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Abstract: This paper derives new oscillation criteria for a class of second-order non-canonical
advanced dynamic equations of the form

(((5)%A(f))A + q(Ox(p(0)) = 0.

The derived results are based on establishing dynamic inequalities, which lead to novel monotonicity
properties of the solutions. These properties are then used to derive new oscillatory conditions. This
approach has been successfully applied to difference and differential equations due to the sharpness of
its criteria. However, no analogous studies have adopted a similar methodology for dynamic equations
on time scales. Furthermore, this study includes examples to illustrate the importance and sharpness
of the main results.
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1. Introduction

The theory of time scales, introduced by Stefan Hilger [24], has gained considerable attention in
recent years. Its purpose is to unify continuous and discrete analysis within a single mathematical
framework, contributing to the elimination of ambiguities from both. Dynamic equations, which model
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phenomena by combining continuous and discrete domains have attracted significant research interest,
especially with the development of new mathematical analysis based on generalized derivatives and
integrals defined on time scales. Recent studies have further highlighted the importance of time scale
theory and its effectiveness in various applications such as ecological models, stability analysis of
dynamical systems, and fault detection in engineering systems, illustrating its broad applicability,
superiority, and practical utility in addressing complex problems; see [10, 30, 31, 36, 37]. For
instance, [37] explores a nonlinear periodic Gilpin—Ayala predation ecosystem model with infinite
distributed delays on time scales; the study establishes conditions for the existence of periodic solutions
and analyzes their global stability using Lyapunov theory.

The main concept involves deriving results for dynamic equations where the domain of the unknown
function, defined on a time scale that refers to any arbitrary closed subset of real numbers, includes
T=R,T=2ZT=hN,and T = ¢" = {¢' : £ € Ny, for g > 1}. When the time scale is chosen
as the real numbers, the outcomes are applicable to ordinary differential equations, whereas using the
integers yields results for difference equations. This flexibility enables exploring various time scales
beyond these two cases.

To develop a thorough understanding, it is important to revisit some key concepts from time scales
theory, which are outlined as follows:

The forward and backward jump operators, o and p : T — T, are defined respectively by:

o) :=inf{eeT: &> ¢,

and
p) =sup{éeT: &Lt}
Using these definitions, a point £ € T is categorized as right-scattered, right-dense, left-scattered, or
left-dense depending on whether o°(£) > €, o(€) = €, p(£) < €, or p(t) = ¢, respectively. Additionally,
the graininess function u : T — [0, 1) is defined by u(¢) := o(£) — €.
The delta (Hilger) derivative of a function ¢ at ¢ is given by:

P(l) — ¢(&)

— if £ is right-dense,

lim;_,,

P (0) =
d(o (D) — (L)
u)

The delta derivative of the product and quotient of two differentiable functions ¢ and % is expressed as:

if € is right-scattered.

(@) (0) = $HOIE) + o (D)) = (I (O) + X O)H (D)),

and

(Q)A o = P2 (OI() = p(OFA ()
0 HOH ()
For further insights; see [8, 9].

Over the past few decades, extensive research and discussion have been conducted regarding the
oscillatory behavior of solutions of various classes of difference, differential, and dynamic equations.
Numerous papers have delved into this topic, as shown in references [11,12,16,17,27-29]. However,
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there is a noticeable lack of recent results concerning the oscillation of advanced equations, as indicated
in [4,13,15,22,23,25].

Despite advanced dynamic equations holding significant potential for addressing practical
challenges ranging from population dynamics and economics to control theory, this field remains
relatively underexplored. In this context, some recent research explores the application of dynamic
and differential equations to neural networks, non-Newtonian fluid dynamics, and the turbulent
flow of polytropic gas in porous media, highlighting critical aspects of such advanced systems;
see [10,34,35,37].

This paper aims to investigate oscillation criteria for a class of second-order advanced dynamic
equations

(0 0)" + qom(p(0) = 0, € [ty 00)r. (L.1)

The following conditions are assumed to hold throughout the paper:
(H1) £, q € Cral[bo, )7, RY).
(H2) ¢ € Cru([lo, 00)1, T), and p(£) = L.

o 1
(H3) Y(¢) = ff %As < o

By a solution of (1.1), we mean a function x € Cy[T,, ), T, € [{y, ) = [{y, o) N T, which
has the property [r()x*(£)] € C} [T, 00)r and satisfies (1.1) on [T, co)r, where C,, is the set of right-
dense continuous functions. Let {; > £, be a given initial point, ¢ be a given initial rd-continuous
function on [£;, 9(£,)], and @ be a given initial constant. An initial value problem of (1.1) with initial
conditions %(£) = ¢(£) for £ € [£;, p(£,)] and %*(£) = «, has a solution that exists on the whole interval
[£o, o0)T; see [3,8]. A solution x of (1.1) is classified as oscillatory if it does not remain strictly positive
or strictly negative in the long term. Otherwise, it is referred to as nonoscillatory.

One can deal with canonical or non-canonical cases when studying the oscillation behavior of any
class of equations. A notable distinction exists between the structures of non-oscillatory solutions
in these cases. Canonical equations are characterized by the first derivative of any positive solution
%#({), ultimately having only a positive sign. Conversely, non-canonical equations require considering
the possibility of both positive and negative signs. However, relatively few studies have addressed the
oscillation behavior in non-canonical dynamic equations, as indicated by references [1,2,19-21,23,33].

In previous studies, using the Riccati transformation, the comparison theorem, and related
techniques to investigate oscillation theory was common. Most recently, Hassan et al. [18] investigated
oscillation criteria of (1.1) based on modified Riccati and Hill-type oscillation. However, relatively
few studies on oscillation are based on the monotonicity properties of non-oscillatory solutions, as
seen in [7, 11-15,25-29, 32], with no known results analogous to Eq (1.1) on general time scales.
For instance, considering the specific time scale T = Z, Chatzarakis et al. in [14] investigated new
oscillation criteria for the second-order non-canonical delay difference equation

A ((m)Ax(n)) + g(mx(p(n)) =0, n=ng >0, (1.2)

where @(n) is an increasing function.
Additionally, the authors in [13] employed this technique to establish novel oscillation criteria
for (1.2), where p(£) is an advanced argument. Gopalakrishnan et al. [15] improved the aforementioned
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study by deriving new oscillatory criteria for (1.2) in both cases where ¢(¢) is a delay or an advanced
argument.

Indrajith et al. [25] investigated novel oscillation criteria for a class of second-order quasi-linear
advanced difference equations

A (L(n)(Ax(n)?) + g(mx*(p(n)) = 0, n=mny >0,

[+3] 1

where a is a ratio of odd positive integers, and 3, =
For T = R, Baculikové [5] introduced oscillatory criteria for the second-order non-canonical
differential equation

< 00.

’

(¢ () +qOx(p(0) =0, 26> 0,

with delay/advanced argument ¢ (£) by establishing monotonicity properties. Additionally, the classical
Kneser oscillation theorem was extended by Jadlovska [26] to cover a broader category of second-order
half-linear advanced differential equations

(<o (%/(5))”)' +q(Ox(p(0) =0, €= >0, (1.3)

where (&) := ft,:o % < co.

Baculikova and Dzurina [6] used the same technique to derive new oscillatory criteria by linearizing
the half-linear second-order canonical differential equations (1.3), where p(£) < ¢ and lim,_,., p(€) =
0o,

Taking inspiration from this observation, our paper aims to enhance the underdeveloped oscillation
theory concerning second-order non-canonical advanced dynamic equations (1.1). The derived
oscillation criteria are based on establishing novel dynamic inequalities that yield new monotonicity
properties for the non-oscillatory solutions of (1.1). Moreover, the results in this paper enhance and
supplement the findings of previous studies, as referenced in [13,15].

2. Preliminaries

Define
G\ = li{g inf J(OF(p(O)F(o(D)gq(0), (2.1)
and -
v, = liminf © (2.2)

oo W((0)
According to (2.1) and (2.2), for sufficiently large ¢; > {), we can define arbitrary fixed constants
so € (0,¢.) and yo € [1,y,) for £ > ¢,

{OF ()P (D)q(l) = Sos (2.3)

and
Y({) >
> Y-
P(p(0)

The following auxiliary results are essential for proving our main results.

2.4)
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Theorem 2.1. [8] Assume that v : T — R is stricily increasing and T := W(T) is a time scale. Let
y: T = R IfFY*(W(6)) and v*(£) exist for € € T, then

(v o () = Y (OWAO).
Where A refers to the derivative on T.

If %(¢) represents a non-oscillatory solution of (1.1), and assuming without loss of generality that
A
#({) is eventually positive; it follows that ({ ({’)%A(f)) < 0. Consequently, we introduce the following
lemma.

Lemma 2.1. If x({) is an eventually positive solution of (1.1), then there are two possibilities:
(D »2(t) > 0 and ({ (5)}ﬂA({’))A < 0 eventually;
or
A
(D) »2(¢) < 0 and ({ (f)%A(f)) < 0 eventually.

Proof. Since the solution x%({) is eventually positive, it follows that x(p(£)) > 0O is also eventually
positive. Therefore, from Eq (1.1), the function £(£)x*(¢) is decreasing, which implies that Z(£)x*(£)
eventually has one sign. Due to {(£) > 0, Lemma 2.1 has been proved. O

Lemma 2.2. Assume that

foo Y(s)g(s)As = oo, (2.5)
&

0

holds. Then every eventually positive solution »(€) of (1.1) satisfies (1l), moreover
(i) limy—o 2(€) = 0,
(ii) @(€) := L(E)P ()% (€) + %(C) is eventually positive decreasing function;
x(€)
Y(¢)

Proof. On the contrary, assume that x%(£) is an eventually positive solution of (1.1) satisfies (I) for
t € [£, )T, where €, € [{y, oo)r. Integrating (1.1) from ¢, to oo, leads to

(iii)

is eventually increasing.

5(51)%A(51)2f q(s)x(p(s))As.

A

Since #* > 0 and P* < 0, then there exists a constant k > 0 such that x(p(£)) > k > ¥(), for
t € [}, oo)r. Combining this with the last inequality, we obtain

L) s k f " g()As > f " W()q(s)As.
4

4
This contradicts (2.5); hence, we conclude that »(¢) satisfies (II).
Now, we claim that lim,_,., #(£) = 0. If not, then there exists a positive constant 4 > 0 such that
%#(€) > Aand x(o(£)) > A for € € [{,, c0)r. Integrating (1.1) from ¢; to £, we get
¢
(O () > A f q(s)As.
14
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Integrating this result from ¢; to oo yields

]
£ A —_— AsA
(L) L éV@f;q(s) SAE

=41 fm Y(s)g(s)As — oo.
4

This is a contradiction; then we conclude that lim,_,., %(£) = 0
Next, we prove (ii). Since £(£)x*(¢) is a decreasing function, it follows that

L) , | f
£ £ £ —A ==Y £
() > - f 0 —L(0) () O L0 ()% (0).

Then ¢(£) = £(€)P ()™ (£) + x(£) > 0. Using the last inequality with (1.1), it follows that

e (0) = (a(0) (2% (0)" = B (O)g(O(p(D)) < 0.

Finally, the proof of (iii) comes directly by using (ii) as follows:

(%(5)) W(O)x () + ’ggg §
w))  PO¥(o(b) ’

0

which implies that 0

is eventually increasing for £ > £,. This completes the proof.

(2.6)

O

Lemma 2.3. Assume (2.5) holds. If x({) is an eventually positive solution of (1.1), then for any fixed

So € (0,¢.) the following are satisfied:
(i) LOF )% (£) + son(£) < 0;
(ii) L= () + (1 = g)x(£) > 0;

(iii) The function is eventually increasing.

Proof. Let x(€) > 0 and x(p(£)) > 0 for all £ € [£,, o0)y, where £ € [{y, o). First, by integrating (1.1)

from ¢; to €, we obtain

{
_LOXNE) = L)L) + f a()e(p()As.

0

%#(€)

Using the monotonic properties of %(£) and oL

we conclude, for s < ¢, that

Fols) (C )‘P(SO(S))
¥(s) ¥(s)

x(9(s)) = #(s)
From (2.7), (2.8), and using (2.3), leads to

L q()P(p(s))

Ws) As

—L(On(€) = = L)) + %(0) f

4

(2.7)

(2.8)
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>—L(ty)x (51)"'9’%({)[ \P(s)‘P(O'(S)){(S)

£ 1 A
= — LR () + s () g (%) As

o) Pl
x(€) _ x(f)
o) W)

1 1
==t~ (51)+§o%(€)(—— )

== L(6)N) + s,

Using Lemma 2.2 (i) in the last inequality leads to

- E)HE) - ¢, ‘I’(( 5)) > 0, for sufficiently large € > ¢},
which together with the last inequality, implies (i) holds.

Next, to prove (ii) by a simple calculation, one can show Eq (1.1) is equivalent to

P*(0) + P(T(O)q(Ox(p(0)) = 0, (2.9)

where @(€) = Z(O)P(£)x>(€) + x(L).
Integrating (2.9) from ¢ to oo, this with using (2.3), the decreasing fact of ¢(¢), and the eventually

increasing fact of %, we obtain

LOYO=O) +1(0) 2 j; F(o(5))g(s)x(p(s))As

GO
e K(S)‘P(W(S))
%(5) 1
() ON
26%(0),
which implies
LOPOx6) + (1 = 5,)x(€) > 0. (2.10)
Finally, by using the P6tzsche chain rule
— (w0 20, 2.11
(¥'(0) > S 2.11)

Now, applying A-Derivative to the function in view of (2.10) and (2.11), we obtain

x(€
Yi-s(f)

w0) \* HOPEO) - O (Y O)
(\le(f)) T YY)
HNOP5(0) + (1 = 6o)(0) D
Y= (O -5 (0°(0))
_LOWOEAO + (L= s)()
LOYOY S (a(0) =
This completes the proof. O
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3. Main results

Theorem 3.1. Assume (2.5) holds. If
Y(0)

lim = 00,
(= W(p(0))

then (1.1) is oscillatory.

Proof. Let x({) be a nonoscillatory solution of (1.1), such that x(¢) > 0 and x(p(£)) > 0 for all
4

t € [{, o), where €| € [{y, 00)r. From (1.1) and (2.3), this, with the eventually increasing of %&)

and the decreasing of ¥(£), we obtain

~ (¢ ®)" =qOxp®)
SR C0)
= L0 () ¥ (o (0)
#(0)
LO¥ (O F () (0))
x(€)
[O¥O¥(0)

2So

>60Yo (3.1

Integrating (3.1) from ¢, > ¢; to £ with considering the fact that »({) is decreasing, we obtain

4
—2(0A ) >6,y, f x(5) A
(OO >or0 | ooy

1
A
o (PP ()

1 1
Zga')/o%(f) (% B \P(€2))
x({)

ZLgo’)/o%’

>G, Yo ()

1
where 0 < ¢ < 1 for sufficiently large ¢, by choosing arbitrarily large y, such that y, > —, leads to
L

o(0) = L)% (0) + %(£) < 0,
which contradicts Lemma 2.2 (ii). O

Theorem 3.2. Assume (2.5) holds. If
1
g() > Ea
then (1.1) is oscillatory.

Proof. Let x({) be a nonoscillatory solution of (1.1), such that %(£) > 0 and x»(p(£)) > O for all
{ € [{, o), where €, € [{y, o0)r. The proof comes directly from Lemma 2.3 (i) and (ii), which implies
S, < % This leads to a contradiction. O
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Theorem 3.3. Assume (2.5) holds. If

‘P(@(S)) s] J1-6 (32)

) So

lim sup [‘P(U([)) f q(s) 5

{—c0
then (1.1) is oscillatory.

Proof. Let x(€) be a nonoscillatory solution of (1.1), such that »%(£) > 0 and x(o(£)) > 0 for all £ €
[£1, oo)T, where € € [{y, oo)r. Integrating (1.1) from ¢; to £, we obtain

{
%mﬁmzfmwmwM& (3.3)

(1

Since is eventually increasing and x(¢) is decreasing, then for ¢(s) > s and £ > s, we obtain

x(€
Yi-50(¢)

o) x5 MO
Ps(p(s) ~ W) T W)

This, along with (2.4), leads to

Y p Wy
mmmzwquw “>)_%()@®>

Y(s) \Y(p(s) Y(s)

Combining the last inequality and Lemma 2.3 (ii) with (3.3) leads to

(1= 6o)x() . ‘I’(sO(S))

W —L(Ox™N(6) = Y5 u(l) i q(8)——— ¥(s) As (3.4
Using the decreasing fact of W(¢) implies

(1- (@(S))
Y(o(t s. 3.5
. ><<»1<>TU (3.5)

This contradicts (3.2). O

Incaseg, < %, we can improve the last results by introducing the constant ¢; > ¢, such that

So
o

1_5‘0.

S1 = So

Now, using the last procedure, we can generalize this improvement in the case where ¢, + ¢; < 1 for
i=1,2,3,...,k— 1. We introduce the constant ¢, > ¢,_; such that

Sk—1

Yo
I- Sk—1

Sk = So (3.6)

This procedure is valid as long as ¢,—; < 1 and directly provides the following results.

Lemma 3.1. Assume (2.5) holds. If x({) is an eventually positive solution of (1.1), then for g, the
following are satisfied:
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(i) LOFO)x(6) + (1 = son(l) =2 0;
x(€)
Yi-se(£)

Proof. Let x(£) > 0 and »(p(£)) > O for all £ € [£, o)y, where £ € [£y, o)r. In order to prove (i), it is
sufficient to show that

(ii) The function is eventually increasing.

LOPORAO) + (1 —g5Ix(€) =0, lim g =1, (3.7)

SoSxYo Y«

ExSk

1 - k)5S0 /0
( §k796®J)
X . . * . (1 - 8K§/<)§*7*
Certainly, for k = o, the inequality (3.7) holds directly from Lemma 2.3 (ii). Second, we assume
that (3.7) holds for k = m, i.e.,

holds for sufficient large ¢, where ¢, = So €(0,1)and g,41 =

LOPOR ) + (1 — gpsm)x(€) 20, lim g, = 1. (3.8)

SoS YoV«

Finally, for k = m + 1, we need to prove (3.7) holds. Substituting from (2.3) into (2.6), we get

29 x(@(0))
LOPPO) L Emsn(p(0)Porsn(p(0)

Combining this with (2.4) leads to

02 (0) < =6,

50 < ey (L) ‘
v () £ =g, Yo {(5)\111-8,”;,,1(p(g))qlsmcm(g)

(3.9)

Similarly, as in the proof of Lemma 2.3 (iii), inequality (3.8) directly implies the eventual increase of

4
‘{%gi(f), and this, together with (3.9) and (3.8), leads to

EmSm

A ) < — ; EmSm %(5) < SoYo
PO ==Y Z w0 S T = o)

Integrating from ¢ to co and using the definition of ¢(¢), we obtain

%A(f) < 8m+1§m+1%A(€)-

LOPORA () + (1 = Epa1§me)%(6) = 0, where  lim g, = 1.

So=Sx YoV
Now, the proof of (ii) comes directly from (i) as in the proof of Lemma 2.3 (iii). O

Theorem 3.4. Assume (2.5) holds. If there exists an integer k € N such that
So+ 6> 1,

then (1.1) is oscillatory.

Proof. Let x({) be a nonoscillatory solution of (1.1), such that »(£) > 0 and x»(p(£)) > O for all
{ € [, 0)r, where €| € [y, o). The proof comes directly from Lemma 2.3 (i) and Lemma 3.1 (i),
which implies ¢, + ¢, < 1. This leads to a contradiction. O
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Theorem 3.5. Assume (2.5) holds. If there exists an integer k € N such that

4
lhnsupfy&ﬂfn‘f‘q(ﬂqﬁfCﬂ)As]> lif*, (3.10)
{—c0 €1 (S) 0

then (1.1) is oscillatory.

Proof. Let x(€) be a nonoscillatory solution of (1.1), such that #(£) > 0 and %(p(£)) > 0 for all
{ € [{y,00)1, where €| € [{y, 00)r. The proof follows the same manner as the proof of Theorem 3.3,
with the key difference being the use of Lemma 3.1 (i) instead of Lemma 2.3 (ii). O

Theorem 3.6. Assume (2.5) holds and y. < oo. If the equation

B(1=P) = 6.7, (3.11)
has no positive solution on 8 € (0, 1), then (1.1) is oscillatory.

Proof. Let x(€) be a nonoscillatory solution of (1.1), such that #(£) > 0 and x(p(£)) > 0 for all

{ € [£y,00)r, where €, € [{y,00)r. Since x({) is decreasing and is eventually increasing, it

X
Yl-sc(£)
follows that ¢, < 1 for any x € Ny. Hence, the sequence {¢,} defined by (3.6) is increasing and bounded
from above; thus, it is convergent, such that lim,_,., ¢, = y, where y is the smallest positive root of the

equation
y(1 =y) =gyl

This contradiction completes the proof. O

Corollary 3.1. Assume (2.5) holds and y. < oo. If
g, > max{w(B) := (1 =By’ 1 0 < p < 1},

then (1.1) is oscillatory.

By applying straightforward calculations, we obtain the following expression:

max{w(B) :=B(1 =By : 0 <B < 1} = W(Bmax)s

where

for y.=1

, where r =Invy,, for vy, #1.
This result leads to the following corollary.

Corollary 3.2. Assume (2.5) holds and vy, < oo. If

g* > w(ﬁmax),

then (1.1) is oscillatory.
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4. Illustrative examples

This section presents several examples to illustrate the novelty and sharpness of our derived
oscillation criteria. These examples cover special cases of time scales, including advanced dynamic

equations on specific time scales. We also compare our results with existing findings in the literature

to highlight their sharper and more generalized nature. Additionally, remarks are included to provide
insights into the superiority of our results.

Example 4.1. For any time scale T that satisfies 9(£) > €o(€) for all £ € T. Consider the second-order
advanced dynamic equation

(fo-(f)%A(f))A + qO@%(go(f)) =0, ¢,>0, ¢>1. .1
_ 9 1
Here {(€) = o (£), q(€) = qu, ) = to(t), and Y(£) = 7 Also,

YO 90

= > li (ox =0
m (80( )) €1m 7 - lim (5) s
then bV Theorem 3], Eq (41) is oscillator V.

To illustrate the sharpness of our oscillation results for Eq (4.1), Figure I presents some numerical
solutions of Eq (4.1) for particular time scales T = g

1.00 ——= go=0.1
v,.‘\ === Go= 0.5
® @ —
0.75 ! ‘* P R G=1
KEREEEIN .
] SN
] * :\ 1 " “ “® ’ v
0.50 1R | ulon \ i e 2
1 \ fl W 0k \ :,r A \\ !J' 1 ) ‘\\\ ,’,!
L 2% BN 1 | \ e Yl % . S H R SR N A
v R 1 h L } W v P v L L ) L) !
0.25 Pl ;.h; VR IR . v LR Y !
I Y 1 | ! 1]
= R X &L B ; \ J‘ A YR i W IR /
= v 1@ 1 o i : Yoo ' R !
0.00 (RS TR | X /o Voo A i
. Y v g : L ! ’ YA 4 N N\ i
\ y! o) F AW AN !
‘1 " " I| " 1\ ll *?fr‘ L1 :\’. ,\‘r \‘ /" \\ ;f ‘\ \\ «’F
-0.25 1 i \ 7 \ ‘./_. ' | h’ \ \ v \ v
1 I |! 1 .b\\ [ ] \\ .i’]" @ A \ﬁ{' ° " h h
LIS ® ] Y : o PRI
1 5@ i . @ ‘.___-‘ AR
—-0.50 \ Lo \ H v/ o
vy ! L Sy &
\
P 9 N 4
~0.75 \ g ¥ o
2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
!

Figure 1. Some numerical solutions of Eq (4.1) for particular time scales T = ¢, where
g = 1.1 and p(¢) = Lo ({) = qf>.

Remark 4.1. Applying [18, Theorem 4] demonstrates that Eq (4.1) is oscillatory for q, > i. Therefore,
our criterion provides a sharper tool for testing oscillation.
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Example 4.2. For any time scale T that satisfies p(€) > o (€) for all £ € T. Consider the second-order
advanced dynamic equation

(fa(f)%A(f))A +e(p(0) =0, €>1. (4.2)

Here {(€) = Lo (0), q(€) =€, p(€) = Lo (L), and P ({) = % Also,

we e
Jim Y(p(0) = jim == = Jim o (f) = o,

then, by Theorem 3.1, we conclude that Eq (4.2) is oscillatory.

Example 4.3. For any time scale T that satisfies bl € T for all € € T, where b is a constant. Consider
the second-order advanced dynamic equation

(€ (0%(0)" + g (bt) =0, whereb>1, €20, 4.3)

1 0
Here ((£) = to(€), q(€) = q, > 0, p(€) = b, and Y({) = 7 Also, ¢, = % andy, = b. Forb =1, by

Corollary 3.2, the second-order advanced dynamic equation

({’O'(f)%A(f))A +gu(€) =0, whereb>1, (>0,
1
is oscillatory if q, > T Otherwise, in case b > 1, by Corollary 3.2, Eq (4.3) is oscillatory if

> ,  wherer = 1In(b).
;

qo >

Example 4.4. A special case of (4.3) occurs when b = 2. Consider the second-order advanced
dynamic equation:

(€r(0%(0))" + g,2(26) = 0, where g, >0, =0, 4.4)

According to Theorem 3.2, Eq (4.4) is oscillatory if g, > 1. Otherwise, in the case where q, < 1, by a
simple calculation for 0.364174 < q, < 1, we can determine

such that g, + g, > 1. Therefore, by Theorem 3.4, Eq (4.4) is oscillatory if g, > 0.364174, as shown in
Table 1. Furthermore, by Corollary 3.2, Eq (4.4) is oscillatory if g, > 0.364173.
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Table 1. Numerical verification of oscillation of Eq (4.4) via Theorem 3.4.

9o K Sk So T S«

1 1 1.41421 1.91421
0.8 1 0.879672 1.27967
0.6 2 0.915536 1.21554
0.4 9 1.33204 1.53204
0.38 14 0.841967 1.03197
0.37 26 1.61925 1.80425
0.365 75 1.21863 1.40113
0.3645 118 1.4952 1.67745
0.364178 975 0.988949 1.17104
0.364174 2197 0.849027 1.03111

Remark 4.2. Applying [18, Theorem 4] shows that Eq (4.4) is oscillatory for q, > 0.421. Thus, our
result is stronger for testing oscillation.

Remark 4.3. For the special case of (4.4) when T = Z, applying [13, Theorem 2.6] implies that the
advanced difference equation

A+ DA%) + gone =0, €20, 4.5)

is oscillatory for q, > %. Furthermore, by [25, Theorem 2.4], Eq (4.5) is oscillatory if g, >

Consequently, our criteria provide more precise and stringent oscillation results compared to
previously established bounds.

1
6.
the

Example 4.5. For the discrete time scale T = 7Z. Consider the second-order advanced difference

equation
¢

2
A2 Axe) + SHen =0, €20, (4.6)
2! 1
Here () = 2¢, q(£) = e et) =€+ 1, P() =2 ¢, = 3 and vy, = 2. Now, using the iterative

formula
2?/(71
Sk =

- g{) ’
I- Sk—1
we can determine g, + ¢, = 1.72735 > 1. Therefore, by Theorem 3.4, Eq (4.6) is oscillatory.

Example 4.6. For the real time scale T = R. Consider the second-order advanced differential equation

q,¢ + In(€)

(x @) + u(50 =0, (21, (4.7)
o +1In(C 1 o
Here, ((£) = €2, q(€) = qfﬁl() () = 5¢ and Y(€) = 7 Also, ¢, = % and y. = 5. By
5
Theorem 3.2, Eq (4.7) is oscillatory if q, > 5 Otherwise, in case qy < 3 by a simple calculation for
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Sk-1—1

. Therefore, s, + ¢ > 1, then by Theorem 3.4,

k-1
Eq (4.7) is oscillatory if q, > 0.6501235. Moreover, condition (3.10) takes the form

1 (! In(s) 1-¢
li — —
i [5€f1 (q”+ s )ds]> 5o

which holds. Consequently, by Theorem 3.5, Eq (4.7) is oscillatory if q, > 0.6501235. Furthermore,
by Corollary 3.2, Eq (4.7) is oscillatory if g, > 0.650123.

The oscillatory behavior of Eq (4.7) is numerically verified using Theorems 3.4 and 3.5, as presented
in Table 2. Additionally, Figure 2 illustrates some numerical solutions of Eq (4.7), highlighting the
accuracy of our oscillation results.

5
0.6501235 < ¢, < > we can determine ¢, = c]o1

Table 2. Numerical verification of oscillation of Eq (4.7) via Theorems 3.4 and 3.5.

Theorem 3.4 criterion Holds for Theorem 3.5 criterion Holds for
1o K Sk So + Sk K Sk
2.5 1 2.23607 2.73607 1 2.23607
1.7 1 0.890399 1.2304 1 0.890399
1.3 2 1.31735 1.57735 1 0.533917
0.9 4 1.12082 1.30082 3 0.586952
0.7 12 1.88673 2.02673 11 0.751349
0.66 30 2.73882 2.87082 29 0.819713
0.6505 163 0.947643 1.07774 163 0.947643
0.6502 365 1.13734 1.26738 364 0.666022
0.65015 619 2.20295 2.33298 618 0.789636
0.650124 3221 1.74472 1.87474 3220 0.750579
0.6501235 4546 1.07187 1.2019 4545 0.65301
= (= 5.0000000
e o000
— (= 1.3000000
— o= 0.9000000
6 — §p=0.6501231
4
B

-4

0 5 10 15 20 25 30
£

Figure 2. Some numerical solutions of Eq (4.7).
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Remark 4.4. Applying [5, Theorem 4.3 ] shows that Eq (4.7) is oscillatory for q, > 0.6501235. Thus,
our results provide stronger assurance for oscillation.

5. Conclusions

This paper investigated Kneser-type oscillation for a class of second-order noncanonical dynamic
equations with an advanced argument, a topic that has received limited attention in the time scales
literature. The derived oscillation criteria are sharp and refined; some previous studies have been
extended. For example, our findings generalize and improve the results presented in [13,15] and extend
the special case where @ = 1, as discussed in [25,26]. Moreover, when T = R, our results differ from
those in [6], where a = 1, since we focused on the case where (£) represents an advanced argument.
Additionally, our results are sharper than those in [18], which are based on modified Riccati and Hill-
type oscillation. Furthermore, our findings are valid for all time scales, suchas T = Z, T = R, T = g0
where g > 1, etc. An interesting extension of this approach would be to consider the second-order
half-linear dynamic equation with an advanced argument

a\A
(¢ («*©®)") + a0 (p(0) =0, € € [£y, o).

where « is a ratio of odd positive integers.
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