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Abstract: Applying the Cauchy-Pompeiu formula and the properties of the singular integral operators
on the unit disc, the specific representation of the solutions to the boundary value problems with the
Dirichlet boundary conditions for bi-polyanalytic functions are obtained on the bicylinder. Also, the
mixed-type boundary value problems of higher order for bi-polyanalytic functions were investigated.
In addition, a system of complex partial differential equations with respect to polyanalytic functions
with Neumann boundary conditions was discussed. On this foundation, the solutions to Neumann
boundary value problems for bi-polyanalytic functions on the bicylinder were obtained. These results
provide a favorable method for discussing other boundary value problems of bi-polyanalytic functions
and the related systems of inhomogeneous complex partial differential equations of higher order in
spaces of several complex variables.
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1. Introduction

Bi-analytic functions arise from the research on systems of some partial differential equations and
play an important role in studying elasticity problems. In 1961, Sander [1] studied a system of partial
differential equations of first order:
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for k € R, k # —1, and introduced the concept of bi-analytic functions of type k. He extended the
elementary properties of analytic functions to bi-analytic functions and extended the related problems
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of the plane strain, the generalized plane stress, and the flow of viscous fluids to the theory of bi-analytic
functions.

Later, Lin and Wu [2] introduced a more extensive class of functions, i.e., bi-analytic functions of
type (4, k), which are defined by the system of equations:

1ou _ dv _ 3 1ov _
w (CV—
k$+/la—y—0, ka—y—/lg—o,
where f(z) = u + iv, A, k are real constants with 4 # 0, 1, k*and 0 < k < 1. The complex form of the

system of equations is
k+10f k-10f A-k A+

2 % 2 % a0t

in which ¢(z) = ki — idw is analytic and is called the associated function of f(z). Lin and Wu [2]
obtained the general expression and some properties of bi-analytic functions of type (4, k), including
the Cauchy integral theorem and formula, the Morera theorem, the Weierstrass theorem, and the power
series expansions.

h—
¢(2),

Hua et al. [3,4] investigated the systems of partial differential equations of second order, which have
close association with (4, k) bi-analytic functions, and showed that (4, k) bi-analytic functions provide
a powerful tool to deal with problems of plane elasticity.

Mu [5] obtained the Cauchy integral representation, the removable singularity theorem, the
Weierstrass theorem, and the mean value theorem of bi-analytic functions of type (4, k) in the complex
plane. Wen et al. [6,7] studied various types of boundary value problems for elliptic complex equations
and systems, including boundary problems of (4, k) bi-analytic functions. Begehr and Lin [8] studied
a mix-contact problem by applying (4, k) bi-analytic functions and singular integral operators. In
addition, Lin and Zhao [9] reviewed the work on the applications of bi-analytic functions in elasticity,
especially for solving the basic boundary value problems of plane elasticity (in isotropic or orthotropic
cases). In [10], Lai investigated the properties of the vector-valued bi-analytic functions of type (4, k)
in a complex couple Banach space and obtained the solution of the corresponding Dirichlet problem.

The special case of bi-analytic functions of type (4, k) for k = 1 is

(9f_/l+1 A-1— (9¢_
2 A #(z) + 11 #(2), 62—0,
which means
0 f o’f
(1—/1)6—224'(14'/1)%—0

Thus, bi-analytic functions are different from bianalytic functions (which only satisfy ?;7{ = 0) in the

sense of Bitsadze [11]. The generalization of a bianalytic function f is ng =0 (n > 1), which is called

a polyanalytic function [12]. Obviously, bi-analytic functions can be similarly generalized.

In [13], Kumar extended bi-analytic functions on bounded simply connected domains. He
considered the system of complex equations:
)
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where f is called bi-polyanalytic functions, and obtained the expressions of solutions to the
corresponding boundary value problems on the unit disc. In [13], the systems

0 A+ N "

aff _ —¢(z) " —¢<z) ¢ = Wz b, f. ),

0 A+1 -

Y=l + 0, _‘f = 6 ),
7 07

and the associated boundary problems were also discussed.

Begehr et al. [14,15] investigated boundary value problems for bi-polyanalytic functions in the
upper half plane and on the unit disc. Similar researches can also be found in the reference [16].

In 2022, Lin and Xu [17] successfully obtained the solutions of Riemann problems of (4, k) bi-
analytic functions. In 2023, Lin [18] discussed a type of inverse boundary value problems for (4, 1)
bi-analytic functions. Nowadays, bi-analytic functions and polyanalytic functions have made great
progress [19-22].

The above conclusions are all in the complex plane. If these results can be extended to spaces of
several complex variables, there will be more applications. There have been some conclusions about
bi-analytic functions or polyanalytic functions with several complex variables. For example, in [23],
Begehr and Kumar studied complex bi-analytic functions of n variables. They successfully obtained the
corresponding Cauchy integral formula, Taylor series and Poisson integral formula on the polydisc, and
discussed the Dirichlet problem of the systems of partial differential equations on the polydisc. In [24],
Kumar discussed a generalized Riemann boundary value problem by the Cauchy integral of bi-analytic
functions with two complex variables. In 2023, Vasilevski [25] studied polyanalytic functions with
several complex variables in detail.

However, there is relatively little research on bi-polyanalytic functions in spaces of several complex
variables. Inspired by these, and on the basis of the previous works of the former researchers, we
first investigate a kind of boundary value problem for polyanalytic functions with Schwarz conditions
on the bicylinder, then we discuss boundary value problems with the Dirichlet, Neumann boundary
conditions and mixed type boundary conditions for bi-polyanalytic functions on the bicylinder.

Throughout this paper, let the bicylinder D* = D, X D, = {(z1,22) : |21l < 1, |z2| < 1}, whose
characteristic boundary is denoted as d,D?, where z; and z, are on the complex plane. Let C"(G)
represent the set of functions whose partial derivatives of order m are all continuous within a bounded
smooth domain G.

2. Some lemmas
Lemma 2.1. [26] Let G be a bounded smooth domain in the complex plane, f € L,(G;C) and
(£) :
rie) == [ Laen. c-evin
G

Then, 0:T f(2) = f(2).
Lemma 2.2. [26] Let w € C'(G;C)(\ C(G;C), where m > 1 and G is a bounded smooth domain in

the complex plane, then
dO'Z"
w(z) = —f (()— - ;f z({)—
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1 1
f w:(2)do, = = f w(z)dz, f w (2)do, = —= f w(z)dz,
G 2i Jog G 2i Jog

where do; = dédn ({ = £ + in) and do, = dxdy (z = x + iy).
Lemma 2.3. [27] Forn € N, f € LP(D), p > 1 with D being the unit disc, let

(=" — -1 f@){+z f(§)1+z{
Tl AR SR et 7 T
and let Tof = f. Then

[
%T,,f:Tn_,f, 1<i<n,
9 J
RST.f=0GedD), 9-T,f(0)=0.0<I<n~1.

Lemma 2.4. Let g,, € C(0oD*R) for | <p,v <m—1(m > 2), and let

é(z) = S AT 1t5,7,(2)
’ _71=ﬂ~2:v~1 y! e
where
m—/J—l my-1
8(#+11)(v+12)(§) dfdf, —
A —A,—A3+A , =, vy =v,
(27”)2 \L;DZ s 11! —(A1—Ay—A3+Ay) 00 VIS, V2=V,
m—p—] m—l—vz
g(ll+11)(\72+12)(§) d§1d§2 — —
—_— ———————"(B1—-By)|, Vi=p,v<v,<m—1,
2f ( 2Mvp=vpv— 1
Y 2ri)* Js,p2 1120 IZZ::J) 0L15! I4Ye)
viva m=1v7 moe-l
1 f 8@ +r+1) (&) didd, ~ -
~ — 0 (C1—C)|,,= , u<vi<m-1,v;=v,
QP o2 ZZ [0 T BT ’
m-1) m-19,
g(v1+11)(vz+12)(§) d§1d§2 — —
D)y, m———, u<vi<m-1,v<v,<m-1,
<2m)2 faom Z Z AT Ty ! ’
in which

A = [~ 60"z — - &)+ (—2) N2 - - 5)+ (21— G- Zl)l'(—Zz)lz][%+ﬁ—1],

(1-21)(2—22)
Ay = (00" (=0 B ey~ 1 + (2" (75 - 11),
Az = (—§2—Z2)12{(Z1—§1 )l @1&—1] +(-z1 )ll[ 2 —1]},

> . 2 21)((—22)
As= (00" (~4-D) 7+ 72 -2),

B = [@~{~0) (- 6= 5)+(-2) (= G- 8) + (2= 6= 8 (—2) (D) || =52 — - 1),

- _ 5 s S1—21)($2—22)
Bz = (~0-I)"{(@a~ - D) =~ 11 + () (D)2 [ 2 - 11},

= (@G-8 = -B) ™ (-2 ()@ —Lr-Bo) + (- (-8 22l [=2e— 1],

—21)({2—22)
Cz—( ~0-0)" (@ =00 e — 11+ (—a) ()" [P - 11},

= (2=~ 8) 22~ 0)+ (=) (1) (22~ L= 80)" + (21— 51 {)'(=22)" (= l)vz][((l 121()1(?2 .
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Then, 5(z) is a specific solution to the problem

8m6m¢(z) 0, ze D?,

1 22

%5/;15; #(2) = gu(2), 7€ OD?,
38 0% ¢(0,22) =0 = 5(9?1@2(?(21,0), 21 € Dy,25 € Ds.

Proof. Obviously, u;7,(z) is analytic on D?, therefore, 67 9” ¢(z) = (. In addition, from the proof of

1 22

Theorem 2.1 in [28]: We obtain that Ré. 67 ¢(z) = guw(z) forz € 0oD?, and

i1 22

I 8% $(0,25) = 0 = J8" 8% $(z1,0)

71 22 122
for z; € Dy, 720 € D,. So, a(z) is a specific solution to the problem.

Lemma 2.5. [15] Let D be the unit disc. For 1 <k <n-1, let g, € C(0OD) and c; € C be given. Then,
there exists an analytic function u; on D satisfying

k-1
0y ) —Uniy 127 = gui(2) (z € OD), 1, 1(0) = cpi
u!
u=0
if and only if forVz € D
¢ _
27” gn 1({) é,)g 0,

1"1
Z( ) f‘:ngk(g)l_gg Cnir1s 2<k<n-1,

and uy, is uniquely represented as

Up4(2) = Cng — %L Z (= ) ( &nrv—k({) log(1 _Zg)?év
D
1 k- 1 /1 ) 2 FF7de
—Z 7y 2 —4 G iy k@)m —— [ 1og(1 —z§)+; 7

Lemma 2.6. [15] Let f € Li(D), ¢ € C(0OD) and c € C be given; then the problem
= f(ze D), 9,w(2) = ¢(2)(z € D), w(0) =c

has a unique solution

.1 _n%_ 1 _ 1 Q)
W =c= 5o | p@logl )7~ oo | f©log ~ 2Dl fD e
if and only if
1 e 1 a1
o | wortmr e an | rorSs =1 [ oS
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Lemma 2.7. Let uy be an analytic function on D*. Then

1 d d 1 1
_Zf uo({) Ta o =(Zz——)[Zluo(Z)——(uo(Z)—uo(O, Zz))]
T D2 Z Z

OG-l -2 2 1 2.2)
1 1 ’
+—|21u0(z1, 0) = —(uo(z1, 0)~10(0, 0))],
22 <1
and
1 dO'é'] dO’g2
—f uo(4) = u1(z) — u1(0,22) — (u1(z1,0) — u;(0, 0)), (2.3)
n* Jp H-210 -2
where 0;,0,u1({) = up({).
Proof. By Lemma 2.2,
1 do; doy,
f 0(4)51 -2 -2
E 1f 05, Bouo( ) 2| L
_7'( bt 215250 {2—22 1 -2
_ -1 _ 1 d§2 dO'é“l
-, [f2m0(d1.22) = o — Oz Z2] {1 —
=— [22140(51 ) — —(uo(§1 22) — uo({1, 0))]
T Jp, 1— 2
1 -1 d l -1
= (- —)— f wGn a8 LU0 24
2 Jp, él—zl Zzﬂ Dy {i—27
| L 1- _ do,
=(Z2— —)— 3;1 (Giuo(&, Zz)) —— 0z, ({1uo(£1,0))
oINS 51 Zz m Jp, 1—21
_ 1 1 dc
=(Z2 - 5)[21%(21,22) =5 - §1M0(§1,Zz)§1 —lzl]
" | _ dz
+ |20, 0 - 5 |, G@.0 ~]

1 1 1 1
= (22— —)| Z1tt0(2) — —(1t0(2)~14p(0, 22)) |+ —[ 114021, 0) = (1o 21, 0) ~uo (0, 0)) |
22 21 22 <1

So we obtain (2.2). Let d,u1({) = ux({). Since 0;,0,u1({) = uo({), then we have 0,u>({) = uo((),
which follows dz,u>({) = uo({). Therefore, by Lemma 2.2,

-1 1
= fD oD~ e agzuz(g) —
_ _
:M2(§1,Zz)——.ja‘ uz() s

27t D, 42 — 22 (24)
T d
=uy({1,22) — i f Z(K)Q(TQZQQ)

= ur({1, 22) — u2({1,0).
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In addition, d;,u({) = uz() follows 0z u1({) = ux(£). Similarly, we have

— Mz(flszz)
n

D gl_ 21

= u1(2) — u1(0,2). (2.5)
Therefore, by (2.4) and (2.5), we obtain

1 do; do -1 -1 do do

- Mo(f) & %) - f [_ f %) ] &

n? Jp O-210-22 nmdptwmdp, -2 0 -2

-1 d -1 — d
— f ) - f (&1, 0) b

m Jp, OG-z 7w Jp, 1— 2
= u1(2) — u1(0,22) — (u1(z1,0) — 11 (0, 0)).

Lemma 2.8. Let ¢ € C(6yD*;C) and 8w € C(0oD*;R) for 1 < pu,v < m—1(m > 2), and let
A€R\{~=1,0,1}. Let W(2) and uy(z) be analytic functions on D* and

W _ _lf [/l—1~ + ] dO',:l dO'{2
0= e0- 7 | [0+ S| o
A-1,_ 1 _ u(T) up(0,15) uy(t1,0)—up(0)
— i1 {(Tz_g)[TIuO(T)_ 0 TIO 2 ]+T2[T1u0(7’1,0)— AL o 0 ]} (26)
A+1

i1 [u1(7) = u1(0,72) — ui(71,0) + u(0,0)]

for T € D%, where ¢ is determined in Lemma 2.4 and 07,05,u1({) = up(). Then

dé\dfy

1
WZ) = —= —_—, 2.7
® (27Ti)2faoz>2 “ (f1=21)(2=22) &7

and

uo(z) =

41 { 1 I e(ddy  di,
A+1 (27Ti)2 p(172141)? (1-224,)?

1 -1 /1 4+ 1= do_{ldo-,(z

1 A-1~ A+ 1=+
‘“‘”{W[ w0 [ [*r a0 4; O |derg dor

A=-12% 1
" A+1 {(2711)%[ Q) {——f 4 ¢(§) ¢(§)]d‘7{1 do'lz}

Proof. As W(z) is analytic, applying the properties of the Poisson kernel on D?, W(z) can be

expressed as
W({)
déd 2
fa:)DZ (&1 —2)(&2— ) G1de2 (2.9)

W(z) = (271—1)2

if and only if

1 71 Z 2 1 2 1
—_— "4 didé, = 0. 2.10
(2ni)2faom (5)[1—21411—2242 T2t -a  1-z4 §2—Zz] Gt (210)
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(2.6) and (2.9) derive the expression of W:

1 W)
W(z) = did
© = Gy faoDz G =G =) e
dO' d0'~

1 1 A—1~~
" QP faonz o -2 fD [qu({) ¢<§>] L-0G-06

- @ oo - = g2))+5(;u0(§1,O)_uo(a 010
S l[um —u1(0,%) = 11(£1,0) + u1(0,0)] }@1 _‘Zféz_zz)
Lo R S
- - L@ - 0.) - 0@, 0) + (©, 0)]}(51 _‘iiéiz_ —
dog dog, ddé

1 1 /l—1~~
- fa oo | |30 a0 ) e

_A1, (0)—f f |
41 " oni oD, 2ri oD, §1(§1—Z1) 0 — 22)

A+1 1 1 d dg,
44 2nmi 6D2{27Tl aDl[ul(g) @)zl O)+ul(0)]§1(1—Z1§1)}fz(l—szz)
dog dog didé,

| ST
el oo 5[ [ a0 ¢<§>]§1 Yt [T

- o | o e
(27i)?J g p2 (§1—2)(2—22)

o [ 5[ (S0 50) <

d0' d0'~ dé, } déi

270 Jop,2miJop, L1 ) e L-4 {2 L e -
_ 1 f o dfidg,
2ri)>J g2 (&1— Zl)(fz Zz)
1 1 A-1—~ 1 di dog
—_ _ - — d —
2mi aD{7T2 D2( 42 )[27” o, L~ 62— Z2]§1—§1 74

= Lf ‘P(OM
(2mi)*J g2 (Gi—2)(—2)]

which is due to
1 i _, | 1 ds

— =0, —| = -0
27ti Jap, 161 — 21) 2nidop, (—8 $2 — 22
and |
), 1062100, -G 041001 (1—2 o
for z € D?.
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Similarly, by (2.6) and (2.10), we obtain

1 Z1 %) ) 1 Z1 1
—_— %74 ~ = + = + - did
(2m)2fw ey v 1—;7,242 él—zl ey L L

0'51 d0'~

1 1 A—1~~
= Qnip fa . -5 f [_M) * M] L-0LbL-6

A— (&)= uo(0, 42) uo(£1, 0)=uo(0)
— — 0)—
YR (e 2 L) G 2 )+ Z Loz, 0) 2 )]
/l
0@ - 00.5) - 6@, 0) + 100
Z] 22 22 1 Z 1
. did
[1—2141 -5 1-2640-u 1—214142—@] G2

0'5 d0'~

1 1 A—1~~ {
(270> faDz {(’0(0 o sz [—¢(§) ¥ ¢(€)] L-0bL-6

-11
L 0 - S @ - 6 ©0.0) - @, 0) + i 0,0)])

41 474 4
21 2 2 1 71 1
+ + déd
[1—Z1§11—22§2 1 -2040 -2 1—515152—22] Gt
= 0.

Therefore,
ooz | 0= [ [0+ 2550 5 75 )
Qi) S T T Sl N L E

21 2 2 1 21 1
. + + diid
anias tToann s Tz 5 a0

A-1 lf[ 71 ) 22 1 2 1 ]d§1d§2
0o D?

uo(0)

I BT e R R Y R
A+1 1
LS} (2ni)? f%m[m({)—u1(0,§2)—ul({1,0)+u1(0,0)]}

21 2 2 1 21 1
. + + déd
[1—21411—22{2 1—224251—zl 1-z214 gz—zQ] Gtz

A= 71 dé f L dh Lf dé
4 MO(O){2m fD 1-2181 & [27” op, | =220 & " 2xi D, (42_12)42]

1 d§1 1 f 22 @}
" 2 op, (1 =204 2mi op, 1 =220 &

A+1,1 1 21dd, 2d{,
T {2m o 27, 116) ~ 10,0 =G0, 0 4 O =S [
1 d¢ 22dd,
" iy 27 aDl[”l@ ~ (0.8 =6, 0) + i O s S
1 1 dés z1dd,
T 2y 16 ~ 1100 =G0 0 4 O 2
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A-1 A+1,1 d
= up(0)7172, + 4-; {Z_m - [u1(z1,82) — u1(0, £2) — ui (21, 0) + w1 (0)] 52(222 EZZZ)

+Lf Ml(f)—M1(0,§2)—M1({1,0)+M1(0)' 22dd,

27i) o, 1-z214 4=0 {H($r — 22)

+Lf u(§) —u1(0,8) — ui(41,0) + ui(0) z1dd, }
2ntiJgp, 1 =20 &=0 {1(41 — 21)

A-1 A+1
=1 up(0)Z122 + 4-; {[Ml(Zl, ) —u1(0,4) — ui(z1,0) + ui(0)]s,—,

= T z1, 22) = 10, 22) = w121, 0) + 1 (0)Iomo}
-1 1
A 0ms+ P 0 — 00,9 — 0@, 0 m o],

42 42
which is in virtue of

(2.11)

1 7 d{l = 1 2 d{z
2 oo, 1 = 2181 & 2mi op, L =220 &

=2

and
1 déy _0= 1 ds,
2ri Jop, $1(&1 — 21) 27t Jop, Hr(G — 22)

Taking the partial derivative on both sides of Eq (2.11) with respect to 7,2, gives

1 1 A—1~~ dog dog d¢i dé
e fa . o) - fD 1590+ ¢(4>]{1 Y g2}<1 R 5L
_a-1 0 A+1
= WO+

Thus,

A-1 A+1
0
2 O+ =7

o d¢, ds _Lfifﬂ_ e
~ Qmiy faODZ T o (-n0r  2m aDz{nZ |0 M]

. [Lf 1 d ]d0'~ dog, } dé
27t Jop, &y — &6 (L =2 0209 7 — 5 (1 = 220)°

o [ o

2ri)* Joop2 (I-2 { D2 (1 = 225)?

+1== —doz 1 1 di,
S S LI P _ do~
f ¢(§) ¢({)] (1 _ Zlgl)z 2 oD, 42 _ 4/2 (1 _ 2242)2] 0—§2

1 90({)6141 d§2 1 /l__l"’ A+ 1="— do—{l do—(z

[ A3 7O 00 G i

u(2).

uo(2)

(2.12)

(27”)2 p(1-2101)? (1225 =2

Partlcularly

A- A+1—— 1 A+1=—
w0+ L a0) _WI wOdl— f S SO o dog,  213)
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which follows

A+ 1=—

A—1—— A+1 1
= t0(0)+ T =uo(0) = o )2[ e(dL~— f —¢<§)+—¢(4)]dcrg.d% (2.14)

(2.13) and (2.14) derive

up(0) = (1 + 1] l o(Q)dL-— f —¢<4>+—¢<§)]dagld(r@}

(2mi)?

(2.15)
-(- ){(2 > [ $Odl—— f [0+ S0 o dors)

Plugging (2.15) into (2.12), we obtain the expression of uy(z), i.e., (2.8).
3. Dirichlet boundary value problems

Theorem 3.1. Let ¢ € C(0yD?*;C) and 8w € C(0yD*R) for 1 < pu,v <m—1(m > 2), and let
A e R\ {-1,0,1}. Then the problem

A-
0,05, f(2) = —¢(z) —¢(z) ol P(x) =0, z€ D,
with the conditions

@) = ¢@2), R 0L $(2) = u(2) (z € JoD*), 3- 0% $(0,25) = 0 = 38, 8, (21, 0)

71 22 7] 22

for1 <u,v <m—1 has a unique solution

1 & 4 O b d¢
_ -1 -1)—=
f@) = (2 )2f ({)(gl Zl+§1—Z1 )(42_Z2+§2—Z2 ) Ve
2 2 2 2 o Rl 2
4 [(lzll —1)(|z2] I)MO(Z)+|Z2| 1u0(0,22)+|21| 1u0(z1,0)+1 {z11"[z2 uo(O)] (3.1)
A 2122 2122 2122 2122
1 A+ 1=— 1 2122

o= [ [0 o) |derg dos,

(G2)(r22)  @O-DEal-1)

where ¢ is determined by (2.1) and

42

uo(2) = /1+1{

1 l e(ddy  di,
(2mi)2 b, p2(12141)? (172245)?

1 A-1 /l + 1= do—{l do—§2
f ¢(§) ¢(§)] (1-210)2(12,0)? } (3.2)

A-—1~ A+ 1=
- (- ){(2 g ! so(g)dg—p fD [ 90+ 4; $()|do,dos,}

A-17 1 1 (-1~ _ A+1=—
* (,1.,_ 1) {(zﬂi)2!D2¢(§)d§_pvaz[ i1 ¢+ 11 ¢({)]d0'§1d0'42}.

AIMS Mathematics Volume 10, Issue 3, 4792-4818.
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Proof. (1) Applying Lemma 2.1,

1 [ a-1 A+1. doy dog, A-1
;01— —5 90+ ‘ =
{712 sz [ 42 ¥ 42 ]51 -2 —Zz} 41

which means

1 a1 z+1 do,,  do,
;Lz [Hﬂ{) ¢(§)]

H-ub—-2

is a special solution to

A-1 A+1_
0:01(2) = =) + =400

Therefore, by Lemma 2.4, the solution of the problem is

1 —
[u0(0) + ()] 44

—_— d
o) + FOl) e Le

1 A—
f(Z):W(Z)-F;\[Dz{ 42 51— 152—22

where ¢ is determined in Lemma 2.4, W and u, are analytic functions on D? to be determined, and
f=e
Applying Lemma 2.7 and plugging (2.2) and (2.3) into (3.3), we obtain

A+1 do—é’l dO’é«2

1 -1~ 3
f@ =W+ _f [ PO+ ¢(§)]{1 —ulb -2
A

u (z) uo(0, 22) uo(z1,0)—up(0)
+ W{(Zz——)[ 1MO(Z)—OZ—102] Zz[ Z1uo(21, 0)— —— - 0 ]} 3.4)

1 [ul(Z) —u1(0,22) — ui(z1,0) + u;(0,0)],

which leads to

1 A=1~  A+1=— doy doy,
W =10 - [ |50 + S| s

A-1(_ 1 . u(z)u(Oz) uo(z1, 0)—up(0)
0 {(ZZ—Z—Z)[zluo(z)—OZ—IOZ]+Z [0, 0- === G9)

/l 1
i (1) - 100,22) = 11z, 0) + i 0, 0},

Considering the boundary condition f = ¢ and applying Lemma 2.8, we obtain that W(z) and u(z)
are determined by (2.7) and (2.8), respectively. Therefore, we have

up(0,20) =

41 [ 1 o(Odl 1 ((A-1~ _ A+ |=—dodoy,
A+ 1{(2711')2[ I IENATE Dz[ FAAY ¢(§)](1—22§2)2}

1 A=1~ = A+1=—
~ (- ){(2 5 l Odl-— f [S 00+ = =00 dorsdos)  G6)

A-172 1
(/l+1) {(2m)2! pQdl—5 f —¢(5)+—¢(§)]d04.d<f@},
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and

41 odl 1 [A-1~ dor,do,
w0 = 77 1{(2m)2£0,)2(1—21§1)2 iz DJTM) ¢(g)] (1-2:4 )2}

1 1 A-1~ =
‘“‘”{WL w0t [ [0+ a0l o) 3

A-12 1 A-1- _ A+1=——
T {(2m)2! pQ)de - f[ o YO+ O |dogdo, .

In addition, (2.11) gives

1 1 A
= G fa . o) - — f [—¢(§) —¢<§>]

A+1
; (1) — (0, 22) — 121, 0) + w1 (0)]

da' da'
{1 — 4 {2-{2
] {1 52—

. [ 21 2 2 1 71 1

- - + = + - up(0)z12
1-201-20 1-bhbh-u 1-2hb-2 4 O

1 2 2 1 2 1
_ dtyd
@ri)? faoaz "”@[1—2,141 TR eyl gy poup LS

1 1 A- 1 2de, dozdog . 7,de,
zﬂ,fw{,ﬂflﬁ[ 0O + _‘”(5)][%[@141 CTenal z o Tona
/l— a+1 1 dey 1dozdog 7,dés
~ 3 fwzﬂz [ [0+ 790 5 fwl T ot s

I dg dogdog, zidg
5 b [ 7@+ 70 5 fwz = ah-a 7oz itug
A-1

41

(3.8)

uo(0)Z12>

1 2 22 1 2 1
_ ded
(2mi)? \faoDZ cp({)[l - Zlfl 1 - szz 1 =200 -2 1o 26 &~ Zz] Gl

1 A—1~ == 1d0'(1 1 1 2d§2 . 1-1 o
_Efm[ o ‘m]z 71l famgz -5 1 SrglTa e 0nn

21 22 22 1 <1 1
_ dtyd
@ri)? faoDz A0l -5 TR eyl g oo LG

1 A=l-~ A+ 1==y 2doy Zdog -1 o
- _ - 0 ,
HZL[ o HO+ PO = = T O

in which
1 1 z7idey % 1 1 d{ —O—L 1 dg,
2midop, & — i V= 2d 54 -1 2ridep, -6 — @ 2ridon, b — £ $2 — 22
are used.
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Plugging (2.7) and (3.8) into (3.4), f(z) is determined as

_ 1 dgldévz i A-1~ A+1=— dO'gl dO'gz
J@= (2m>2fawz AO G v | [0 + 0]
_ 2 _ 2 _ 2 2 _
4/11[(|Z1| D(lz2|* = 1) uo(2) + 22" — 1u0(0, ) + |z1] 1uo(z1,0) N Mo(o)]
2122 ) 2122 2122_ 2112

1 2 2 1 71 1
—_— déd
* iy faODz (5)[1—@41—@@ MR R oyl ey e L

= | |50+ ) wdog 2dva A1, oz
_ — — - 174
44 24 -156-1 44 B

_ dfldfz i A-1~ /1+ 1=— dO’gl dO’{2
- (Zﬂl)ZLODZ #lo) (&1—21)(2—22) +7T2 [ 42 He)+ ¢(§)] G-l -2
+/l_1[(|Z1|2 D(Jz*-1) |Zz|2 2111 14z, |22/

up(0,20)+ u 0)+
11 . uo(z)+ - 0(0,22) T 0(z1,0)+

wO®]  39)

1 2 Zz 22 1 4 1
diid
" (2mi)* LODZ 90(4“)[1 - Z141 1 =28 ¥ 1 -0 80 -z i 1-24 8 —Zz] G1der
1 A-1—~ == Zldo-é szO'
ﬂ2LZ[ 41 ¢(§) ¢(g):| Zla _ 122§2 -1

1 g & & g d¢
(2ﬂi)2L D;,o({)((l —Z1 " {1—21 )(52_@ ’ H—2 ) ¢

2 2 2 2 ] 2 2
RIS O B o IO S0
Z1Z2 2132 21322 2122
—1— A+ 1=— 1 2122
1 , _ dogdo,
+n2sz TR0V WO\ e ~ BrheaD eade

where u(z), u(0,22), uo(z1,0), up(0) are defined in (2.8), (2.15), (3.6), and (3.7), and the last equation is
due to

71 %) %) 1 2 1

1 1
_2f (g)[ - - +—
(2ri)*J oy p2 ((1—21)(52—22) 1-2181 1-220 1-220 021 1-2161 {22

Ja

1 21 %) 21 2 g}
(2771)2\f6:)D2 (4)[(51—11)(52—@) 1-2:14 1—22§2+(§1(§1 -z -0 1—2252)

Z 22 216
d
+(1 —2181 (4 22) ¥ 1—2141?] ¢

! i 5122+21{2 lez 4121 22 + 1 Qo ]d
(27”)2 D2 (§1—Zl)(§2—Zz) (1—2151)(1—2252) Oz 1-220 1-2140 =2
L& 1 4Gz 2 2 bo
= — } - f d
(27Ti)2~£;D20(§{({1_Z])(42_22) (1z:1{)(-228) 4 +§1—Zl 1240 1-2i {2—Zz] ¢

— 1 f (P({)[ 41¢$; + L& .l 2 N 2 22 ]d£
ri)*J oy (G120 22)  (G—21)(22) b0z O bl

1 4 4 O b d(
= — - 1 - 1
(Zﬂi)zj;()D2¢(§)(§l_Zl ’ {1z )(§Z_Z2 ’ ) ) -
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(2) In the following, we verify that (3.1) is the solution to the problem.

(i) For z € 8yD? (i.e., |z1| = |zo| = 1), applying the properties of the Poisson kernel on D?, (3.1)
satisfies the boundary condition f = ¢ obviously. In addition, applying Lemma 2.1, by (2.12) and (3.1),
we obtain

aZlasz(Z) =

1 eds  do -1
(2ni)2£m<1—zlmz sy aq 0@~ )]
dO'{ldO'gz

A-1~ /l + 1= A+ 1=—
TR (Z)__f o "5(5)](1 A NS

A— A 1 A-1 A+1 /l 42
= —¢(z)+ L¢J(z)+ uo(Z) 4; { 0( )+

A+1

1 Qo(g)dgl d§2 _i - do—(l do—lz
[(27Tl)2[02(1—21§1)2 (1-225)* ©Jp [ a1 ¢(§) + a1 ¢(§)](1—Z1§1)2(1—22§2)2]
A- A+1=—" A- 1 A+1——
- —¢<z> + 00 + @) + e
/l -
= WM(Z) + up(2)] + W[‘?(Z) + up(2)]
A-1 A+1—
= 6 + 000,

(i1) By Lemma 2.4, ¢(z) = ¢(z) + uy(z) satisfies 370" ¢(z) = 0 (z € D?) and

122

R 0% $(2) = gu(2) (z € BD?), 3. 3% $(0,25) = 0 = 38 82 p(z1,0)

7] 2

forl <pu,y<m-1.
From the above analysis in (1) and (2), and by the expression of f in (3.1) and the uniqueness of
up(z) in (3.2), it is shown that (3.1) is the unique solution of the problem.

Theorem 3.2. Let ¢ € C(0yD?*; C) and Nyivis 8urvs € C(0oD?*;R) for 0 < uy,vi <n—2, 1 < pp, v, < m—1
(m,n>2),andlet A € R\ {-1,0,1}. Then

f@ = Tuorp,(Tu1.0,F)@) + (2)

is the solution to the problem

A f(z) = —¢>(z) + —¢(z) 3 P(z) =0, z € D?,

21722 1722

with the conditions

{ o f =, RAL f = hy,y, (z € 8D, T80 £(0,22) =0 = T8 32 f(21,0),

1 22 1 22

R 2<9V2<15(z) 8o, (2) (z € 3yD?), B892 ¢(0, Zz) 0=38702¢(21,0),

21 22 71 22 )

where F(2) is determined by (3.1) (in which g, is replaced by g,,y,), ¢(z) is determined by (2.1) (in
which g, is replaced by h,,,,, and m is replaced by n — 1), and

=D f w1 [ F) &+ zi F(é) 1+ 2z
=T G—z+&-2""| AT R
with Top,FF = Fandn €N, i =1,2.

T, F(z) = |dgidn.,  3.10)
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Proof. Let F(z) = (9’;1‘1(9;’2‘1 f(z). Then, the problem is transformed to be

1722

A-1 A+1_ n am
0:,05,F(2) = Wfﬁ(Z) + Wﬁf)(Z), A d(z) =0, z€ D,
with the conditions

21 71 22 71 22

F =g, RA“O2H(2) = 8un(2) (2 € BD?), 320240, 2) = 0 = 3802 ¢(z,0).

21

{ 8?1_18?2_]‘]( = F’ %aﬂlagf = h,ulvl (Z € aODZ)3 8aiula“/lf‘(oa Z2) = O = Saﬂlaylf(ZbO)’

21 22 2172

By Theorem 3.1, F(z) determined by (3.1) (where g,, is replaced by g,,,,,) is the unique solution to

122

F =g, ROZIZH2) = 84y, (2) (z € doD?), 382022¢(0,2,) = 0 = 328 ¢(z1, 0).

21

{ 0:,0:,F(2) = Hlo(2) + 2L6(2), 8702 ¢(2) = 0 (z € D?),

21 22 21722

For T, p,F defined by (3.10); applying Lemma 2.3,
00 Ty .o, (Tae1.p, F) = 827 (Tyo1p, F) = F,

%aﬂlal’l Tn—l,Dl(Tn—l,DzF) = %agll Tn—l,Dl(Tn—l—vl,DzF) =0 (Z € aD),

21 722

Salzfllag Tn—l,Dl(Tn—l,DgF)(Zl’ O) = Sa’;ll Tn—l,Dl(Tn—l—vl,DzF)(Zla 0) =0,

30107 Ty-1.0,(Ty-1.0,F)0,22) = 55’;,1 Ty-1.0,(Ty-1-v,.0,F)(0,22) = 0.

21722

Therefore, T,-1.p,(T-1.0,F) is a special solution to 87~'d%"' f = F, and the solution to

OO f = F, RO f = hyyy, (z € 8D, 3804 £(0,25) = 0 = 3.0 f(21,0)

2172 21722 272
is
J (@ = Ty-1,0,(Tn-1,0,F)(2) + $(2),
where ¢(z) is an — 1-holomorphic function on D? satisfying

R P = hy,,, (z € dpD?), 3"

2122

32 (0,2,) = 0 = 380 d(z1,0).

21722 71 22

By Lemma 2.4, a(z) is determined by (2.1), in which g,, and m are replaced by h,,,, and n — 1,
respectively.

4. Neumann boundary value problems

In this section, we discuss systems of complex partial differential equations with Neumann
boundary conditions on the bicylinder. Let dv;f(z) = z0z;f(z) + Z;0Z;f(z) denote the directional
derivative of f(z) in relation to the outer normal vector, where i = 1, 2.

Theorem 4.1. Let g;,i, € C(09D?) and ¢y, € C. Let by,1,(z1) and dy1,(z2) be analytic functions about
21 and 25, respectively, with by ,(0) = di,,(0) = cix, (1 < ki, ko <m—1, m > 2). Then, there exists an
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analytic function i, m-k,)(z) on D?*:

L]
(27mi)2

Uemn—tYm—k2)(2) = Aon—t)Ym—k2)(22) + Dn—t, Ym—k2)(Z1) = Clm=ky)m—tr)

lkz
( 2)t1+t2 f—rty d
f ] 408 8 ematinsmatin () 10g(1=2141) log(1-2242) derdcy
oD, 115!

ath Ot =0 4142
fi—1-A,
(=2)"" —s ( 2)2—,
+ Z 2mf Sl & [27“ LDZ ol 0> 8y +s14m—k))(r4m—ko) ()
/l| o157 Y1
diry 1 — 24 dd
-log(1-z )— og(l1-z14) + —_—
g 20> A ]/l 'Z [ g 141 ;1 o ]Zl

ko—1-1

(=2)?—s f 3 (=2)" —,
" m— S +m—
Z 2mi f s7! 52 [27-” oDy 2 7! é/l 8(t1+m—ki)(Aa+s2+ kz)({)

A 0'2
log(1- zlgl)i] 1 [og(l Z2gz>+z oy ]d@

{1 = oo O

=1 kp—1 -1- /11 ko—1- /12( 2)5|+32 —s
Z Z (27_”)2 LD LD s!s,! é/l 52 81 +s1+m—ki (A +s2+m— kz)({)

=1 =1 2 51=0 sO

1 Ok — 0 dede
— log(1-2121) + log(1-2:05) +
L2 ‘Z/lz[ gl ; o ][ gll-ae (722:1 op) ] 4Y4)
4.1
that satisfies
k=1 ko—1 _11_12
0y,0, Z Z AT ,M(11+m kbm—k)(2) = Zun—t)om—t)(@)s Z € BoD?,
11=0 =0
U=ty )Ym—k2) (215 0) = Bim—ic)\m-kn)(21), 21 € Dy, (4.2)
Uim—ky)m—tk2) (05 22) = dim—t)\m-k)(22), 22 € D2,
Uim—ty)m—k) (0) = Clm—ky)m—ko)
if and only if
1 d¢
a_: m—1)(m— ,20)———— =0,
271 Jon, &m-1)m-kn) (1 2)(1 T
fi—1
—1)" 1 f . dc,
~_: g g‘rlm—1m—2(§,Z) —
ol 2ri Jop, SR 72 (4.3)
ky—1 1
= 6,,2[ Z Ed(m—kl+1)(12+m—k2)(Z2)512:|» 2<ki<m-1,1<kh<m-1
=0 2°

fOl" Yz1 € Dy (Z2 S 8D2), and
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ki1 -4
—t —_ d ( 2) —S
f f (1 G smtym_n) () log(1 —2151)i + Zf 1
0D, 6D|t —0 1' 2;1 A= D 51=0
Ao
— {1 d¢, ds,
Sy +m—ky )= log(1-z14)) + —_— ,
"8+ s1+m—ky )( 1)(5) [ g(1-z141) ;zl p ] 2 }(1 A
( 1™ lf—rz—l ( 2)"-:1 dé, 4.4)
m—ky )(To+m— 1 1- T
£ o 27yt By {1 Sty tm—k)(ra+mt)(O) l0g(1=2101) §
2 I—Sl S1+m—, Tr+m— Zl d d
_Z_f t ) 8 +s1+ kl)(/12+ kz)(g)[log(1—21§) Z 1 ‘:1 (l} (2
2ni (9Dl = !z on| 51 1-224
—b(m kl)(m7k2+l)(zl) Com—k)m—ko+1)s 1<k <m—1, 2<ky <m—1.
fOV VZz € D,, 71 € D;.
Proof. From (4.2), we obtain
ki — 1 -1
d, Z I VZ[Z L Tyt em— )ty em- kz)(Z)Z2]}Zl = &lm—k1)m—k)(2)s
h=0 oot (4.5)

ko—
1 1
Vz Z l 'u(m ky)(l+m— kz)(() ZZ)ZQ V2 Z l 'd(m ky)(lp+m—. k2)(Z2)Z2]

L= L=

for z; € 0D (at the same time 7z, € dD,). Applying Lemma 2.5 on (4.5) for z; € 0D, there exists
ko—1 zz

an analytic function about z;, i.e., d,, Z L 'u(m k) (lp+m— kz)(z)] satisfying (4.5) if and only if (4.3) is

ko—1 =l

satisfied for Yz; € Dy (zo € dD,). Besides that, 6V2[ Z l—z’u(m_kl)(lﬁ,n_kz)(z)] is determined by
h=0 2
ko—1 1 ky—1 1
3VZ[ ZO Eu(m—kl)(lz+m—k2)(z)zlzz] = an[ IZO Ed(m—k.)(12+m—k2)(z2)2122]
- -

(=2)"—u dé,

m—ky)(m— ( ,Z)IO (1_Z )_

Zm - ; {1 8y +m—ki)(m—ky) (L1, 22) 10g 1 2

—Sl

(1 8y +s1+m—k)m—k)(L15 22)

-1- /ll
B Z 2mi LD]

S1=

1 151 d§1
T —[log(1- zl{1>+2 — 41

o=
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that is,

ko—1 1

avz{ Z lz_'[u(m—k1)(lz+m—k2)(Z) - d(m—kl )(lz+m—k2)(22)]2122}
L=0 “°
1 kl—l (_2)[1 — {

- _% oDy Z: 7! 81 8 +m—ki)m—ky) ({1, 22) log(1 _Zlfl)z (4.6)
« /ll —v1 1 A 0'1(l d{]

B S1+m— m— s 1 1 + .

Z i fapl Z éfl 8i+si4m—kn)m—k) (L1 Zz) e [ og(1-2141) Z = 4“1

Further, applying Lemma 2.5 on (4.6) for z, € dD,, there exists an analytic function about z,, i.e.,
U(m—ky )(m—ky)(2), satisfying (4.6) and

Uin—ty Ym—k2)(Z15 0) = dim—t)m=k2)(0) = Din—r\m—k2)(21) = Aim—r) Ym—k2)(0)s

if and only if (4.4) is satisfied for Yz, € D, (at the same time z; € D;). Moreover, Uk, m-k,)(2) 18
determined by

U(n—ty Ym—k2)(2) = Aon—t, Ym—kr)(22)
= Dn—ty)m— kz)(Zl) — dn—t;)m— kz)(O)

1 (RS (28 _1f S (=2)" dg,
271'1 {)Dz t2! g { 271'1 ()Dltl — gl g(t1+ kl)(l‘2+ kz)(g) Og( Zlgl)

! 2
—-1- /11
(- 2)Sl—s
) Z 2mi fao 0 8eusiamk iz smoke) (©)
I 51=0
(Tl ‘ (l dé,
log(1-z 1—7 acy
[ g( lél) Z o é‘l } ( 2{2) g
—-1-2>
(-2)" —s, —lf ( 2)1
Z 27Tl \LDz $7=0 ' {2 {27Tl oD, ~ t] gl g(t1+m —k1)(Ap+s52+m— kz)({)
—-1-1;

(= 2)”—?1
1 8y +s1+m—ky) At s2+m—kp) (L)

-log(1 —Z1§1)— - Z i f
oD, Sl:

IZ [1og(1- z1§1>+2 - dg‘} 1 o 1ogt1- B+ 3 8
1

o 51 oy 0

op=1

which leads to (4 1).
k-1 _12
Since 8V2[ Z L 'u(m k)l +m— kz)(z)] is analytic about z; and uy—,)om-r,)(2) 1s analytic about z,, then
5L=0
Uin—k,)(m—ky(2) 1s analytic on D?. Therefore, there exists an analytic function g, ,)m—y(z) on D?,
determined by (4.1), satisfying (4.2) on the conditions of (4.3) and (4.4).
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Theorem 4.2. Let ¢, g,, € C (0yD?) and cu € C. Let b,,(z1) and d,,(z2) be analytic functions about z,
and 25, respectively, with b,,(0) = d;,(0) = ¢y (1 Sp,v<m—1, m>2). Let A € R\ {-1,0,1}. Then
the problem

A1-1 A+1._
0:,05,f(2) = Wfﬁ(z) + W‘f’(Z), ol e(x) =0, z€ D,
with the conditions

@) = @2), vi0va(8: 82 $(2)) = gu(2), z € ByD?,

21722
ki—1
1 _
6/211652¢(Zl’0) = Z l]_!b(ll+m—k1)(m—k2)(zl)zlll’ Z1 € Dy,
e “.7)

1 _
6;11 6§z¢(0, ) = Z lz_'d(m—kl)(lz+m—k2)(z2)z212’ 2 € Dy,
L=0 “°

32 0% $(0,0) = Conmtcr)m—kr)

2122

for1 < u,v,ki, ko < m—1, has a unique solution if and only if (4.3) and (4.4) are satisfied. The solution
is given by (3.1), where uy is determined by (3.2), and

-1
ulllz (Z) —I =

L

P(z) =

l1,l=1

(4.8)

in which uy,,(2) is determined by (4.1).

Proof. (4.8) follows that

10v2 (8L 0% $(2)) = 8u(2), z € ByD?,

71 22
kol
1

0. 0% ¢(21,0) = Z Fb(11+m—k])(m—k2)(zl)Zl ', z1 € Dy,

=0 ‘1

ol
0 $0,2) = Y —d ()52, €D
- 02 0(0, 22 11 Lk iram—)(22)2275 22 2,

2.

1=0

0;,0%,(0,0) = Con-ty)im—t2)

is equivalent to (4.2). By Theorem 4.1 and similar to the proof of Theorem 3.1, we obtain the desired
conclusion.

Theorem 4.3. Let g € L,(D?) and ¢\, ¢, € C(OD?). Then the problem

{ 0,05, f(2) = g(2), f(21,0) = a1(z1), f(0,22) = @2(22), 21 € Dy, 22 € Dy, 4.9)

0, f(2) = ¢1(2),0,,f(2) = 2(2), z € ByD?

with the compatibility condition

a1(0) = 2(0) = a, 0,,¢2(2) = 0,,¢1(2) = ¢(2)
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has a unique solution

1
1) = e + ) o= 5 [ Tentan ) - avzaz(éuz)]log(l—b{z)%
0Dy
1 1
* o aDz{zn f [L0(0) — §§a<zso1<é>]1og<1—zl§1>§—f
1
* 37 ], #@1021 -0 + f §0 s dor | og(1 = )G
1 1
+;j;2{% 6D1[§290(§) 5%542901(5)]10%(1—2151)4,—4:

1 22
_ log(1 — dr, _— ————doy,
" 2ri Jop, 8O log(l ~ud)d + f g({)fl(fl - Zl) }52({2 - 22) 7

if and only if

1 d 1 4
30 [z20(L1, 20) — Z%@Ml((bb)]# + 5= LDI 8(&1, ZZ)l —5151

t Jop, (I -zl 2mi

8(51 ZZ)W

and

. dé
% 6D2[902(Z1 :$2) =0y, 2@2)]m

= o f[m 2750 o, [£29(0) — 52342901(5)]1052(1—&{1)%
1 _ g,
ta | sOtoxt s Tod s [ 0 o |
l
. f | [ézso@)—é%a@sol({)]log(l—zlgl)f

2
— log(1 - z1D)dly ¢
f g log(1 — z£)dd, + f g({)él(ﬁ —Z1) }(1 S

Proof. (4.9) follows d,,(d,,f(2)) = ¢(z), that is
0,,[220-,2) + 2205, f ()] = @(2),
which is equivalent to
0,105, f ()] = 220(2) = 550.,0,, f(2) = 229(2) = 50,01 (2)-

Applying Lemma 2.6 on the problem

0,102, £(2)] = 8(2), 0,,[05,F(2)] = 220(2) — 230,,¢1(2), 02, f(0,22) = 85,2(22),

(4.10)

(4.11)

(4.12)
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we get that the unique solution 05, f(2) is determined by

1
0, f(2) = 0z,a2(22) — i ] [220(L1,22) — 2305,1(L1, 22)] log(1 —2151)§
D

1 4.13)
T o N g(&1,20)log(1 — z141)dd - ;f g(é’l,Zz){]({l )dO'gl
if and only if (4.11) is satisfied.
In addition, (4.13) is equivalent to
1
0:,[f(2) — ax(z2)] = ——.f [220({1, 22) — 230,01(L1, 22)] log(1 — Zl{])ﬁ
27ti Jop, 4] 4.14)
—_ — 1 Z]dO'(l )
g i g(l1,z2) log(1 — z141)ddy — ;L g(flaZZ)—{l(évl — )
In view of
0,,[f(2) — a2(22)] = 2(2) = 0,,2(22), f(21,0) — @2(0) = (z1) — @, (4.15)

applying Lemma 2.6, we obtain the unique solution of the problem (4.14) with the conditions (4.15)
is (4.10) if and only if (4.12) is satisfied. So we get the desired conclusion.

Theorem 4.4. Let ¢,g,, € C (0yD?) and cu € C. Let by,,(z1) and d,,(z,) be analytic functions about z,
and z,, respectively, with b,,(0) = d,,,(0) = ¢y, (1 Sp,v<m—1, m>2). Let A € R\ {~1,0,1}. Then
the problem

0,0,1(2) = L¢<z)+—¢<z> 1 p(2) = 0, z € D?, (4.16)

under the conditions

0, f(2) = ¢1(2), 0,,f(2) = ¢2(2), 5V15V2(<9510§2¢(Z)) guw(2), z € D%,

ki—
1 _
£@,0) = @), 98,21, 0) = Z bt k- @E 21 € Dy,
— Y1
i | 4.17)
f0,22) = as(z2), 5?, 97,9(0,22) = Z Fd(m—kl)(lz+m—k2)(Z2)zlz, 22 € D»,
L=0 2*

& 0% $(0,0) = Cont)m—to)

21 22

with 1 < u,v,ky,kp <m-—1and

a1(0) = a2(0) =a, 0,,¢2(2) = 9,,91(2) = ¢(2)

has a unique solution if and only if (4.3), (4.4) and

1 2 d§1
i o [220({1, 22) — Zz@#l((b@)]m

1 A- doy,
= fD T ¢a(zl,m>+ ¢g<§1,zZ>] i a

(4.18)

AIMS Mathematics Volume 10, Issue 3, 4792-4818.



4814

and

1 ds,
Z_m aDz[(ﬁz(Zl,{z) avzaz(fz)]m

= f f log(1 = 22N + Lop, () = 2000,61(C) = B p1(D)
™l Jop, JD,

o fa ., fD log(1 —zla)[ﬂ%qn qug(g)]zz L
1 do;,  zidoyg
T f \fp [ ¢§2(§) - ¢>§2(§)] 286 =146 —21)

are satisfied. The solution is given by (4.10) where g({) is replaced by ¢(§ ) + ’”1¢({ ), and

O-.fz %
20-14

(4.19)

-1

b= Y iz,

115!
P !

in which uy,,(2) is determined by (4.1).

Proof. Applying Theorems 4.1 and 4.3, the problem (4.16) with conditions (4.17) has a unique
solution (4.10) if and only if (4.3), (4.4), (4.11), and (4.12) are satisfied, where g(¢) is replaced by
-1
147¢(§) Mlqﬁ({ ). To obtain the specific representations of the solvable conditions, we need the
following equations.
By the Gauss formula, we have

1 [20(0) — 5%5(2901(5)]d§ -1
2ri Jop, 1 -2 T n

: ([L0(0) - 50010

f o, [L20(0) — 52342901(5)]0,0_{2
D,

1 -2

( -4>2
[0(Q) + £p6(0) = 2000010 = GO 1D )do,

L]
1 -2

which follows

1 Az, 1

L[ @~ e f [220() ~ B 1D ———do,

27 D> 1—Z2§2 T ( - g)

) (4.20)
= - f [0(0) + $206,(0) = 20200,01(0) — G0, 01(D))dory,.

mJdp, 228 — 1

In addition,

1 _ -1 : :
o [ 2dn= [ oo+ 2 o

270 Jop, 1 — 2281 -20)? 1-20

1 QO — 1 f 1 f 00
o fa D21_22§2d§2+ﬂ [¢(g)—( e R o - 1doe (4.21)
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Similarly, we obtain

1

2ri Jop, 1 — 2242

— 1 1 $7()
dg, + ;f [(P(f)mdo'{z = —fD doy,. (4.22)

T Jp, 28— 1

Using (4.21) and replacing g({1,z2) in (4. 11) by 216(41,22) + 221, 22), we get (4.18). Using
(4.20)—(4.22) and replacing g(¢{) in (4.12) by ¢({ ) + “1¢(§ ), we get

1 déz
P . [¢2(21,42) — é)vz‘YZ(Q)]m

_ 2 _ %
= {2ﬂ 1600 = Goe Ol logl -2l
d
— log(1 — do,
fg({) og(1 - 12z + fg(%(a—zl) ol
d¢,

l
v f s f [@w({)—g%agzsol(f)]log(l—zla)é—

22
— log(1 —
+3 f g()log(1 — 211)d + fg(é)gl(gl— 21) ('}(1—Z2§2)2

do,
1 -0

1 _
= — log(1 — Zl{l){z_ﬂ_iL [59(0) = 50se1(O]
D,

2ri Jop,
Zodoy, }dfl
(1 -20)" &

1 — 1 dé, sz 0L\
+ 3 ) log(1 —Zlgl){% LDz g(§)1 _2252 f; N2 )z}d&

1 1 dé, 1 f Zodoy, zlda'_(l
Ta fDl {27Ti LDZ 8(5)1 20 ’ 8) (1 —5252)2}51(51 -21)

1
f [6o0(0) — e (O] —205_
7T D,

1 — 1 do; \d
=25 )y 1og<1—zla>{7—r LA + Lo £) = 2 () - GO0 =) ;l
1 —
v [ e —af fD [0+ a0 i

l l A-1 /l+17— dO'é‘2 Z]dO'(l
T fDl {77 sz [ 44 PalE) 44 ¢§2(§)]22§2 - 1}51(51 -z1)
which leads to (4.19).

Remark 4.1. Dirichlet problems and Neumann problems are two typical types of boundary value
problems. The conclusions obtained in this paper have enriched the research on boundary value
problems for bi-polyanalytic functions. With the methods used in this paper, we can discuss other
complex partial differential equation problems for bi-polyanalytic functions. For example, it would be
interesting to discuss more complex mixed boundary value problems for bi-polyanalytic functions that
simultaneously satisfy multiple boundary conditions, such as Schwarz boundary conditions, Riemann-
Hilbert boundary conditions, Neumann boundary conditions and other boundary conditions. However,

AIMS Mathematics Volume 10, Issue 3, 4792-4818.
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the corresponding boundary value problems of polyanalytic functions need to be investigated first.
Besides that, with the methods used in this paper, we can also solve some complex partial differential
equation problems (homogeneous or non-homogeneous) in higher-dimensional complex spaces.

5. Conclusions

We first discuss a kind of boundary value problem for polyanalytic functions with Schwarz
conditions on the bicylinder. On this basis, with the help of the properties of the singular integral
operators as well as the Cauchy-Pompeiu formula on the unit disc, we investigate a type of boundary
value problem with Dirichlet boundary conditions and a type of mixed boundary value problems of
higher order for bi-polyanalytic functions on the bicylinder and obtain the specific representations of
the solutions. In addition, we discuss a system of complex partial differential equations with respect
to polyanalytic functions with Neumann boundary conditions. On this foundation, we obtain the
solutions to Neumann boundary value problems for bi-polyanalytic functions on the bicylinder. The
conclusions in this paper provide effective methods for discussing other boundary value problems of
inhomogeneous complex partial differential equations of higher order in spaces of several complex
variables.

Author Contributions
Yanyan Cui: Conceptualization, Project administration, Writing original draft, Writing—review and
editing; Chaojun Wang: Investigation, Writing original draft, Writing-review and editing. All authors

have read and agreed to the published version of the manuscript.

Use of Generative-Al tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

This work was supported by the NSF of China (No. 11601543), the NSF of Henan Province (No.
222300420397), and the Science and Technology Research Projects of Henan Provincial Education
Department (No. 19B110016).

Contflicts of interest

The authors declare that they have no conflicts of interest.

References

1. J. Sander, Viscous fluids, elasticity and functions-theory, Trans. Amer. Math. Soc., 98 (1961), 85—
147.

2. W. Lin, T. C. Woo, On the bi-analytic functions of type (4, k) (In Chinese), Acta Sci. Natur. Uniyv.
Sunyatseni, 1 (1965), 1-19.

AIMS Mathematics Volume 10, Issue 3, 4792-4818.



4817

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

L. K. Hua, C. Wu, W. Lin, On the classification of the system of different equations of the second
order, Sci. Sin., 3 (1964), 461-465.

L. K. Hua, The constant coeffiecint linear systems of partial differential equations of second order
with two independent variables and two unknown functions (In Chinese), Beijing: Science Press,
1979.

L. Mu, Note on bi-analytic functions of type (4, k) (In Chinese), J. Shandong Univ., 21 (1986),
84-88.

G. C. Wen, H. Begehr, Boundary value problems for elliptic equations and systems, Harlow,
England: Longman Scientific and Technical, 1990.

Y. Z. Xu, Dirichlet problem for a class of second order nonlinear elliptic system, Complex Var.
Theory Appl., 15 (1990), 241-258. https://doi.org/10.1080/17476939008814456

H. Begehr, W. Lin, A mixed-contact boundary problem in orthotropic elasticity, In: Partial
differential equations with real analysis, Harlow, England: Longman Scientific and Technical,
1992, 219-2309.

W. Lin, Y. Q. Zhao, Bi-analytic functions and their applications in elasticity, In: Partial differential
and integral equations, Springer, 1999, 233-247. https://doi.org/10.1007/978-1-4613-3276-3_17

X. Lai, On the vector-valued bi-analytic functions of type (4, k), Acta Sci. Natur. Univ. Nankaiensis,
36 (2003), 72-78.

A. V. Bitsadze, On the uniqueness of the solution of the Dirichlet problem for elliptic partial
differential equations, Uspekhi Mat. Nauk., 3 (1948), 211-212.

M. B. Balk, Polyanalytic functions, Berlin: Akademie Verlay, 1991.

A. Kumar, Riemann Hilbert problem for a class of nth order systems, Complex Var. Theory Appl.,
25 (1994), 11-22. https://doi.org/10.1080/17476939408814726

H. Begehr, A. Chaudhary, A. Kumar, Bi-polyanalytic functions on the upper half plane, Complex
Var. Elliptic Equ., 55 (2010), 305-316. https://doi.org/10.1080/17476930902755716

H. Begehr, A. Kumar, Boundary value problems for bi-polyanalytic functions, Appl. Anal., 85
(2006), 1045-1077. https://doi.org/10.1080/00036810600835110

A. Kumar, R. Prakash, Boundary value problems for the Poisson equation and bi-analytic functions,
Complex Var. Theory Appl., 50 (2005), 597-609. http://doi.org/10.1080/02781070500086958

J. Lin, Y. Z. Xu, Riemann problem of (4, k) bi-analytic functions, Appl. Anal., 101 (2022), 3804—
3815. https://doi.org/10.1080/00036811.2021.1987417

J. Lin, A class of inverse boundary value problems for (4, 1) bi-analytic functions, Wuhan Univ. J.
Nat. Sci., 28 (2023), 185-191. https://doi.org/10.1051/wujns/2023283185

D. Alpay, F. Colombo, K. Diki, I. Sabadini, Reproducing kernel Hilbert spaces of
polyanalytic functions of infinite order, Integral Equ. Oper. Theory, 94 (2022), 35.
https://doi.org/10.1007/s00020-022-02713-4

A. Benahmadi, A. Ghanmi, On a new characterization of the true-poly-analytic Bargmann spaces,
Complex Anal. Oper. Theory, 18 (2024), 22. https://doi.org/10.1007/s11785-023-01465-2

AIMS Mathematics Volume 10, Issue 3, 4792-4818.


https://dx.doi.org/https://doi.org/10.1080/17476939008814456
https://dx.doi.org/https://doi.org/10.1007/978-1-4613-3276-3_17
https://dx.doi.org/https://doi.org/10.1080/17476939408814726
https://dx.doi.org/https://doi.org/10.1080/17476930902755716
https://dx.doi.org/https://doi.org/10.1080/00036810600835110
https://dx.doi.org/http://doi.org/10.1080/02781070500086958
https://dx.doi.org/https://doi.org/10.1080/00036811.2021.1987417
https://dx.doi.org/https://doi.org/10.1051/wujns/2023283185
https://dx.doi.org/https://doi.org/10.1007/s00020-022-02713-4
https://dx.doi.org/https://doi.org/10.1007/s11785-023-01465-2

4818

21

22.

23.

24.

25.

26.
27.

28.

@ AIMS Press

. A. De Martino, K. Diki, On the polyanalytic short-time Fourier transform in the quaternionic
setting, Commun. Pure. Appl. Anal., 21 (2022), 3629-3665. https://doi.org/10.3934/cpaa.2022117

S. G. Gal, I Sabadini, Density of complex and quaternionic polyanalytic
polynomials in polyanalytic fock spaces, Complex Anal. Oper. Theory, 18 (2024), 8.
https://doi.org/10.1007/s11785-023-01460-7

H. Begehr, A. Kumar, Bi-analytic functions of several variables, Complex Var. Theory Appl., 24
(1994), 89-106. https://doi.org/10.1080/17476939408814703

A. Kumar, A generalized Riemann boundary problem in two variables, Arch. Math., 62 (1994),
531-538. https://doi.org/10.1007/BF01193741

N. Vasilevski, On polyanalytic functions in several complex variables, Complex Anal. Oper.
Theory, 17 (2023), 80. https://doi.org/10.1007/s11785-023-01386-0

I. N. Vekua, Generalized analytic functions, Pergamon Press, 1962.

H. G. W. Begehr, Complex analytic methods for partial differential equations: an introductory text,
Singapore: World Scientific, 1994. https://doi.org/10.1142/2162

Y. Y Cu, C. J. Wang, Systems of two-dimensional complex partial differential
equations for bi-polyanalytic functions, AIMS Math., 9 (2024), 25908-25933.
https://doi.org/10.3934/math.20241265

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 3, 4792-4818.


https://dx.doi.org/https://doi.org/10.3934/cpaa.2022117
https://dx.doi.org/https://doi.org/10.1007/s11785-023-01460-7
https://dx.doi.org/https://doi.org/10.1080/17476939408814703
https://dx.doi.org/https://doi.org/10.1007/BF01193741
https://dx.doi.org/https://doi.org/10.1007/s11785-023-01386-0
https://dx.doi.org/https://doi.org/10.1142/2162
https://dx.doi.org/https://doi.org/10.3934/math.20241265
https://creativecommons.org/licenses/by/4.0

	Introduction
	Some lemmas
	 Dirichlet boundary value problems
	Neumann boundary value problems
	Conclusions

