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Abstract: Non-singular H-matrices represent an important research frame in analysis of many
classical problems of numerical linear algebra, as well as in applications in engineering, health,
information sciences, and social studies. As identification of H-matrices was never an easy task, a
research area was formed around some special H-matrices, characterized by checkable conditions-
inequalities expressed via matrix entries only. In this paper, we introduced new conditions for a
given matrix to be a non-singular H-matrix. We introduced a new special subclass of non-singular H-
matrices and applied new criterion to obtain results on infinity norm of the inverse matrix, errors in
linear complementarity problems, and estimation of minimal singular value. Also, results on spectra
of the Schur complement matrix were given in the form of scaled disks and in the form of intervals that
included or excluded real parts of eigenvalues. Results were interpreted in the light of mixed linear
complementarity problems. Numerical examples illustrated improvements obtained by applications of
new criteria.
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1. Introduction

Hadamard or H-matrix is proved to be of a great value in many classical problems in numerical
linear algebra. This matrix class provides a frame for extensive research on stability of dynamical
systems with emphasis on matrix spectra and spectra-related parameters. The information on
eigenvalue localization within a prescribed area in the complex plane as a sufficient condition for a
certain type of stability could be obtained from analysis of special H-matrices. Special H-matrices have
their role in dealing with linear complementarity problems when considering questions of existence and
uniqueness of solutions and in error analysis.

H-matrices are closely related to well-known Minkowski or M-matrices. A matrix A = [a;;] € C™"
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is an H-matrix if its comparison matrix (A) = [m;;] defined by

(A) =[my] € c*, m;j = { il l B ]

—lail, i#j
is an M-matrix, i.e., (A)~! > 0; for more details, see [3, 14]. H-matrices are also related to P-matrices,
real square matrices with all principal minors positive. A real H-matrix with positive diagonal entries is
a P-matrix. In literature, H-matrices also appear as GS DD matrices, or generalized strictly diagonally
dominant matrices, as they represent a generalization of strictly diagonally dominant (S DD) matrices.

Motivation for the research on special H-matrices comes from the fact that diagonal dominance and
related matrix properties play an important role in matrix splitting methods and convergence analysis
of iterative procedures for solving large sparse systems of linear equations, eigenvalue localization
problems, norm for the inverse and condition number estimation, and linear complementarity problems.
As the S DD condition is very limiting, results developed for S DD matrices, such as Varah norm bound
for the inverse (see [46]) cannot be applied to wider matrix classes. Therefore, we are motivated
to consider modifications of the S DD condition and obtain new estimates applicable to new classes
of matrices.

In this paper, we obtain new bounds for the norm of the inverse that work in some cases when
well-known bounds cannot be applied. Also, for some matrices, both new bounds and some already
known bounds are applicable, and we show through numerical examples that new bounds can give
tighter results. As the condition number of a matrix is defined as

K(A) = [lAlIAT,

results on norm bounds directly imply estimates for the condition number. Condition number helps us
recognize ill-conditioned problems, with high relative change in output for a relative change in input
data. Therefore, upper estimates for condition number have important applications in engineering, in
control of perturbation effects.

Another important benefit of new estimates for the inverse is the possibility to apply new results to
block H-matrices. It is important to emphasize that block H-matrices do not have to be H-matrices
in the classical sense. In these cases, bounds developed for H-matrices cannot be applied, but block
approach could still work. This is of great importance in ecological models describing interactions
between several populations (see [24]) with self-interactions in community matrices equal to zero.
Matrices with zero diagonal entries, or ‘hollow matrices’, do not belong to H-matrices in the classical
sense, but they could be block H-matrices with respect to some partition of the index set and they could
be approached using tools of H-matrix theory.

New norm estimations are further applied in linear complementarity problems. Also, we obtain
eigenvalue localization for the Schur complements of special H-matrices that can be applied in
convergence analysis in Schur-based iterative methods.

Concept of diagonal dominance and related subclasses of H-matrices are widely applied in analysis
of stability and other dynamical properties of complex real systems, in wireless sensor networks,
structural engineering, and economy.

The paper by Fiedler and Ptdk (see [17]) brought a characterization of H-matrices through their
scaling relation to § DD matrices. Fiedler and Ptak proved that a matrix A = [a;;] € C"" is an H-matrix
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if, and only if, there exists a diagonal non-singular matrix W such that AW is SDD. This definition
of (non-singular) H-matrices is also known as the ‘scaling characterization’, while the diagonal matrix
W (that can be chosen to have all positive diagonal entries) is called the ‘scaling matrix’. A complex
square matrix A = [a;;] € C*" is an § DD matrix if, for all indices i € N,

jail > r(A) = )" laijl.
JEN.j#i

While the S DD condition is expressed in a very elegant manner and easily checkable with low
calculation cost, identification of H-matrices was never that simple. In literature, there are various
iterative or direct criteria for recognizing special H-matrices; see [4,10, 15,16,25,26,30,42]. Through
slight relaxations of the S DD condition, using different approaches, new special subclasses of H-
matrices were defined. These new conditions could be seen as different ways of ‘breaking the
S DD condition’.

Although scaling characterization connects H-matrices to S DD matrices through a very simple
diagonal scaling transformation, in most cases these scaling relations are unknown to us, as we are
not able to easily determine the scaling matrix. In [8], new criteria for identifying non-singular H-
matrices were presented based on a special form of scaling. Motivated by these results, in this paper
we introduce new criteria for identifying special H-matrices based on special scaling relation of the
new class to the class of Nekrasov matrices; see [25, 34].

It is worth mentioning that scaling methods could be interpreted in different ways and prove to be
useful in a wide range of practical applications when the purpose of scaling is to obtain prescribed
row and column sums in a nonnegative matrix see [2,3]. In analysis of budget allocation problems,
transportation problems, Leontief input-output systems, Markov chains, and related mathematical
models of real-life systems, the concept of scaling plays an important role.

In the remainder of this section, we recall well-known criteria for identifying some special H-
matrices. In Section 2, we introduce a new subclass of H-matrices and discuss relation of the new
class to well-known matrix classes. In Section 3, we present possible applications of the new class:
Estimation of the infinity norm of the inverse, bounds for minimal singular value, error estimation for
linear complementarity problems, and preliminary eigenvalue localizations for Schur complements of
matrices in the new class. The fourth section consists of concluding remarks.

In [8], a scaling-based condition for identifying non-singular H-matrices was given as follows. Let
A =[a;;] € C*", n > 2 be a matrix with nonzero diagonal entries. Denote

A
Ry = S D ien
keN (i) |akk|
If
r,-(A)rj(A) > Ri(A)Rj(A) for all LjEN, [#], (1.1)

then A is an H-matrix. In further consideration, we say that a matrix is an O-scal matrix if it satisfies
the condition (1.1). The proof of the statement that O-scal matrices are non-singular H-matrices,
given in [8], relies on the special scaling relation between O-scal matrices and well-known Ostrowski
matrices; see [41]. Recall that a matrix A = [a;;] € C*", n > 2 is an Ostrowski matrix if

laillajj| > ri(A)rj(A), forall i,jeN, i+#] (1.2)
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In [8], it was proved that for an O-scal matrix A and diagonal matrix
ri(A)

, k=1,...,n, (1.3)
|ty

0 = diag(qy), qr =

the matrix AQ is an Ostrowski matrix.
Now we recall Nekrasov matrices; see [25,34]. Consider recursively defined row sums:

m@A) = ) laj)

J#1

i—1 n

hj(A)

la; |-— + la;il, i=2,3,...,n.
Z; ! |1 Z !

hi(A)

j=i+l
A matrix A = [a;;] € C™",n > 2 is a Nekrasov matrix if, for each i € N, it holds that
laiil > hi(A).

In literature, there are different propositions by different authors on how to construct a scaling matrix
for the given Nekrasov matrix. We recall a construction presented in [45].

Theorem 1.1. [45] Let A = [a;;] € C*" be a Nekrasov matrix with all nonzero Nekrasov row sums.
hi(A)

Then, for a diagonal positive matrix Y = diag(y;), where y; = giﬁ’ i € N, and (&), is an
aii
a“
increasing sequence of numbers with €, = 1 and €; € (1, %) , 1 =2,...,n, the matrix AY is an
i

S DD matrix.

In [42], Pena presented a class of matrices named S DD; matrices via a condition that generalizes
the S DD condition by imposing on the rows that are not S DD of a weaker demand.

Definition 1.2. A matrix A = [a;;] € C"", n > 2, is an S DD, matrix if

lai| > pi(A), i € Ny, (1.4)
where )
pi(A) = la;j| + " ayl,
ieNZA;:'} J Z laj ™"
. ! JENA\L}

Ny ={i € N|lag| < ri(A)} and Nj ={i € N|lay| > r(A)}.

As S DD, matrices were researched recently by different authors, we are going to discuss relations
of the S DD, condition to new criteria we presented in the Section 2.

Well-known classes of Ostrowski (see [41]) or Dashnic-Zusmanovich (see [15, 16]) were defined
based on a special treatment of one index in the index set; Nekrasov matrices (see [26, 34,44]) were
introduced via recursively defined row sums and further generalized through conditions involving
permutations of the index set (see [10]); while SDD; matrices (see [42]) involve a new type
of row sums. All of these conditions (i.e., matrix classes) were further applied in estimations
of the norm of the inverse matrix (see [13, 18, 28, 29, 37, 38]), estimations of errors in linear
complementarity problems (see [1,20-22, 33, 38]), eigenvalue localizations (see [47]), and analysis
of Schur complements, (see [9,11,12,39]).
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2. New criteria for non-singular H-matrices

2.1. Introducing N-scal matrices

In this section, we introduce new conditions defining a subclass of non-singular H-matrices. These
new criteria are obtained as scaling modifications of the Nekrasov condition.
Given a matrix A = [a;;] € C"",n > 2, with nonzero diagonal entries, let

- hi(A)
Hi(A) = )l
j=2 J1J

lajjl laj;l ’

i-1 n
Hy(A) hiA)
HA) = Y lagl=L=+ Y layl=-=, i=2.....n.
j=1

j=it]
Definition 2.1. Given a matrix A = [a;;] € C"",n > 2, with nonzero diagonal entries, then A is an

N-scal matrix if
hi(A) > Hi(A), forall i€ N.

Theorem 2.2. If a matrix A = [a;;] € C*",n > 2, is an N-scal matrix, then A is a non-singular
H-matrix.

Proof. Let us consider the diagonal matrix X = diag(x;), with

_ h(A)

lag ’

Xk keN.

For the diagonal matrix X defined in that way, let us prove that AX is a Nekrasov matrix. It is easy
to see that

hi(A)
(AX)u = lagede = lawl —— = hx(A).
[
We now prove by induction that for all i € N,
hi(AX) = Hi(A).

First, fori =1,

hi(A
@) = 3tk = 3l 22 = ay ),

j#l j#l lajjl

Consider i € {2,3,...,n}. Assume that for all indices k € {1,2,...,i— 1}, it holds that
h(AX) = Hi(A).

Then,

i—-1 n
hi(AX)
mAX) = > lagh 22—+ > layx|
j=1

lajilx; j=itl

i—1 n

H;(A) h;(A)

= lai|—==+ ) l|aj|-=— = H(A), i=2,3,...,n.
]Z:; / |ajj| Z / |ajj|

j=i+l
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Therefore, A 1s an H-matrix.
N-scal class is derived from Nekrasov class and, just like the Nekrasov class, it is not closed under
simultaneous permutations of rows and columns, as the following example shows.

Example 2.3. Consider

34 0 0 04
Ay = 29 7 22 0
0.1 3 41 13
0 0 56 56

The matrix Ay is an N-scal matrix, but for P being a counter-identical permutation, PTAyP is not
an N-scal matrix.

2.2. Relations between classes

Let us now discuss relations of the N-scal condition to other well-known criteria for identifying
H-matrices.

Example 2.4. Consider the following matrix

1 -01 O =05
A = -0.1 1 0 =05
-0.1 O I =05

-04 -1 -03 1

The matrix A, belongs to some of the matrix classes presented in Table 1.

Table 1. Classes that contain A;.
SDD SDD; Ostrowski Nekrasov O-scal N-scal

- : v -

Consider the matrix

A2:

N O =
—_— N O
S 9N W
O DO N

The matrix A, belongs to some of the matrix classes presented in Table 2.

Table 2. Classes that contain A,.

SDD SDD; Ostrowski Nekrasov O-scal N-scal
- \/ _ _ \/ -
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Consider the matrix

1 =05 0 0
-05 1 0 0
-1 =2 1 -0.5
-1 -2 -033 1

A3:

The matrix Az belongs to some of the matrix classes presented in Table 3.

Table 3. Classes that contain As.

SDD SDD; Ostrowski Nekrasov O-scal N-scal

- : R A
Consider the matrix
3200
1 300
A=1013 0
0 0 0 8

The matrix A4 belongs to some of the matrix classes presented in Table 4.

Table 4. Classes that contain Ay.

SDD SDD; Ostrowski Nekrasov O-scal N-scal

v NN v - -
Consider the matrix
2 0 01
0310
A=100 4 1
1 0 05

The matrix As belongs to all of the matrix classes presented in Table 5.

Table 5. Classes that contain As.

SDD SDD; Ostrowski Nekrasov O-scal N-scal

vV vV
Consider the matrix
8 4 2 3
2 9 2 5
A=112 116
22 2 6

The matrix Ag belongs to some of the matrix classes presented in Table 6.

Volume 10, Issue 3, 5071-5094.



5078

Table 6. Classes that contain Ag.

SDD SDD; Ostrowski Nekrasov O-scal N-scal
- : : N

Remark 2.5. If we consider the matrix As;, we see that the N-scal class is not contained in any of
the following classes: S DD, S DD, Ostrowski, Nekrasov. Considering the matrix A,, we see that the
N-scal class is not contained in O-scal.

Remark 2.6. Neither of the classes S DD, S DD, Ostrowski, Nekrasov is contained in N-scal, as seen
from the matrix A4. Considering A,, we see that O-scal is not a subclass of N-scal.

Remark 2.7. The matrix As belongs to the new class N-scal and also to all of the classes S DD, S DD,
Ostrowski, Nekrasov, O-scal, so the intersection of these classes is nonempty.

Remark 2.8. If we consider matrices A, and As, we see that O-scal matrices can have more than one
non-S DD row. This is not the case with Ostrowski matrices.

Remark 2.9. If we consider matrix Ag, we see that it is an N-scal matrix, but it does not belong to any
of the classes S DD, S DD,, Ostrowski, Nekrasov, O-scal.

The previous remarks show that the new class N-scal stands in a general relation to each of the
classes S DD, S DD, Ostrowski, Nekrasov, O-scal.

3. Applications of N-scal criteria

3.1. Norm of the inverse and minimal singular value estimations

In [46], a max-norm bound is given for the inverse of § DD matrices.

Theorem 3.1. [46] Given an S DD matrix A = [a;;] € C"", the following bound applies,

Ao < — :
| | min (|a;| — r;i(A))
ieEN

This result of Varah served as a starting point for defining new norm estimations applicable to wider
classes of matrices.

Theorem 3.2. [32] Let A € C*", n > 2, be an Ostrowski matrix. Then,

lai + ri(A)
IA”" |l < max — :
J#i LjeN laglla ;| — ri(A)ri(A)

In [40], in a slightly different form, one can find the following result.

Theorem 3.3. Let A € C"", n > 2, be an O-scal matrix. Then,

||A’1|| < max r(4) max rilA) + R,(4)
© 7 keN |ag| i#i injeN ri(A)ri(A) — Ri(A)Rj(A)'
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Theorem 3.4. [31] Given a Nekrasov matrix A = [a;;] € C"", the following bound applies,

Zi(A)

Al < max ——— "=,
N |a;| — hi(A)

where
71(A) =1,

Z(A) = Z| U|Z’|’(H|) i=2,...,n

Based on the N-scal condition, we now define a new norm estimation as follows.

Theorem 3.5. If a matrix A = [a;;] € C"",n > 2, is an N-scal matrix, then the following bound applies:

4 hi(A) Zi(A)
A7 || < max max ,
keN  ag| N hi(A) — Hi(A)
where
21(A) =1,
Zi(A ) .
z(A) = Z|,,|’ i=2,....n.
la UI
hi (A
Proof. As A is an N-scal matrix, for X = diag(x;), with x; = %, k € N, we know that the matrix
Ak
B = AX is a Nekrasov matrix.
Also, B™' = (AX)"' = X'A7!, ie, A" = XB~!. Therefore,
hi(A)

1A Moo = IXB ™ llso < IXI|eolIB™ " lleo = max IB™ |-

|t

It is easy to prove that z;(B) = z;(A), for all i € N, by induction.
Namely, for i = 1, it holds that z;(A) = z;(B) = 1, by definition. If we assume that z;(B) = z;(A), for
all j=1,2,...,i—1, then

i—-1
z/(B) z/(B)
4(B) = ) S —lbyl +1 Zlf faijlx; + 1
Jj=

—1 |bjj| le

,_.

i—

z;(A)

lajjl

laijl + 1 = z;(A).

I
—

J
Applying the upper bound for the norm of the inverse given in Theorem 3.4 to the matrix B,

we obtain )
1B o < max 2D gy FA
N bl = h {(B) ieN hz(A) - H;(A)

It follows that
hi(A) Zi(A)

A < may ma .
A~ ! Tad N hu(A) — HiA)
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Example 3.6. Consider the matrix

8 0 3 5
0 4 2 4
31‘25200
4 4 0 20

The matrix B, belongs to the N-scal class and the norm estimation from Theorem 3.5 is
1Bl < 0.776197,

while the exact value is

187l = 0.6187.

The matrix By does not belong to any of the classes S DD, Ostrowski, Nekrasov, O-scal; therefore, the
corresponding norm bounds cannot be applied.

Example 3.7. Consider

15 0 2 0
1 15 6 13
B, 3 3 17 0
3 4 0 7

The matrix B, belongs to the N-scal class and the norm estimation from Theorem 3.5 is

1By || < 1.013626,

while the exact value is
183l = 0.5708.

The matrix B, does not belong to any of the classes S DD, Ostrowski, Nekrasov, S DD,; therefore,
the corresponding norm bounds cannot be applied. It does belong to the O-scal class and the norm
estimation from Theorem 3.3 is 1.035986.

Example 3.8. Consider

1503 1
5 92 7
Bs=1H 36 0
4 4 0 10

Norm bounds for the inverse for Bs are presented in Table 7.

Table 7. Norm bounds for the inverse for Bs.

SDD Ostrowski Nekrasov  O-scal N-—scal
in the class - - - v v
bound for ||B§1 [lco - - - 9.788136 1.138751
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The matrix B; belongs to classes O-scal and N-scal. Exact value for the norm of the inverse matrix is
1B5"llo = 0.3929.

Also, the matrix Bs belongs to the S DD, class. Applying the norm bound given in [4, Theorem 8]
for the S DD, class, we obtain ||B5 N < 4.215686. Therefore, in this case, the bound obtained for
N-scal matrices gave a more precise result than the bound for S DD;.

Example 3.9. In mathematical models in ecology, when modeling interactions between species,
stochastic matrices represent corresponding transition probabilities between stages in life cycles. If we
consider predator and prey species in juvenile or adult life stage, probabilities of transitions between
different states could be represented with the following matrix:

06 03 01 O
02 0.7 0.1 O
03 0.1 05 0.1
0.1 03 02 04

B4:

Coming from real systems, these matrices often possess properties related to diagonal dominance.
Here, the matrix By is neither S DD nor Ostrowski, but it belongs to the N-scal class and the norm
estimation from Theorem 3.5 is

1B, 'l < 12.1099,

which is tighter than bounds obtained for Nekrasov (24.1429) or the O-scal class (18.85714).

Example 3.10. In mathematical models in structural engineering, when applying the finite element
method, matrices representing relationships between forces and displacements occur. In some cases,
these matrices can be analyzed via tools of the H-matrix theory. Consider a tridiagonal matrix
of order 10, Bs = tridiag[—6,12,—-6], having a form that often appears in modeling systems in
engineering or economics. The matrix Bs is neither S DD nor Ostrowski, but it belongs to the N-scal
class and the norm estimation from Theorem 3.5 is

15" |0 < 21.2084961,
which is tighter than the bound obtained for Nekrasov (85.16666).
In order to bound the smallest singular value of a special H-matrix A, let us denote

_ hi(A) zi(A)
v(A) = max max .
kN layl N hi(A) — Hi(A)

For the given matrix A € C"", let ||All;, ||All2, and ||Al| represent the 1-norm, 2-norm, and co-norm
of A, respectively. It is well-known that the following relation between the norms hold

IAI < ANl IAll-

Applying this inequality, the lower bound for the minimal singular value of special H-matrices
is obtained.

AIMS Mathematics Volume 10, Issue 3, 5071-5094.
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Theorem 3.11. Let A € C*", n > 2 be a matrix with nonzero diagonal entries. If

hi(A) > H;(A) and hi(AT) > Hi(A"),

1
ou(d) 2 \/W’

where o,(A) is the smallest singular value of A.

foralli € N, then

Proof. Matrices A and AT are both N-scal matrices. From the previous theorem, we have

1A o < v(A) and IAT) | < W(AT).

As

1A~ = 1A Nl = 1Al < m(AT),
we obtain

IATE < IA7HE - 1A [l < W(AT) - m(A),
i.e.,

/ 1
T |
o, (A) =A"; > —V(A)V(AT)'

Remark 3.12. We can apply obtained results to other norms as well. If matrices A and AT are both
N-scal matrices, from the previous consideration, it follows that

1A < (AT,

A7, < VV(AWVAT) < max{v(A), v(AT)}.

Remark 3.13. One can consider block generalizations of H-matrices and subclasses and define infinity
norm estimation for the inverse in the block-case as well. Block H-matrices were researched in [43,47].

For A = [a;;j] € C"" and a partition 7 = {Pj}é‘:o’ po=0<p; < p; <..<p;=n of the index set
N, consider the block matrix [A;jl;x; with the index set L = {1,2,...,1}.

The relation between point-wise and the block case (see [7]) implies the following estimation.

For a given A = [a;;] € C"" and a given partition n = {p j}zzo of the index set N, if YA(" isan
N-scal matrix, then

1A o < NOAC) oo < VOAL).

Here, comparison matrix is defined in a usual manner. The matrix YA{"= [pijliq is given by
(A o)™, i = jand det(A;) # 0,
Pij = 0, i = ] and det(Ai,-) = 0,
—[lA;jllco0s [#]

AIMS Mathematics Volume 10, Issue 3, 5071-5094.



5083

Example 3.14. When considering a continuous-time dynamical ecological system composed of several
populations resting at a feasible equilibrium point (see [24]) self-interactions are often removed from
the community matrix, meaning that diagonal entries are equal to zero. Matrices with zero diagonal, by
the name ‘hollow matrices’, do not belong to the class of H-matrices in the classical sense; therefore,
they cannot be treated nor analyzed via bounds obtained for special classes of H-matrices. However,
the community matrix often has a certain block structure and we can apply results developed for block
H-matrices. Consider

[0 8 00 3 0 5 O]
8 000 0O 0O O O
0004 2 0 4 O
00400 0 0 O
G= 2050 0 20 0 O G-I
000020 0 0 O
4040 0 0 0 20
000 0 0 0 20 O |

This matrix is not an H-matrix, as it is hollow, but with respect to partition m = {0, 2,4, 6, 8}, we obtain
the comparison matrix )YG{*, which is an N-scal matrix; therefore, we obtain

IG™ oo < IOG) Moo < vOG(™) = 0.776197.

3.2. Error bounds for the solution of linear complementarity problem

Assume that A = [g;;] € R*™ and ¢ € R". The linear complementarity problem LCP(4, g) is
defined as follows. Find x € R" satisfying

x>0, Ax+¢>0, (Ax+¢)'x=0,

or show that such a vector does not exist. In modern game-theory, as well as in economy and
engineering, there are certain problems that can be formulated as LCP problems. Special matrix
classes, including P-matrices, Q-matrices, and M-matrices, have always played an important role
in analysis of linear complementarity problems, whether in establishing conditions for existence and
uniqueness of the solution, or in construction of procedures for solving LCP. Necessary and sufficient
condition for LCP(A, g) to have a unique solution with respect to any ¢ € R" is the demand on matrix
A to be a P-matrix, a real square matrix with all its principal minors positive; see [6].

For a P-matrix A, let x* denote the solution of the LCP(A, ¢) and denote r(x) = min(x,Ax + q),
D = diag(d;),0 < d; < 1. In [5], the following estimate for the error of the solution was presented:

X = Xl < max (I = D + DA™ lulIr(0)lo-
de[0,1]"

It is well-known that an H, matrix, a real H-matrix with positive diagonal entries, is a P-matrix.

Therefore, it is convenient to apply the upper error bound for error of the solution of the given
LCP(A, g) presented in [19] that can be used in cases when we know how to construct a scaling matrix
for the given H, matrix.
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Theorem 3.15. [19] Let A = [a;j] € R"™ be an H-matrix with a; > O for alli € N. Let W =
diagwy,...,w,) withw; >0, foralli=1,...,n, be adiagonal scaling matrix for A, such that AW
is SDD. Then,

max ||({ — D + DA) || < max

maX;ey W; maX;ey Wi
de[0,1]" ’
€[V,

. b .
miney B MiNjey w;
where for each i=1,2,...,n, Bi=aiwi— Yien laijlwj.

In what follows, we denote

maX;ey w; maX;eny w;
max : s T
MiNjey B;  MiNjey W;

} = (A, W).

Note that the norm estimation depends both on the entries of the given matrix A and the choice of
scaling matrix W.

As we know how to construct a scaling matrix for a given N-scal matrix, we directly obtain the
following error estimation.

Theorem 3.16. Let A = [a;;] € R™", n > 2 be an N-scal matrix with positive diagonal entries. Then,

max [|(/ = D + DA) || < (A, W),

def0,1]

where W = diag(w;) and foreach i =1,2,...,n, w; = si%, and (&;)}_, is an increasing sequence
: _ ) hi(A) . _

of numbers withe, = 1, g; € (1, Hl_(A)), i=2,...,n.

Proof. Let A = [a;;] e R, n>2, a; >0, i =1,...,n be an N-scal matrix. Then, for the diagonal

matrix X, X = diag(x;) with
hi(A) .
X; = ,i=1,...,n,
ai

the matrix AX is a Nekrasov matrix. Notice that Nekrasov row sums are nonzero both in A and
AX. Therefore, we can construct the scaling matrix ¥ for the Nekrasov matrix AX as proposed in
Theorem 1.1. This implies that the matrix AXY, with Y = diag(y,),

MAX) _ HA)
i = &; =& ,1=1,...,n,
TEE Ay A

is an S DD matrix, for (g;);_, being an increasing sequence of numbers with

) AX\ (. hA))
& = 1, & € (l,m) = (1’—H1(A)), 1= 2,...,1’1.

Applying Theorem 3.15 with W = XY = diag(w;), i = 1,...,n, where

hi(A) Hi(A) H;(A)
Wi=Xyi= ——7—&E=E& s

ai  hi(A) Qi

the proof is completed.
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Assume that A = [a;;] € C"" is an Ostrowski matrix with positive diagonal entries, with the only
non-S DD row indexed by /. The estimation 17(A, W) given in Theorem 3.15 can be applied to Ostrowski
matrix A with scaling matrix W defined as W = diag(wy),

vy, k=1,
Wi = (3.2)
1, keN\{l},
% A il —ri(A) +la z . . =
where [| = riA) < ¥ < min @l = ri(A) + laul =l,andifa; = 0, for all i # [, then I, = oo.
a| i#l,a;#0 lail

The estimation 7(A, W) of Theorem 3.15 can also be applied to an O-scal matrix A = [a;;] € C*"
with positive diagonal entries, with the following choice of the scaling matrix W. Let W = diag(w;),

ri(A) .
v, =1,
aij
M) e
T2 ieN\,
aij
RY(A) min ri{A)ay — RY(A)ay + laglri(A)
rl(A) ’ i#l,a;#0 |Clil|l"l(A) ’
o . o _ nlA) .
[ is the index of the only non-S DD row in AQ, Q = diag(q;) and q; = anl k € N. If there is no
Aik

such index /, we choose y = 1.
In the following numerical examples, we compare 7 estimations for LCP obtained from
Theorem 3.15 with corresponding choices of scaling matrices.

Example 3.17. Consider

(4 01 002000 1]
020001T1TO0T10O0
0031011000

1104000010
00205021200

B= 0000160011 3:3)

0011107¢0T1 0

01001103801

222010019 0
[ 1 02000201 10 ]

The matrix B is an N-scal matrix, so we apply Theorem 3.16 for ; = 1 + 0.0362i, i = 0,...,9.
We obtain n estimation 2.729348. As B does not belong to any of the classes S DD, Ostrowski, O-scal,
Nekrasov, the corresponding bounds obtained for these classes cannot be applied. In all the examples

hi(A
er=1landeg;, i=2,...,n,are chosen equidistantly inside the interval (1, Erzlin H((A))) .
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Example 3.18. Consider
22 9.1 42 2.1
0.7 9.1 42 2.1
07 07 4 2
2 1 3 7

C =

The matrix C belongs to all of the classes we considered; therefore, we apply bounds developed for all
these classes and compare them. Results are presented in Table 8.

Table 8. Norm bounds for the inverse and r bounds for C.
SDD Ostrowski Nekrasov = O-scal N-—scal

in the class Vi V v V v
bound for ||C7!|l, 1.666667 1.368421 1.125035 1.080676  1.1319

n bound for LCP  1.666667 1.666667 1.344799 1.30413 1.226424

For this matrix, we see that the best bound for the norm of the inverse matrix is the bound from
Theorem 3.3 for the O-scal class, while the best n bound for LCP is the bound from Theorem 3.16 for
the N-scal class.

3.3. Eigenvalue localizations for the Schur complement matrix and mLCP

The Schur complement matrix can be viewed as a side product of block-Gaussian elimination. It
allows transformation of a given large dimensional system to problems of smaller dimensions.

The Schur complement of A = [a;;] € C"" with respect to a proper subset a of the index set N is
denoted by A/« and defined to be

Ala = A(@) - A(@, o)(A(a) 'A(a, @).

Here, A(a, 8) denotes the sub-matrix of A € C*" formed by the rows indexed by @ and the columns
indexed by 3, while A(a, @) is abbreviated to A(a). In our considerations, we assume that A(a) is a
non-singular matrix.

Results on the Schur complement of special H-matrices including spectra localizations and closure
properties can be found in [9,11,12,27,39,48].

Denoting by 0(A) the spectrum of matrix A, i.e., the set of all eigenvalues of the matrix A, we now
recall the famous GerSgorin theorem; see [23]. It states that for any matrix A € C"”",

r@) = i) 2 o),
ieN
where the set [';(A) = {z € Cl||lz — a;| < ri(A)} 1is called the i-th GerSgorin disk, while I'(A) is the
GerSgorin set.
In what follows, we apply the scaling method in order to obtain information on spectra of Schur
complements. For this purpose, the scaling will be performed in the form of a similarity transformation,
as similar matrices have the same set of eigenvalues. Notice that if W is a diagonal scaling matrix for

AIMS Mathematics Volume 10, Issue 3, 5071-5094.



5087

the given matrix A, i.e., if AW is S DD, then the matrix W-1AW is also S DD, as scaling the rows does
not affect S DD property. Having this in mind, for a given non-singular diagonal matrix W, we denote

rV(A) = r(W'AW),

and
I'Y(A) = {z € Cllz — aul < r'(A)}.

We also make use of another convenient property of the Schur complement. Namely, Schur
complements agree well with multiplications with diagonal non-singular matrices, both from right
and left. More precisely, for a diagonal non-singular W, it holds that

(WA)/a = W(a)(A]a),

and also
AW)/a = (A]a)W(@).

In [36], the authors provided information on spectra of the Schur complement of an S DD matrix
as follows.

Theorem 3.19. [36] Let A € C"" be an S DD matrix with real diagonal entries, and let « be a proper
subset of the index set. Then, A/a and A(a) have the same number of eigenvalues whose real parts are
greater (less) than f(A) (resp., —f(A)), where

. . ail = ri(A)
£(A) = min|la;j| - rj(A) + min =522 3 gl | (3.4)
Jjea 1€ |a;i o
In [35], the authors presented another interesting result on spectra of the Schur complement.
For A € C*"", @ = {i}, i»,..., i} © Na, @ = {j1, Jo,-..,ji} and for every eigenvalue A of A/a, there

exists 1 < ¢ < [ such that

|4 —aj,| < r(A). (3.5)

In other words, the eigenvalues of A/« are contained in the union of those GerSgorin disks for the
original matrix A whose indices are in a.

In further considerations, we apply this result and we obtain information on spectra of Schur
complements of N-scal matrices.

Theorem 3.20. Let A € C"" be an N-scal matrix with real diagonal entries, and let a be a proper
subset of the index set. Then, A/a and A(a) have the same number of eigenvalues whose real parts are
greater (less) than f(W~'AW) (resp., —f(W1AW)), where f(A) is defined as in (3.4) and W = diag(w;)

is a diagonal scaling matrix for A, with w; = si%@, i=1,2,...,n, where (&), is an increasing
sequence of numbers with e, = 1, g; € (1, %) ,i=2,...,n.

Proof. Since A 1s an N-scal matrix with real diagonal entries and W is the corresponding scaling matrix,
W-'AW is an S DD matrix with real diagonal entries. Notice that matrices (W™ '!AW)/a and A/a are
similar, as well as matrices (W 'AW)(@) and A(@), so their spectra coincide. Now, the statement is
proved by applying Theorem 3.19.
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The method of the proof holds for all H-matrices with real diagonal entries and their
scaling matrices.

Now, we obtain a GerSgorin-like spectra localization for the Schur complement of an N-scal matrix
using scaling matrices.

Theorem 3.21. Let A € C"" be an N-scal matrix, let « C N, and let W = diag(w;) be a diagonal

scaling matrix for A, with w; = si%, i=1,2,...,n, where (&), is an increasing sequence of
numbers withe; = 1, g; € (1, %), i=2,...,n. Then,
w
aa/a) c | JTYA).
Jjea

Proof. It is easy to see that (W 'AW)/« is similar to A/a. Similarity implies that spectra of these
matrices coincide. Applying results from [35] to S DD matrix W~'AW, we complete the proof.

In this way, we obtain Gersgorin-like eigenvalue localization area for the Schur complement of an
N-scal matrix using only the entries of the original matrix A. Again, the method of the proof holds for
any H-matrix A and its scaling matrix W; see [12,39].

Results on spectra of Schur complements can be interpreted in light of the mLCP.
Consider mLCP(A, B, C, D, a, b) with a non-singular matrix A. For A € R™", B € R™", C € R"",
D eR™, aeR"ib e R™, the problem can be formulated as follows. Find

ueR" ' veR" v>0,
such that
a+Au+Cv =0,
b+ Du+ By >0,
vI'(b + Du + By) = 0.

For a non-singular A, the given problem can be transformed to a classical LCP(B—DA™'C,b— DA™ 'a).
Denote by M the block matrix

A C

m=5 5|

Then, the matrix that appears in classical LCP is the Schur complement M/A = B — DA™'C. If the

matrix M belongs to some special class, we are able to obtain results on eigenvalues as follows.

o If M € C"™™™"" n+ m > 2 is an N-scal matrix with real diagonal entries, then M/A and B have
equal number of eigenvalues with real parts greater (Iess) than f(W~-!MW) (- f(W~IMW)). Here,
f(M) is defined as in Theorem 3.19 and W = diag(w;) is a diagonal scaling matrix for M.

e For M € C""™"*" of order n+m > 2 being an N-scal matrix, let W = diag(w;) be a corresponding
diagonal scaling matrix. Then,

cmimyc ) T
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Example 3.22. Consider

5 201
2 401
A= 15 2 51
05 0 2 5

It belongs both to the S DD class and N-scal class. Let a = {1,2}. Applying (3.5), we obtain T3(A) =
{zllz = 51 < 4.5}, T4(A) = {zllz— 5| < 2.5},

o(Aja)c | ) TiA) = Tspp(A/a).

J€i3.4}
From Theorem 3.21 for N-scal matrices, with & = 1+ 0.375i, i = 0,1,2,3, we obtain F;}V(A) =
{zllz — 5] < 2.6335}, FZV(A) = {zllz = 5| £ 3.549}, and

o(Ale) < ] T @A) = TysealAf).
JE(3.4}

We see that Iyg.0(A/ @) (blue) gives tighter localization than Us pp(A/ @) (pink); see Figure 1.

Figure 1. I'spp(A/@) and I'ysqi(A/ @) for a = {1, 2}.

Example 3.23. Consider, again, the matrix B given in (3.3) and set a« = {1,2,3,4,5,6,7}. As Ng =
{1,2,3,5}and a € N, we cannot use localization from [35].

However, we obtain the spectra localization for B/« given in Figure 2 applying Theorem 3.21, with
g =1+0.0362i, i =0,...,9. Here, FgV(B) = {zllz — 8| < 6.68754}, F;V(B) = {z]lz — 9] < 7.398684},
and F%(B) = {z]lz — 10| < 8.547165}.

Now, let @ = {4,6,7,8,9,10}. As @ C Np, we are able to apply results for both the S DD case and
N-scal case. From (3.5) for the S DD case, we obtain

oBle)c | | TB) =Tspn(Bla),
Jje{1,2,3,5}

where I'1(B) = {zllz — 4| < 4}, I'2(B) = {zl|lz = 2| < 3}, I'3(B) = {zllz = 3| < 3}, and I's(B) = {z]|z - 5] < 5}.
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Applying Theorem 3.21 for the N-scal class, we obtain

oB/a)c | ] T} (B)=Tyea(Bla),
Jje{1,2,3,5}

where FYV(B) = {zllz — 4] < 3.077659}, F;V(B) = {zl|lz — 2| < 1.607273}, F?’(B) = {zllz — 3] < 2.320485},
andTY(B) = {zllz - 5| < 4.128828}.

If we compare localization areas, we see that Uy (B/@) (violet) is tighter than Us pp(B/ @) (yellow);
see Figure 3.

Figure 2. I'y,.4(B/a) for @ = {1,2,3,4,5,6,7}

Figure 3. I's pp(B/a@) and I'y,.(B/a) for @ = {4,6,7,8,9, 10}.
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4. Conclusions

In this paper, we presented a new sufficient condition for non-singularity of matrices by the name N-
scal condition. We proved that matrices satisfying this condition belong to the H-matrix class. We
discussed the relation of the new N-scal matrix class to some well-known subclasses of non-singular H-
matrices, such as S DD, Ostrowski, S DDy, O-scal, and the Nekrasov class. Numerical examples show
that the new class stands in a general relation to each of these classes. We used new criteria to obtain
bounds for the infinity norm of the inverse matrix. Numerical examples illustrate that these bounds can
give better results in some cases than existing bounds developed for some well-known matrix classes.
Due to relations among classes, it is obvious that new estimates developed for N-scal matrices can work
in some cases when already known estimates cannot be applied. Applying scaling relations between the
new class and the well-known matrix classes, we defined error estimation for linear complementarity
problems that involve N-scal matrices. Also, Schur complements of N-scal matrices are considered.
Spectra localizations for Schur complements are obtained via diagonal scaling in the form of similarity
transformation. If the matrix in consideration is both § DD and N-scal, numerical examples show that
new localization can give tighter estimate due to the scaling method.
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