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The author would like to make the following corrections to the published paper [1].

• In the abstract of our paper [1], we stated: “In addition, we provide some numerical test cases to
demonstrate that the approach can preserve the non-smooth solution of the underlying problem”.
Acutully, this statement requires further clarification. Specifically, we address the challenge posed
by non-smooth solutions, which can significantly degrade the performance of numerical schemes,
particularly their order of convergence. To overcome this limitation, we employed fractional-
order Legendre functions, denoted as Lε(λγ), in our numerical approach. This methodology was
applied specifically in Examples 6 and 7, as mentioned in the conclusion section of [1].

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025199


4323

• The corrected form of Eqs (1.1) and (1.2) are

Dα1Y(s) = φ(s) +

1∫
0

η(s, t)G(Y(t))dt, 0 < α1 < 2, (0.1)

with the initial conditions;
Y(β)(0) = 0, β = 0, 1, (0.2)

where Dα1 denotes the fractional derivative of order α1, and 0 < α1 < 2 (This modification must
be applied consistently across the paper).
• Using the following transformations t = 2λ − 1, s = 2% − 1, Y(2% − 1) = Z(%), φ(2% − 1) = φ(%),

2G(Y(2λ − 1) = F(Z(λ)), and η(2% − 1, 2λ − 1) = σ(%, λ) we obtain, Eq (3.12) in [1].
• The initial conditions (3.12) must change to be

Z(β)(−1) = 0, β = 0, 1. (0.3)

• Equation (3.17) must change to be∫ 1

−1
I%,ν1 Iλ,ν1

[
σ(%, λ)F(Z(λ))

]
dλ =

ν1∑
ε=0

ν1∑
ı=0

eεıLε(%)
∫ 1

−1
Lı(λ)dλ =

ν1∑
ε=0

eε,0Lε(%), (0.4)

where
eε,0 =

2ε + 1
2

∑
|a|∞≤N

∑
|b|∞≤N

$a$bσ(%a, λb)F(Z(λb))Lı(%a).

• The system of (ν1 + 1) algebraic equations derived in Eq (3.23) constitutes a nonlinear system.
• Lemma 3. Consider e(x) = Z(%) − ZN(%) to represent the error function of the solution. The

subsequent inequality is applicable in this context:

‖e‖ ≤
3∑
`=1

‖B`‖ (0.5)

where
B1 = I%,N Dα1Z(%) − Dα1Z(%)

B2 = I%,N
∫ 1

−1
(I − Iλ,N)

[
σ(%, λ)F(Z(λ))

]
dλ

B3 = I%,N
1∫
−1

Iλ,N
[
σ(%, λ)F(Z(λ)) − σ(%, λ)F(ZN(λ))

]
dλ.

Proof. By using the Caputo definition, we write the equation of non-FFIDEs as follows:

Dα1Z(%) = I%,Nφ(%) + I%,N

1∫
−1

σ(%, λ)F(Z(λ))dλ, 0 < α1 < 1 (0.6)

and when utilizing the approximate solution we have,

I%,N Dα1Z(%) = I%,Nφ(%) +

1∫
−1

I%,N Iλ,N
[
σ(%, λ)F(ZN(λ))

]
dλ. (0.7)
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Subtracting (0.7) from (0.6) yields

e(%) = I%,N Dα1Z(%) − Dα1Z(%) + I%,N

1∫
−1

[
σ(%, λ)F(Z(λ)) − Iλ,N

[
σ(%, λ)F(ZN(λ))

]]
dλ (0.8)

hence

e(t) = I%,N Dα1Z(%) − Dα1Z(%) + I%,N

1∫
−1

Iλ,N
[
σ(%, λ)F(Z(λ)) − σ(%, λ)F(ZN(λ))

]
dλ. (0.9)

The desired result can be obtained directly from the above.
• In Theorem 1, Section 4.1, we compute B1, instead of Eq (4.11), by using Lemma 3, Lemma (3-3)

in [2], as

‖ B1 ‖L2(I)≤ CN−η|Dα1Z|Hm,N,
ωc (I). (0.10)

Accordingly, Eq (4.8) must be

‖ EN ‖L2(I) ≤ CN−η|Dα1Z|Hη,N,(I). + c

√
(N − η + 1)!

N!
(N + η)−(η+1)/2

[
|F(Z(·))|H1(I) + |Z|H1(I)

]
+ LM ‖ EN ‖ .

(0.11)

• In Eq (4.17), which L is Lipschitz condition, and Max|σ(%, λ)| ≤ M and L < 1/M.
• The revised version of Figure 8 in [1] is included in Figure 1.

Theorem 1. Let INZ(%) be the spectral approximate and let Z(%) be the exact solution of the
equation of non-FFIDEs and, F satisfies the Lipschitz condition with respect to its third argument
with the Lipschitz constant L < 1

M and Max|σ(%, λ)| ≤ M.

Figure 1. The approximate solutions for various values of α1.
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• In Example 6, while the solution is not smooth, then the order of convergence of the numerical
scheme may deteriorate. However, this can be prevented by using fractional order Legendre
functions Lε(λγ). Then, in Figures 13 and 14, γ = 1

2 and ν1 = 8. Also, we used fractional order
Legendre functions Lε(λγ) in Example 7 and then α1 in Table 6 must be γ.

The changes have no material impact on the conclusion of this article. The original manuscript will be
updated [1]. We apologize for any inconvenience caused to our readers by the changes.
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