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1. Introduction

The two-dimensional radiative hydrodynamics are formulated as follows:

o; + div(pu) = 0,
(ou), + div(ou ® u) + Vp = div7, (L.1)
(oE); + div(pEu + pu) + divg = k] A6 + div(u7),
aq + bVe* = Vdivg,
where p > 0,u := (u;,u,)", p and 6 represent the fluid’s density, velocity, pressure, and absolute

temperature, g := (g;,q»)" is the radiative heat flux. Moreover, E := e + %lul2 is the specific total
energy with the internal energy e. All variables mentioned above depend on ¢ and x, where 7 is time
and x := (x, xp) € Q is the spatial variable. Here, we are concerned with the viscous fluid flow in an
infinitely long flat nozzle domain Q := R X T with a real line R and a one-dimensional unit flat torus
T :=R/Z.

The viscous stress tensor 7 is given by

T =2, D) + A divul,
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where D(u) = M stands for the deformation tensor, I represents the 2 X 2 identity matrix,
parameters p; and A, represent the shear and bulk viscosity coefficients of the fluid, respectively, and
they both are constants satisfying

1 > 0, M1+ A1 = 0. (12)

Moreover, the constant k; > 0 denotes the heat-conductivity coefficient, and a; > 0,b; > 0 depend
only on the fluid itself.
Setting
Uy =upe, Ay =Ae€, k| =kKke, ap = ae?, b, =be’!, (1.3)

where € > 0 is the vanishing parameter, and constant u, A, k,a, b are the prescribed uniformly in
parameter €. Such a setting for a; and b, is borrowed from [1]. Specifically, we investigate the ideal
polytropic fluids such that the pressure p and the internal energy e are given by the following state

equations:
-1 R
p = Rpb = Ap”exp (y—5) ,e = ——0,
R y—1
where S is the entropy, y > 1 is the adiabatic exponent, and both A and R are positive constants.
Under the Assumption (1.3), letting € tend to zero, we formally derive that the solutions to the
two-dimensional compressible Navier-Stokes equations with radiation term (1.1) converge to the

corresponding two-dimensional compressible Euler equations

p: + div(pu) = 0,
(ou), + divipu ®u) + Vp = 0, (1.4)
(oE); + div(pEu + pu) = 0.

Literature review. The vanishing viscosity limit for the compressible Navier-Stokes equations to
the Euler equations with basic wave patterns has been extensively investigated. In [2], the
zero-dissipation limit problem for the compressible and isentropic Navier-Stokes equations to the
corresponding Euler equations with rarefaction wave solutions was considered. The solution to the
compressible isentropic Navier-Stokes equations with shock data converges to the inviscid shock as
the viscosity tends to zero and was derived in [3]. Concerning the Riemann solution to the Euler
equations, which consists of the superposition of basic waves, such a vanishing viscosity limit
problem was also investigated. This includes the superposition of a shock wave and a rarefaction
wave in [4], and the superposition of rarefaction waves and contact discontinuity in [5]. For more
results on the vanishing viscosity limit problem, further references can be found in [6-9] and the
references therein. Up to now, all the results mentioned above are related to one-dimensional case.
However, in thr high-dimensional case, the vanishing viscosity limit of the two-dimensional
compressible and isentropic Navier-Stokes equations to the Euler equations with a planar rarefaction
wave solution was studied in [10]; the three-dimensional compressible Navier-Stokes-Fourier
equations were further considered in [11]; and the two dimensional full compressible Navier-Stokes
equations were derived in [12]. The planar rarefaction wave to the two-dimensional compressible and
isentropic Navier-Stokes equations was given in [13]; subsequently, the planar rarefaction wave for
the three-dimensional full, compressible Navier—Stokes equations with the heat conductivities in an
infinitely long flat nozzle domain was investigated in [14]. Very recently, the vanishing viscosity limit
to the planar rarefaction wave with vacuum for the three-dimensional full compressible Navier-Stokes
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equations with temperature-dependent transport coeflicients was presented in [15]. Nowadays, the
nonlinear stability for the radiative hydrodynamics has been studied very thoroughly. The composite
wave of two viscous shock waves for the one-dimensional radiative Euler equations was given in [16];
then the rarefaction wave case was addressed in [17] for the inflow problem and in [18] for the
outflow problem.

We consider the two-dimensional radiative hydrodynamics (1.1) with the following initial data:

(o, u,0)(0, x1, x2) = (0, uy, uz, 0)(0, x1, x2) = (Po, U10, U0, 6o) (X1, X2) (L.5)
and the far field conditions of the solutions in the x;-direction:
(,0, up, U, 9)(t9 X1, XZ) - (pia Uis, Oa 0i)9 as Xy — +00 (16)

where p. > 0, u4,0. are the prescribed constants. The periodic boundary condition is imposed on
x, € T for the solution (p, uy, u,, 6)(t, x1, x,) to (1.1), and the end states (p., u;., 6.) are connected by the
rarefaction wave solution to the Riemann problem of the corresponding one-dimensional compressible
Euler system:

pl‘ + (pul)xl = 0’
(ouy); + (pui + p)s, =0, (1.7)
(OE), + (pEu; + puy),, =0,

with the Riemann initial data

(p—5 u—, 9—)5 X < 03

(p+’u1+a 0+), X1 > 0. (18)

(P(r), u§07 96)()61) = {

With the above assumptions in hand, we could expect that as € — 0, the solutions to the
compressible Navier-Stokes equations (1.1), (1.5) ,and (1.6) converge to the corresponding planar
rarefaction wave for the two-dimensional compressible Euler equations (1.4) with the following
Riemann initial data:

_ r r r s _ (p—’ u1—909 9—)9 xl < 05
(p’ u, 9)(0’ .X],.XQ) - (pO’ ”10’ u20’ 00)()(]) - {(p+,bt1+,0, 9+)’ x> 0 (19)

Direct calculations reveal that the solution (p, u;,6) to the Euler system (1.7) has three distinct
eigenvalues

ﬂi(p, l/tl,S) = U + (—1)% \/pp(p,S),l. = 1,3, /lz(p, l/tl,S) =Uy.

What’s more, three corresponding right eigenvectors are denoted by y;(p, u;, S), it has

yi(paul,S)'V(p,ul,S)/li(P,ul,S);t(), l: 1539

and
)’2(/)» u, S) : V(p,ul,S)/lZ(P’ up, S) = 0

Furthermore, the two i-Riemann invariants Z{ (o,u1,S) (i =1,3,j=1,2) to the Euler system (1.7)
can be given by

i—1 P ’S
251):u1+(_1)2f —”’Z(Z)dz, zgmzs, (1.10)
Z
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satisfying V(p,ul,S)Z{(p, u,S) -vio,u;,§)=0 (i=1,3,j=1,2)forall p > 0,u; and S.

In this paper, we mainly consider the 3-rarefaction wave to the Euler systems (1.7) and (1.8).
Actually, we also can manage the 1-rarefaction wave similarly without any substantial difference. For
the given right state (o,u;4,60,) with p, > 0,6, > 0, we know that when
(o, u1-,0-) € R3(p4, u,0,), where

R3(pss t14,60,) = {(0, 10, O)lAsy, (0,11, 8) > 0,21 = 2 (0,11, 81, j = 1,2},

the Euler systems (1.7) and (1.8) admit a 3-rarefaction wave (0", uf, 0’)(’%). For more details about
basic waves, interested readers can refer to [19, 20]. Subsequently, the above analysis allows us to
define the planar rarefaction wave solution to the two-dimensional compressible Euler equations (1.4)
with initial data (1.5) and (1.6) as (0", u",0")(3) = (o", u}, 0,6")(F).

Our main result is given as follows:

Theorem 1.1. Let (", u", 6")(') be the planar 3-rarefaction wave to the two-dimensional compressible
Euler system (1.4) with Riemann initial data (1.5). Then there exists a constant € > 0 such that for any
€ € (0, &), we are able to construct smooth solutions (p°,u¢, 0%) up to any arbitrarily large but fixed
time T for the system (1.1) satisfying

(0 — p", uS — ul, uS, 6° — 0") € C°(0, T; LX(),
(Vp€, Vue, Vo) e C%0,T; H(Q)), ¢ e HX(Q), divg® e H*(Q),
(Vus, V36 € L*(0, T; L2(Q)).

In addition, for each small constant T > 0, there is an independent constant Cyr > 0 of €, such that

X1

sup |[(o, 1, 61, x1, %) — (0 ", 9’)( t ) < CrreInel, (1.11)

T<t<T

L*(Y)
1
T
Moreover, letting € — 0, it holds that the smooth solution (p¢,u¢,0%) converges to the planar
: Tt Ory (AL ; ;
rarefaction wave fan (p",u", 0")(3") point wisely, except for (0,0), and

where w =

(o5, u,0% — (", u",0) (?) , a.e.in R'xQ.

We make some comments on our analysis. Based on the observations of cancellations between
the flux terms and viscosity terms for full compressible Navier—Stokes equations in [12], this method
can also be used in the full system of hydrodynamic equations coupled with a nonlinear elliptic
equation. Moreover, we will introduce the new cancellations considering the radiative term. Our
concern lies in the convergence rate from the compressible radiative hydrodynamics to the planar
rarefaction wave solution for the corresponding Euler equations. Instead of specifying the order of
scaling, we provide a broad range of orders. Subsequently, under our chosen scaling setting, we
derive a rate in (1.11) through elaborate energy estimates. This demonstrates that our result serves as
a generalization of [11, 12] to radiative hydrodynamics.

The rest of the paper is organized as follows: in section 2, we present the smooth approximate
rarefaction wave to the Euler equation, along with an introduction to the hyperbolic wave and the
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solution profile. Section 3 focuses on reformulating the system for the perturbation of the solution to
the radiative hydrodynamics around the solution profile, which consists of the approximate rarefaction
wave and the hyperbolic wave. Subsequently, we provide proof of the main result.

Notation. The notations listed below will be widely used in this paper. The standard Sobolev space
with the norm || - || is denoted by H*(R x T) and H*(R x T.)(k > 0,k € Z), where T, := R/iZ is the
scaled torus. We set HO(R x T,) = LR xT,), H'R X T) = L*(RxT) ,and ||-|| = ||- |lo. We additionally
choose C as a general positive constant that is independent of 7', € and ¢, and C7 as a positive constant
that is independent of € and ¢ but only relies on 7.

2. Construction of profile

In this section, we construct the approximate rarefaction wave to the Euler system (1.7)
through using the inviscid Burgers’ equation,and then the hyperbolic wave will be constructed. We
can refer to [2, 14,21] for details. Last, we construct the solution profile that combines the rarefaction
wave and the hyperbolic wave.

2.1. Smooth approximate rarefaction wave
The Riemann problem for the inviscid Burgers’ equation is formulated as:

we+ww,, =0,

w_, x1< O, (21)
wy, x> 0.

w(0, x1) = wy(x)) = {

If w_ < w,, then (2.1) has a rarefaction wave w'(x;,t) = w'(x,/t) given by

X1
w_, — <w_,
t
r (X1 X a
wit,x)=w 7 = 7, w_ < 7 < Wy, 2.2)
X1
W, — > w,.

Based on the fact that the rarefaction wave can only be Lipschitz continuous, we follow the method
adopted in [1] to develop the approximation rarefaction wave with the smooth solution to the Burgers’
equation,

we+ww,, =0

w(0, x1) = wo(x;) = W ; oM 5 e tanh%, 2.3)
where 6 > 0 is a small constant depending on the viscosity parameter €. The following lemma is
to show the properties of the solution w(t, x;) to (2.3), which will be frequently used in our analysis

(see [2]).

Lemma 2.1. Assume w, > w_ and set w = w, —w_, then the problem (2.3) has a unique smooth global
solution w(t, x;) such that
(1) w_ <w(t,x1) <wy, wy, >0, forx; e Randt > 0,0 > 0;
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(2)The following estimates hold for allt > 0,6 > 0, p € [1, +o0], k(> 2) € N7,

W 0,9y < CWIPG + 0717,
(9k

' —w(t,") <C@+1) o hrp;

Ox;

Lr(R)

(3)There exists a constant 6, € (0, 1) such that for 6 € (0,6¢] and t > 0,

0= ()

Denote wy = A3(ps,u14,6.), the 3-rarefaction wave (o",u},0")(x1,1) = (o",uj,0)(x;/t) to the
Riemann problems (1.7) and (1.8) is given by

< Cot In(1 + #) + |Ind]].
L>(R)

X1

X1
—]=4 r9 ra 9” (_)’
W( t ) . (5
. X . .
Zéj)(pr’ uq’gr) (71) = Zgj)(pi’ uli9 Hi)’ ] = 1’ 25

where 2(3” is the 3-Riemann invariant defined in (1.10). According to the smooth approximate
rarefaction wave (p, i, 6)(t, x;) of the 3-rarefaction wave fan (p", uj, 0’)(%) can be formulated as

W(t’ xl) = /13(/_)’ ﬁb é)(t’ X1),

. _ . 2.4
2(3])(/3, ﬁl’g)(t’ X]) = 2(3])(/31,”11, Hi)a ] = 192a ( )

where w(t, x;) is the smooth solution to the Burgers’ equation in (2.3). The (p, i, 6) satisfy the
following equations:

/_)t + (pﬁl)xl = 0’
(D), + (Pity + Py, = 0, (2.5)
R - _
m[(ﬁg)t + (pu10),,1 + pitry, =0,
with the initial values (p, it;, 6)(0, x) := (Do, it10, 6)(x;). Furthermore, we can associate to the solution
of (2.5) the following quantity (see [22])

b, -
g1 = —(8")s,.
a

Based on the Lemma 2.1, we utilize the results of the properties on w(¢, x;), which were obtained
in [21].

Lemma 2.2. The smooth approximate 3-rarefaction wave (p, ii1,6) constructed in (2.4) satisfies the
following properties:

(1) iy, = %le >0 forall x; e Randt >0,

_ 1 3y _ ~ ~1_
Py = 02 Uy, >0andb,, = 021,

VAYexp(3ES )
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(2)The following estimates hold for allt > 0,6 > 0, p € [1, +0], k(> 2) € N¥,
|L/»(R) < Cﬂ/l/p(é‘i' t)—1+1/l7’

||(px1 ) ﬁlxl ’ éxl)

0 _
”ﬁ(p, it, 0) <C@E+0 e kDHp,
1

LP(R)

(3)There exists a constant oy € (0, 1) such that for 6 € (0,6¢] and t > 0,

< C6t HIn(1 + 1) + [Ind]].
L>®(R)

-

2.2. Hyperbolic wave
To compensate for the error arising from the dissipation terms, the hyperbolic wave was introduced

in [11] and [12]. We also develop hyperbolic wave (d;, d», d3)(t, x;) corresponding to the rarefaction
wave (p, 111, 0), at the same time we neglect the hyperbolic wave d,(= 0) with respect to 4.

dll‘ + d2X| = O’
20, m; B _ _ _
oy + 7512 - Edl + ppdi + o + Peds | = Cu+ D€ty
X1
S _ _ S _ — 7 2 M D 2.6
dy + (tdz + @Cb - m-;zdl + @pﬁdl + @pﬁndZ + @ﬁéag + gdz - m—_lzpdl) 20
po P p p p p PN
= KGéxlxl + (2/.1 + /l)f(ﬁlﬁlxl)xp
(dl s dz’ d3)(0, -xl) = (0’ Oa O)’

where m; = piiy, & = pE = p(%é + 1i7) represent the momentum and the total energy of the
approximate rarefaction wave, respectively. The first three lines of (2.6) are linear hyperbolic systems,

which can be rewritten as

d, d; 0
d2 +1A dz = (2,[1 + /l)EIjtlxlx] s
d3 P d3 K60x1x1 + (zlu + /1)6(121111)(1 )xl
where
0 1 0
m% = 2 = —
A= —5 +Dp =+ P, D&
_mé gy mp o § s P
P YT Y Pmts Gt De

with three distinct eigenvalues A; = 4;(p, it1, S ) = it; + (—1)%\/15,;(/3, S =1,3),2 = Lp,i4,S.) =
ii; and the corresponding left and right eigenvectors [; = Li(p, it;,S ), 7 = F(p,ii;,S.)i = 1,2,3)

satisfying
EAR = diag(/_ll,/_lz,/_l3) = A, ZR = ]I,

where L = (I}, »,13)",R = (F1, 7>, 73) and I is the 3 x 3 identity matrix.
Volume 10, Issue 3, 4860—4898.

AIMS Mathematics



4867

Define
(D1,D2,D3)" = L(dy,d»,d5) ",

then it has
(dl’ d29 d3)T = R(Dh DZ’ D3)T’

and we find that (Dy, D, D3) satisfies the following system:

D, D, 0 D,
D,| +|A|D;|| =L Qu + A€ty + (LR + L,AR)|D,|. 2.7)
D3 ; D3 X Ké@x,x, + (2/,[ + /l)E(b_tlljtlxl )x1 Dg

Based on the fact that the 3-Riemann invariant is a constant on the 3-rarefaction wave curve, we
obtain
L, =-A4L,,. (2.8)

We use (2.8) to rewrite (2.7) as

(D), + (A1 Dy)x, =Qu + Vel ity v, + [13(k€Oy,x, + Qu + De(ityityy, ),
+ (A — W)y, - 7Dy + (A = )1y, - 2D,
(D), + (A2D5)y, = + Debnityy,x, + b3(keb,, x, + 2u + De(ityityy, )y,
+ (A1 — A3)bay, - 71Dy + (A2 — A3)lay, - F2Ds, (2.9)
(D3); + (A3D3)x, =Qu + Delpit vy, + l3(keby, v, + Qu + De(ityityy, )y,
+ (A — W)y, - 7Dy + (A — A3)lsy, - 2D,
(D1, D2, D3)(0, x1) = (0,0,0).

We easily find that D, and D, are decoupled from D5 in (2.8). This enables us to solve the linear
hyperbolic system (2.9) on the finite time interval [0, 7']. Furthermore, we borrow the result in [11] to
get the following estimates for the hyperbolic wave (d;, d, d3).

Lemma 2.3. There exists a positive constant Cy independent of 6 and €, such that

k 2

0
_k(dl s d29 d3)(t7 ')

X1

€
5k+ 1

2
SCT( ) . k=0,1,2,3.

L2(R)

sup
1€[0,7]

In particular, it holds that

6k
m(dl,dz,a%)(l, )

X

sup
1€[0,7]

Lo(R)
2.3. Approximate solution profile

We set the approximate solution profile (3, i, §) of the two-dimensional radiative hydrodynamics as

) ) R . 1
B =p+dii =iy +dy = pin, & = & +dy = pE :p(—19+ 55‘%)’ (2.10)
y_
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then the approximate wave profile (p, it;, 6) satisfies

ﬁt + (ﬁal)xl = 05

(i), + (it} + RpB), = 2+ Vet + (G (inds + o))
%[(ﬁé)t + (ﬁalé)xl] + Rﬁéﬁlxl + 6_]1x1 = KGéxlxl + ge(éé‘)xlxl

- _ ~ N (=i (2.11)
+ [—1fg+d2(7d3 —(y-Dud, - %Gdl + yszt%dl) -(y- 1)1/!1‘( lél,;dﬁz]xl
+Qu + Deid, — 2u + ey, — ity (FE(-idy + dz)z)m :
%QI = ﬁEZ(QI)xlxl - ai263(é4)x1x1x1 + ée(é‘l)xl’
with the initial data
P, it1,0,G1)(0, x1) = (Po, 10, G0, Go)(x1). (2.12)
3. Proof of Theorem 1.1
We denote the perturbation around the approximate wave profile
(ﬁ9 ﬁ5 é’ Q) = (ﬁ’ 121,0, éa qla 0)
by
¢ (r,y) == p (r,y) = p(1,y),
¥ (T’y) = ((//15 ¢’2)T (T,)’) = (MT, u;)—r (T,)’) - (ﬁla O)T (T,)’) 5 (3 1)
‘:(Tay) = 96(7"}’)—@(7,)7), .
Q(1,y):=(01,02)" (1,y) == (q},45)" (t.y) = (G1,0)" (1, y),
where 5
t X X
T=—, y==., m=—, y=0uLn). s<a<l, (3.2)
€ € € 8
and

(0%, u, 6%, q°) = (0, uy, u5, 6%, 47, 45)
is the solution to the problem (1.1) with the following initial data:

(PE’ MT, M;, 96’ QT9 C];) (09 )’) = (pO’ ﬁlOa 09 é()’ 5110, O) (yl) + (¢0’ lﬁl()’ ‘/’20, gO’ QIO’ QZO) ()’) (33)

For simplicity, the superscript € in (o€, u¢, 8¢, ¢°) will be omitted. We use (1.1) and (2.11) to derive the
equations for the perturbation (¢, ¥, Z, Q) :

¢T tu- V¢ +pdiV\P +/3y1w1 + ﬁlyl(p = O’
T ~
p¥; + pu - V¥ + ROV + RpVE + (pitny, 1,0) + (Rpy, (0 — £8),0)7
= ue' " AY + (u + De' Vv + ((2u + A))elfa(W)ym,O)T
(2 + DG, 0) — (G (~indy + o)), 5.0,
%(p{T + pu - V) + RoAdiv¥ + divQ + %péyl Y + Rpityy, ¢
= K"TTAL + L [T + (V)| + AU (divE)? + 2ityy, €2y, + AdIVE)

(3.4)

+F1 + F2 + F3,
%Q = aLbez_zaniVQ - 561_“V(94 -6% + (%263_3“(@‘1)),1},1},l ,0)T,
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with initial data

(¢, Y, 2, 0)0,y) = (¢o, Yo, Lo, Qo)) (3.5)
= (o, Y10, Y20, £0> Q10 Q20) (),

Y — 1 l—a —ﬁldl + d2 2
2R F |
Yiy1 Yiyi

—it1d, + d
£ 202+ De i, (%) + Qut Ve iy, S ds +db)
Y1

((~id, +d b
s ae[(R22) ) Ze @
Y1

where

y—1

Fl:R

11 R -
el [5((511% - m@)dl — idy + d3)

F2:—

D
nd, +d i (3
= Dy TP+ ) = 2)] +’”(—7( ind, +d»?|
P Vi

Y1

md; +d Ry _ -2
p[#( vy~ (y = Dindy ~ Ly + L=y

p
0 =2
9, u ’ 94 )
Fy == ke 200 o g e g g Dt @iy
P P a o)

and the initial perturbation is chosen to satisfy

1(b0s W10, Y20 L)ty = OC€' ™ [Inel™),

o B (3.6)
1(Q10, QZO)”HZ(RXTE) = 0(62 . |In€| 1)-

Our aim is to find a solution (¢, ¥, £, Q) to (3.4)—(3.6) in the space X (0, l,) which is defined to be

(¢’ lPa g) € CO(O, Tl;HZ),
Vo € L*(0,7; HY), (V¥, V() € L2(0,1; H?),
Q € L=(0,7; H*) N L*(0,7; H?),
divQ € L=(0,7y; H*) N L*(0,7y; H?).

X(O, Tl) = (¢a lP’ é/’ Q)

with0 <7, < L.

— e

Proposition 3.1. There exists a positive constant €y < 1 such that if 0 < € < €, then the perturbation
problems (3.4)—(3.6) admits a unique solution (¢, ¥, {, Q) € X(0, Ela) satisfying

T

sup [I(8, ¥, OIL(7) + f [nui;f«/), v, OIF + 1l (V, V)P

1y
O<r<L
T @@ O

(3.7)
+ €7Vl + €Ol + €NV, VE, divQ)ll; [ds

63 —2a 64—201
< Cr( S+ )+ Crllo, Yo, I,
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and
4 4420

—2Q E
)62 24 b o + Ol 0 Yo IR (3.8)

sup (IQI5 + €7IdivQI)(7) < Cr 5t

T
OSTSEW

3-2a 6.4—2&
( o4 " 67
for some constant Cr is independent of €, 6, but may depend on T.

According to the above estimate (3.7), we further derive that

1o, 1,02, 0)( 31, 2) = (0,01, 0,0) (2 g
< (@, W, O, x1, X2y + Cll(dh, d, d3)(8, X1)|o(w)

#1571, 00, 1) = 0], 0 (2 e 49)
< Cll(p, ¥, )l + CTm +Ct™'[In(1 + 1) + | In 5]]

62—&

e
- +5_;)+CT63/2+C& [In(1 + 1) + | In &]].

< CT(

Under the setting § = €“|1n €| and (3.41), we derive that the upper bound in (3.9) is C7€“|In €[?; thus,
the proof of Theorem 1.1 is completed.
In order to prove Proposition 3.1, we will perform the analysis under a priori assumption
sup (6, ¥, Dll) < €%, sup [|QlL, < €7, (3.10)

7€[0,71(€)] 7€[0,71(€)]

Proposition 3.2. (A priori estimate). Assume that the problems (3.4)—(3.6) admit a solution
(p,¥,¢,0) € X(0,711(¢)) for some 11(e)(> 0). Then there exists a positive constant € which is
independent of €,0 and 7(€), such that if 0 < € < € and the a priori Assumptions (3.10), then we
have the following uniform estimate:

71(€)

sup [l(¢, ¥, (I3 + f [nal”(«zs Y1, OIF + 11, (Y, V)l

Ly

0<7<71(€)
0
+ €7Vl + e 10l + € 7I(VY, VL, divQ)|l3 [dr (3.11)
63—2(1 4-2a
< Co( S+ ) + Crll@o. Yo, Gl
and
3-2a e4—2a 64 4+2a
sup (I0IF + € IdivOIRI®) < Cr( o + = )+ S S Crll o, Yo, I, 312)
OSTSETy

where the constant Cr is independent of €, 6, but may depend on T.

Before performing the energy estimates, we use the a priori assumption to derive that the density
and temperature are uniformly bounded from below and above. Choosmg and € small enough, then

it holds

|d|<CT p-, =123,

WI m

-lkl»—*
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3 1
O0<-p_-<p=p+d <ps+ —p-,
gP-<P=prdisp.+p
—ﬁ1d1~+d2<c’

|iiy| = |ty + <

b -
131l = |~ @)y,
a

€
SCTS SC,

and .
- - )/—1(_2 R —) _ y-1 _ 2
0=0+"— ||z0° - —=0)d, — 1> + &3 | - Z==(—it1d; + d,)*,
Rp (2M1 y—1 1~ Uids 3 2Rf)2( ua 2)
3 . 1
0<-0_<60<06,+—6_.
Sy EUERTy

Moreover, we use Sobolev’s inequality and a priori assumption to get
1 1 1 1
0< Ep_ <p<ps+ Ep_,() < 59_ <0<L6,+ 56_,|u| <Clql £C. (3.13)

Zero-order energy estimate for the perturbation system is formulated as follows.
Lemma 3.1. There exists a positive constant Cy such that

71(€)

sup (¢, ¥, H@II* + f [||a”2<¢,w1,§>||2+e1—"||<v‘1avg)||2 dr

0<7<7(€) o
0
71(€)
+ f [e“-‘nan + e‘-“||din||2]dT (3.14)
0
63—2(1/ 4-2a
< Cr( S+ ) + U, Yo, I

Proof. Define V(x) = x — Inx — 1, then the entropy and entropy flux are given by:

{’7 = RoBV () + 55306V (§) + Solu — (3.15)

q = un + R — it)(pd — po).

Under the assumption (3.13), there is a positive C such that %|¢,‘P, P < n < Clg, Y,
Straightforward calculations lead to

é I-a
1- + divg — div [‘Pel“’(2,uD(‘I’) + AdivPT) + Kel-dgvgj] + _(“62

7 (V) + (VPP

0
N /lel‘“(diV‘I’)2) +ae Ve +

pU? + Ry - 1)péV<’g> + RpéV(g)]

_ 5 R 6
+ 6 RIn— + In=
y‘pwl( "oy né’)
2¢el@ kel Qu + e

= Tfhylf(zlllﬁlyl + Adiv¥) + Té’yl{{yl - Tﬁ1y1y1¢wl
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—udy +d 3 -
+ (2u+ e (M) i -2y ( 2~7<—a1d1 + dz)z) (3.16)
oy P\ 2 .

p p o 1-ap 1-a-2
+ /:) ((y - I)V(/—)) - V(é)) (K€ Oy, + CQu+ Ve iy,

—id; +d2) ¢

— Qu+ Ve iy, - - diné

5
+REHRS - F) ((y— &) - v - g)

Multiplying the fourth equation of (3.4) by % 4993 Q and using the notation P := (6 — 6), we have

ae®™! Qr\ € odivQ\ €' |divQl?
wirl dw( ) a5 ( 0 ) TR
= édin - %V (¢*+ 4050+ 600°) - gQ@' ve_ Qy’eQz‘g (3.17)

1—0{

1 {Ql 2 2a
leQQ (093) 993( )yl 4a H93(H4)ymy1Ql

= (P* +4P°0 + 6P + 45093)

Q1
" 268

Actually, the term ding in (3.16) cannot be estimated directly. Our strategy involves using
cancellation, which combines (3.16) and (3.17) together.

Here, we present some preparatory work before performing detailed estimates. Specifically, we use
the definition of the approximate solution profile (, i, #) to rewrite the last two terms on the left side
of Eq (3.16). The estimation we conduct thereafter focuses on extracting the dissipation part.

.y .0
iy, [palf% +R(y - l)pHV(g) + Rp@V(é)

_ (—ﬁldl + dz)
ﬁ Vi

U+ R(y - 1>p9V<§> + ROV (S)

- 0 R 0
+ gylplybl (Rll’le + ln:)
p v—-1 96

pU? + Ry - 1>péV(§> + Rpéwg)]

+ ﬁly.

Gty = 50y —tdy + d3) (i d, + db)? 5 0
+( pLa R : (= 1~‘2F 2) ) pwl((y—l)lne+ln:)
p 2p » p 6
1_ ) R 0
021, pzﬁl(Rln + ln:)
,_R'y Y1 p 'y_l 0
4
)

Due to the positive quantity i,,,, term D, serves as the dissipation. Terms D, Ds, and D, consist of
approximated waves and their solutions. By appropriately choosing parameters € and o, we then utilize
the smallness of the wave’s length to bound them effectively.
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We integrate D, over [0, 7] X R X T, with 7" < 7,(€) to get that

[ [ Didvtr <€ sup Idredadolingy [, @100
0 RxT, 0

0<t<T

+C f f (d1, da, d3),, |(¢* + ¥ + {P)dydr
0 RxT,

e (T 1 €
SCT—53f ||Mfy](¢,lﬁ1,§)||2d7+cr—5 sup (¢, ¥1, DI
2 Jo

2 0<7t<Ti(e)

Then, integrating D5 over [0, 7] X R X T,, we can obtain

’

f f D 3 dydT
0 RxT,

% G2 — 2-0)d, —dy +d3)  (—j 2 5
sf f C( 2 A TR TR (Chd, +dy) ) p(¢/}+v(’3)+v(f))dydr
0 RxT, i P 0

p 2p°

T
< C sup ||(d1’d2,d3)”L°°(R)f &}, (@, 1, OlPdr
0

0<t<T

+C f f (dy, do, d3)y, (97 + ¥ + {)dydr
0 RXT¢

e (7 1 €
<Cr— f I, (6,1, OIPdr + Cr= sup [l w1, OIP-
2 Jo

02 0<r<1 (€)

Forany § <7< 1,and: € (zlu 1), 71,22 ~ 1, we consider the following function
1 2
fi(z1,22) =Uzi —Inz; =D+ Uy = 1)z —Inzp = 1) — E((Y — Dlnz, + lnzl) )

It is easy to check that
1, 1) =0, fi(1,1) = 0, f;,(1,1) = 0, detVZf,(1,1) > 0.

So we obtain

R _ p 0\2 - _ [P
Ou ( —11—+1:)2—“R‘ 9V(:)—~R — Dity,, 00V [=].
Iy i1y, o\ (y )np L tRitny, p6V =) =1 (y — Diyy,p -
Based on the above analysis, it holds that
~ R __ p 0\2
D, > —Ll/tlylpl//% - Eeump(()f - 1)1115 + 11’15) R
and
_ R __ p 0\2
Dy + Dy > (1 = ity i — Eerulyl,o((y -+ 1n5)
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~ (0 -
+ Rity, p0V (5) + R(y — Vi, pBV (p)
0

__ {0 _ 0
> (1 = 0y, po? + (1 = DRy, pdV (5) + (1 = DR(y — Dy, pdV g)

it — 20d, —imdr +ds  (—jidy + do)? (B
F iy 1)2ﬁ1y1p|: U T 50 - _ (= 1~‘2" 2) ]V('[—))
p 2p p

(lﬁz - %é)d] —idy + dg) —iind 2 0

+ (= Dty p| S ERA By (9)
p 20 0

Moreover, by integrating the above inequality over the interval [0, 7'] X R X T, we easily find that
the last two terms on the right-hand side can be bounded by C7 -5 supy..;, ) lI($, ¢ ).
52 =r=

Collecting the above estimates together, we choose 5 < 1 to deduce that

52
T/
f f {i,
0 RxT,

L
ZC_lf |Iﬁfyl(¢,¢,§)||2d7+7€,
0

03+ Riy = DpiviE) + ROV ()

i 5 R 0
+ 8,00 (Rlnl—) + ln:) }dydT
p y-196

where

R < Cr— sup (w1, DI

2 0<7<71i(e)

Based on the above analysis, we combine (3.16) and (3.17); and then integrate the resulting equation
over [0, '] X R X T, to deduce that

Pl P

6, E.OEP + f 12126, OIF + €192, O |ar + f |0l + -lldivolP ar
0 0
O Qu+ e
< Cll(¢o, Yo, C)II* + C|f f MTulym‘ﬁ%dydT
0 RxT,
B ’261—a _ ) KEl—a B
+C Tulylg’(Z;uﬂlyl + Adiv¥) + 79)712;2;},' dydT
0 RxT.
C o “ind, +d 3 -
e f f (2 + @a—a(u) v - ’éwl( T (id, + d2>2) ]dydr
0 RXT - p Yiyi p 2P i
T B é i
+C f f L (()/ - 1)v(’3) - V(é)) (Kel—aeylyl - Qu+ DR, (3.18)
p P
0 RxT,

—id; +d
— (2u + Ve iy, %)dydr‘
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O 0
] flpSennfo-m oG
0 RxTe
[ [ 2 z Q- v¢
+cff493 (¢* +4§9+6{0)dydT+C'ff dd‘
0 e 0 RxT.
)1
+Cff dd'+c'ff i ( )dydf
0 RxTe 0 RXT,
149
+Cff 9931(93)y1dyd7+c‘ff4903(94)y1y1y1Q1d)7dT
0 RxT, o wr
+Cff&(7’4+4go3g+6p292+4¢)53) dydr| + CR
4003 o

0 RxT.

12
= Cll(go, Wo, OIP + D T+ CR.

i=1

According to the scaling argument in (3.2), we use Lemmas 2.2 and 2.3 to deduce that

€
I < Cresup |litgyx llzo®) sup (@, w)II* < CTﬁ sup |I(, 1)l

0<t<T 0<7<71(€) 0<7<71(€)

and

I, <

fII(V‘P,V{)IIZdT+C€1"fll(inyl,@yl)illsz
0 0

IA

13

0<7t<7!(€)

(—ﬁldl + dz)
ﬁ Y1

p 3

€

> f lalPdr + Crs sup [P
0

55 0<7<711(€)

f I(VE, VOIPdT + Ce'™ sup iy, |z f Iy 21 dr
0

2

+Cre' ™ sup

0<7<7(€)

sup (111

0<7<7(€)

L=(R)

<
- 13

For any fixed time 7', it follows from the Holder’s inequality and Lemmas 2.2 and 2.3 that

>[I,

0 RxT¢

2
I3 <

dydr

13T
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dydr

((ﬁldl - d2)2)
F;

+CTE_aff
0 RxTe
t
! 2
<3, sup lg|* + Cre™>
0<7<7(€)
0 R
t
i d, — d»)?
+CT€_2aff((M1 - 2))
0 R
4-2a 64—2&

1 €
<= +C + Cr——.
3 <TETII)(6)|W1|| s Yl

2
dx;ds

(—ﬁldl + dz)

X1X]

dxlds

Moreover, we use Lemmas 2.2 and 2.3 to obtain that

e

l-ay|(5 _2 1-
14 < Cf(G a"(eylyl,u]yl)llL“(R)+e ¢
0

€ 62 63
<Cr(5+ mts) sup 6.0

0<7<7](€)

(—L_t]dl +d2)

ul)‘l)’l

)||<¢, OlPdr
L>®(R)

As for the term s, it contains similar terms as 7; with 1
estimates, and for the sake of simplicity, we omit the details.
By using the definition of @, a priori Assumption (3.10) ,and (3.13), we have

< i < 4. Therefore, it satisfies similar

Tosdr<C [ [ (1QIv2ia+ i + i) + 101210, v

0 RxT,

el f f (1QIIV¢] + 1011218, Ddydr

0 RxT,
1 -
< f||vg||2ds+c€‘ "fIIQII ds + Cé' “f f 1?16y, *dydr
0 RxT,
< *ds+ Ce'™ f IQIPds + Ce'™ sup iy, Il f Iy} <1 dr
13 0<7<7(€) !
0

+Ce™ sup P, ||LM(R)f||§|| dr

0<7<7((6)

0<7<71(€)

7 3—a
" € (. €
! f joFar+Cr5 [ aPafar s S s,
0 0
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where we used Sobolev’s inequality and a priori assumption ||(]|;~ < C||Z]l, < Ce'~ in the second
line. Moreover, in the last line of the preceding estimate, we employed the expression

—1//1 R
P = 7—(( ‘2——19)d1 —a1d2+d3)

Rp 3 uj = ( M1d1+d2)

2Rp?

which consist of different waves.
Similarly, it holds that

To+ I <C f f 8, 1011Zldydr

0 RxT,

el T T
€ —a -
< f IQIPdydr + Ce'™ sup (||eyl||im(R)+||7>y1||%m(R>) f IZPdr
3 0<r<ti(€) )

( 63) &
—_— Su .
525 )P

By using Holder’s 1nequahty, Sobolev’s inequality, Young’s inequality and a priori
Assumption (3.10), we have

Ty < f f el—“dinQ-v(%

0 RxT,

1
7 ) dydr

SCGI_“f f(|Q||V§”diVQ|+|Q1”éy|”din|)dydT

0 RxTe

a—1

Cfl_af”diVQ””Va”|Q||L°°(R><Te)ds+ f||Q||2d5+sz_zaf||diVQ||2||éy1||2dT
0 0 0

v ] Ea—l B
Cél_“fIIdIVQIIIIV{HIIQIIsz+ 3 fIIQIIQdT
0 0

TI T/
2-2 a2 AR 2-2 2 AR
+Ce™™ sup |0, lljor ||d1VQ|| dr+Ce ™™ sup [Py, ll[~x ||d1VQ|| dr
(R) R)

0<7<71(€) 0<7<7i(€)

a 1
e3¢ f ldivQ|[*dr + Ce~3 f ||V§||2d7+ f ||Q||2dT+CT f ||divQ|[*dr,

and

P

I11+I123Cff(62_2“|Q||(54)y1y1y1|+IQIIPle+|QII5"II9y1|)dydT

0 RxT,
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60—1

<= f 1QIPdr + Ce— f 18"y, 1PdT
0
0

T/ T/
Ce™ | I|Py,IPdr + Ce'™ Pl; 0y, 11%d
+Ce 1Py, |I"dT + Ce ™ sup ||Plljwg, | 16y, ]°dT
0 0

0<t<T
T 5-2 3-2
€*” e e
2
<= fIIQll dr + Cr—= + Cr—p.
0

Substituting the above estimates into (3.18) and taking € and =7 (< 1) suitably small, we can complete
the proof of the (3.14) in Lemma 3.1. O

Lemma 3.2. There exists a positive constant Cy such that

71(€)

sup (V9. VY VOO + f (llﬁiﬁwuz+el‘“||<v2‘1av2§)||2)df
<7<71(€)
0

71(€)

3-2a 42«
) (3.19)

o [ [erIvelR + e valP |dr < it FantolE + o G +
0

Proof. Applying the operator V to the first equation of (3.4) and then multiplying the resulting equation
by £7V¢ yields

0 1Vel® (6 Vo]
(R/—) > )T + le(R/—)u > - R9¢%le,) + (ROV¢ . V‘ﬁi)y,-

Ry-1o_ Ve 6
LR -D8, | ;" + RZ iy, ¢, + ROV - AW
p p

_ 2
_ _RO=D Ve I%ngiws Vi + R, ¢ - Vi — R$y V-V

Je
— 1 Vg .
# Lo ool Ar 4y, + SV (VB)F + 2, Qi + AdiV)
Je
R(y = DO(~id +dy\ Vo
+/l(diV‘P)2+(2,u+/l)(ﬁ1ﬁlyl)yl]— - ( har 2) Vol (3.20)
1Y P n 2
RO (—iid, +d - = R
- _(ul++2) ¢§1 +R9y1 Vo - Vi, _R9y1 Vo - lel = =Py %Py div¥
e\ p p
il Y X V¢ - Vy il o)
= —Pyiy 1 T Py ’ - —Uiyy 1
0 iy Y1Py 0 'y 1 P Lyry y
y—1|Vel* . y - 1|Vgl* _
— p2 2 leQ - p2 TQ)}I
= jl(T, )’)
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Multiplying the second equation of (3.4) by —A'Y results in

VPR VP
(,0 > ) — le(plﬂiTVlﬁi +puiw4/‘)’iij —pu 2

+ (U + D) divIVAive — (u + A)el‘“div‘PA‘P)

+ ue AP + (u + D)eTYVAivP|? — ROV - A¥ — RpVL - A

= —¢, ¥, - e — 5y, Yy, - Vo — uih Vo - VY — pr Vi - Vg — ity |2y, 1P
+ pity Ui + R, (628 ) w2y + D (THAER) gy,

Yiyi

_— 3
+ QQu + ﬂ)el_”%(lm% + ( Zﬁy(_ﬁldl + dz)z) gAlﬁl

V1

= jQ(Ta }’)
We multiply the third equation of (3.4) by —3A{ to get
R \/4q R R R \/4q
(R OR) (R rrvpy B bygve R 2,7
vy—-16 2 J; vy—16 y—16 7" y—16 2

l-a

1
+ RodivPVZ + RpViid,, + EdiVQVg“) + RpVY; - V), +

4
=) Js(@my),

i=1

IAZ)? + RV - AY

where

R 1
T5a (@) =—y—( VG- Vel + 2y Vol - DIVEPL - B840

b il VpVE = B 90V + 5,0y Ve B 6, ),

. IVZP _ o |VeP
Ja2(%,y) :=R§d1v‘1’ 25 R’Z fity, 5 — RAVPY - V¢ — Rp, &, divP

+ R¢y-Vlﬁi : V{ + prl V‘/’l : V§ - RV¢ : Vwi{y,- - Rﬁyllpiyl{y,-

\v} 2
B+ L cac+ 350

di 1 divQVv
1VQ+? vQV{

IVZ |2 _

1_ ..
qul - EVdIVQ . V{,

- 1IveP
6> 2

+2i11, (2, + AdiVW) + (2 + )ity ity )yl) + Z%IV‘I’ + (V) PAL

J33(1,y) = — ( AL + kB, '%lV‘I’ + (V)T + Adivy)?

A . ) 217[1)'1 .
+5(le\P) AL+ 7 QCuyryy, + AdivP)AL ],

(3.21)

(3.22)

(3.23)

AIMS Mathematics Volume 10, Issue 3, 4860—4898.



4880

A
Toa(ty) = —(F\ + Fy + F3)7§,

Applying the operator V to the fourth equation of (3.4) and then multiplying the resulting equation
by “.“VQ we obtain

4063

ae®! VO-V¢\ € (VQO-VdivQ) € |VdivQP

—|VOP + di -~ di . + .
e W( g ) b “’( o7 ) T
_ 1 . VQI 35 272 VQI ’ Vévévyi
= ElevQ-Vg—@-V(g“+4§ 0+ 6% )yi_T

Ql}’lg)’l ~ l-a q: 1 62;}’1 Qlyl ~
Oy + €1V, VO -V )" o 6, (3.24)

_ 3{Q1y1 é 6{Q1y1 92 62_20

o T g T a0

O, (P* +49%0 + 6927 + 497°)
407

= Ja(1,y).

4
(9 )ylylylyn Q1y1

Yiyi

Now, we add Egs (3.20)—(3.24) together. Then, we integrate the resulting equation over the domain
[0, 7] X R x T, to obtain

P

IV, V¥, VO I + f [||a};$(V¢)||2 (3.25)

0

vy, VZ{)llz]dT + f [e“-‘nvguz + el—“aninuz]dT
0

4
< C||(Veo, V¥, VI + C' f f [jl(T, )+, y) + Zj3,i(7', y) +Jal(r, )’)]dydT
P

0 RxT,

b

where we used the cancellations in the flux terms.

Now we are in a position to estimate the right-hand terms in Eq (3.25). For simplicity, we will focus
on estimating some typical terms, while others can be treated similarly.

Straightforward calculations give that

. Y] l-a \vj 2
C' f f O = DAe TV Givwydydr
p? 2

0 RxT,

T/
1 2
< cet f 19002ty IV IV, 7
0

T/
3 1
1 3 3 2
< Ce*e f VI o, 17l ey IV gy AT
0
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Cel_“fHV‘PH (RxT)IIV¢|IH1<RXT)IIV‘I’II?H.(RxTE)dT
0

< Ce f IVP||? dr.
0

Using the definition of g, and Lemmas 2.2 and 2.3, it holds that

_ 2 _ 2
'ff l|V¢| 1|V¢| yldd‘

RXTE

f IVOI*dt + Ce'™@ f IIV¢IIL4<RxT)

al

+C sup ||(é4)y1y1||L°°(R)f”V¢” dr

0<7t<71(€)
2
(5_ + e f||V¢||2dT

N 13
where we used Sobolev inequalities
IV@llzsxr,) = € 1VBllismxny < CENVH i IVl rnery = CUVO e VBt
and
IVWlsanry = €IV Pllisqacry < CEFIVRIRE L IVRINL, = CUVRIRA I

We use the definition of i; and Lemmas 2.2 and 2.3 to get that

1 -« ) a1 u1d1 +d2
‘ pitny, 1 A dyde] < . V0, |Pdr + Ce [0 + i —LES) y, ]dydr
RXxT, 0 RxT, .

< IPdr + Ce*™ ' sup |jyy]? f||u AR edt

150 Vi op W tillz=

di +d
+CE sup |(FHEE2) f I |Pdr
0<1<T P xillEom)
201 1+2a )

< dr +C - .

150 yllde T( 5 5 )0;2}?(5)”%”
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Similarly, it holds that

T 3 _
C|f f (—~7(—a1d1 + d2>2) £ A dydr
2p np

0 RxT,
U |Pdr + Ce™! f f ‘(<—ﬁ1dl+dz>2) ?
J p .

U ||2dT+CT—.

160 dx;ds

150

Using the definition of @, it holds that

‘ f f RB,, Ve - Vi dydr| < C f f (|§y1+Py1||V¢|IV¢1|)dydT

RXxT,

<150 f a2V elPdr + C f 116y, 1l IVl

83/2

1+(y 1+”
f|| 2vgl? dT+CT t <5 fIIVw1||2d7+CT o fIIV¢1||2dT

When it comes to the estimate for J4(7, y), we just focus on the following two terms, and others can
be well controlled. Specifically, we have

P

Vo VO, -V,
c f e V(& + 400+ 60 92) - Tydydr

0 RxT,

<c [ [ woIA(TeR + 1921+ 19618, 1 +1218,,.1 + K1 )

0 RXT,
cee f IVZI2IVQlidr + € f f VOIVldydr
0 0 RxT.
+ e f f 101y,0y,y,Idydr + Ce'™® f f 01,4, 0,,Idydr
0 RXxT, 0 RXT,
| 22« 72 2-2a 2
+ Ce ffIQlylfylelldyd‘r+Ce ff|Q1y19yl|dydT+C6 ff|Q1y1Py1|dydT
0 RXT, 0 RxT¢ 0 RXxT,
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2dr

€ 2“fIIVéll IV¢Iidr + Ce* 2“fIIVzéTII

+Ce'™ sup ||éy1||L°°(JR)v[‘[|Q1y1§n|dyd7'+C‘fl_Q sup ||7)y1”L°"(R)ff|QUI{>’lldydT

0<7<71(€) 0<7<7)(€)
0 RxT, 0 RXT,

Pl

# €O [ (1P 4 18, 4 18,11+ 1P, I i

0
i T i T Ea_] T
Cet f IVZIPdr + Ce2 f IV2Z11PdT + 3 f IVO|*dr
0

3-

62

65 2a E3—2a 6.3—2& e.7—2(1
+ + + s
50 o8

* CT( 53 52

where we have used the facts ||VZ]| < IIVg“Il”ZIIVg“II”2 and the a priori Assumption (3.10).
Moreover, the standard calculations give that

( 1
C =2divQ, VO - V — | dyd
f f € vQ, Vo (4b903) ydr

0 RxT¢

< cee f f (VQIVZIVAVO] + 0y, I, IVdivOldydr

0 RxT,

Ce' f Vv OV lscaser IV Qll e, T e f IVdivOIPII, IPdr

(o el [
< Ce' “f||Vd1VQ||||V§||1||VQ||1dT+ 3 fllVQllsz
0 0

+Ce sup 16y, 7e, f IVdivQIPdr + Ce>* sup [Py, 7w, f IVdivQ|*dr

0<7<71(€) 0<7<71(€)

-3 f ||V{||2dT+CT f IVdivQ|[*dr.

Furthermore, the remaining terms in Eq (3.25) can be estimated in a similar manner, and we will
omit the details for the sake of simplicity.

To close the estimate of (3.25), we need to have the estimate of f IVé||>dr. Following similar
0
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procedures in Lemma 3.2 [12], and keeping in mind the different scalings, we have

71(€) T1(€)

63—20{ 6.4—2&
f IVelPdr < CT(7 + )-e“_l L f V2 |Pdr (3.26)
0 0
+C sup [IV¢I* + Cre*[l(go, Yo, L)II* + ClIVeoll*
0<7<71(€)
Thus, plugging the above estimates into (3.25) and taking‘z‘;l, g—z and e suitably small, we can
complete the proof of (3.19). O

Lemma 3.3. There exists a positive constant Ct such that

71(€)

up )||<v2¢, VY, V2O + f [||a};$<v2¢>||2+el-“||<v3w, VoI |dr
<t<7(€
0
S 63—201 4-2a
v [ Jertivor + eewaivoRfir < oo S+ S )+ Clon o @l G20

0

Proof. We apply the operator V? to the first equation of (3.4), then multiply it by RV?y to obtain

V2 2 Vz 2 V2 2
(R| 2¢| ) + div(Ru| | _ Rp(byiij‘ﬁiyj) + (va2¢ . Vzwi)yi + Rﬁlylﬂ
+ 2Ry, |V, | + RoV2g - VAP

v’ —idy +dy\ |V? 2
- RdiV\P|—(M - R( = i 2) | ¢| - 2R'70iij¢y[ 'V¢)’_/ (328)
p yl 2
—ﬁldl + dz 2 . N .
_ 2R(T) [V6,,|" = Rittyy, 6y, 8y1y, — Ry, div'Es, .
Y1

— 2R, Vb, - VAV — 2Rp, Vb, - VAivP — RV - Vi by, — RDy, V2 - V',
- RﬁYl)’l)’lwl(p)’IYI - 2R/3ym le ’ V¢Y1 - Rﬁ1Y1Y1y1¢¢y1Y1 - 2Rﬁ1ym V¢ : V¢Y1
= H(t,y).

Next, we are dividing the second equation of (3.4) by p, applying the operator V and then
2
multiplying the resulting equation by —%VA‘I’ to obtain

2 vyl 2 2 2 vyl
(P_| | ) -(’)—V\P,-V‘Py.) _(p_uiva.-vqu_) +diV(’0—u| | )
0 2 T 0 I Vi 0 I ’ Yi o 2

o

gdiv‘I’yjAglr,-yj) +,uel_”p
Vi

- o+ Ve aiv Zdive, Vaive, ) + e+ ve| CvavE  (329)

2 4
bt /l)el‘“%lvzdiv‘l’lz — RoV2¢ - VAY — R’%Vzg VAW = )" Lir,y),

i=1
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where
2p 2p P’
Li@y) == F6, VY, - V¥ - T, V¥, - VY, +2 §y,V\If VY + 550, VY, - VY
2p I
- ?pyju,-V‘Pyi : V\Pyj + ?Hyju,-V‘Pyi : V\Pyj w,y V\P VlP
2 2 2 2 PANIIPA
_ 2 IV2y| VP
- %ulyl v, [+ (- 2% iy -+ (7 2) " divw .
(y-1D |V2‘I’|2 -
Lory) = - ; € IKAL + Ky, + SIVE + (V)P o+ Qu+ D) (i)

2 2
+/l(diV‘P)2+2ﬁ1yl(2/u//1yl + Adive)] + £ U Vi VAY; + £ iy, - A,

Rp N
¢y,vg VAY; + —6, V- AW —R¢yiV¢-VAzp,~—pr1V¢-A‘I’yl

2 2 2
P P Rp 9
+ gu]ylyll/’]Alrlllyl + gulwvwl -VAY, + 7 — Py (= 5 ~)Alﬁm
L Re

R & R

l-a

) F e
L3(1,y) =£ (AYiVp - VAY; + p, AY - AY,,)) + (MT¢}’idlle}’jA¢’ iy;

+ e
+(,Ll )E . 1-a P

0 Oy vy Adryy, — (1 + e §y, div¥, Ay,

De
- (u+ VLB, dive, Ay, - %dw%_iw  Vdive,,
+ el
- %pﬂdlv‘l’ iV, + (u+ A)efl%div\yijg . Vdivy,,
+ A)e”
+(u+ e 5 8, div¥, div¥ e ; WD Givw, V- VA,

}1y,
+ el
Lt e

P ViV - A,

0

—U d d 2 /l 1-a 17 d d
Ly(t,y) =—Qu+ /l)el_ae(w) A, + Cu+ e ( md, + 2)
p T 0 P Yiy1

Qu + e (—ind, +d B Qu + e'~ "p_
+ ( 1 i 2) pylAlvlll)ﬂ 1y1y1}|¢Aw1}l
6 P Yy po
(2,u + )e” Qu + e
9 M1y1}|v¢ VAl//I p 29 (p + p)p}1u1y1y1¢Al//1y1

1/3
+§[—(—y( M1d1+d2) ) ] Ay,
P yidyi

AIMS Mathematics

Ro Rp* _ g
0 p)1V{ VAwl Hﬁpyley ¢A$1y1 prl V¢ VA% - _p§1(_ - ~—2)A¢1y1

V¢ - VAY,
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We divide the third equation of (3.4) by p, and apply the operator V to the resulting equation, then
multiply it by —% VA to deduce that

2

R |V2{| R R p
VL, N, -V )
(7—192 2 ) (7—192 o gy’)y,. ()/ TtV Vo 5

_( R p* |V¥¢ | o
+d1v( AN N wfmgy,yj) (REde\P-ng,.) (3.30)
Y

162 2 .
l-a

2
PIVAZE + R%Vzg . VAY

0 p
" (ngjy,, : ng,.) - (@Vdin : ng,,) n
Vi

Yj

R R 2 R 2p?
- g 5 Ve, Vo + ——F s v, v,

2/02~ R 2p R 2p?
+ ,}TIEHM V§y1 V- )T]?p}’juivé&i ’ ngj + ﬁ?g)ﬁuivg)’i ) V§Yj
2p o? 1

- R— 0 —py,, Vdiv¥ -V, +R0 6,,Vdiv¥ - VZ,, — zp} VdivQ - V¢,

2p R p?
0—6 VdivQ -V, - leVle V¢, - — lﬁwiijg’y[-V{yj

2 2
R 2y — 3)R p> & 2y —-3)Rp*. |V?
__R e D VG, 2+ EY IR p—div‘P' 4, er-3 p—am| {l,
Y- y-16 -1 6 2 y-1 6 2
2
No(t,y) = 03 plv 24 €' KAL + KBy, + %‘N\P + (V)] + A(divP)?

+ 2y, Quibyy, + AAIVY) + u + ) (ululy]) 1+ R ¢y,wm 78
20 p? Joum
+R—- 0 — Py Vi, - Vg, = R_2§YjijYi -V, - R_zeylvlﬁlyi - Vi,
20 2p o’
- R?V¢ ) Vl?l/j}’igyi}’j R—- 9 pylle Vzg + R—ZV{ ’ Vl//j}'iginj
2

2 e
P 2 R R p°_
+ Rﬁeyl V\P)q -V g 1 92 {}lvw, VA{ l 02

Rp? R R p’.
+—d1V‘PV§ VA + p =28, divPA, + 1%9),1y1¢1%1

ul)l §Y1 Aé/)’l

R Ro?
+ — p lele VAL + p
Y-

Rp?
162 ul\’l)1§A§y1 02 ulylvg VA{

. 1 1
+§|V2§|2de+szgﬁ%1 —divQV¢ - VAL - 2,oyldeAgyl,
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El—a Ke.l—a el—a
Na(r.y) = = S5 ALV - VAL + ==y A - AL, = S SEVIVE + (VH)TP) - VAL
1- l-a
| He pe'
27 |V‘I’+ (VP)"|*Vg - VAL + Ve ——p5,, V¥ + (VP)TPAZ,

/1 l-a /l l-a pl l-a
_LY(dive) - VAL + = (div¥)’Ve - VAL + 62 2 b, (divE)AL,

2 2
9/20 fity,y, € iy, + AIVP)AL, — L i, € QuVyn,, + AVAIVY) - VAL

20y —a . Uty Py, _y .
+ 92” €7 Qupy, +/ld1v‘P)V¢-VA§+ Hy; e (2upy, + AdivP) AL,

and
P F P
Na(z.y) = —Q—VFI VAL + —V¢ VAL + gzpylAéyl— LVF, VA
F F
+—V¢> VAL + ezpy]A{yl - LyF,. VA§+ —V¢ - VAL + - 5, AL,

Applying the operator V? to the fourth equation of (3.4) and then multiplying the resulting equation
a-1
by 22—V, we have

4268

pae’” Wz OF + div ( PV Qiy, - Vs“y,-) T iy (pV2Q : Vzdin) ~ el_ap|v2din|2
4b6263 6 4b6263 4b6263
. &y, j I3 204, i

= VAV, - V4, + 26 V0, + VY-V, - VLYY,

200 . 3 .
- 94)’1 Vz( ' Vle + 61 leQyiijQiy_,' -V (4175293) 02123VQ,'),] : V(g@zey] )y.,'

9 VQy, V(V{HZG)H) - YI Vle g 4a 0293 (84))1y1}1y1y1 Qlym (3.31)
_PQum (P +4P%0 + 6502@2 + 47)@3)

4(9263 YIYIYI

37 272
49293 V&, (44 TATO+6070 )y,-yj

= M(t,y).

Now we add (3.28)—(3.31) together and integrate the resulting equation over [0, 7/] X R X T, to obtain

P

2
_1/22 1
+f[”u1ylV ¢H +€

0

(76, v, v%¢)

<||(vw, V3§)H2 ]dT

+ f [E‘HHVZQHZ+61_“||V2diVQ||2 dr (3.32)
0

< C|[(vian. v, 72| +¢ f [+ Z Liry)+ Z Ni(T.y) + M(z, y)ldyda].

0 RxTe
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Now, we focus on estimating the terms on the right-hand side of Eq (3.32). We will begin by
estimating some typical terms, and we anticipate that the remaining terms can be treated similarly. We
use the a priori Assumption (3.10) and Sobolev’s inequality to obtain

4] [

0 RxTe

V2| dr

dydT <cC f IR ——

<Cf||V‘I’||2||V2¢|| dr< S =0 fIIV‘I’Ilsz+Ce" 1f||v2¢|| dr

1(2

< 155 f||V‘P||§dT+cE1 “f||v2¢|| dr.

Similarly, using Holder’s inequality, Sobolev’s inequality, and Young’s inequality, we obtain

VZ\I]“L“(RXT )

c‘ f f 2R, V¢, - VdiviWdydr| < C f V29| IVl e,

0 RxTe

=€ f a2 a7 a7 s

(a=1)/3 2/3 |2 2/3
150 f IVGIRIvaIR? V2™ d

1 —a
< 155 f||v2\1'|| dr + Cé' “f||V¢||2dT

It follows from Lemmas 2.2 and 2.3 that

C‘ffR”1y1>71>1¢¢}1y1dydT

0 RXTe

< Ce” "f||V2¢|| dr + Ce*” 1f||”1y1)1y1||Lw(R)”¢H dr

2 2
Lo Sup gl

0<7<71(€)

_ 2 _ ~
Cé' "f”qub” dr + Ce™ sup ||u1mlxl
0<t<T

0<7<71(€)

7 1 2
Ce'™® f [V2¢|" dr + Cret! (56 +§) sup |61
0

Using a priori Assumption (3.10) and Sobolev’s inequality, we have

T, el
C‘f f(y—2)gdlv‘l’ dydr

0 RxT,

<c f IV [V, A7
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SCfllV‘Pll”Vz‘I’”||V2‘I’||ld7§Cel“’f||V‘{’||||V2‘I’||ldT
0

2dr + Ce® f IVY|Pdr,
0

and

A 1 V2
C‘ffkael “§—|A§dyd7'

0 RxT¢

e [Ipdivelars c [
g 0

cce [ 1PN

Based on Young’s inequality, Lemma 2.2, Lemma 2.3, and a priori Assumption (3.10), it holds that

ci f f (2,u+/l)el_“(M) Ay, dydr
P I

0 RXT, yiyiyi
241 M]d] +d2
< f (V2| dr + cE f f ‘ “dnde
) 3+2(1
< 150f||v Iy
and
( /lf]_a l-a 3
C (div W)’V - VAZdydr| < Ce IIV‘PllLS(RxT) Vi dr

l-a 7
< Cee f IVHIRITIL [V dr < f V3| dr + ce-e f IVIIveldr
0 0 0

€ 2 5-5a 2
< 755 Z|| dr + Ce fIIVqSIIldT.
0

For M(t,y), we will focus on several terms that may cause difficulties.
Integration by parts gives that

1-a : P _ _ - : : A P
€ f divQ,, VO, -V (4b92§3 ) dy = —€ f divQ, V(divQ),, - V (4b925’3 ) dy

RXTe RXTe

AIMS Mathematics Volume 10, Issue 3, 4860—4898.



4890

I-a : P
—€ divQ, V ,-,.-V(—N) dy,
f A vy
RxT,

then, we obtain that

1-a g2 : P
C f f ¢ dey,,V(de)yj~V(4b62é3)dydr

0 RxT,
< Ce'™™ f f (IVdivQ||VZ(IV2divQ| + |VdivQl|6,, IV*divO|)dydr
0 RxT¢
+Ce™ f f (IVdivQ||IVelIV2divQ| + [VdivQl|p,, V2 divQ|)dydt

0 RxT,

o (o . el [
< Cée' af||V2d1VQ||||V§||L4(R><’]I“€)”leVQ”L“(RxTe)dT+ 3 flleQszT
0 0

+Cel_af||V2diVQ||||V¢||L4(Rx1re)||VdiVQ||L4(RXTe)dT
0

+C62—2afllvzdiVQ||2||éyl||2dT+C62_2af”vzdiVlelﬁyl”sz
0

0
v a—1 A
sCel‘“f||V2din||||V§||1||Vdin||1dr+613 fIIVZQIIZdT
0 0
+C€1_af||V2diVQ||||V¢||1”VdiVQ”ldT
0

+CE sup (18, Gz + 15y o)) f IV2divQ|*dr
0

0<7<71(€)

TI
2-2 2 2 : 2
+CE sup (P e + ldiy o) f IVdivQ|Pdr
0

0<7<7i(€)

€ 1

- f IV2Q|l*dr + Ce 3 f IVdivQ|[3dr
0 0

€

l-a 7
< T f IV2divO||*dr +
0

13

e € h
+CT((§+§) f IV2divOlldr.
0
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Direct calculations give that

e o
c e divO, V ,-.-v( ~)ddr
f f OnV Qi Y\ oz ), @

0 RxT.

<ce [ [ (VavOITQI(VeR + 7%+ V6P + 761 + V2V o) v

0 RXxTe

+ Cel_af f(lvdjVQ||V2Q| (léy1|2 + |éy1y1| + [0y, ? + By 3| + |ﬁyléyl |) dyd,

0 RxT,

Then, we will only present estimates for the first two terms, while the remaining terms are treated in
the same fashion.
By Sobolev’s inequality and the a priori Assumption (3.10), we obtain

Cel_"f f(lVdiVQ”VZQ”V{'z)dTSCel_df”V2Q|”lV{”ix(Rfo)”VdiVQl|L4(R><T€)d7-
0

0 RxT,

Ea—l

16

<cée f IV OIIVZIRIIVdivOlldr < f IV Qlldr + CE f VIV divolPdr
0 0 0

a—1 7 7
< 61—6 f IVZQOlldr + Ce’™ ™ f |VdivQ||dr,
0 0
and

Ce'™ f f (IVdivQIIVQIIV3{Ddr < Ce'™ f IV QIIV Ity IV iV Qll 3 e, AT
0

0 RxT,

SCel_“f||V2Q||||V§||1IIVdiVQIthS N
0

Ea—l o ~ 4 )
G f||V2Q||dT+C63 3“fIIVZII%IIleVQII%dT
0 0

€

a—1 7 7
T f IV2Q|ldt + Cre ™ f IVdivQ|[3dr.
0 0

<

By Lemmas 2.2 and 2.3, it holds that

T 1 i .
C‘ffﬁpylAgyldvayldydT

0 RxT¢

€

l-a o v
< 150 f IV3¢IPdr + Ce*™! f (Ilpy, VdivQIl* + lldyy, VdivQl[*)dr
0 0
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3a—1 3a+1

52

Z\Pdr + CT( f IVdivolPdr.

150

’

In order to close the estimate of (3.32), we also introduce the estimate of f IV2¢||*dr. Following the
0
same procedures as in Lemma 3.4 of [12], and considering the new scaling argument introduced here,

we finally derive that

71(€) 71(€)

[l ar<crl S+ <7 et v s ol wcer [ oefar

+
0<7<71(€)

ot o7
0 0

+ Cre® ™ l(go, Wo, 202 + C Vo[- (3.33)

By incorporating the above estimates into (3.32); and combining them with (3.33),complete the
proof of (3.27). |

Lemma 3.4. There exists a positive constant Cy such that

3-2«a 4-2a 4 442

2 2-2«a . 2 € € 2-2a €
S + d ) <C ( + —) + =+
P (||Q||2 ENdvOIE (1) < Cr s+ — &7 4 5 +

+ Cll(¢o, Yo, L)lI3. (3.34)

Proof. It remains to show the energy estimate of Q.

e Zero-order energy estimate of Q:

We multiply the fourth equation of (3.4) with Q and integrate the resulting equation over R X T, to
get

1 2-2a l—a _ 3 3a
EllQll2 + ||leQ||2 f V(@ - 6"0dy + f(94)y1>,y1Q1dy
RXT, RxTe
= (Wl,l + (WLQ. (335)

Using Lemmas 2.2 and 2.3, we have

Wiy <Ce™ f \Y ({4 +4730 + 626 + 4{@3) Qdy

XTe

+Ce' f (P* +4P%0 + 6P + 4505)3)y Qdy
XTe

< e f (|V§||Q|+|g||Q||éyl|)dy+Cel‘“ f (IPlléylllQl+I7’y1||Q|)dy

RxT, RxT,
4

< —IIQII + CEVP + CT ||§|| + CT5

- 5b
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and
6—2a

- 1
(WI,Z < 63_3a f |(84)y|y1y1”Q1|dy < %”Q”2 +C 55 .
RxT,
Thus, for any 7 € [0, 7(¢€)], we plug the above estimates into (3.35), then use (3.14) and (3.19) to

obtain

a1 o €’ et
(||Q||2 + € 2C”||(11VQ||2)(T) < CEVYP + CT§||§||2 + CT§ (3.36)
) 2\ 32 A &
< CT(€2 2 4 g)( 5 + 7) + CT(S—5 + C||(¢0’\Po,§0)||%-

e First-order energy estimate of Q:
Applying the operator V to the fourth equation of (3.4), then multiplying with VQ and integrating
the resulting equation over R X T,, we have

1 5 62—2(1/ ) ) El—af ) - 63—3(1/ _
EIIVQH t— IVdivQll” = — VA& - 6% - VOdy + s @)y 1317101 Oy, dy (3.37)
RxT, RxT,
= (Wz,l + (Wz,z.

Direct calculations give that

W, < Ce™™ f V2 (g“ +47°0 + 67%6% + 44?)3) - VQdy

XTe
L Cel f (P! +4P°0+ 6P°F +4P7) 01,y
XTe

Furthermore, we use Lemmas 2.2 and 2.3 to derive that

Ce'™ f V2 (£ + 400 + 626 + 408°) - VOdy

XTe¢

< Ce'™ f VOIZI(1VZP + 19221 + 192118y, | + 1216y, | + 12118, 1) dy

RxT,
—4a —aa 1
< CEINLIPINEIT + Ce VP + IV OIP
+ Céz_zanéylHLw(R) f |Q1y1§y1|dy + C62—2“||P)’1”L°°(R) f |QIY1§)’1 |dy
RxT, RxT,

6—6 2 ha 2 n 14 4
+Ce "(IIPylylll + 116y, 117 + 116y, |l +||7’y1||)

—6 —4a 1
< Ce VIR + Ce* V2P + %HVQII2
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E4—2(1/ 66—201 68—4& E6—4(1/ 66—4a 610—4(1
e e L R .
and
Ce'™ f (504 +4P%0 + 6P°0 + 45093)) , Qudy
V1)1
XT¢
< Ce f (1P F1ul + 1Py 1013+ 1, PIPIQ1y | + 1By POl Jay
RXT¢
E6+2oz €4+2(x
< —|IV +C +C ,
< 3bu OIF + Cr—s—+Cr—
so we have
6—6a 44|12 et
Mﬁl_—ﬂVQI+C6 IVZIP + Ce HVﬂ|+CT5
Obviously, it holds that
_ €6
(W2,2 < 63_3& f |(04)}71y1y1y1||Q1}1|dy < %”VQ”2 57

RXxT,

Thus, for any 7 € [0, 71(€)], inserting the above estimates into (3.37), then using (3.19) and (3.27),
we obtain

A4+2a 6

2« : —6a —4a € €
(I9QIP + €2Vdiv QIR )ir) < Ce VAP + Ce - IVIP + Cr - + €5 (338)
i 63—2& 64—2(1/ 64+2(1 6
< Cret o S S ) 4 O + €5+ Clo, Yo IR

e Second-order energy estimate of Q:
Last, we apply the operator V? to the fourth equation of (3.4), multiply with V>Q, and integrate the
resulting equation over R X T, to obtain

2—2 l—oz 3 3a
||V2Q|| +— ||V2d1VQ|| = T fV2(94—94)'V2diVQdy+ f(94)y1y1>1y1>1Q1y1>1dy
RXTe RXT¢
(3.39)
= (W3’] + (W3,2.

We divide the ‘W5 ; into two terms.

Wi, <Ce'™@ f V2 (£ +40°0 + 6026 + 406 - V2divQdy

XT¢

+Cee f (P* +49°0 + 6P°F + 45093)y sy Ly )
1Y1)1

XTe
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We use Lemmas 2.2 and 2.3 to obtain

Cel™@ f & (g“ +475°0 + 67%6% + 4493) - V2divQdy
XTe

e f V2 divQIIZI 1V + 19221 + 192118y, | + 121y, | + 12118, 1) dy

RxT,

2 2a
< CEVLIPIVLIL + CEANVP + IIVzdIVQII + CE10), I~ f 101y, 1dy
RXT,
+ CENPy sy f 101y, 4y, 1dy + C€4_4a(”7)y1y1”2 + 118y, 17 + 16,11 + ||5Dy1||4)
RXT,
2—2a
< CEFIVEIR + CEIVAR + <V divolP
62 € 5 66 2a 64 2a 64 2a ES—Za
" CT(E " 5_5)”V5” " CT( & e e T )
and
Ce'™ f (P* + 4P°0 + 6P°0 + 47>é3)y 1y Qi dy
1Y1)1
XTe
< Cel_a f (lPYI|3|Q1y1)'1| + |py1)’1y1”Q1y1Y1| + |éY1|3|P”Q1y1)’1| + |éme1”P”Q1y1Y1|
RxTe

+ |Py1y| ”P}H ”Qlylyll + W)ym ”é)’I ”Qlylyll + |éy|)’1 ||p}’l ”Qlylyll + |éY1y1 ”éYI ”P”Qlylyl |)dy

8+2a 4+4a 4+2a 6+2a
: € € € €
: 3b”V QI + CT( st T e T )
Then plugging the above estimates into W5, we have
2_2 442«
Wi < CETNVLP + CEIVLP + ||V2Q||2 ||V2d1VQ||2 +Cr 2
Also, it holds
6+2a

€
(W32 < 63 e f |(04))1y1y|y1y1”Q1y1y||dy = ”VZQ” +C

RxT,

5°

Thus, for any 7 € [0, 71(€)], inserting the above estimates into (3.39), then using (3.19) and (3.27), we
obtain

(IIVZQII + €72 V2divQll )(T) < CET MV + CE VP +C Eza (3.40)
63—20 64—Zw 4+2a
< Cre (S )+ S+ Clo, o 0l
Finally, we combine (3.36), (3.38), and (3.40) together to end the proof of (3.34). O

AIMS Mathematics Volume 10, Issue 3, 4860—4898.



4896

Collecting Lemmas 3.1-3.4 together, choosing ¢ = €“|In €| with

1 5
w € (0, Z] and «€ (g, 1), (3.41)
such that
63—2(1 64—2& e
5 + 5 < e,
& M
St < et 4 Lwhen €< 1, (3.42)
€ 62a—1 €
5_%’7’5 <1,

we finally close the a priori Assumption (3.10) and obtain a priori estimates (3.11) and (3.12).
Eventually, Proposition 3.1 is proved.

4. Conclusions

In this paper,we establish the vanishing viscosity limit for the two-dimensional radiative
hydrodynamics system, demonstrating that its solutions converge to the planar rarefaction wave
solution of the corresponding compressible Euler equations as the viscosity parameter € — 0. Further,
we develop new cancelation mechanisms to address the radiative term in the system. Instead of
specifying the order of scaling, we provide a broad range of orders. Using carefully designed scaling
relationships and performing meticulous energy estimates, we establish the explicit convergence rate
presented in (1.11) . This shows that our result serves as a generalization of [11, 12] to radiative
hydrodynamics.
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