Table 2. Parameters sensitivity signs.

Parameters Signs
A Positive
B4 Positive
P Negative
1 Negative

Table 3. Parameters sensitivity values.

Parameters Values
A 1
B1 1
P -1.92
uq -3.92

4. Stochastic fractional delayed GL-NSFD method

This section presents a numerical method for the stochastic fractional delayed heroin model (2)
that underlies it. Another instance of the stochastic fractional delayed system is provided:

SDta[U(t)“t:tn = A — ﬁf{UnHVhe_“?T —ufUpss + UlUnd(B(t))
oDf [V(t)]|t=tn = .BflUn+1Vne_M¥T —p Vi1 + BSVW, — uiViyr + UZVnd(B(t)) . (33)
oDf [W(t)]|t=tn = p®Vy — B3 VaWpiq — Ui Whyq + 03Wnd(B(t))

The first approach is the Grunwald-Letnikove approach, or GL, as follows:

1
Sva(t)h:tn = W (Kpg1 — Z?;f Vi Kns1-i — Pn+1%Ko). (34)
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Here, v; = (—1)i1 ((f) vV = Q.
-

Pi = Taca

;i=1,23,..n+ 1.

Now, the outcome that follows helps to verify some other hypotheses.
NSFD rules are added to the GL approach, making the discrete model for susceptible humans as
follows:

PPENN (Un+1 71'1=-'-11 Vi Un+1—i - pn+1U0) = A" — ﬁ{xUn+1Vne_#‘fT - /fl(len+1 + UlUnABn- (35)

(K(h))
Upyq = T Vilngy 11+Pn+1Uo+(7Z(h)) AT+(K(h)) olUnABn (36)
+(x () (/3’1 Vpe H1T4p8 )
Additionally, the latent and breaking out heroin model GL-NSFD scheme is as follows:
S Vgt PnaaVo+ (K () * BFUnaaVne "1 7+ (0 (1) BV W + (K ()" 02VnlBy
Vn+1 - 2 p (37)
1+(x () (pr+u)
WTL+1 — V iWnt1- L+pn+1W0+(-7C(h)) (p Vn)+(7f(h)) UanABn (38)

1+(% (1) (d%+m%)
5. Positivity and boundedness of stochastic fractional delayed GL-NSFD

The positivity and boundedness of the solution for the systems (2) are confirmed by the following
theorem.

Theorem 11. Suppose that Uy = 0,V, = 0,W, = 0,A“ > 0,7 = 0,uf = 0,p* =20,dy = 0,m{ >
0, then U, =20,V,, 2 0,W,, =0 forall n=1,2,3,..... and AB, = 0.

Proof. For this, by using the induction method, we get,
For n=0

V1 U0+p1U0+(7{(h))aAa

= = 0.
1+(K (h)) (ﬁfVoe_“lllf+uf)

1=

V1V0+P1Vo+(7c(h)) (BfU1V0€_”‘1xT+,8§xVOW0) -
1+(5 (W) (p¥+ ) -

v1iWo +P1Wo+(~7((h)) (p*Vo)
1+(%(h) " (d%+m®)

W, = > 0.

Forn=1

v1U1+voUg+pa U0+(7C(h))a/\a
1+(7((h))a(ﬁf‘vle—#‘ff+ui‘)

) = > 0.

V- vV tpaVo (I )" (B U e HTE 4B W) 0
2 1+(30(n) “(p+1) -

Vi Wi +vaWo+pa2 Wo +(7C(h)) (P“Vo)

1+(7((h)) (d¥+m$) = 0.

W2= =
For n=2
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_ v1Uy+voU1+v3Ug+p3Uy +(K(h))aAa

U, = = = > 0.
3 1+(%(R)) ( ;"Vze‘“lfﬂt%)

a _a
V. = V1V2+Va Vi +v3Vo+p3Vo+ (K () (ﬂixUsVze ”1T+.33"IV2W2) -
3 - =

1+(x () (p=+u)
W, = V1W2+V2W1+V3Wo+;‘)x3W0+(7C(h))a(p“V0) >0.
1+(X(h) (@¥+m$)
Suppose that for n = 1,2,3,...... ,n—1, U, >0, V, >0,and W, > 0.
Thus for n = n,
Upsq = S Vi Un 1 it Pnaa Uo (I () “A% >0,

1+(K (1) (BFVne 1T +uf)

a
Vo = Vi onaa Vot () B Un g Ve THETH (I () BE VAW
m 1+ (3 () “(p%+4) -

a
W, I ViW i+ P Wo+(H(R) T (p%V)
n+1 — @, o P
1+(X(h)" (d¥+mg)

= 0.

As required.

Theorem 12. Suppose that Uy + Vo + Wy, =1,A*>0,BF =0,uf =20,p*=0,d¥ =20,m¥ >0
and (%(h))a > 0, then U,,V,, W, are all bounded for all n = 1,2,3,....n, and AB,, = 0.

Proof. For this,
Uns1 + (K(h))a.glaUn+1Vne_ufr + (%(h))a.u‘len+1 + Vol + (K(h))a(pa + uf)Wnsr + Wi

+(K (W) “(dff + M)Wy

n+1 n+1
a
= Z ViUpy1-i + ppsrUp + (JC(h)) A% + z Vi Vns1-i + Pns1Vo
i=1 i=1

+(H(R)) " B Upa Vae ™M + (FC(R))“ BEVaWhy + IV Wi + praa Wo + (K (R))” (0%V).
(1+ (36R) " (B Ve ™7 + 1) ) Ung + (14 (3R (0% + 1)) Vi + (1 + (30(R) (A +m) ) Wiy
= Y (Unga—i + Vara—i + Wosa—i) + praa(Uo + Vo + Wo) + (K(h))a(/\a + BEUpsq Vye M + ,[)’é"l/}an).

Next, we use the induction method to evaluate the further iteration. Then,
For n=0

(1+ () (Bvoe ™ + uf) ) Uy + (14 (W) (0% + 1) Va + (1 + (3(W) " (@F +m)) W
= v, (U + Vo + Wp) + py + (K (1)) (A% + BEUVoe ™M + BEVW,).
(1+ (3¢)“(BEVoe ™57 + ) ) Uy + (1 + (3() “ (0% + 1))V + (1 + (W) (df + m§)) Wy

1 a _a
=71 + m + (:]C(h)) (AC{ + ﬁ{XU:lVoe K1t + ﬁgVOWO)

(1 + (7C(R) " (B*Voe M1 + ugf)) U, + (1 + (7)) (p* + ﬂgf)) v, + (1 + (7)) (d% + m‘f)) W, =Y,.
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(1 + (K (1) (BVoe ™M™ + u‘f)) Uy Svp +—— m 5+ (7 () (A + BEU,Voe M5 + BEVW,).

(1+ (W) 0" + 1D ) Vi < Vi + g + (F (W) (A + BEUVoe ™7 + BEV W),

(1+ (7)) (dg +mP) Wy < v, + s+ () (A% + BEU Voe ™M + BV W),

(
< At :
(1+(5K(h))a(ﬁfvoe_#‘f"+,uf))
Y,
- (1+(x(h))“(pa+u‘f))'

Y
= (1+(?€(h))al(d“+m1))

Uy <Yy, i <Yq, Wy <Y,

For n =1

(1+ (3c) " (BEvie ™7 + 1) ) Uz + (14 (3 () “ (0% + 1) ) Vo + (1 + (1 (W) “ (@ +m®)) W,
= vy (Uy + Vi + Wy) + v, (Ug + Vo + Wo) + py + (FC(1)) (A% + BRULV, e T + RSV W),

(1+ (:fc(h))“(ﬁfvle-ﬂ‘ff + 1)) Uz + (14 (3(0) “ (0% + 1)) Vo + (1 + (K (W) “(df + m&)) W,
=a)+a( + Y + V) + s + (7 (1) (A% + BEY, Yy ™HET + BEY,Y5).

(1+ (:K(h)) (ﬁfvle-ﬂ‘ff + u;")) Uy + (14 (30) (0% + 1))V + (1 + (W) “ (df +m&)) W,

<a+3aY; + e (x(h)) (A% + BEY, Y e HIT 4 BEY,Y5) =Y.

(1+ (:K(h)) (ﬁf‘Vle-u‘{‘r + 1)) Uy + (14 (3(0) (0% + 1))V + (1 + (W) (dff +m&) ) W

Sa+3a¥; + st (7 () (A% + BEY Yy M7 + BEY,Y3).
(1 + (S‘C(h)) (BEV e i + u“)) Up < a+3aY, + s + (K (h)* (A% + BEY Ype HIT + BEY,Y;).
(14 (H W) " + 1) V2 < @ +3a¥; + 505 + (3W) (A% + IV Yo7 + BEY X;).

(14 (W) @ +mO) W, < @+ 30X, + 5 + (3(W) (A + BN e ™ + BEY,Y5).

(
Y,

U, < S—
27 (140 (povie T eug))

Y,
(1+(76(h))a(p“+u€‘))'

V, <

Y,

W,(t) < £
2(1) (1+(7€(h)) (d“+m1))

U, <Y, VL <Y, W, <Y,.
Now, consider that

Up <Y, Vo <Y, W, <Y,
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Here,

1

1 a
——a)+ (f]((h)) a+ 3aY; +F(1——0l)

Yn = @+ 3a(ng, Yooz Yo + Y1) + 1

a a
+(~7C(h)) (Aa + .Blaann+1e_“1T + BgYn+1Yn+2)-
For n=n

(1+ (26" (B ™57 + 1) ) Ung + (14 (3(R) (0% + 1)) Vi + (1 + (6(R) (A + M) ) Wiy
n+1

= z Vi (Uns1-i + Vasr—i + Whnsa-1) + pns1(Uo + Vo + Wo)
i=1

a _,a
+(K (M) (A" + BV Va1 T + B Vi1 Yns)-
= Vl(Un + Vn + Wn) + VZ(Un—l + Vn—l + Wn—l) + V3(Un—2 + Vn—Z + Wn—z) + o

v (Uy + Vi + W) + v (Ug + Vo + Wo) + ppgs + (K(h))a(/\a + ﬁftYnYnﬂe_”?T + ﬁgYn+1Yn+2)-

1
<a@3Y,) +a3Y,_1) + a(3Y,—3) + -+ a(3Yy) + a(3Y,) + a(1) + O]
+(3C () (A% + BEYn Va1 M + BE V1 Vo).

1
ri-a)

(14 (3() " (BVne ™7 + puf) ) Upa

1
ri—-a)

a _,a
sa+t +3a(Vog, +Ynoz, o Yz + Y1) + (K(R) (A% + B Yy Yp1e M7 + B Vi1 Ynsz) = Ynsr.

<a+ +3a(Ypo, +Vpezs o Yo + Y1) + (K(R) (A% + BEYy Yypre M7 + BE Y1 Ya2)-

(14 (@) (0 + D)) Vars

1
ri—-a)

<a+ +3a(Ypog, gy o Yo + Y1) + (K(R) (A% + BEYy Yypre M7 + BE Y1 Ys2)-

(1+ (3c()" (@ +m)) Wiy

1

<a-+ o

+3a(Ypo1, + V2, . Yo + Y1) + (-'K(h))a(/\a + B, Vg e T B Vi1 Yns2)-

Y41 vV < Ynt1 w. < Y1 ]
1+(K ()" (BEme 7 4uf) ) nH = (1+() oe4up)) i (1+(xcm) @g+m)

Ups1 < (
Un+1 < Yot Vner < Yopr, Wiga < Yoo
6. Numerical simulations

The simulations' parameters are explained in this section. The primary features of the simulated
graphs are examined using the set of parametric variables given in Table 4. Furthermore, these graphs
are created at a time when heroin is broadly used in the human population and finally achieves a stable,
endemic form. Four appropriate values of a are selected at the current equilibrium to examine the
dynamics of the uninfected humans. The heroin epidemic has demonstrated that the rates at which
infections spread vary throughout nations. Since every person or group of people has distinct physical
surroundings, immune systems, health concerns, and other factors, these rates have biological
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significance.

Table 4. Values of parameters.

Parameters Values Source [1]
A 0.5 Estimated
B1 1.7 Fitted
n 0.5 Estimated
B3 0.8 Fitted
p 0.02 Fitted
b 0.22 Estimated
g; 0<0;<1 Fitted

7. Discussion

This section provides a detailed explanation of the comparison of the stochastic fractional delayed
heroin epidemic model at different values of the fractional order a and the effects of delay tactics t
on susceptible, drug, and non-drug user populations. Figure 3 shows the behavior of the susceptible
population over time for various fractional orders «. The fractional order a affects the memory and
hereditary properties of the system. A lower a indicates that the system has a stronger memory effect,
which means that past states have a more significant influence on current dynamics. Therefore, Figure 3
shows that for lower values of a, the susceptible population decreases more slowly, indicating that
individuals remain at risk for longer periods. As a increases, the decrease becomes more rapid,
suggesting a quicker transition from susceptibility, potentially due to a faster adoption of protective
behaviors or interventions. Figure 4 illustrates the dynamics of drug users over time for different
fractional orders a. A lower a could indicate a slower decline or even a persistence in the number of
drug users due to the long-term effects of addiction or the slow impact of rehabilitation efforts. Higher
values of @ may show a quicker reduction in drug user numbers, indicating that the system is more
responsive to current interventions or that the effects of past states (such as prior addiction) are fading
faster. So, Figure 4 demonstrates that with increasing «, the number of drug users decreases more
rapidly, suggesting more effective rehabilitation or prevention efforts as the memory effect of addiction
wanes. Figure 5 displays the behavior of non-drug users over time for various values of a. The
behavior of non-drug users is influenced by both the rate of recovery from drug use and the resistance
to becoming drug users. For lower a, non-drug users might increase more slowly, indicating a
prolonged influence of past drug use or societal factors that delay recovery. As a increases, the
population of non-drug users could rise more quickly, reflecting a stronger impact of present conditions,
such as effective awareness campaigns or policies that reduce drug use. Figure 5 shows a more
significant increase in non-drug users at higher a values, indicating more successful prevention and
recovery efforts as the past influences diminish. Figure 6 shows the effect of a delay tactic (7 = 10)
on the susceptible population for different values of a. The delay tactic represents an intervention or
a time lag in the response to the epidemic (e.g., delayed introduction of a drug prevention program).
With (tr = 10), the system responds with a lag to changes in the population or intervention efforts.
Figure 6 shows that for lower «, the effect of the delay is more pronounced, leading to prolonged
periods of susceptibility. As a increases, the system may recover more quickly from the delay,
reflecting a reduced impact of the past. This indicates that higher fractional orders a could mitigate
the negative effects of delayed interventions, leading to a quicker reduction in the susceptible
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population. Figure 7 depicts the effect of a delay tactic (t = 10) on the drug user population for
different values of a. The delay tactic here could represent a delay in the implementation of drug
rehabilitation programs or policies. For lower «, the delay might result in a slower decrease or even a
temporary increase in drug users, as the past states continue to influence the present. Higher a values
might show that the system adjusts more quickly, reducing the number of drug users even with the
delay. Figure 7 shows that for higher «, the negative impact of the delay is less severe, suggesting that
systems with weaker memory effects (higher a) are more resilient to delays in intervention. Figure 8
shows how the delay tactic (t = 10) affects the non-drug user population for different a values.
The delay could slow down the transition from drug user to non-drug user or delay the effects of
prevention programs. For lower «, the increase in non-drug users might be slower or less pronounced,
reflecting the lingering effects of past drug use or the delayed response to interventions. As «
increases, the population of non-drug users might increase more rapidly despite the delay, indicating
that the system is less affected by past states. The graph shows that higher « values result in a more
robust increase in non-drug users, even in the presence of delayed interventions, highlighting the
importance of reducing the system's memory effect in drug prevention and recovery strategies. The
graphs provide a comprehensive view of how the fractional order @ and delay tactics T influence the
dynamics of the susceptible, drug, and non-drug user populations in a stochastic heroin epidemic
model. Lower fractional orders indicate stronger memory effects, leading to slower responses to
changes and interventions, while higher fractional orders result in quicker adjustments and more
effective epidemic control. The delay tactics illustrate the critical timing of interventions, showing that
systems with weaker memory effects are more resilient to delays.

GL-NSFD Method

3.5

25r y

0'5 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

t

Figure 3. Graphical behavior of susceptible humans for different values of the fractional
order a.
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GL-NSFD Method
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Figure 4. Graphical behavior of drug users for different values of the fractional order a.
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Figure 5. The graphical behavior of non-drug users for different values of fractional order a.
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GL-NSFD Method
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Figure 6. Graphical behavior of susceptible humans for the value delay tactic (7 = 10)
at different values of a.
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Figure 7. Graphical behavior of drug users for the value delay tactic (7 = 10) at different
values of a.
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GL-NSFD Method
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Figure 8. Graphical behavior of non-drug users for the value delay tactic (7 = 10) at
different values of a.

8. Conclusions

The study of the stochastic fractional delayed heroin epidemic model is useful in understanding
the phenomenon of epidemic growth of heroin addiction within the population. For this, the population
of humans has been categorized into three groups: the probability density function of individuals most
vulnerable to heroin usage based on their propensity for addiction, the quantitative future state of the
affected community due to continual drug abuse, namely active heroin users and non-drug users. This
categorization is used for evaluating risk exposure between drug takers and current heroin users. The
dynamical properties of the stochastic fractional delay differential equations for the model were studied
rigorously. A detailed stability analysis shows that the stability of the system depend on the basic
reproduction number R,. When R, < 1, the unique free equilibrium is stable, suggesting that
addiction can be eliminated if conditions are right. On the other hand, if Ry, > 1, the present
equilibrium is stable, implying that the spread of addiction will continue but can be controlled. It also
examines how delay tactics affect the spread of addiction. The stochastic GL-NSFD scheme was
implemented for numerical solutions of the model. Well-known theorems are presented for the
positivity and boundedness of the proposed numerical method. Therefore, this stochastic fractional
delayed model can be used as a useful tool in describing and modeling addiction impacts in
communities. The delay strategy is of particular interest in providing methodical suggestions
concerning the elaboration of successful health policies and preventive measures. In addition, this
model can be used as the basis for further research studies of other diseases where a complex dynamic
interaction occurs to evaluate the effectiveness of various control strategies.
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