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1. Introduction

The study of derivatives and integrals of fractional orders has a rich and intricate history that dates
back several centuries. The concept of fractional derivatives was first introduced in the late 17th
century, with the contributions of notable mathematicians such as Gottfried Wilhelm Leibniz and
Leonhard Euler [1, 2]. In 1695, Leibniz raised the question of the meaning of a derivative of
order %, which initiated interest in the concept of fractional order. Fractional calculus has gained
significant momentum and continues to evolve to this day, finding applications in different domains,
including engineering, biology, epidemiology, physics, and fluid dynamics [3-9]. Its increasing use in
these domains underscores its growing importance in contemporary science; read [10] and the given
references therewith. Fractional partial differential equations (FPDEs) are a significant extension of
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the traditional fractional differential equations (FDEs). Certainly, these equations modeled several
complex phenomena in various fields like physics, engineering, finance, and biology [11, 12] among
others. The mathematical formulation of FPDEs typically involves the use of fractional derivatives
defined by various approaches such as the Grunwald-Letnikov, Caputo, and Riemann—Liouville
fractional definitions. The choice of definition can impact the formulation of the problem and the
methods used for finding solutions. On the other hand, the initial-value problems (IVPs), boundary-
value problems (BVPs), and initial-boundary value problems (IBVPs) featuring FPDEs play vital
parts in various mathematical physics models. These problems help describe complex physical and
engineering systems that involve nonstandard dynamics or long-term memory effects, such as heat
diffusion in heterogeneous materials [13], fluid motion affected by high viscosity [14], and biological
processes with long-term interactions [15]. In fact, the implication of these problems is associated with
their capability to describe phenomena that are challenging to accurately model using the traditional
differential equations of integer orders. Solutions to BVPs and IVPs in FPDEs can provide more
precise models for intricate interactions among variables, making them essential tools for researchers
in fields like engineering physics, chemistry, biology, and finance. These problems also demand
advanced analytical and numerical techniques, as exact analytical solutions are rare and challenging.
Studies, therefore, rely on numerical methods such as the modified Adomian decomposition method
(MADM) and the variational iteration technique (VIM), which have proven effective in yielding
approximate solutions. Due to the complexity of FPDEs, traditional analytical methods may not
always be applicable. Therefore, various computational and semi-analytical approaches have been
devised to tackle these equations. Some of the prominent techniques include the homotopy analysis
method [16], Laplace decomposition method (LDM) [17], VIM [18], Adomian decomposition method
(ADM) [19,20], and the weighted average finite difference methods [21], to mention a few; see also
other relevant methods in [22,23] and the references therein.

However, among the multitude of available techniques to tackle the governing class of FPDEs,
this study has adopted the ADM as its base method. This method has gained tremendous popularity
due to its reliability in handling diverse functional equations immediately after its introduction by
George Adomian in 1984 [24,25]. The method has undergone numerous enhancements aimed at
increasing its accuracy, speed, and computational efficiency, as well as adapting it to a broader range of
equations. These improvements have significantly accelerated the rapidity of the solution in contrast
to the original ADM, marking substantial advancements in the method. In [26], new results were
presented related to the Adomian series, which is used as a tool for analyzing and solving certain
categories of differential and integral equations. In [18], authors have employed the ADM for tracking
nonlinear FPDEs, while [27] discusses the applications of LDM on nonlinear FPDEs. In addition,
the reduced differential transform coupled with the ADM was proposed on the class of FPDEs amidst
the attachment of a conformable fractional operator in [28]; the authors estimated the approximate
solutions for the one- and two-dimensional time-FPDEs, while the presentation of the aiming new
MADM for the system of nonlinear FPDEs has been featured in [29]. Certainly, the MADM has
been proven to be highly effective and computationally efficient for dissimilar problems, making it a
valuable tool for scientists. It is important to note that the convergence of the Adomian series solution
has been studied for different problems by many authors. In [30,31], the convergence was investigated
when the method was applied to general functional equations, while specific types of equations were
considered in [32-34].
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In particular, this study intends to extend the application of MADM, which was recently utilized
in [35-38] for various types of [IVPs and BVPs in the class of FPDEs by presenting three distinct
algorithms. Algorithm 1 and Algorithm 2 will address the BVPs through the x-differential operator,
while Algorithm 3 will handle the IVPs via the ¢-differential operator. Finally, the manuscript follows
the following arrangement: Section 2 provides some fundamental definitions related to the properties
of fractional operators. Section 3 explains the developed schemes for FPDEs. Section 4 applies the
derived computational schemes on various examples, while Section 5 recaps with the closing note.

2. Preliminaries on fractional calculus

The current section presents certain definitions for fractional operators, including some notable
operators like the Caputo and Riemann—Liouville fractional [39].

Definition 2.1. The fractional derivatives D,y and Dj,_y, with a« € C (R(a) = 0) as a fractional order,
are defined by Riemann—Liouville, respectively, as follows [39]:

1
I'h-a

d\"
(Dg.y) (x) = (E) f (x =0 y@dr, (x> a)yn=[R(@)] + 1), 2.1)

and
1
I'n—a)

Definition 2.2. The fractional derivatives (CD"+y) (x) and (CDZ_y) (x) witha € C (R(a) > 0) as a
fractional order is defined by Caputo if @ ¢ Ny, respectively, as follows [39]:

d\"
(Dy_y) (x) = (_5) f (t— )" y@ydt, (x <b;n=[R@)]+1). (2.2)

(“Diy) 0 = f (x =7yt =: (17" D"y) (x), (2.3)

I'(n - a)
and

(DL3) ) = s

Moreover, when @ = n € Ny, the aforementloned fractional derivatives by Caputo takes the following
definitions:

f (= 0 Dt =: (=1)" (17 D'y) (x). 2.4)

Dy =y"(x) and Dy y(x)=(=1)"y"(x) (neN), (2.5)

and if @« = 0, we have
(CDY.y) () = (“DY_y) () = y(). (2.6)

Definition 2.3. Riemann—Liouville fractional integrals (1%,y) (x) and (IZY y) (x) having the fractional
order @ € C(R(a@) > 0) are respectively defined as follows:

(I3,y) (x) == e )f(x n_y0dr, (x> a;R(@) > 0), 2.7)

and

b
(I y) (x) := L f (t — )"y dt,  (x < b;R(a) > 0). (2.8)
Ia) J.
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Property 2.1. Some important properties for the fractional differential and integral operators are
outlined in what follows:

i)
I*Py(x) = I"y(x); a,8>0. (2.9)
ii)
m—1 .Xk
1Dy (x) = —~ ® (0* . a€(m-1,m). 2.10
() = y() ;y O) s @€tm—1m (2.10)
iii)
cpf B L xh
I? = - 0" , 2.11
y(@) = Py () ;y OV i 7=ass 2.11)
where a > ,andm — 1 < B,a < m.
iv)
I'(l+n)
[°X" = ————— X", 2.12
Y T T +n+a 2.12)
wherem—1<a<m,n>-1,and x > 0.
v)
L(r+1) r—a
CDZ ro_ 1"(1+n—a)x s rzm-= 1’ (213)
0, r<m-1.
Vi)
D% =0, when k represents a constant real number . (2.14)

3. Modified Adomian decomposition method

The present section dwells on the application of the three MADM-based algorithms for solving the
IBVP featuring the wider class of FPDEs. To exhibit the MADM for the governing class of equations,
one considers a universal linear FPDE as follows:

Dfu(x,t) + Lu(x,t) + Ru(x,t) = g(x,t); m—-1<a<m, xe€(ab), t>0, 3.1
admits the prescription of the initial and boundary data, respectively, as follows
u(x,0) = f(x), a<x<b,

and
u(a, 1) = go(t), u(b,1) = g1(r), >0,

where the function u(x,t) is unknown, D{ is the fractional differential operator defined in Caputo’s
sense of order @, m € N, L is the highest partial derivative, which might involve other fractional
derivatives of order less than @ and R is the remainder while g(x, ¢) is the source function.

Thus, to derive the explicit analytical solution for the governing IBVP, which features a fractional
order derivative, we will apply the MADM based on the three algorithms that follow.
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3.1. MADM with respect to x-differential operator

In this subsection, we will propose two different algorithms, which are based on MADM, to solve
the FPDE (3.1) with respect to the linear x-differential operator defined as follows:

2
L() = 6—()

where L is a second-order linear differential operator defined in the x-variable.
Algorithm 1: First, applying the inverse operator (of the latter linear differential operator)

L) = f ) f x(-)dxdx, (3.2)

on (3.1) and using its properties yields as follows:
u(x,t) = u(a, t) + xu'(a, ) + L [g(x,0)] = L™ [Ru(x, )] — L™ [DYu(x, 1)]. (3.3)

Note, we will further put u’(a,f) = ¢ in what follows. Next, on using the standard ADM procedure
[24,25], the latter equation becomes

(9]

Z u,(x, 1) = u(a,t) + cx + L™ [g(x,1)] -
n=0

Z Ru,(x,1)| —

where the solution u(x, ) in (3.4) is decomposed into a sum of infinite components u,(x, t), for n =
0,1,2,3,..., thatis,

[Z 1 (x, r)]] , (3.4)

n=0

(o)

u(x,t) = Z u,(x,1).

n=0
In addition, the algorithm by MADM proceeds by adding the expression

i a,,x”] , (3.5)

n=0

(9]

E a,x"

n=0

- pL™! + L

in the right-hand side of (3.4) to obtain

[

Z u,(x,t) =u(a,t) + cx + L [g(x, )] —

n=0

1 i anxn:|
n=0
D¢ (Z (X, t)]] . (3.6)

n=0

[

E a, X"

n=0

+L7! — L' [Ruy(x, )] = L™

Therefore, one obtain from (3.6) the following recursive relation:

o0
E anx”} ,

n=0

uo(x, 1) = u(a, t) + cx + L™

ui(x, ) = L' [g(x,0)] = L7 [Ruo(x, ] — L™ [D¥ug(x, 1)) — pL™"

i . x”] (3.7)

Uni1(x,1) = =L [Ru,(x,0)] = L' [D¥u,(x,1)], n>1.
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Lastly, one obtains the explicit values for the constants a,, forn = 0,1,2,3,..., upon which u; = 0.
In this regard, it is obvious that u, = u3 = u4 = --- = 0. Moreover, by letting p = 1, one obtains the
solution of (3.1) as u(x,t) = uy(x,t). Additionally, one eventually substitutes the values for a, in the
determined solution, alongside making use of the last boundary datum u(b, r) = g,(¢) to get hold of the
presumed constant c.

Algorithm 2: Algorithm 2 commences by defining the inversion operator L™, which is based on
the submission in [40] as follows:

X X" _ b X"
L) = f dx’ f (.)dx”—z_z f dx f ()dx". (3.8)

Remarkably, among the advantages of this inversion operator is that its capability to admit all the
prescribed boundary data unswervingly.
Therefore, applying the current inverse operator on (3.1), one gets

u(x,t) = u(a, t) + u(b, H)x — u(a, H)x + L' [g(x, )] — L' [Ru(x, £)] — L' [Du(x, 1)]. (3.9)

Accordingly, adding the expression in (3.5) to the right-hand side of (3.9), alongside using u(x,t) =
Do Un(x, 1) gives

[Se]

D w(x 1) =ula, 1) + xu(b, 1) - xu(a, 1) + L' [g(x,1)] = pL™"

5

n=0 n=0
L7 Y an| = L7 > Ru (e 0| - L7 DY [Z mes r)]] : (3.10)
n=0 n=0 n=0

which then gives the overall recurrent scheme as follows:

uo(x, 1) = u(a, t) + xu(b, 1) — xu(a,t) + L

o0
> ]

n=0

ui(x, 1) = L' [g(x, )] = L™ [Ruo(x, D] = L™ [Dug(x,1)] — pL™"

i“ x"] (3.11)

Uns1(x, 1) = =L [Ru,(x,0)] = L' [D¥u,(x,1)], n>1.

Moreover, as in the above case, one computes the explicit values for a, (n > 0) by setting u;(x, ) = 0,
and subsequently p = 1. In addition, substituting the obtained values into uy(x, ) gives the overall
closed-form solution that u(x, t) = uy(x, t).

3.2. MADM with respect to t-differential operator

The current subsection derives an efficient algorithm based on utilizing a linear #-differential
operator for solving IVPs featuring the class of FPDEs.

Algorithm 3: In this algorithm, the linear direct operator and its corresponding inverse operator for
the integer or fractional ¢-differential operators are respectively considered as follows:

0

- -y — t,
L==. and  L7() fo()dt, (3.12)

or
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1 X
L(.) = D*(.), and L'()=— f (x — 5)*" ' ()ds. (3.13)
I'(a) Jo
Thus, upon deploying the inversion operator (3.12) on (3.1), one then obtains
u(x, ) = u(x,0) + L' [g(x, 0] = L™ [Ru(x, )] = L™ [Du(x, 1)]. (3.14)

Consequently, the MADM process requires the inclusion of the aforementioned expression into the
latter equation, coupled with the usual ADM decomposition of the solution u(x,?) to obtain as
following:

Z u,(x, 1) =u(x,0) + L™ [e(x,0)] — pL_1 Z a,x*| + L Z a,,x”]
n=0 n=0 n=0
— L7 Y Ruy(x, 0| - L™ Dy (Z 1 (X, t)H : (3.15)
n=0 n=0

that eventually leads to the following recurrent scheme
5 anx"] ,

n=0
n=

0
un+l(-x’ t) _L [Run(x t) [ aun(-x t)] nxl.

uo(x, 1) = u(x,0) + L™

(3.16)

ui(x,t) = L' [g(x,1)] - " — L7 [Rup(x, )] = L™ [Dfug(x, 1],

Accordingly, the procedure for the computation of the explicit values for a, (n > 0) remains the same
as in the above algorithm. That is, setting u;(x, ) = 0, and afterward p = 1. In addition, substituting
the obtained values into uy(x, f) gives the overall closed-form solution that u(x, 1) = uy(x, ).

4. Numerical examples
The present section considers several test IBVPs for FPDEs to demonstrate the helpfulness of the

proposed algorithms.

Example 4.1. Consider the time-fractional IBVP for the diffusion-convection equation as follows [41]:

*u(x, t Ou(x, t
Dfu(x, 1) + g(i) ug;):2x2+2t“+2,0<x<1,t>0, O<a<l, @&

subject to the following initial and boundary data

Al + 1) 2 u(lL1) = 2F(a + l)tz".

0)=x" (0,1
ule Oy =% 0.0 = o ! "TQa+ D
Accordingly, the governing IBVP admits the following exact solution:

IN'a+1
(@ )t2“+x2

u(x, t) = 2m

AIMS Mathematics Volume 10, Issue 3, 5806-5829.
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Algorithm 1: To solve (4.1) applying inverse operator L™! in (3.2) on both sides such that «’(x, 1) =

c gives
Ou(x, t
w(x,) = cx + u(0,1) + L' [2x% + 2% + 2] — L™ [D%u(x, 1) + x ”((; ) 4.2)
X
Now using MADM As explained previously, we write
N M@+, e =,
;un(x,t) =cx + mt + L ;anx -pl|L ;a,,x
Oup_i(x,t
+ L7227 + 2" 42| - L7 [D;’un_l(x, 1 + x”(;—(x)] : (4.3)
X
Thus, adopting
2l + 1
ug(x,t) = %tm +ex+ L7! [ao Faix + ax* + - -],
Ougy(x, 1) “@.4)
uy(x,1) = —pL™" [ao +ax+ax+ - ] +L7! [2)(2 +2t% + 2] - L [D;’uo(x, H+x (29 - ] .
X
When expressed explicitly by using L™ and property (2.13), this results
1) 2F(a+1)t2&+ N x? N 3 N x* N
up(x,t) = ——— cx+ay—+a-+ar—+-,
‘ TQa+1) 2 "6 T 12
(x, 1) 2+ x3+ x4+ +x4+t"2+2 e x4+ x5+ x6+
u(x,t) = -plav=+a—+a—+- |+ — X 4+xX ——-—ay=t+a—=+a—+---
: P17 4% "1 6 6 12" “a0" 90
v X3t apx*t® a Xt ar x%t @

6I(1 —a) 24I(1—a) 1200(1 —a) 3600(1-a)

But u;(x,t) = 0 to calculate a;, i = 1,2 - - - and with opposite signs simplified, we have

2 x3 x4 x4 ) Cx3 x4 x5 x6
ul(x,t):—p CIQE-FCI[E-F(IZE-F"' +g+x—?—aoﬁ—alﬁ—a29—o+---
c x3 @ a X4 @ a xS T a X6 @

T6l(l—a) 24T(0-a) 12000 —a) 36001 —a) 0

Now, considering that p = 1 and equating the coefficients of x" it can be readily shown that ay = 2 and
a; = ap = 0. Therefore, on substituting the values of ay, a;anda, into uy(x, t), we obtain the solution as

M(a+1) ,,

2
— . 4.
[+ 1)t +cx+x 4.5)

u(x, t) = up(x,t) =

2C(a+1)
TQa+1)

At last, to find the value of ¢, we must first find u(1, ¢), thatis, u(1,¢) = 1 + ** we have ¢ = 0, So

one obtains
2l (a + 1)t2" )

_— + s
fQa+1) 7
which gives the exact solution for the IBVP (4.1).

u(x, 1) = 4.6)

AIMS Mathematics Volume 10, Issue 3, 5806-5829.
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Algorithm 2: We begin with applying the inverse operator (3.8) on both sides of (4.1) with a = 0,

and b = 1, to obtain

ou(x,t
uug):man+XMLa—meg+1:ﬂzﬁ+2ﬂ+2]—L*Pﬁan+xlmx)l 4.7)
Thus, upon implementing the MADM procedure, one further gets
- (@ + 1) , (@ + 1) ,,\ 2M@+1), RS
() =———— 1 l+ ——— | - —— % — pL X
;uu)IUmH) x( TQa+ 1) fQa+1) "~ P ;“
-1 N n “1[~.2 @ -1 e Oty (x, 1)
F LY @ |+ L7202 4 20 2] - L D (1) + x| (48)
oy Ox
that gives the following leading scheme
_2(a+ 1), NS
ug(x,t) = ml +x+L nzz(; a,x |,
-1 N “1[~.2 @ -1 e Aug(x, 1)
uy(x,t) = —pL Zanx" + L [2x + 2t +2]—L Dfuy(x,t) + x .
oy ox
Then,
.1 2F(a/+1)t20+ N x2+ x3+ x4+ 1+ 1+ 1 N
up(x,t) = ——— x+ap—+a—+ar—+--—x|lapz+tai-+a—+---|,
0 TQa + 1) 2 "6 T 12 2 "6 T2
and
(x,1) = 2+ x3+ x L s+ +x4+t"2+2 L
up(x, = pa02 d]6 61212 Xa()2 6116 61212 6 X X X6
X x4 x x6+ 1+ 1+ N 1 +x3 N 1+ 1
—-— -Gy =—a——=—WMm—+tx|-t+a—=+a-——=+a—|+—|az+ta-+a—
6 12 740 90 " T\le Y12 7740 TPoo) 6 (72 "6 T P12
x( 1 . 1 N 1 a2 Xt apx*t? axt®
-—laz+a-+ta—|-1"x - - -
6\ "2 e 12 6[(1 —a) 24T(1-a) 1200(1 - a)
a X N e ( 1 N N 1 )+t xt™@ N apxt™®
- aog— a|— ar—— X
360I(1-a) 6 -2 “'6 P12 6r(1 —a)  24T(1 - a)
N a xt™@ N arxt™® xt™ 1 N 1 N 1
- aop—= al— ar»—|.
120I(1—a) 360[(1-a) 6 \°2 "'6 12

In the same way, we set p = 1, and u;(x,t) = 0, to accordingly obtain ay = 2, and a; = a, = 0, which

then leads to u(x, 1) = up(x, t) as follows:
u(x,t) =2
the known exact solution.
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Algorithm 3: This algorithm commences by applying the inversion operator L' alongside the
property (2.10) on (4.1) to obtain

4.9)

2
u(x,t) = u(x,0)+ I [Zx2 +21% + 2] —I° [xa”(% )] N 0~ u(x, z)] ‘

Ox 0x?

Then, on using the MADM, one obtains

[

Z up(x, 1) = x> + I

n=0

(o)

E a,x"

n=0

[0e]

Z a,x"

n=0

Oty (%,1) u,—1(x, 1)
Ox ox?

- pl

+1° [2x2 + 21" + 2] -I° [x

Now, coupling the MADM with the reliable modification in [42], one gets the recursive relation as
follows:
uo(x, 1) = x> + 12t + I[ag + a1 x + axt+ -], (4.10)

Pug(x, 1)  Oup(x,t)
+ X

u(x,t) = —pl'lap + ayx + ax*+ -]+ I’ [2x2 + 2] -I'[ P o

1, (4.11)

or equivalently the following after applying the inversion operator

2a a
(6,0 =27 + 2§62ya++1 )11) i r<at+ 1) (a0 + a1+ @)
ra o 2 21" 221 2
ui(x, 1) = T+ 1) (ao taix +axx ) + Ta+ 1) + Ta+1) T@+1) T(a+l)
ay 2 apxt®  2Xax™

" TQRa+1) TQRa+1) T(a+1)

Finally, after eliminating similar terms and setting p = 1, we establish and compare the coefficients of
x", yielding to ay = a; = a, = 0. Thus, putting these values into uy(x, t) gives the exact solution

I'la+1
(@ )l_2(1+x2

u(x,t) = 2m )

which is the required exact solution for the model.

Example 4.2. Consider the time-fractional IBVP for the linear nonhomogeneous Burgers
equation [43]:

ou 0u 21>
Diu+ ——-— = +2x-2, O<x<1,t>0, O<ac<l, 4.12
Mo T ok TGR-a) x @ (4.12)

with the prescribed initial and boundary data as follows:
u(x,0) = x% w0, =7, u(l,ny=1+7,
and satisfying the following actual solution
u(x,t) = £ + x°.

AIMS Mathematics Volume 10, Issue 3, 5806-5829.
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Algorithm 1: Applying the inverse operator (3.2) to (4.12) with the assumption that «’(0,7) = ¢

yields
2—a 8 t
u(x,t) = cx +u(0,1) — L! [F(a =3 +2x-2|+L" [Dfu(x, N+ ug;’ )] . 4.13)

Now, employing the MADM on the above equation gives

iu (x,t) =cx+ > =L} 20 +2x-2|-pL! ia x|+ L7 ia x"

n=0 o F(CY - 3) n=0 ' n=0 ’

ou,_1(x,t
+ L [Dfun_l(x, £+ ”1—(’6)] , (4.14)
0x
which plainly gives
uo(x, 1) =cx + > + L Z a,x"
n=0
) 2 3 4
=cx+t +ap—+a1— +ar—t+---
cX ap 7 a 6 61212
S 217 Oug(x, 1)
1) =—pL™! WX = L7 +2 2|+ L | D%up(x, t) + :
2 . 2 . 4 a2 3 2 3t . 2132 , A
=-play=+a—+ar—=|-——— - —+x
Plaoy T e TRl T T3 3 6l(1-a) TG-a) 24T -a)
a Xt a X0t x> apxX  aix* ax’

+ - +—+ - + :
120I(1 =)  360I(1 —a) 2 6 24 60
Accordingly, the processes gives yields ayp = ¢ + 2, and a; = a, = 0, upon which uy(x, ¢) gives the

following
2

up(x,f) = cx + > + % + X2 4.15)

In addition, the second boundary datum u(1,7) = 1 + ¢* affirms that ¢ = 0, upon which the overall
solution yields
u(x,t) = > + x°,

which is the same as the referenced exact solution of the examining model.
Algorithm 2: Applying the inverse operator (3.8) with a = b = 0 to (4.12) unveils

2—-a

I'(a-13)

ou(x, 1)

u(x, ) = u(0,7) + xu(l,t) — xu(0,7) — L™ [ +2x =2+ L"! Diu(x,t) +

]. (4.16)

Thus, upon implementing the MADM procedure, one obtains

00 2[’2_0 00 0o
Z u,(x,0) =t> + x = L' [F(a 3 +2x — 2] —pL™! Z a,x"| + L7 Z a,,x"]
k=0 n=0 n=0 (4.17)
Ouy_1(x, t
+L7! [Dfun_l(x, 1) + ul—(x)] ,
ox
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that results in the acquisition of the following scheme

(&9

E a,x"

n=0

up(x,t) = >+ x+ L

)

(o)

2127 Oug(x, 1)
L WX - L7 +2x-2 2
Z; ¢ [F(a 37 dx

Accordingly, the application of the governing inverse operator on the last expressions gives

+L7! [D?uo(x, 0+

e

up (.X, t) = _p

2 3 x* 1 1
uo(x,t):t2+x+a03+a1€+azﬁ+~-—x(a0§+a18+azﬁ+---),
and
x? x° x* 1 1 1 L
u(x,t)=-p a()?+a1€+azﬁ—x(a0§+a16+azﬁ)]—r(a_3)x —g+x

- x[- +to|-=+a»—+a—+a—— = |ap= +a;=- +

Ta-3) 3] 2 7% T TR 2\ TN TN,
1+ 1 . 1 N 1 N 1 2, e N apx*tr N a Xt
—X| = ap— ay— ar— X
0 : 2 Ta-3)"  6I(l-a) 24I(1-a) 12001 - )

212 2) x2 X3 x* x xz( 1 1 1)

2 12 24 40
N a x5t e 1 N 1 N 1 > N = N aopt™
— ay= +aj—+a—|—x
360I'(1 —a)  12I'(1 — @) 2 '6 12 I'B-—a) o6I'l-a 24I'(1-a)
at™@ a,t™® e (Cl() a dg)
+ + - +—+=]|.
120l —a) 360I'(1 —a) 12I'(1 — @)

26 2

Hence, one acquires the coefficients ay = 2 and a; = a, = 0, such that the u(x, r) = uy(x, t) is obtained
as follows:
u(x,t) = 2+ 12,
affirming the already said exact solution.
Algorithm 3: Applying the inverse operator L™ of the current algorithm to (4.12), alongside the
use of (2.10) and (2.12), reveals as follows:

+2x-2 (4.18)

2—a 2
u(x,t) = u(x,0) + I Fu(x,1)  dulx, t)].

I'a - 3) 0x? Ox
Further, the application of MADM with the modification in [42] further renders the latter equation as

follows:
Z anx”]

n=0

a
+ 1

[Se]

Z a,x"

n=0

[

Z u,(x, 1) =u(x,0) + I}

n=0

[2 -a

+2x—-2
I'(a-23)

+ 1 - ply

(4.19)

+ I;, azun—l(xa t) _ aun—l(xa t) )
0x? 0x
Therefore, in accordance with the described methodology, one obtains

[Se]

2—-a

I'(e -3)

a

_ 2.2 ! 2
;anx"]—x +t +F(a+1)(ao+a1x+a2x ),

uo(x, 1) = x> + I + 17

and
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[

E a,x"

0u,(x, 1) _ Qup(x, 1)

u(x,t) = — pl + 17 [2x = 2]+ I}

g 0x> 0x
1 ) 2xt® 2t 2t
=—-p (ao+a1x+a2x--~)+ — +
INa+1) INa+1) T(a+1) TI(a+1)
2a,1* —2xt a,t*® 2a,xt*

"TQa+1) T@+l) TQa+D 2Ma+l)

After eliminating similar terms and setting p = 1, we establish and compare the coefficients of x",
yielding ay = a; = a, = 0 that eventually gives the exact solution from u(x, #) as follows:

u(x,t) = > + x°,
confirming the trueness of the already reported actual solution of the IBVP.
Example 4.3. Consider the time-fractional IBVP for the heat equation as follows [44]:

N 0u(x, 1)
Dt u(.x, t) = axz 5

O<x<l1l, >0, O<ac<l, (4.20)

subject to the initial and boundary constraints as follows:

21% 2%

_ 2. — — -
u(x,0) = 7 MQ”‘F@+1Y ML0_1+Ha+D’

and admitting the following exact solution is

2t

_ .2
u(x,t) =x"+ Fat D)

Algorithm 1: Accordingly, solving (4.20) through this algorithm goes by applying the inverse
operator in (3.2) on the governing equation, coupled with setting u’(x, t) = ¢ to obtain

u(x,t) = u(0,1) + cx + L' [Du(x, 1)] . 4.21)

Equally, MADM yields from the latter equation as follows:

o o

Z a,x"

n=0

(59

S a

n=0

a

Zu(xt)— 21 +cx—pL™!
D T+ 1) p

k=0

+L! + L7 [Du,_(x,1)]. (4.22)

Thus, it obtains the following recurrent formula:

_ “ -1 N n
ug(x,t) = @+ D +cx+ L ;anx ],
uy(x,1) = —pL™" Z a,x"| + L™ [D¥ug(x, 1)],

n=0
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which, when expressed explicitly by using L™ and property (2.13), yields as follows:

P x2 3 4

X X
1) = tex+ag—+a;— +ay—+---,
uo(x.1) = moy X T oy Targ tas 423
e 2+ x3+ o L e cx3+ x4+ 5 N 6 :
up(x, = - ao— a|— ar — X _— | — ap— a|——- ar»r———-—|.
! P\t Tdirg T@y Ta+ D6 P20 " "360

Hence, one obtains ay = 2 and a; = a, = 0, upon which the closed-form solution takes the following
expression
21
C(a+1)
which is after utilizing the second boundary datum to obtain ¢ = 0; equally affirming the trueness of

the reported exact solution.
Algorithm 2: The present inverse operator (3.8) when a = 0, b = 1 reveals from (4.20) as follows:

u(x,t) = x> +

u(x,t) = u(0,1) + xu(l,t) — xu(0,1) + I [ Dfu(x,1)] . (4.24)

Further, the implementing the MADM procedure gives

x© a

_ 2t -1 (e -1 N n -1
;un(x, ) = Tt D +x+ L7 [Dfu,—y(x,0)] — pL nzz;‘anx +L

i anx”] , (4.25)

n=0
which subsequently gives the scheme in the following form

(o]

n=0

a

+x+ L7
Ta+)

ug(x,t) =

[Se]

Z a,x"

n=0

u(x,t) = —pL™! +L7! [Dfuo(x, 1)],

or equally

uo(x,t) = +x+aqy—+a—+ar——Xx

INa+1) 2 6 12
3 2 X x* ) e Soapxt @ X apx®
u(x,t)=—-plap=+a—+a—|+x +

21* x? X3 x* (ao a; az)
= Al

2 6 12

1+ i 1+a0+a1+a2

- X -+ —+—+—||.

I'd-a)\6 24 120 360

In view of that, one obtains the coefficients ay = 2 and a; = a, = 0 upon which the resultant solution

takes the following expression:
21

u(x,t) = x> + ———,
I'la+1)

serving as the established exact solution.
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Algorithm 3: Applying the leading inverse operator in the algorithm together with the mentioned
property in (2.10) to (4.20) reveals as follows:

u(x,t) = u(x,0) + I’ (4.26)

0u(x, 1)
oxr |

Next, the adopted MADM expresses the latter equation as follows:

Pui (0] S L] LS
a—iz]"’” [Z“”x]”f {an] o

n=0 n=0

[ee)

Z up(x, 1) = x> + I

n=0

upon which we iteratively consider

uo(x, 1) = x° + I’

o Pusten (4.28)
uy(x, t
u(x,t) = —ply Zanx” + 17 %],
n=0 X

or equivalently after the action of the inversion operator as follows:

104

up(x, 1) = x> + (ao +ajx + azxz) ,

I'a+1)
@ 21 2t%q,
1) = —p|=———(ao + a1x + axx*) | + + .
(1) =-p [F(a 1) (a0 + arx-+ arx )] Ta+1) TQa+1)
In the same manner, one gets ay = 2 and a; = a, = 0, yielding the resulting solution as follows:
2t

9t = 2 + =,
D =X R D)

which aligns with the established actual solution.

Example 4.4. Consider the time-fractional IBVP for wave dispersion as follows [44]:

0u(x,t
D" Pu(x, 1) = 2;’; ) 0<x<l. 150, 0<p<l. (4.29)

coupled with the following initial and boundary data

O 5 0 2t1+,6' 2t1+ﬁ
s = ; 5t:—7 17t:1+—a
ute 0y =27 w0.0 = sy uldsD T+ 1)
that satisfies the following exact solution
2t1+ﬂ
u(x, 1) = + X2
I'g+2)
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Algorithm 1: To solve (4.29), one begins by applying the inversion operator L™! in (3.2) on the
main equation, and further letting u’(x, f) = ¢ to obtain

u(x, t) = 21 +ex+ L7 [D“ﬁu(x t)] (4.30)
’ I'B+2) ! e '
Accordingly, the MADM renders the latter equation to the following
iu (x,1) = 20 +cx—pL™! ia x|+ L7 ia x|+ L7 [DHﬁu (x t)] (4.31)
£ n\A» F(B + 2) £ n - n t n—1\A» ) .

such that the resulting scheme takes the following form

1+8 s
1 +ex+ L1
uo(x,t) = rG+2) cXx Z(; ]
u(x,t) = —pL™! Z a,x"| + L7 [DtHﬁuo(x, t)] ,
n=0

or equally after applying the inversion operator L' together with the property (2.13) mentioned the
following:

2t1+ﬁ x2 x3 x4
uo(x,t):r(ﬂ+2)+cx+a02+a1€+azﬁ+ ,
2 K 4 ) A8 (e 4 5 6 (4.32)
ui(x,t) = -p a03+a1g+a212) +F(ﬁ+2)(_ Cloﬂ+alm+02360

In the same way, one determines the related coefficients as ay = 2, and a; = a, = 0, and the constant
¢ = 0 is determined from the second boundary data. Lastly, the net sum yields

which is the already stated exact solution of the model.
Algorithm 2: Applying the inverse operator (3.8) with a = 0,5 = 1 on (4.29) gives

u(x, 1) = u(0, 1) + xu(1, 1) — xu(0,1) + L™ | D} Pu(x, )| . (4.33)

Therefore, the latter equation is re-expressed through the MADM procedure as follows:

u,(x,1) = +x+L7'D +Bun_ (x,8)| — pL™! a,x" |+ L7 a,x"|, (4.34)
2, [6+2) [P ie0) 2, 2,

which then leads to the following scheme

2l1+'8 . 0
ug(x,t) = rG+2) +x+L ;anxn],
ui(x,t) = —pL_1 Z a,x*| + L7 [DtHﬂuo(x, t)].
n=0
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In addition, the above expressions are then plainly expressed after making use of the related inversion
operator L™! as follows:

2118 x? x° x* a a, @
uo(x,t) = F(ﬁ+2) +x+a03 +a1€ +a2§ —X(3 + g + E)’
? X X , PP gt @ apx®
e ==p [%3 e TR T T s (F T4 "0 " 360)

- X

(LTl a0 @ a
T(-g)\6 24 120  360)|

Consequently, with the determination of the related coefficients as @y = 2, and a; = a, = 0, one obtains
the following final solution:

serving as the already known exact solution.
Algorithm 3: Applying the t-inverse differential operator (3.12) L7'(+) = ﬁ fox(x — sY(") ds,
together with the property in (2.10) to (4.29) gives

(4.35)

2
u(x, 1) = u(x, 0) + I'** [a ux, t)],

ox?

upon which the MADM writes the earlier equation as follows:

o0 2 o0
I RN

2
n=0 0x n=0

+ Itlw [Z anx”} , (4.36)

n=0

that recurrently yields

ug(x,t) = X2+ I,Hﬁ [Z apx"|,

n=0

(o8]

S

n=0

(4.37)

w(x, 1) = =pl;**

2
e T,

or equally after expanding, deploying the inversion operator, the following

l.ll’
up(x, 1) = x> + rG+2) (ao +ajx+ ClQXZ) ,
t1+,8 5 2t1+ﬁ 2t1+ﬁa2
b)) = — +ax+ + + .
n 0= =P\ (a0 +arx + ax )] TB+2) T(B8+3)

In the same fashion, one obtains the coefficient values as ayp = 2, a; = 0, and a, = 2; leading to the
resulting solution, as explained as follows:

1
2114 )

u(x, 1) = rG+2) + x°,
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re-affirming the trueness of the exact solution of the fractional IBVP.

Note: Based on the previous examples, it is evident that solving the problem by the #-differential
operator, utilizing the initial condition(s), only simplifies the computations and thus accelerates
obtaining the solution. Therefore, the following examples will focus exclusively on the application
of Algorithm 3.

Example 4.5. Consider space-fractional IBVP [44]:

ou(x,t 1
”f; ) DPuer), O<x<1, t>0, S<as<l, (4.38)
along with the initial and boundary data as follows:
0= =2 won=2 ulpn=1+
B S I S S YO Y I
In addition, the above fractional IBVP admits the following actual exact solution:
2x?
1) = ———— + 2t
“ED = et )

Algorithm 3: We equally start by taking the inverse operator L™!, defined in (3.12) of the leading
equation, to obtain
u(x,1) = u(x,0) + L™ [D¥(x,1)|. (4.39)

Then, the MADM and the mentioned property in (2.13) help to get from the latter equation the
following

(o)

Z a,x"

n=0

[

E a,x"

n=0

2a

Up(X,1) = —————— pL""

+L7!
I'(1 +2a) .

+ L7 D up (x,1)] (4.40)

Further, the resulting relevant iterates are obtained as follows:

(o)
S|

n=0

2a

SN
A + 2a)

uo(x,t) =

(o)

Z a,x"

n=0

uy(x,t) = —pL;' + L1 [Diauo(x, t)] ,

or after expanding the inverse operator as follows:

2a
_ 2
uo(x, 1) = T+ 2a) + t[ao +aix+axx ],
2 ay  xa; ay*x’
__ 2 0 )
u(x, 1) = p[t(ao+a1x+a2x )]+2t+F(2a+1) Sttt ]

Accordingly, one obtains the coefficients ay = 2, and a; = a, = 0 such that one obtains

2 x2a
— +
I'Qa+1)
which is the known exact expression of the model. Notably, upon assuming the full integer order by the

fractional order, that is, when @ = 1, one eventually recovers the exact solution of the corresponding
integer order heat equation as follows: u(x, ) = x> + 2t.

u(x,t) = 2t,
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Example 4.6. Consider the space—time fractional IBVP [44]:

1
Dfu(x,t):Di"u(x,t), O<x<l1, t>0, §<a/§ I, 0<B<I, 4.41)
subject to
2.2 2% 2 24
70 = —; O’t = —’ l’t = + b
w0 = rir2e "=y N e TTa 1R

and satisfying the following exact solution

2 x2 218
TCa) TA+pB)

u(x,r) =

Algorithm 3: Applying the inverse operator L™!(.) = I"L(ﬁ) fox(x — 5)%71()ds on (4.41), one gets as
follows:
u(x, ) = u(x,0) + I’ | D¥u(x,1)|,

such that MADM expresses the later equation as follows:

[0 (o)

Z a,x"

n=0

[Se]

Z a,x"

n=0

2x2a
(L= —  _pPP
2D T +2a) P

n=0

+ + I | D2 u,y (x, 1) (4.42)

Equally, the relevant iterates are accordingly obtained as follows:

(x,1) 2 i X"
up(x,t) = ———— a,
° T(1+2a) |4
2)(20 " lﬂ ( " n 2)
. a axX ahx |,
Fd+22) L@+ %
and
u(x, 1) = —pltﬁ Zanx" + If [Di“uo(x, t)]
n=0

248 2B ( a52<r a X2 2a, 22 )

2
(“0+“1x+“2x)+F(/3+1)+1"(2ﬁ+1) M(1-20) T@-2a) TG-2)

T+

What is more, the method equally yields the related coefficients as follows: ag, a; and a,, which means
that the exact solution of the IBVP is obtained as follows:

218 2x%

WD = s T2t 1)

Remarkably, considering @ = 8 = 1, the obtained fractional exact solution corresponds to that of an
integer order heat equation as follows: u(x,t) = X2+ 2t Conversely, when @ = 1, and S = 2, the
fractional solution reduces to u(x,f) = x> + ¢, which is the exact solution of the analogous integer
order wave propagation equation.
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Example 4.7. Consider the space-time fractional IBVP as follows [44]:
1

DPu(x, ) = D*u(x,1), 0<x<1, >0, S<@B<l, (4.43)
subject to
2x%7 21%8 2 21’8
b O = —; 07t = —’ 1,t = b
w0 = riaey "=ty N taar ) T T+ 28)

and admitting the exact solution as follows

2x% 2128

U = et ) T T+ 28)°

Algorithm 3: Accordingly, by taking the inverse operator /°, defined as L™'(.) = ﬁﬁ) fox(x—s)zﬂ‘l ds
of (4.43), one obtains as follows

u(x,1) = u(x,0) + I’ | DXu(x,1)|.

Next, the MADM gives

(9 (o)

N 2x20 2B n 2B 2B 20
; u,(x, 1) = m - pl ;anx + [ ;anx" + [ [Dx Uy (x, t)] , (4.44)

such that the resulting scheme looks as follows:

2x20z 2 &
= —— L X
U0 = F v ag T [;“ ]

2x% 1
= +
T(+2a) TQB+1

) (Clo +a1x + azxz) ,
[se]

u(x, 1) = —pl,zﬂ Z anx”} + Itzﬁ [Di“uo(x, t)]

n=0
P 5 21
=-p—(ao +aix+ —
Prog+1) (a0 + v+ @) T8+ 1)
t2,3 aox—Za a xl—2af 2a2x2—2(1
+ + + .
28+ H\T(-2a)  TQ2-2a) IG-_2a)

In the like manner, we obtain the coefficients as ay = 2, and a; = a, = 0, such that the resulting exact
solution is obtained as follows:

218 . 2x%®
r1+28 TIQRa+1)

u(x,t) =

Notably, one can observe from the above solution, after setting @ = § = 1 to obtain the solution of the
corresponding integer order wave equation.
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5. Conclusions

This study makes an original mathematical contribution by developing three modified algorithms
based on the Adomian Decomposition Method (MADM) for solving FPDEs, particularly those
involving initial and boundary conditions. The procedures for each algorithm were explained
extensively. Two of the algorithms were designed using the x-differential operators for boundary
conditions, while the third algorithm utilized the t-differential operator for initial conditions. Through
practical examples, it was confirmed that all three algorithms provided accurate and reliable solutions.
Moreover, the proposed methods were found to drastically reduce the number of iterations due to
relying solely on u, and u;, unlike the standard ADM, which typically requires numerous iterations. As
a result, the computational workload is considerably reduced. For more complex calculations, Maple
software can be used to perform the computations. It was also observed that the third algorithm, which
relies on initial conditions only, significantly simplified the calculations. Furthermore, the proven
effectiveness of the proposed algorithms suggests future applications for nonlinear FPDEs and systems
of FPDEs, offering great potential for fields like engineering, physics, and biology. Certainly, the
proposed algorithms could help in developing solutions for advanced problems in these areas.
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