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Abstract: To optimize the control of a queuing system with multiple classes of customers and multiple
servers, we introduce a novel joint scheduling—control policy that includes customer admission control,
service scheduling control, and service rate control. In this policy, any server can serve any class of
customers; the service rate control for a server is a unique feature of this policy and is determined
by the overall state of the system, not the state of a server or the class of customers it serves. Given
the inherent complexity of the system’s equations and the difficulty of solving them directly, we apply
diffusion approximation theory and consider the Halfin—Whitt heavy traffic regime. This approach
yields a formally weak limit of the joint scheduling—control problem. This limit problem, which
we call the diffusion control problem (DCP), is a stochastic differential equation (SDE). Next, we
present the corresponding Hamilton—Jacobi—Bellman (HJB) equation and prove the existence and
uniqueness of the solution to this equation. This solution is the optimal Markov policy for the diffusion
control problem, and we use this solution to devise a policy for the original joint scheduling—control
problem and prove its asymptotic optimality. We designed several experiments to compare the system’s
performance and value functions under different control policies. Our designed joint scheduling—
control policy has significant advantages in reducing the system’s cost and improving service efficiency.

Keywords: multiclass queues; multiserver queue; Halfin—Whitt heavy traffic; diffusion control; HIB
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1. Introduction

We consider a stochastic service system consisting of n servers and m classes of impatient customers
and introduce a novel joint scheduling—control policy with three parts: customer admission control,
service scheduling control, and service rate control (see Figure 1 and Section 2 for a detailed
illustration).
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Figure 1. A parallel server queue model with multiclass jobs under a joint scheduling—
control policy.

Let k = 1,2,---,m; in this case, U}(-) represents the customer admission control process in
Figure 1, and &(-) represents the service scheduling control process. Let &' = (£1,&5 ---&)); thus,
H}(£"(-)) represents the service rate control process. The arrivals of each customer class in the system
follow a renewal process, represented by A} in Figure 1. Any server can offer service to any customer,
and the corresponding service rate depends on the overall state of the system, not only on the individual
customer or the individual server, which is a unique feature of our proposed policy. Note that the vector
£&" is used in the rate control process H}(-) for each type of service, not some component &}

Our joint scheduling—control policy has three parts, which are dynamically adjusted to each other
and combined with a cost function to optimize our system. For example, if too many customers of
a certain type arrive, we can either stop letting them in (customer admission control), schedule a few
more service stations to work for such customers (service scheduling control), or increase the service
rate for such customers (service rate control). These three approaches can be used simultaneously, or
one or two of them can be chosen in combination, which has to be chosen in conjunction with the cost
function to optimize the system.

Our service discipline is not first in—first out (FIFO) but a priority model and is inclusive of both
non-preemptive and preemptive resume policies (i.e., policies that either prevent or allow the service to
be interrupted and the customer to return to the queue without completing the service). For example, if
the cost of losing or waiting for a certain type of customer is particularly large, the service in progress
can be interrupted so that this type of customer can be served quickly and the waiting time can be
reduced.

Incoming customers are impatient, with random waiting times that they tolerate, shown as 8} in
Figure 1. These waiting times are independent and identically distributed (i.i.d.) and are independent
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of the arrival and service processes. Customers face two situations in the system: being served or being
in suspension. A customer departs if his or her service is completed, and abandons the queue if he or
she has spent too much time waiting.

Of course, these added control components increase the cost, and the ultimate goal of this paper is
to obtain an asymptotically optimal joint scheduling—control policy to show that the added control
cost is worthwhile and that the total cost decreases. Our costs are linear or nonlinear expected
cumulative discount functions of appropriately normalized performance metrics. Our costs include
fixed components, such as the depreciation of equipment and basic salaries of personnel, as well as
some dynamic components, such as the cost of idle servers, the cost of customer abandonment, the
cost of customer queuing, the cost of customer access control, the cost of server scheduling control,
and the cost of server rate control. Of course, in practice, they can be added or subtracted accordingly.

In contrast to the control policies proposed in existing studies (see, e.g., Bell and Williams [1],
Harrison [2], Krichagina and Taksar [3], Kumar [4], Kushner and Chen [5], Martins et al. [6],
Plambeck et al. [7], Van Mieghem [8], Weerasinghe [9] and Atar et al. [10]), our joint scheduling—
control policy is designed more intelligently via a non-negative vector function of queue states and their
corresponding ratios. This problem is new to the literature concerning the design of joint scheduling
and control policies.

Given the inherent complexity of the system’s equations and the difficulty of solving them directly,
we apply diffusion approximation theory and consider the Halfin—-Whitt heavy traffic regime (see, e.g.,
Halfin and Whitt [11] and Jagerman [12]). This approach yields a formally weak limit of the joint
scheduling control problem. This limit problem, which we call the diffusion control problem (DCP),
is a stochastic differential equation (SDE). Next, we present the corresponding Hamilton—Jacobi—
Bellman (HJB) equation and prove the existence and uniqueness of the solution to this equation. This
solution is the optimal Markov policy for the diffusion control problem (cf. [13]), and we use this
solution to devise a policy for the original joint scheduling control problem and prove its asymptotic
optimality.

The effectiveness of the designed joint scheduling—control policy is illustrated by numerical
examples, as shown in Figure 2. Compared with other policies, our designed joint scheduling—control
policy has the lowest cost, as shown by the leftmost blue rectangle in Figure 2. The results show
that our designed joint scheduling—control policy has significant advantages in reducing the system'’s
cost and improving service efficiency. The results of this numerical simulation not only confirm the
rationality and practicality of the previous theoretical analysis but also provide a valuable reference for
practical applications. A more detailed description of these numerical simulations and comparisons is
presented in Section 3.

Therefore, determining how to establish the relationship between the physically optimal model
and the limit diffusion-based optimal control system is the key to proving the asymptotic optimality
of our designed policy. In doing so, we extend several techniques developed in Weerasinghe [9] to
broaden our goal from a single customer class to multiple customer classes and from rate control alone
to integrated server scheduling and rate control. This study also extends the standalone problem of
scheduling (see, e.g., Arapostathis et al. [14,15] and Atar et al. [10]) to the joint scheduling and control
problem developed in this paper. Additionally, instead of employing joint server scheduling and rate
control methods, we consider related studies on joint admission and rate control, which can be found
in Kocaga [16].
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Figure 2. Cost comparison for different polices.

Dynamic scheduling and control for parallel server queues in the Halfin—Whitt regime have
attracted interest in both academic studies and real-world applications (see, e.g., Sze [17], Arapostathis
et al. [14, 15], Armony et al. [18], Atar et al. [10], Dai [19], Garnett et al. [20]), Kocaga [16], and
Weerasinghe [9,21]). Practical applications include modern telephone call centers, high-performance
computer systems, cloud computing, and even quantum computing-based future communication
systems and internet applications (see, e.g., Dai [22-24]).

More precisely, the aim of designing the policy is to choose a suitable number of servers while
balancing the system’s inputs and outputs by considering a sequence of parallel server queues, which
is diffusively scaled by the number n of servers. Furthermore, the traffic intensity associated with
each n tends toward unity as n increases. Scheduling involves allocating servers to customers, and
the associated rate control is conducted by introducing a vector of state-dependent feedback control
functions involving rate perturbations. When the server is interpreted as a quantum qubit, this server
number is the number of qubits required to build a quantum computer (see the recent breakthrough
reported in Dai [19]). Our research is widely applied and up-to-date and can provide valuable
references for practical operation.

This paper is organized as follows. In Subsections 2.1 and 2.2, we establish the mathematical
equations of the stochastic model, specify the necessary assumptions, and perform the relevant
scaling of the equations. In Subsection 2.3, we present the cost function of the original queueing
system. To facilitate numerical simulation, a linear version is presented, and we prove that any
cost function satisfying Assumption 3 can be used. The diffusion control problem is described in
Subsection 2.4, and the corresponding HIB equation is described in Subsection 4.1. We present the
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main theorem (Theorem 2) of this paper in Subsection 2.5, which shows the asymptotic optimality of
the joint scheduling control policy that we design. In Section 3, we use several experiments to compare
the system’s performance and value functions under different control policies. Section 4 presents the
proof of the theorem, Subsection 4.1 presents the proof of the existence and uniqueness of the solutions
of the HIB equation, Subsection 4.2 presents the proof of asymptotic boundedness. Finally, we present
the proof of Theorem 2 at the end of this paper in Subsection 4.3.

2. System model and main theorem

The study in this section is based on the model of parallel server queues that is presented in Figure 1
and explained in the introduction of this paper. First, define M = {1,2,--- ,m} for an integer m € N =
{1,2,---}, and let

S’":{xeR’f; Zxk: 1}, 2.1)

where R = [0, c0)™. Furthermore, all related m-dimensional vector stochastic processes are assumed
to be in the Skorohod topological space D(R™) of right-continuous functions with left limits and to
have the Skorohod topology (see, e.g., Ethier and Kurtz [25]). In addition, we use “=" to represent the
weak convergence of the processes in this space.

2.1. The queueing system under a joint scheduling—control policy

In this subsection, we specify mathematical expressions for the queuing state, the service state, the
arrival process, the service process, and the abandonment process. In this way, we outline a basic form
of the system. Importantly, our design of the service rate, which depends on the overall state of the
system and not on a single customer or a single server, is a unique feature of our policy.

For each n € N, sequences of stochastic processes in the QED (both Quality and Efficiency driven)
regime, all the related processes indexed by n are assumed to be defined in a complete probability
space (€2, &, P) that may depend on n, where n denotes the number of servers. We also need to assume
that the expectation of P is denoted by E and that r > O (appearing below) represents the time. At time
t > 0, for each k € M, the number of customers of class k queuing in buffer k is denoted by ®}(?),
which has the corresponding vector-form expression

Q1) = (D}(D), D3(0), -+ -, P, (D). (2.2)

The prime symbol used in (2.2) denotes the transpose of a vector. Similarly, ¥/ () represents the
number of customers of class k being served at time f#, which has the corresponding vector-form
expression

(1) = (P10, V50, -, (D) (2.3)
Clearly, the processes in (2.2)-(2.3) are integer-valued vector processes, and

(1), ¥Y"'(r) e RY, Z Y, (t) <n foreach t>0. 2.4)
keM
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Let @"(0) and Y"(0) represent the corresponding initial values. Here, we assume that they are
predetermined. Let XJ'(¢) represent the total number of customers of class k in the system at time
t, and let X"(¢) denote the corresponding vector form. Thus, we have

X"'(t) = O"(¢) + " (). (2.5)

The service times of class k customers for each k € M are assumed to be exponentially distributed
with the rate function u}(-,-), and each server is assumed to obey a work-conserving rule (i.e., a no-
idling rule). Furthermore, the rate (-, ) is designed to be more realistic and efficient than in previous
works, as follows. We first use the queue state to design the server scheduling policy, i.e., to determine
the number of different classes of customers to be served simultaneously by n servers, based on the
proportion of customers in different classes of queues at time ¢. This step can be expressed as

V(1) = n&(X)), (2.6)

where &/(-) : R} — R, is the proportion of customers in class k to all customers in the system. Since
V(1) must be an integer, we specify (2.6) as follows:

nX}\(t)
T n [m—k’z ], k:1,2,"',m—1’
R :{ e 2.7)
n—Zi:I nfl-(Xt)’ k =m.

In what follows, we use &'(X]) = (£/(X]),--- L& (X™M) € S™ to denote the corresponding m-
dimensional ratio vector. Thus, the non-negative rate function w(-, ) can be given as u;(£"(X}'), X}")
for time 7. Hence, if we use S7(-) to denote the standard Poisson process, at time ¢, the total number of
class k customers completing the service can be expressed as

Sr ( fo L(E(XT), X - \Pg(s)ds). (2.8)

The server rate control and server scheduling control in our joint scheduling—control policy are
contained in ' (£"(X7), X}'). In addition, we denote customer admission control as L}(f), k € M. Their
exact form will be given in Assumption 2 in Section 2.2.

The arrival processes {A], k € M} are assumed to be mutually independent renewal processes. This
assumption is common in the literature (see, e.g., Atar et al. [10]) and is realistic. It can be described
as follows. For each k € M, let {7x()), j € N} be a strictly positive i.i.d. sequence of random variables
with the mean E[7(1)] = 1 and a squared coeflicient of variation

2 _ Var(7,(1))
o BIR(D]?

Furthermore, we assume that there is a constant N > 2 such that E(74(1))" < co. We can then define

€ [0, 00).

1
7)) = F?Z(j), (2.9)
k

where A} > 0 is the arrival rate of customers of class k. The notation in (2.9) is interpreted as follows:
77(1) represents the first arrival time of class k customers, and 7}(a) for each a € {2, 3, ...} represents
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the amount of time between the (a — 1)th and the ath arrival of the kth customer. With the convention
that Z? = 0, we define the number of arrivals of class k customers up to time t as follows:

Al =suplaz0: Y F() <, keM, 20 (2.10)

J=1

In addition, we assume that the rate at which class-k customers abandon their queue is a constant
denoted by &} € [0, o). Let {R}, k € M} be standard Poisson processes independent of each other and
of the process {A}, S}, k € M}. Then, the number of abandonments of queue k up to time ¢ is given by

t
R; (HZfo (I)Z(s)ds) , keM, t>0. (2.11)

To cover both non-preemptive and preemptive resume policies (i.e., policies that either prevent or allow
the service to be interrupted and the customer to return to the queue without completing the service),
we introduce the corresponding process D} for each k € M. This process has three properties: (i)
Initially, it takes the value of zero, i.e., D}(0) = 0; (i) it increases by 1 when a customer of class k is
allocated to a server; and (iii) it decreases by 1 when a customer of class k returns to the queue. We

can then model the associated dynamic queueing system as

@7(0) + AL() - Do) - Ry (E2() - Lio),

(1) keM, t>0, (2.12)
W) = W0) + D)) - ST (E}0)).
where
B0 = [ o v,
Ej() = QZfd)Z(s)ds.
0

Furthermore, an induced filtration " = {#/,t > 0} with the corresponding sigma algebra ¥," is
given by

T = o{Al(s), ST(ELS)), RUEN(s)), D(s), Wi(s), X!(s) : s < 1,k € M. (2.13)

It is obvious that X} () is adapted to filtration " and that /" is the information available at time 7. In
addition, let 7}(¢) be the first arrival time in queue k that is not earlier than time 7, i.e.,

7.(t) =infla > t : Aj(a) — Aj(a—) >0}, ke M. (2.14)
We can then introduce the corresponding information field as follows:
gl = oA +a) - AT(D), (2.15)
STHEND +a) = STEND), RY(END + a) — RU(E}()) : a > 0,k € M}.

On the basis of this notation, we introduce the concept of an admissible policy.
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Definition 1. For each k and t, a joint scheduling—control policy is admissible if the following three
properties hold:

(1) F" is independent of G,
(2) SUEL®) + a) — SUEQ) is equal in law to S7(a);
(3) RI(EN1) + a) — RIEND)) is equal in law to R}(a).

2.2. Scaling under the QED regime
We first make the following heavy- traffic assumption (cf. [11,20,26,27]) for our subsequent study.

Assumption 1. There are constants A} € (0, 0), il € (0, c0), and A € (0, o) for each k € M such that

2 5=l
o Mk

and, as n — oo,
0 172/, -1 yn 0 3
o — A, n' (= A = A) — A

Second, for all # > 0, we introduce the related scaling processes as follows. Let AZ() be the process
obtained by diffusion scaling and centering of A}(-), which takes the form

A1) - At

Aj0) = 2.16
x (1) 7 (2.16)
Furthermore, let (T)Z and ‘T‘Z be fluid-scaled processes defined by
- Dt - Wt
(1) = A9 and P!(r) = i ). (2.17)
n n
Now, let
/10
Ye=— and ¥ =019 (2.18)
Hi
We can then introduce the corresponding diffusion-scaled processes as
N (1) . P (t) — ny?
(= —= and Wi(r)= L——E. 2.19
k(@) N7 (0 NG (2.19)
In addition, there are diffusion-scaled processes as follows:
R D(t) — nA't
Dy = Lt—F, 2.20
i (D) Nz (2.20)
A S7(nt) — nt
Su - 2.21
(0 Nz (2.21)
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Ry = R} (nt) — nt (2.22)
: = v .
We then define .
o " " XNt) —
() = by + Vi) = LD N (2.23)
\Vn
and
X't = (X7, X5(1),--- , X, (1)) (2.24)
Next, we define
ENXY) = E(VnX! +m°), (2.25)

where é,’j(-) : R™ — R, can be approximated as the ratio of k class customers among all customers in
the system of X"(¢). Let £&"(X"") = (é?(f(f), .-, &"(XM) . From (2.25), we can obtain

EXN =1, X =&X). (2.26)

M=

=~
Il

1

We can then denote ‘i’Z(t) for each k € M as

Vi) —myp _ ngi(Xp) —ny
Vi Vi

Remark 1. Note that X"(t) € R, but X™(t) € R™. The reason is that, in some cases, for a fixed ke M,

CDZ(I) = 0, and ‘}’Z(t) < nyg, we have (i)g(t) = 0 and ‘i’g(r) < 0. Consequently, X’g(t) < 0, and so
X"(1) e R™.

i) = = V& X" -7}l (2.27)

With the notation above, (2.12) can be rewritten as follows:

{cﬁ;(t) = &1(0) + Ar() - Do) - Ry (E0) = Ep) + n' (7' 47 = a0t = (o), 22%)

) = W0) + D) - S (LEL®) + Vit - LEL@),
where

_ ¢
El1t) = 6 f @} (s)ds,
0

!
A f ! (s)ds.
0
Assumption 2. For each k € M, there are non-negative bounded functions U}(-) : R" — R, that
satisfy U}(-) = 0 when §/(X}') = 0 such that

Ep(r)

X" — n,yO
(——)

\n
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and there are non-negative bounded functions H} () : S" — R, that satisfy H!(-) = 0 when &/(X}') = 0
such that

o 4 Hilean) n( X7
o, xpy = L Sk S0 230
. £ =0

where ,u,? > 0 for all k € M are constants called the basic service rates defined in Assumption 1 (cf.
Weerasinghe [9]); EZ(-), defined in (2.25), represents the server scheduling control; U](-) represents
customer admission control; and H](-) represents the server rate control.

Remark 2. A rypical example of the rate control law for (-, -) in (2.8) can be designed by generalizing
the discussion in Weerasinghe [9] for the single-class case to our multiclass case. The function u;(-) :
R™ — R, can take the following basic form:

Hix) = {ﬂk el o (231)

,uk, otherwise.

Here ,ug for all k € M is called the basic service rates.

Remark 3. Based on Assumption 2, (2.6), and (2.26), \%E,’j(r) in (2.28) can be written as

1 n _ L t n(engyn ny . \pn
A0 = j; L(E (X, XT) - W (s)d s (2.32)
HE )
Y f mll+ =7 fk(X" gy ) S

- f X + 1 f Hy (250 ds
= i [ ads e [ (Ec)as

(2.33)
According to the notation introduced in Assumptions 1 and 2, from (2.28), we can obtain
f
Xit) = X +oWi@)+t- 6 f X! (s)ds (2.34)
0

! ! !
il =) [ Ernas—ud [ vp(R)ds—i [ 7 (@ RD)as
where

) ) (1 [
T Wit) = AZ(t)—S,’j(ZEZ(t))—RZ (Er),

or = (MC+ '
QZ = ”_1/2/12 1/27](92’
X = XN0).
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Remark 4. Now, we show that (2.34) includes the case of £(X}') = 0.
First, when £(X") = 0, we have ¥I(H) = 0, ¥7(t) = —yny?, &X") = 0, E'(t) = 0, and
S B (%E,’(’(t)) = 0. Substituting these values into (2.28), we obtain

R = X+ A0 - Ry (EN0) +n7 22— 0 fo t & (s)ds (2.35)
= X+ AN - R (Ej) +n 24— 6 fo [[)A(,’(’(s) —§(s)lds
= X+ AN - R (Ej) +n 24— 6 fo t Xi(s)ds
+6, j; t V(0 — y))ds

= + Ayt - R (Ep) + n”' P25 - 6 fo t X{(s)ds — \ndyyt.
Second, when &/(X]) = 0, (2.34) can be written as
X = X+ A0 - R (Elw) (2.36)
+( 2y — n' 0 - 6 fo t X7(s)ds.
The two equations above have the same form, verifying that (2.34) includes the case of £/(X}') = 0.

The corresponding vector form of (2.34) can be written as
X'(t) = X" + oW"(t) + f t p"(X", U, E", H")ds, (2.37)
0
wAhere x" = (x},--+,x,), o = diag(oy, k € M) (here, “diag” means “diagonal matrix”), W) =
(Wi, ..., Wy (), and
p' X", Ut H" = A1'-0'X" (2.38)
— V@’ - HE(X") - U (X") - 1’ H' (€' (X™)).
Furthermore, the terms used in (2.39) have the following expressions:
= A,
g diag(#;, k e M),
W0 = diag(d. ke M),

FE = (B, EE),
U'R) = (UFEY), -, Un&Y)
H'@'&M) = (Hj@ &), Hy@®")) .

At this point, our system'’s equations are fully developed. In this section, we scale the system equations,
present some necessary heavy traffic assumptions, and, most importantly, present the specific form of
the control function 1 (£"(X}), X}'). Next, we provide the cost and value functions so that our original
physical model is fully described.
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2.3. Cost and value functions

Let (x", X", U”,é",H")n21 be as described in Section 2.2; the corresponding cost function can be
defined as .
IR U E HY) = E f e 'C(Xy, ULLE L HY) dr, (2.39)
0
where C : R X R” X R™ x S — R, is a non-negative continuous function as follows:

C(RLULEH) ="+ Y iRl + ) sl + > iU + ) hHL (), (2.40)
k=1 k=1 k=1 k=1
where c", p{, s}, q;, and h] are constants. This equation can be interpreted as follows. At time 7,

the number of idle servers can be represented by n — Z W} (¢); subsequently, the idle server cost can

k=1
m

be represented by — Z clW(1), where c; is a constant. The abandonment cost can be represented
k=1

m
by Z 20" (1), where c; is a constant and 67 is the rate at which class k customers abandon their
k=1

queue, as defined in Section 2.1. The delay cost can be represented by Z ci(f)Z(t), where ci’ is a

k=1
m

constant. These three costs can be unified in the form of Z piX2(t), which we call the queuing cost.

k=1
m

m
Z sZéZ(t) represents the corresponding server scheduling costs, Z q, U, (1) represents the costs of
k=1 k=1

m

customer admission control, and Z hH,(t) represents the costs of server rate control. Fixed costs,
k=1

such as equipment depreciation and the basic salary of personnel, can also be considered; here, they

are denoted by ¢”, which is a constant.

Many cost factors need to be considered in practical applications. We provide a few typical
examples here. The cost factors to be considered can be increased or decreased according to the
specific situation. We will show later that any cost function can be used as long as it satisfies the
following assumption.

Assumption 3. We assume that function C satisfies the following:
(1) There is 6 € (0, 1), and for any compact G C R™, there is ¢y depending only on G such that
CCx, U,& H) = C(y, U, & B < eollx =P, (2.41)

holds for (U,&, H) e R" x R" x S" and x,y € G.
(2) Constants ¢, > 0 and k¢ > 0 exist such that

C(x,U,& H) < ci(1 + |1xl[fo), (2.42)

where ||x|| = Z bl (U, & H) € R" x R" X S™ and x € R™.
k=1
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Definition 2. Let D" be the collection of all such admissible (X", U",&", H"); the value function V" is
defined by
V" = inf J"(x", X", U", &", H"), (2.43)

where the infimum is taken over all available processes (X", U™, &, H") in D" .

2.4. The diffusion control problem

In this section, we present a diffusion control problem that can be regarded as a limiting form of
the stochastic model described in Section 2.2. The use of the Brownian system as a heavy traffic
approximation of a queuing system has been a long-standing idea, and the reader is referred to [3]
and [28] for a list of comprehensive references.

Let us define a complete probability space, (Q, F, P), where the expectation with respect to P is
denoted by E; in this space, all the stochastic processes below are defined. First, we make two
assumptions to facilitate obtaining the corresponding diffusion control problem from the previously
established joint scheduling—control problem.

Assumption 4. As n — oo, for each k € M, there are constants 9,? € [0, 00), ¢ € [0,00) and A, € R
such that
> A, o — 6, V() - 6) = cx.

Assumption 5. As n — oo, for each k € M, t > 0, there are constants ¢, € [0, o), Y € R such that

(i)Z(O) - &y, ‘i’Z(O) — Yy,
where O w(0) o
N o7 - "(0) -y, n
(Dn 0) = k , \Pn 0) = k k ,
:(0) —\/ﬁ :(0) —\/ﬁ
and Y\ < 0.

Next, let x; = ¢, + ¥y; thus, we consider a controlled state process X;(¢), which is a weak solution
to the following equation:

t
Xit) = xi+ o Wit) + it — 6) f X, (s)ds (2.44)
0

o [ aods = [ i) -ut [ s
where Ui(") : R™ — Ry, Hi(") : S" — R, &() : R — Ry, S0 &() = 1 and

Wi = o A,
Xs = (XI(S), ) Xm(S))/,
&(Xy) (61(Xy), -+ En(XD)r.

Now, we can obtain

X@®)=x+oW() + f b(X;, Uy, &, Hy)dss, (2.45)
0
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where x = (xy, -+, x,), 0 = diag(oy, ke M), W(t) = (Wi(t),---, W,(1))’, and
b(X,U,&, H) = 1 —6°X — c&(X) — i’ U(X) — i’ H(E(X)). (2.46)
Furthermore, the terms used in (2.46) have the following expressions:
A = (A, ),
& = diag(®, ke M),

c = diag(c, ke M),

‘f(X) = (fl(X)’ e ’é:m(X)), )
U(X) = (UI(X)’ ) Um(X)), 5
HX) = (Hi(£X)),--, Ha(£(X))) .

Assumption 6. To ensure that X;(-) in (2.44) does not explode, we assume that there exists a constant
M > 0 such that

0<U() < M, (2.47)
0<H(-) <M, (2.48)

where k € M.

Now, we introduce the following cost function for the state Eq (2.45):
J(x,X,U &, H) = EZf e "C(Xy, Uy, &, Hy)dt, (2.49)
0

where C : R X R" X R"™ x S — R, is a non-negative continuous function as follows:

C (X, Upép H) = c+ )" pXi®) + ) s+ D axU) + ) i), (2.50)
k=1 k=1 k=1 k=1

where ¢, pi, Sk, i, and h; are constants.

In Section 3, we present several numerical examples in which the cost functions refer to (2.50).
The costs presented here are not used in every example. We provide this form to facilitate some of
the numerical simulations given in Section 3. Practical applications can be modified to suit a given
situation, and we will show later that any cost function that satisfies Assumption 3 is usable.

Definition 3. Given an initial state x, we call
n=(Q,F,(F),PUE&HW)

an admissible control system if

(1) (Q, F,(F,), P) is a complete filtered probability space;
(2) (U,é,H) € R" X R™ x S™ is an F-measurable, (F,)-progressively measurable process;
(3) Wis standard m-dimensional (F,)-Brownian motion.
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Definition 4. Let D be the set of all such admissible (X, U, &, H). The value function for the control
problem is defined as follows:
Vx) = inlg J(x, X, U & H), (2.51)
e

where the infimum is taken over all available processes (X, U, &, H) in D.

Theorem 1. Let the system equation be (2.45) and the cost function be (2.49); then, there is a Markov
control policy that is optimal for all x € R™.

Theorem 1 is an integral part of Theorem 3, which states that the value function V is the unique
solution of the corresponding HIB equation. For this reason, Theorem 1 holds without proof as long as
Theorem 3 is proved later. We present Theorem 1 here to facilitate the construction of an asymptotically
optimal policy for our original joint scheduling—control problem in the next subsection.

2.5. An asymptotically optimal ioint scheduling—control policy

In this section, we present an asymptotically optimal control policy for the original problem, which
is defined by the optimal Markov control policy described in Theorem 1.

To state this result, we need to introduce a Markov control policy, namely 77 = (17 ”,E", ﬁ”) where
Ur=U *,E” = T(&), H'=H *, T 1s a measurable map that guarantees that the components of Y"(r)
are integer-valued, and n* = (U*, &*, H") is the optimal Markov control policy described in Theorem 1.
Let W"* = n&* and P = nE" = nT(£7), and define

[P, k=1,2,---,m—1,

W = (S 252
CT e > - 1), k=m. (22

i=1

Clearly, Z P = Z ¥ = p and @Z € Z,. Moreover, || P [|I< 2m.
I=1 I=1

Now, for a given initial condition x" and a stochastic sequence system, we write

V" = liminf J"(x", X", U",&", H"), (2.53)

where J" is defined in (2.39) and represents the cost function for the joint scheduling—control problem.
Theorem 2. Let (x", X, Un, é“”, H")n21 be any sequence of the stochastic system described in
Section 2.2, let (J"(x", X", Un, é”, H ”))nZ | be the associated cost function defined in (2.39) that satisfies
Assumption 3, and let X} > W}(k € M). We thus obtain

n—oo

lim E f ) eC (f("(t), U™ (1), E(1), ﬁ"(z)) dt< V"
0

Theorem 2 is the main theorem of this paper, which states the asymptotic optimality of the joint
scheduling—control policy 7 = (U",&", H") by using the optimal Markov policy n* = (U*,&*, H").
Since the proof of this theorem is complicated and requires the assistance of lemmas, it is presented in
Section 4.
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3. Numerical simulations for a two-class model

In this section, we present several comparative experiments to compare the system’s performance
and value functions under different control policies. The results show that our designed joint
scheduling—control policy has significant advantages in reducing the system’s cost and improving
service efficiency. This numerical simulation not only confirms the rationality and practicality of the
previous theoretical analysis but also provides a valuable reference for practical applications.

The diffusion control problem is a stochastic differential equation, which can be regarded as the
limiting case of our original problem. U, &, and H in (2.46) can be regarded as the customer
admission control function, the server scheduling control function, and the server rate control function,
respectively, in the diffusion control problem. Therefore, in this section, we provide a specific example
of the diffusion control problem and some corresponding examples to illustrate the superiority of our
model.

Example 1 (Two-class model with our joint scheduling—control policy). For a numerical example, we
refer to (2.44) and (2.45) in Section 2.4, with m = 2, and consider a system of our joint scheduling—
control policy with two customer classes as follows:

dx; = [ —Fx; — c1&(x1, x2)

—p U1 (x1, X2) — pH; (€1(x1, X2), E(x1, X2)))dt + 01d W,
dx; = [ - ngz = 26r(x1, X2)

—uSUs(x1, X2) — pHYHL (€1 (x1, x2), Ex(x1, X2))1dE + 02d W,

3.1

as well as the following parameter values:
=100, 6 =001, ¢ =098 =100, o, =1.00,

=050, 6=002, c;=196, =200, o,=0.0,

where A,k = 1,2 can be regarded as the arrival rate of customers of class k, 6,k = 1,2 can be
regarded as the abandon rate of customers of class k, ¢,k = 1,2 can be regarded as the server
scheduling control rate of customers of class k, ,ug, k = 1,2 can be regarded as the basic service rates
defined in Assumption 1, and o,k = 1,2 can be regarded as the diffusion coefficient defined in (2.34).
Now, we refer to Eq (2.50) to define the relevant cost function of this model as follows:
CoXi, Upné, Hy) = 1+ pixy + paxa + s1&1(x1, X2) + $262(x1, X2)
+hiH (& (x1, X2), E2(x1, X2)) + ha Ho (€1 (X1, X2), E2(x1, X2))
+q1 U1 (x1, X2) + @2 Us(x1, X2), (3.2)

with the parameter values
p1 =050, s,=025 ¢ =025 h =0.25,

p» =100, s, =100, ¢»=1.00, hy=1.00.

The constant 1 in (3.2) represents the fixed costs, such as equipment depreciation and the basic salary
of personnel; pyxi, k = 1,2 represents the queuing costs, sié, k = 1,2 represents the corresponding
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server scheduling costs; q. Uy, k = 1,2 represents the costs of customer admission control; and
hiHy, k = 1,2 represents the costs of server rate control.

To facilitate calculation, we refer to Eq (2.51) in Section 2.4 and define a deformation of the value
function as follows:

1
V12 = mlnf Clz(X[, Ut’ é:t, Ht)dt. (3.3)
0

Through the HIB equation, we obtain an optimal policy, i.e., the server scheduling control function,
the customer admission control function, and the server rate control function, as follows:

E1(x1, x2) = x1/(x1 + x2), &(x1,X2) = X2/ (X1 + X2),

Ui(x1, xp) = arctan(x;/x;), Ux(xy, x2) = arctan(x,/x;),

Hi(€1(x1, X2), E2(x1, X2)) = €M172M52 [ (€ (xy, x2), (1, Xp)) = 27 11/M1%%2,

Given that x1(0) = 2 and x,(0) = 3, we use the Euler—-Maruyama (EM) method, which is a standard
numerical tool for solving SDEs. With MATLAB (cf. [29], [30], [31]), we obtain Vi, = 4.0850. The
plot of this two-class model (Figure 3) shows that the sizes of the two customer classes are more
balanced because of customer admission control, server scheduling control, and server rate control.
Cases in which the number of one type of customer is large and the number of the other type is small
are relatively rare. Additionally, the numbers of both classes of customers decline in the later period.
The plot of the cost function C1, = Ci2(X,, U;, &, H,) (Figure 4) shows that the cost function of this
two-class model increases rapidly in the initial stage but then continues to decline. These two figures
tentatively illustrate that the joint scheduling—control policy we have devised is effective.

3.5
X4
- * — k=X,
3 @F*?@* .**‘
\
251 *

0.5

OO 0.I1 0?2 0?3 0.I4 0.I5 OjS O.I? O.IB OjQ I 1
t
Figure 3. Two-class model with our joint scheduling—control policy.
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Figure 4. Cost function of the two-class model with our joint scheduling—control policy.

Below, we present five other models (i.e., without control policy, with customer admission control
only, with server scheduling control only, with customer admission control and server scheduling
control, and with server scheduling control and server rate control) to illustrate the superiority of our
joint scheduling—control policy.

Example 2 (Two-class model without control policy). We present a system without any control as
follows:

{dX3 =[A — 9(1))63]611‘ + odWy, (3.4)

dx, = [, — ng4]dt + 02dW,.
We use the following parameter values:

=100, 6=001, o =100,

=050, =002 o,=0.80.

Given x53(0) = 2 and x4(0) = 3, we can obtain an operational image of this system (Figure 5), where the
total trend of the number of customers in both categories is increasing. This trend shows that without
the control function, the system is very inefficient, and customers will increasingly accumulate.
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Figure 5. Two-class model without a control policy.

Next, we define the corresponding cost function of this example as follows:
C3u(X)) = 1+ p1xs + paxa, (3.5)

where p; = 0.50 and p, = 1.00; the plot of the cost function Csy = C34(X;) (Figure 6) shows that the
cost of this model continues to increase, which is not desirable.

The value function is

1
Viy = mmf C34(Xt)dt = 4.9069. 3.6)
0

A comparison of Figures 3 and 5 reveals that the sizes of the two classes of customers in the model of
our joint scheduling—control policy are more balanced because of customer admission control, server
scheduling control, and server rate control. Cases in which the number of one type of customer is
large and the number of the other type is small are relatively rare, as shown in Figure 3. In Figure 3,
the numbers of both classes of customers decline in the later period, while in Figure 5, the decline is
not obvious. A comparison of Figures 4 and 6 reveals that the cost function of our model increases
rapidly in the initial stage but then continues to decline. However, the cost function in Figure 6 does
not decline significantly after increasing to a certain extent. The size of the value function is more
convincing: Vi, = 4.0850, V34 = 4.9069. We compare the value functions of the five examples in
Figure 2.
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Figure 6. Cost function of the two-class model without a control policy.

Example 3 (Two-class model with customer admission control only). We present a system with
customer admission control only as follows:

{dxs = [ — x5 — 10U, (x5, x6))dt + o1 d Wy, 57)

dxg = [ — 8x6 — uSUx(xs, x6)1d1 + 02dWs,
with the parameter values
=100, 6 =001, =100, o =100,

=050, 6=002 =200, o,=0..80.

We define the customer admission control functions U, and U, in the same way as before; we
assume that xs(0) = 2 and x¢(0) = 3 are given.
We define the relevant cost function of this example as follows:

Cs6(Xi, Up) = 1+ pixs + paxe + q1 U1 (x5, X6) + q2Ua (x5, X6), (3.8)

where p, = 0.50, p, = 1.00, g, = 0.25, and g, = 1.00.
The value function is

1
Vig = mmf C56(X,, Ut)dt = 5.7043. 3.9
0

Moreover, as seen from the system’s operating diagram (Figure 7) and the image of the cost
function (Figure 8), this model is clearly not as effective as the one that uses our joint scheduling—
control policy.
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Figure 7. Two-class model with customer admission control only.
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Figure 8. Cost function of the two-class model with customer admission control only.

Example 4 (Two-class model with server scheduling control only). We present a system with server
scheduling control only as follows:

{dx7 = [A1 = O)x7 = c11(x7, x9)1dt + 7 d W, (3.10)

dxg = [Ay — 0)x3 — 262(x7, X3)1dt + 2d W,
with the parameter values

=100, 6 =001, ¢ =098 o =100,
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=050, 6=002 ¢ =19, o,=0.2.0.

We define the server scheduling control functions &, and &, as previously described and assume that
x7(0) = 2 and xg(0) = 3 are given.

Now, we define the relevant cost function of this model as follows:

Cis(X1, &) = 1+ prx7 + paxs + 5161(x7, X3) + $262(x7, Xg), (3.11)

with p; = 0.50, p, = 1.00, s; = 0.25, and s, = 1.00.

The value function is

1
Vag = min f Crs(X,, &)dt = 5.5537. (3.12)
0

Moreover, as seen from the system’s operating diagram (Figure 9) and the image of the cost
function (Figure 10), this model is clearly not as effective as the one that uses our joint scheduling—
control policy.

3571

2571

15 . . . . . . . . .
0 0.1 02 03 04 05 06 07 08 0.9 1

t

Figure 9. Two-class model with server scheduling control only.
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Figure 10. Cost function of the two-class model with server scheduling control only.

Example 5 (Two-class model with customer admission and server scheduling control). We present a
system with customer admission control and server scheduling control as follows:

(3.13)

dx; = [A; — 6x9 — ¢1&1(x9, x10) — LU (x9, X10)1dt + o1d W),
dxy = [ — Bx109 = c262(x9, X10) — U5 Ua (X9, x10))dt + 02d W3,

with the parameter values
=100, 6 =001, ¢ =098, =100, o, =1.00,

=050, 6 =002, ;=196 u)=200, o,=0..80.

We define the server allocation functions &, &, Uy, and U, as previously described and take xy(0) = 2
and x10(0) = 3 as given.
Now, we define the relevant cost function of this model as follows:

Co10(X, &, Up) = 14 pixg + paxio + 51€1(X9, X10) (3.14)
+52&2(x9, X10) + q1U1(x9, X10) + g2U2(x9, X10),

with py = 0.50, p, = 1.00, s; = 0.25, 5, = 1.00, g, = 0.25, and g, = 1.00.
The value function is

1
Vo0 = mmf C910(Xt,§t» Ut)dt = 5.1434. (3.15)
0

Moreover, as seen from the system’s operating diagram (Figure 11) and the image of the cost
function (Figure 12), this model is clearly not as effective as the one that uses our joint scheduling—
control policy.
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Figure 11. Two-class model with customer admission and server scheduling control.
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Figure 12. Cost function of the two-class model with customer admission and server
scheduling control.

Example 6 (Two-class model with server scheduling and server rate control). We present a system with
server scheduling control and server rate control as follows:

{dxl = [ — @) xiy — c1&1(x11, X12) — pH (€ (X115 X12), E2(x11, X12))1dt + o d W, (3.16)

dx; = [, - nglz — 2&r(x11, X12) —ll(z)Hz(fl (X115 X12), E2(X11, Xlz))]dl + 02d Wy,
with the parameter values

=100, 6=001, ¢ =098 =100, o =1.00,
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=050, 6=002 =196 u)=200 o,=0.80.

We define the server allocation functions &,, &, Hy, and H, as previously described and take x,,(0) = 2
and x1,(0) = 3 as given.

We define the relevant cost function of this model as follows:

Ciun(XiénHy) = 14 pixi+ paxiz + s1&1(x11, X12) + $262(X11, X12) (3.17)
+hiHy(&1(X11, X12), E2(X11, X12))
+h2H2(§1 (Xll,xlz),fz(xn,xlz)),

with p; = 0.50, p, = 1.00, s, = 0.25, s, = 1.00, h; = 0.25, and h, = 1.00.

The value function is
1
Vit = mmf C]]]z(X,,ft, H[)dl =4.9074. (318)
0

Moreover, as seen from the system’s operating diagram (Figure 13) and the image of the cost
function (Figure 14), this model is clearly not as effective as the one that uses our joint scheduling—

control policy.
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Figure 13. Two-class model with server scheduling and server rate control.
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Figure 14. Cost function of the two-class model with server scheduling and server rate

control.

Compared with other policies, our designed joint scheduling—control policy has the lowest cost,
as shown by the leftmost blue rectangle in Figure 2. The results show that our designed joint
scheduling—control policy has significant advantages in reducing the system’s costs and improving
service efficiency. This numerical simulation not only confirms the rationality and practicality of the
previous theoretical analysis but also provides a valuable reference for practical applications.

4. Proof of the main theorem

In this section, we analyze in depth the existence and uniqueness of the solution of the HIB equation
for the diffusion control problem presented in Section 2.4, which provides a solid theoretical foundation
for designing an asymptotically optimal control policy for the original problem. Then, the asymptotic
optimality of the joint scheduling control policy for multiclass parallel queuing models is proved in
detail through the proof of several lemmas.

4.1. The HIB equation

We prove the existence of a unique solution to the corresponding Hamilton—-Jacobi—Bellman (HJB)
equation, which is the optimal Markov control policy for the diffusion control problem. Theorem 3,
which is proven in this section, is a complete version of Theorem 1 in Section 2.4. Thus, proving
Theorem 3 effectively proves Theorem 1.

First, we introduce H : R™ x R™ — R as follows:

H(x,h) = inf {b(x,U,é,H)-h+C(x,U, & H), 4.1

(U.£,H)eRmMXRmxS™

where b(x,U, ¢, H), defined in (2.46), is the corresponding vector form of by(x,U,¢&, H) and
C(x,U, ¢, H) is defined in (2.49). The corresponding HIB equation (cf. [13]) can generally be written
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in the following form:
1,6 f
3 Z + H(x, VF(x) —af =0, (4.2)

where o, is defined in (2.44) and « is defined in (2.49).

Remark 5. The system equation is

X(1) = x + oW (D) + fo t b(X,, U,, &, H,)ds. 4.3)
The cost function is
J(x,X,U,é,H) = E7 jom e "C(X,, Uy, &, Hy)dt. 4.4)
We define
(L)) = —(x) - Zbk(X U.é, H)Tk %Z kaxk.
The HJB equation for V(x) = (U,f,H)eiRr’l”fomxS"l J(x,X,U,& H) is
0= inf {CX,U, ¢ H) + (LV)(x)}

(U£,H)eERMXRMxS™

= inf  {C(X, UgH)+—(x)+Zbk(X Ué-‘H) %Z i

(U£,H)eERMXRMxS™

2 Z kaxk ¥ e g Z’W U.¢, H>— +C(X, U,&, H)) ~ aV.

Theorem 3. There exists a classical solution f € C*(R™) to the HIB equation (4.2), and we have the
Jollowing:
(i) Constants ¢ > 0 and k > 0 exist such that

1< e+ 12, x e R™.
(ii) The solution f is unique, and
f=V
i.e., there is an optimal Markov control policy for all x € R™.
Before this theorem is proven, we need to introduce several lemmas.

Lemma 1. The Hamiltonian H(x, h), which is defined in (4.1), is Holder continuous with the exponent
0, where 9 is defined in Assumption 3.

Proof. Fore > 0,VYy € R", Yh; € R™, by the infimum definition of H(x, k), (Uy, &, Hy) € R XR"™ x S"
exists such that
H(y, hi) > b(y, Uy, &, Ho)hy + C(y, Uy, &0, Hp) — €. 4.5)
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Additionally, with the infimum definition of H(x, k), for Yx € R™, Yh, € R™, and for the same
(Uy, &0, Hy) € R™" X R™ x S™ in (4.5), we can obtain

H(x, hy) < b(x, Uo, &o, Ho)ha + C(x, Uy, &, Ho).
According to the above two inequalities, we can derive the following:

H(x, hy) — H(y, hi) < b(x, Uy, &, Ho)ha — b(y, Uy, {0, Ho)ly
+ C(x, U, &0, Ho) — C(y, Uo, &0, Ho) + €
= b(x, Uy, &0, Ho)ha — D(y, Uy, &0, Ho)la
+ b(y, Uo, &0, Ho)hy — D(y, Uy, &0, Ho)h
+ C(x, Uy, &0, Ho) — C(y, Uo, &0, Hp) + &
< cllhallllx = Yl + cllhz = hyll + cllx = ylI° + &,

where the last inequalities use the Lipschitz property of b and the Holder property of C. Since € > 0 is
arbitrary, H(x, h) is Holder continuous with the exponent ¢. m]

Lemma 2. For any x € R" and an admissible system n, with X as the controlled process associated
with x and n, we have

ELIX@) IN< ex(@+ 1 x ™), 120, (4.6)
where N € N and the constants cy are independent of m, x, and t.

Proof. Equation (2.44) can be written as follows:
t
X(0) = x¢ + o Wi(0) + f (=62 Xi(s) — céi(Xy) = i Un(X,) = i Hy(EXD) + Adds. (47)
0

Next, for all + > 0, by Theorem 5.2.5 of [32], we define a process }~(k as the unique solution to the
equation

!
Xi(0) = xi + o Wi () + f (=62 Xk(5) = cilix, <01 — 21y Mix5)<0) + Ailds. (4.8)
0

Letting X = (X1, - - - , X,,)’, we have

X(t) = x+ W@ + f b(s, X)ds, (4.9)
0

where
b(s,X) = —6°X(s) — clix(s<0) — 2uy M1 x(9<0) + A

and M > 0 is as given in Assumption 6. Additionally,

A=Ay, 4, 0 = diag(6’, k e M), ¢ = diag(cy, k€ M),
o =diag(oy, ke M), I[X(s)<0] = (I[Xl(s)<0], s aI[Xm(s)<O]),~
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In this case, a constant K > 0 exists such that
I b(t,x) = b, y) |+ [o-—c < K[ x-yl,

16, %) P + || o IP< K21+ || x [P,

for every 0 <t < oo and x € R™,y € R™. That is, the coefficients b, o satisfy the global Lipschitz and
linear growth conditions.

For every T > 0, according to Theorem 5.2.9 of [32], a positive constant cx 7 depending only on K
and T exists such that

E™ || X(t) IP< C(1+ || x [P)esr, 0<r<T. (4.10)

Since )~(k 1s Gaussian, we have
E* 1 X0 V< en(1+ [ x 1Y), t>0. 4.11)

Next, we aim to show that | X;(?)| < 2|§k(t)|, so we introduce Y, (1) = Xy (1) — fk(t); we then have
!
Yi(0) = - f [600Y5(2) + cx U, () + pUR(s) + UL (5)1ds, t>0. (4.12)
0

The process U ,i is given by

ﬁ]l(l) — é:k(Xt)7 Xk(t) 2 07 (413)
&(X) - 1, X (1) < 0.
The process ﬁ,f is given by
20 = {Uk(xt), Xi(1) > 0, “.14)
U(X;) — M, X (1) < 0.
The process (72 is given by
D = [ Xi(1) = 0, wis)
H(¢(X)) - M, Xi() <0,

where M is defined in Assumption 6. Next, we introduce a non-negative, differentiable function F on
R such that

F'(x) <0, x € (=00, —-K),
F(x) =0, xe(-K, K), (4.16)
F'(x) >0, xe( K, o),
where K = [X,(?)].
We then have
F(Y(0) = - f F'(Y()Y0) + U (s) + U (s) + Ui (9)lds, 120
0
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If ¥,(r) < —K, then Xi(t) < Xi(t) — [Xi(1)] < 0. Using(4.13)—(4.15), we have [0Y,(t) + c,U\(s) +
wUA(s) + pdU3(s)] < 0. Consequently,

F'(Y())[Yi(0) + UL (s) + pdUA(s) + 1l U3 ()] = 0.

If Y, (f) > K, then X;(f) > X;(1)+|X,(t)| > 0. Using (4.13)~(4.15), we have [0V, (1) +c, U} (s)+u0U2(s)+
,ug U,f(s)] > (. Consequently,

F' (YYD + c UL (s) + 12U (s) + uU3(5)] = 0.

If |Y, ()| < K, we have F'(Y,(1)) = 0.

By combining these facts, we obtain F(Y,(t)) < 0, so F(x) = 0 only on [-K, K], which yields
|Y(1)] < K. Consequently,

X (D] < 21X (D).

Using (4.11), it follows that E7 || X(2) [IV< ex(1+ || x |IV). O
Proof of Theorem 3. We first use a standard truncation idea (cf. [33]), which enables us to study a
sequence of quasilinear Partial Differential Equations (PDEs) with a Dirichlet boundary condition.

Fixi € N, and let B(0,i) = {x : || x || < i}. Then, a policy rr and an initial condition X(0) = x € B(0, 1)
are fixed. In addition, set 77 = inf{r > 0 : X(¢) € 0B(0,i)}. Next, we consider the diffusion process X,

which satisfies (2.45) and terminates at the boundary of B(0, 7).
Let

=
ji(-x,X’ U’ 57 H) = E;f e_(UC(Xt’ Ul" é‘:l, Hl‘)dt (417)
0
Let D; be the set of all such admissible (X, U, &, H); the value function V; is defined as
V=it J:(x, X, U, & H), (4.18)

where the infimum _is taken over all the available processes (X, U, ¢, H) in D;.
Assuming that f(x) = 0,x € 0B(0,i) and using Theorem 8.3 of [34] and Lemma 1 (for details,
see [26]), we find that V;(x) is the unique bounded solution in C*(R™) of

1 L,Pf - -
520‘,36—];+?{(x,vf(x))—af:0, (4.19)
k=1 Xk
where H (x, h) is defined in (4.1).

First, we prove that the function V(x) satisfies the growth condition. In fact, from the polynomial
condition on C(X,, U,, &, H;) in Assumption 3, using Fubini’s theorem, we can obtain

V(x) < Cf ET[ 1 X (@) [ ]dt,
0
where c is a constant that is independent of 7, and k¢ is defined in Assumption 3. Now, we appeal to
Lemma 2; thus, we can obtain V(x) < c¢(1 + ||x|[*) for all x € R™. Note that V; < V(x), which implies

a uniform bound on V.
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We then fix j > 0 and set B0, j) = {x : || x || < j}; let A, denote the second-order operator in
the HIB equation with the weights o7. Similar to Step 2 in the proof of Theorem 1 in [26], we can
see that the families {V;}, {VV;}, and {A,V;} are equicontinuous and bounded. Therefore, according
to the Arzela—Ascoli Theorem (cf. [35]), convergent subsequences of {V;}, {(VV;}, and {A,V;} exist.
For brevity, we also denote these convergent subsequences with the subscript i. Then, there is a V(x),
which satisfies V; —» V, VV; - VV, and A,V; — A,V uniformly on B(0, j).

The improved smoothness of V(x) is then obtained with the standard PDE arguments (cf. [34]).
“V; adheres to the Hamilton—Jacobi-Bellman (HJB) equation, complete with its specified boundary
conditions, and converges uniformly to V within the ball B(0, j). Utilizing Lemma 1, it is feasible
to transfer these limits through the modified version of the HIB equation (4.19), thereby confirming
that V(x) is in accordance with the original HIB equation V(x) on B(0, j). Given that the choice of
J 1s unrestricted, it follows that it is compliant with the original HIB equation across the entire space
R™. Furthermore, the definitions of V; and V(x) indicate that the principle of monotonic convergence
dictates

VT V(x) =inf EZf e "C (X, U, &, H,)dt. (4.20)
0

Thus, the proposed limit V(x) is the value function of the diffusion control problem, implying that the
value function V(x) is a classical solution to the HIB equation (4.2).

The uniqueness of V(x) and the existence of optimal Markov control policies for the problem remain
to be shown. Let ﬂx) € C?(R™) be any solution to the HIB equation (4.2), and fix a policy 7 € II,
assuming that ]7(x) satisfies the growth condition. Now, by applying the It6 formula to e“”f(Xt), we
can obtain the following (for details, see Theorem 5.1 of [13]):

F(x) < J(x, X, U & H) + liminf e E7 f(X,).
[—0o0

Consequently, when ﬂx)~s c(1 + ||x|[*), the last term on the right-hand side of the ' inequality above
converges to zero. Thus, f(x) < J(x, X, U, &, H), and because 7 is arbitrary, we have f(x) < V(x).
Let _
ry f(x)a X € B(()’ l)9
Jitx) = { (4.21)

0, x ¢ B(0,1).
This result is obviously a solution to Eq (4.19). By repeating our treatment of V;, we can obtain
fi(x) = V(x). Hence, f(x) = V(x) on R™; i.e., V(x) is the unique solution of the HIB equation (4.2),
and there is a Markov control policy that is optimal for all x € R™. O

4.2. Asymptotic bound

In this section, we show that the value function V of the diffusion control problem is an asymptotic
lower bound for the value function V" of the original problem.

Theorem 4. Ler (x", X", un, 3”, H”)nz] be any sequence of the stochastic system, and let the associated
cost function be (J”(x", X", v, é, H”))n>1, as described in Section 2.3, and let V" be as defined
in (2.53) in Section 2.5. Assuming that x" — x, V is the value function of the diffusion control problem
given in Section 2.4.
We then have
V' > V(x).
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Before proving this theorem, we need to introduce several lemmas.

Lemma 3. Assuming that for x* — x, the processes X" described in Theorem 4 are applied, and we
have
E| X0 "< ex(@+ [ x M@+, 120, (4.22)

where N € N and the constants cy are independent of n, x, and t.

Proof. Analogous to the proof of Lemma 2, we can obtain
Xi (0l < 21Z; (),

where )
ZI1) = X+ o W) + f (—1Z(s) + 1) ds. (4.23)
0

I=2- VI =0 5001~ 2K M1 5,01, and M > O is the bound of U}() and H;(-) on R. Analogous
to proving Proposition 4 in [10], we obtain

b

!
I X () 1< e |12 1+ 1 W) |l +f 1 Z"(s) | ds+ 1| Z"(0) || +1
0

where Z2"(¢) = (Z1,Z},--- ,Z,)" and c is independent of n and z. Solving for Z}(¢) in (4.23), we obtain
!
Z0) = xle™ + o W) + Tt — i f (W @) + It) e #40~ds. (4.24)
0
Therefore,

! ! S
I X" O IS c|l+2+ 2" |+ W)l +f | W*(s) Il ds +f f I W) |l dvdS]- (4.25)
0 0o Jo
By
A A A~ 1 N
W) = A0 - S{( E{n) - R} (Er),
and letting a"(s) = m]flx[n_le,’f(X,?’" + Aj(s))], we can obtain

I W@ <l A"@) 1] +sup || $"(s) Il + sup || R"(s) Il - (4.26)

s<t s<a’(t)

Given Lemma 2 of [10], under the assumption in the definition of {A},k € M} that there is a constant
N > 2 such that E(#;(1))N < oo, then by the definition of A"(1), we can obtain

E( A0y IDY < (1 + Y2,

where c is independent of n and ¢.
For the (disjunctive) martingale S”, we apply Burkholder’s inequality (see [36], p. 175). Letting
a;(t) be a Poisson random variable with the parameter 2n,ugt, we can obtain

EsuplSi(s)l" < cE(S}1()™ (4.27)

s<t
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c2n) PE( ()"
c2n)™ 2(2n/,c,(€)t)N 2 < e,

IA

where ¢ is independent of 7 and ¢, and [$ 1] denotes the quadratic variation processes associated with S i
Similarly, we can obtain E sup [R}(t)|" < ct"/>. By the independence of A” and R", we can obtain

s<t

E sup [Rio)l" = E {E[ sup IRL(O"|a" (1)

s<a’(t) s<a(t)

} < cE@®)N? < c(1 +1),

where c is independent of n and t.
By applying Minkowski’s inequality to (4.26), we can obtain

E|| W@ IN< (1 +1Y),

where N and ¢ do not depend on n or .
According to (4.25), this lemma follows. O

Lemma 4. As n — oo, the following results hold for each k € M:

AZ:Ak, SAZ:S]O
R = R,, D = 0,

2

v Sk Ry are standard

where Ay is a Brownian motion with zero drift, the variance matrices 4;,C
Brownian motions, and Ay, S i, Ry are independent of each other.

Proof. Applying Theorem 17.3 in [37] to A”, it directly follows that A” => A, where Ay is a Brownian
motion with zero drift and the variance matrices /lkCik. Additionally, applying this theorem to S , and
ﬁz, we can find that S ¢ = Siand ﬁz — Ry, where S, Ry, are standard Brownian motions. According
to Lemma 3, we obtain

I X (@) 1< e |12 1+ 1 W) |l +f0 1 Z"(s) | ds+ 1| Z"(0) || +1

Because .
o Wi(t) = Al(r) - S”Z(ZE}Z(t)) - R (E} ).
the previous results, we can obtain % = 0. It is easy to show that == = 0. By Gronwall’s lemma,

. Vn
sup || Z"(2) ||

= 7 — 0 in the distribution. Therefore, o = 0. Consequently,

= X" -y’ = 0, where X" = £ = " + ¥". Note that ZCT)Z = (Z)_{Z —1)". Then, by
1 T

for any t, we can obtain Zo

x

Vi

Assumption 1, we have Y., A2 \ 1° = 1. Because y{ = A7/u?, we can obtain Z ®} = 0. Since
1

;> 0, P = 0. O
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Lemma 5. Write
!
B@t) = f b (R, UT, & HY ) ds, (4.28)
0

!
C'r) = f e C (X7, UL, &L HY) ds. (4.29)
0
Then, the sequence ()A(”, wn, B, ¢ ") is tight in the space (D(Rm))4.

Proof. By Lemma 4 and a time change lemma (cf. [37]), we can see that

S,’Z(%E,’j(t)) =0, R(E®)=0.
Because
W0 = A0 - $1EL0) - R (B,
it follows that
W) =0 'cA=A=W,

where A = (A, -+ ,A,) and Ay, k € M are as described in Lemma 4. They are tight because W is
relatively compact, and from Theorem 16.10 of [37], we can obtain the following:
(i) For each m,

lim lim sup P[||W"|l,, > a] = 0. (4.30)

(i) For 1 < i < v, let [t;_1, ;) be decompositions of [0,m) such that t; — #,_; > ¢ and let a);n(x, 0) =
inf max, <<, w(x, [t;_1, 1;)); the infimum extends over all decompositions [#;_j, t;). For each m and &,

lim lim sup Plw, (W",8) = &] = 0. (4.31)
Since
!
X"(t) = X" + oW"(1) + f bM (X1, U, € HY)ds,
0

noting that the Lipschitz property holds uniformly for the functions X” — b*(X",U",&", H") in
X", un, 52”, H" and n, we can obtain

Il X" 1<l X" 1| + | W"@) || +¢ f (1+ 1| X"(s) Dds.
0

Analogous to the proof of Lemma 4 in [10], we have the tightness of X”. Now, by Theorem 16.10
of [37], it is easy to obtain (cf. [10]) the tightness of B" and C". O

Lemma 6. Denote (X, W, B, C) as a limit point of (X”, w", B, é") along a subsequence. In this case,
X, B and C have continuous sample paths, and B has the sample paths of bounded variation over finite
time intervals. Denote (F,) as the filtration generated by (X, W, B), in that case, W is an (F,)-standard
Brownian motion.
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Proof. Analogous to the proof of Lemma 6 in [10], this lemma is easy to obtain. Since B” and " have
continuous sample paths, by [25], we can see that processes B and C have continuous sample paths.
By Lemma 5, we have W'(t) = W, so X = x + oW + B since X"(t) = x" + cW"(t) + B". We write
B = B+ — B, where B/"*(1) = [} (Bi(s))"ds and B"(1) = [ (Bi(s)) ds. By the definition of 4" in
Section 2.2, we have

!
B* (1) v B"(r) < cf (1+ || X" || )ds,
0

B0 = B () v (B0 — (B () <c 1~ 5| (1+ ]| K" I )ds,

where ¢ is independent of 7,n. Thus, the tightness of (B"*, B"~) follows from the tightness of X".
Since B** and B"~ have continuous sample paths, let (B*, B~) denote any subsequential limit point in
(D(R™))?. We can see that B* and B~ have continuous sample paths; therefore, B = B* — B™. Since B*
and B~ have nondecreasing sample paths and ¢ is arbitrary, B has sample paths of bounded variation
over finite time intervals.

By Lemma 5, we have W”(t) = W, where W is a standard Brownian motion. By the definitions of
W and (F;), W is adapted to (F;). Next, we show that F, is independent of o-{W,,, — W, : a > 0} for
each ¢. In fact, we fix a ¢ > 0 and let

N | | A N A1
AS} = SZ(;EZU)) - SZ(;E,’(‘(t +a)), AR} = SZ(;EZ(I)) - SZ(;E,’(‘(t + a)),
where a > 0, E//(¢) and EZ(I) are as defined in Section 2.1. In addition, we have
a(Wit + a) — Wi D) = At + a) — Al(t) — AST — ARy

We then, let

ovay = AT + a) — AY(T}(1)) — AS} — AR},

"= ANt + a) - AN(t) — ANTI(E) + a) + AN(TA(D)),
where 7(¢) = inf{a > 1 : Aj(a) — A}(a—) > 0}. We then have

o (Wit + a) — Wi (D)) = oaj + By

Let Y" = (X",W",B"), Y = (X,,W,B,),0 < s <t,F:®R"’ - R" and G : R” — R". By the
definitions of #," and G/, we can conclude that Y”" and o" are measurable on ;" and G}, respectively.
By Definition (1), we can obtain

E[F(Y")G(a")] = E[F(Y)]E[G(a")].

According to the random change of the time lemma (cf. [37]), 7}(¢) converges in distribution to 0,
and thus, A}Z converges in distribution to a continuous process. Thus, we can see that 8 converges in
distribution to 0. Therefore, @} converges in distribution to W;,, — W;. According to the continuous
mapping theorem, Y" = (X", W", B") = Y = (X, W, B), we can obtain

E[F(N)G(Wia = W) = E[F(DIEIG(W,1q — W)

Since a, s are arbitrary, according to the Dynkin class theorem, F; is independent of o-{W,,, — W, : a >
0}. Thus, W is a (F,)- Brownian motion because ¢ is arbitrary. O
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Proof of Theorem 4. Let f be the solution of the HJB equation (4.2) described in Theorem 3.
From (4.1), we can obtain

Iy =bX:, UL &) HY) - VD + CXL UL HY) = HRT, v (X)) 2 0. (4.32)
Moreover, we have
! ! . . ! . . .
f e “Tlds = f e UVA(X))dB"(s) - f e CHXL, VXD)ds + C'(1)
0 0 0

!
+ f e b(X1, U & HY) - V(X7 UM, €Y HOIW F(X")ds > 0. (4.33)

0

By the definitions of b(X, U, &, H) and b”(X", U, é”, H™) and Assumption 6, we have

A A

Ib(X%, UL, &L HY) = b"(X, UYL &L HDI < ea(1 + 1X31D,

N

where €, — 0. Therefore, by Lemma 3 and the continuous mapping theorem, we have
t
[ et v g - o v g fds = o (434)
0
We set (X, W, B,C) as a weak limit point of ()A(”, w", B, C‘"), and set (F,) as the filtration generated
by (X, W, B). Since X; = x + oW, + B;, by Lemma 6, W is an (F;)-standard Brownian motion and B
has the sample paths of bounded variation over finite time intervals. Therefore, for n — oo, we apply

Lemma 5 of [10] with U" = e“""Vf(f(?), V" = B", and decompose B" = M" + N" into M" = 0 and
N" = B". We thus obtain

fo t eV F(XMdB(s) = fo t eV f(X,)dB(s). (4.35)
Using the continuity of X; — H(X;, Vf(X,)), we can obtain
fot e "Vf(X5)dB(s) — fot e " H(X,, VI (X,)ds + C(t) > 0. (4.36)
Applying Ito’s formula to f, we can obtain
e"f(X) = f(x)+[)t e_aSVf(Xs)~0'dW(s)+f: e‘”“‘Vf(XS)dB(s)—fOt e P H(X,, V(X,))ds. (4.37)
Combining (4.36) and (4.37), we have
e f(X) = f(x) + I}t e “Vf(X;) - odW(s) — C(1). (4.38)
Fort > 0 and N € N, by Theorem 3(i) and Lemma 3, we can obtain
Ef(X") < c(1+Y).
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Because for each ¢, f (X{‘) converges in distribution to f(X;), and f(X;) is uniformly integrable, we can
obtain

Ef(X) < c(1+Y).
We then have
EC@®) = f(x) — &),

where £(f) — 0 as t — co. By Lemma 3 and Assumption 3, for a fixed 6 > 0, there is a T large enough
to satisfy

f e (R7(9), U"(5).&"(s), H'(5)) ds < 6.
T
Hence,

V"> EC(T) -6 > f(x)—&(T) - 6.

When T — oo and § — 0, we have
V' > V(x).

4.3. Proof of Theorem 2

First, for a given initial condition x" and a sequence stochastic system, write

V' =1lim sup J"(x", X", U", &", H").

n—oo

Before proving Theorem 2, we need to introduce a lemma.

Lemma 7. Let (x", X", U",&", H"),., be any sequence of the stochastic system; the associated cost
functions (J”(x”,)A(", U",é”, H”))n21 are described in Section 2.3. Assume that x" — x, V is the value

function given in Section 2.4, and fot e"*T"ds = 0 holds, where I'} is described as in (4.32). We then
have _
V> V().

Proof. First, as in the proof of Theorem 4, (4.32)—(4.35), and (4.37) hold for this case. By
fot e *I"'ds = 0, we can obtain the following equation instead of (4.36):

fo ey F(X,)dB(s) - fo l e SH(X,, Vf(X))ds + C(1) = 0. (4.39)
Combining (4.37) and (4.39), we have
0<e™f(X) = f(x)+ fo oy f(X,) - cdW(s) — C(). (4.40)
We then have
EC(t) < f(x), V. (4.41)

By Assumption 3 and Lemma 3, for all n and V¢ > 0, there is a T such that
E f e C (X1, UL &L HY)ds < 6. (4.42)
T
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Since C" = C and C have continuous sample paths, C 7 converges in distribution to C7. We thus obtain
the following equation on the basis of Jensen’s inequality, Assumption 3 and Lemma 3.

T
E(CH'*c < cE f ¢ I (1 || X7 |Feyds < e,
0

where c is independent of n, and k¢ is defined in Assumption 3. Forn € N, C‘? is uniformly integrable,
and as n — oo, we have EC‘; — ECr. By (4.41) and (4.42), we have

lim sup E f e C (X1, UL &L HY)ds < f(x) +6. (4.43)
0

n—oo

As 6 — 0, we have _
V' < V().

Proof of Theorem 2. First, (x", X", U ",E", H' ")as1 Satisfy the conditions in Theorem 4; i.e.,

liminf J"(X", X", U",&", H") > V(x). (4.44)

n—oo

Next, we show that (x", X", 5",'5", ﬁ")nzl satisfy the conditions of Lemma 7. Let Q" denote the event
in which X' > ¥} holds. According to Assumption 3 of C(X, U, &, H) in Section 2.3, C(X, U, &, H) is
uniformly continuous on compact spaces. Let g™ (€) be satisfied with the limit

limg"(e)=0 VM,
el0
and let | C(X, Ut & HY) — C(X1, Uy, &, Hy) 1< g¥(e) when || U 110V Uy ILIEE LI E LI E? LI

H; ||< M, and || €' — & ||< e. Following holds for the event Q™" = Q"N {| )A(? 15 + I (i);’ 7 + I ‘i‘;’ II7<
M}, where || X; [I7= supy,<r || Xi |I:

Ty =1 (bR}, UL €L HY) - b(R], UL &L HY)) - VKD
+C(K7. UL &L H) - C(K1 UL H)) |
<cl & =& N-IVARD N+ (N =& 1).
By || P _ e ||< 2m, we can obtain || Afif - & |I< 2% Therefore, for Q"M and for some 5, — O,

we have | I} [7.< 6,. lim,_., P(Q") = 1, which follows from the convergence ’f—ﬁ =X"-9" = 0in
Lemma 3. By the tightness of X" and &7 € R”, we have

lim liminf P(Q™") = 1. (4.45)

M—oo n—o

Therefore, | I} [ converges to zero in the distribution. Since T is arbitrary, I'Y = 0, so
(x", X", U, &", H"),., satisfies the conditions of Lemma 7. We then

limsup J*(x", X", U", &, H") < V(x). (4.46)

n—oo

Combining (4.44) and (4.46), we have
lim J"(x", X", U", &', H") = V(x) < V"(x). (4.47)

O
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5. Conclusions

The present study introduces and evaluates a novel joint scheduling—control policy for managing
multiclass customer flows in parallel server queues under heavy traffic conditions. Our approach,
which is based on in the principles of customer admission control, service scheduling control, and
service rate control, provides a comprehensive strategy to optimize queuing systems where the traffic
intensity parameter is close to unity.

Our research makes the following contributions to the literature:

(1) Innovative policy formulation: This paper presents a unique joint scheduling—control policy that
considers the overall system state rather than isolated customer or server conditions, leading to
more holistic and efficient queuing management.

(2) Theoretical validation: This paper demonstrates the asymptotic optimality of the proposed policy
within the Halfin—Whitt heavy traffic regime, ensuring that the additional control components are
not only justified but also reduce the total system cost.

(3) Numerical simulations: This paper provides empirical evidence from comparative experiments
that illustrate the superior performance of our policy over other control strategies in terms of
reducing system’s costs and improving service efficiency.

The results of our study have practical implications for various real-world applications,
including (but not limited to) modern call centers, high-performance computing systems, cloud
computing services, and emerging quantum computing platforms. The newly developed policy can
serve as a valuable tool for operators and managers aiming to enhance service quality while maintaining
high server utilization rates.

Our work also opens avenues for further research. The joint scheduling—control policy could be
extended to more complex systems with additional constraints or different customer behavior patterns.
Moreover, the integration of machine learning techniques to dynamically adjust control parameters in
real time could be an exciting direction for future exploration.

In conclusion, our study presents a significant advancement in the field of queuing theory and
control, offering a robust policy that promises to improve operational efficiency in multiclass server
environments. We are confident that our findings will not only benefit academic researchers but also
inform the decision-making of practitioners in related industries.

Use of Generative-Al tools declaration

The author declares that he has not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments
The authors would like to thank the editor and reviewers for their help and suggestions for revisions
to this paper. Thanks are also due to those who have provided help and advice in the writing, revision,

and publication of this paper.

AIMS Mathematics Volume 10, Issue 2, 4226-4267.



4265

Contflict of interest

The author has no relevant financial or non-financial interests to disclose.

References

1. S.L.Bell, R.J. Williams, Dynamic scheduling of a system with two parallel servers in heavy traffic
with resource pooling: asymptotic optimality of a threshold polic, Ann. Appl. Probab., 11 (2001),
608—-649. https://doi.org/10.1214/a0ap/1015345343

2. J. M. Harrison, Brownian models of queueing networks with heterogeneous customer populations,
In: W. Fleming, P. L. Lions, Stochastic differential systems, stochastic control theory and
applications, The IMA Volumes in Mathematics and Its Applications, 10 (1988), 147-186.
https://doi.org/10.1007/978-1-4613-8762-6_11

3. E. V. Krichagina, M. I. Taksar, Diffusion approximation for GI/G/1 controlled queues, Queueing
Syst., 12 (1992), 333-367. https://doi.org/10.1007/bf01158808

4. S. Kumar, Two-server closed networks in heavy traffic: diffusion limits and asymptotic optimality,
Ann. Appl. Probab., 10 (2000), 930-961. https://doi.org/10.1214/a0ap/1019487514

5. H.J. Kushner, Y. N. Chen, Optimal control of assignment of jobs to processors under heavy traffic,
Stochastics Stochastic Rep., 68 (2000), 177-228. https://doi.org/10.1080/17442500008834223

6. L. F. Martins, S. E. Shreve, H. M. Soner, Heavy traffic convergence of a controlled,
multiclass queueing system, SIAM J. Control Optim., 34 (1996), 2133-2171.
https://doi.org/10.1137/s0363012994265882

7. E. Plambeck, S. Kumar, J. M. Harrison, A multiclass queue in heavy traffic with throughput time
constraints: asymptotically optimal dynamic controls, Queueing Syst. Theory Appl., 39 (2001),
23-54. https://doi.org/10.1023/a:1017983532376

8. J. A. Van Mieghem, Dynamic scheduling with convex delay costs: the generalized cu rule, Ann.
Appl. Probab., 5 (1995), 809-833. https://doi.org/10.1214/aocap/1177004706

9. A. Weerasinghe, Optimal service rate perturbations of many server queues in heavy traffic,
Queueing Syst., 79 (2015), 321-363. https://doi.org/10.1007/s11134-014-9423-9

10. R. Atar, A. Mandelbaum, M. 1. Reiman, Scheduling a multi class queue with many exponential
servers: asymptotic optimality in heavy traffic, Ann. Appl. Probab., 14 (2004), 1084-1134.
https://doi.org/10.1214/105051604000000233

11. S. Halfin, W. Whitt, Heavy-traffic limits for queues with many exponential servers, Oper. Res., 29
(1981), 567-588. https://doi.org/10.1287/opre.29.3.567

12. D. L. Jagerman, Some properties of the Erlang loss function, Bell Syst. Tech. J., 53 (1974), 525—
551. https://doi.org/10.1002/j.1538-7305.1974.tb02756.x

13. W. H. Fleming, H. M. Soner, Controlled Markov processes and viscosity solutions, 2 Eds., New
York: Springer, 2006. https://doi.org/10.1007/0-387-31071-1

14. A. Arapostathis, H. Hmedi, G. Pang, On uniform exponential ergodicity of markovian
multiclass many-server queues in the halfin-whitt regime, Math. Oper. Res., 46 (2021), 772-796.
https://doi.org/10.1287/moor.2020.1087

AIMS Mathematics Volume 10, Issue 2, 4226-4267.


https://dx.doi.org/https://doi.org/10.1214/aoap/1015345343
https://dx.doi.org/https://doi.org/10.1007/978-1-4613-8762-6_11
https://dx.doi.org/https://doi.org/10.1007/bf01158808
https://dx.doi.org/https://doi.org/10.1214/aoap/1019487514
https://dx.doi.org/https://doi.org/10.1080/17442500008834223
https://dx.doi.org/https://doi.org/10.1137/s0363012994265882
https://dx.doi.org/https://doi.org/10.1023/a:1017983532376
https://dx.doi.org/https://doi.org/10.1214/aoap/1177004706
https://dx.doi.org/https://doi.org/10.1007/s11134-014-9423-9
https://dx.doi.org/https://doi.org/10.1214/105051604000000233
https://dx.doi.org/https://doi.org/10.1287/opre.29.3.567
https://dx.doi.org/https://doi.org/10.1002/j.1538-7305.1974.tb02756.x
https://dx.doi.org/https://doi.org/10.1007/0-387-31071-1
https://dx.doi.org/https://doi.org/10.1287/moor.2020.1087

4266

15

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

. A. Arapostathis, G. Pang, Y. Zheng, Optimal scheduling of critically loaded multiclass GI/M/n+M
queues in an alternating renewal environment, Appl. Math. Opt., 84 (2021), 1857-1901.
https://doi.org/10.1007/s00245-020-09698-9

Y. L. Kocaga, An approximating diffusion control problem for dynamic admission and
service rate control in a G/M/N+G queue, Oper. Res. Lett., 45 (2017), 538-542.
https://doi.org/10.1016/j.0r1.2017.08.005

D. Y. Sze, A queueing model for telephone operator staffing, Oper. Res., 32 (1984), 229-249.
https://doi.org/10.1287/opre.32.2.229

M. Armony, C. Maglaras, On customer contact centers with a call-back option:
customer decisions, routing rules, and system design, Oper. Res., 52 (2004), 271-292.
https://doi.org/10.1287/opre.1030.0088

W. Dai, n-qubit operations on sphere and queueing scaling limits for programmable quantum
computer, Quantum Inf. Process., 22 (2023), 122—164. https://doi.org/10.1007/s11128-023-03851-
3

O. Garnett, A. Mandelbaum, M. I. Reiman, Designing a telephone call center
with impatient customers, Manuf. Serv. Oper. Manage., 4 (2002), 208-227.
https://doi.org/10.1287/msom.4.3.208.7753

A. Weerasinghe, Controlling the running maximum of a diffusion process and an
application to queueing systems, SIAM J. Control Optim., 56 (2018), 1412-1440.
https://doi.org/10.1137/17m1135967

W. Dai, Optimal rate scheduling via utility-maximization for j-user MIMO Markov
fading wireless channels with cooperation, Oper. Res., 61 (2013), 1450-1462.
https://doi.org/10.1287/opre.2013.1224

W. Dai, Platform modeling and scheduling game with multiple intelligent cloud-
computing pools for big data, Math. Comput. Model. Dyn. Syst., 24 (2018), 506-552.
https://doi.org/10.1080/13873954.2018.1516677

W. Dai, Quantum-computing with Al & blockchain: modelling, fault tolerance
and capacity scheduling, Math. Comput. Model. Dyn. Syst, 25 (2019), 523-559.
https://doi.org/10.1080/13873954.2019.1677725

S. N. Ethier, T. G. Kurtz, Markov processes: characterization and convergence, New York: Wiley,
1986. https://doi.org/10.1002/9780470316658

J. M. Harrison, A. Zeevi, Dynamic scheduling of a multiclass queue in the Halfin-Whitt heavy
traffic regime, Oper. Res., 52 (2004), 243-257. https://doi.org/10.1287/opre.1030.0084

A. A. Puhalskii, M. I. Reiman, The multiclass GI/PH/N queue in the Halfin—Whitt regime, Adv.
Appl. Probab., 32 (2000), 564-595. https://doi.org/10.1017/s0001867800010089

W. Whitt, Stochastic—process limits, New York: Springer, 2002. https://doi.org/10.1007/697479

D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential
equations, SIAM Rev., 43 (2001), 525-546. https://doi.org/10.1137/s0036144500378302

AIMS Mathematics Volume 10, Issue 2, 4226-4267.


https://dx.doi.org/https://doi.org/10.1007/s00245-020-09698-9
https://dx.doi.org/https://doi.org/10.1016/j.orl.2017.08.005
https://dx.doi.org/https://doi.org/10.1287/opre.32.2.229
https://dx.doi.org/https://doi.org/10.1287/opre.1030.0088
https://dx.doi.org/https://doi.org/10.1007/s11128-023-03851-3
https://dx.doi.org/https://doi.org/10.1007/s11128-023-03851-3
https://dx.doi.org/https://doi.org/10.1287/msom.4.3.208.7753
https://dx.doi.org/https://doi.org/10.1137/17m1135967
https://dx.doi.org/https://doi.org/10.1287/opre.2013.1224
https://dx.doi.org/https://doi.org/10.1080/13873954.2018.1516677
https://dx.doi.org/https://doi.org/10.1080/13873954.2019.1677725
https://dx.doi.org/https://doi.org/10.1002/9780470316658
https://dx.doi.org/https://doi.org/10.1287/opre.1030.0084
https://dx.doi.org/https://doi.org/10.1017/s0001867800010089
https://dx.doi.org/https://doi.org/10.1007/b97479
https://dx.doi.org/https://doi.org/10.1137/s0036144500378302

4267

30.

31.

32.

33.

34.

35.
36.

37.

W. Dai, Convolutional neural network based simulation and analysis for backward
stochastic partial differential equations, Comput. Math. Appl., 119 (2022), 21-58.
https://doi.org/10.1016/j.camwa.2022.05.019

W. Fang, M. B. Giles, Adaptive Euler-Maruyama method for SDEs with non-globally Lipschitz
drift: Part I, finite time interval, arXiv Preprint, 2016. https://doi.org/10.48550/arXiv.1609.08101

I. Karatzas, S. E. Shreve, Brownian motion and stochastic calculus, 2 Eds., New York: Springer,
1998. https://doi.org/10.1007/978-1-4612-0949-2

H. J. Kushner, Optimal discounted stochastic control for diffusion processes, SIAM J. Control, 5
(1967), 520-531. https://doi.org/10.1137/0305032

O. A. Ladyzhenskaya, N. N. Uraltseva, Linear and quasilinear elliptic equations, New York:
Academic Press, 1968.

W. Rudin, Real and complex analysis, New York: Wiley, 1987.

P. Protter, Stochastic integration and differential equations: a new approach, Berlin: Springer,
1990. https://doi.org/10.1007/978-3-662-02619-9 6

P. Billingsley, Convergence of probability measures, New York: John Wiley & Sons, 1999.
https://doi.org/10.1002/9780470316962

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

‘%l\ld?? AIMS PI'CSS terms of the Creative Commons Attribution License

(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 2, 4226-4267.


https://dx.doi.org/https://doi.org/10.1016/j.camwa.2022.05.019
https://dx.doi.org/https://doi.org/10.48550/arXiv.1609.08101
https://dx.doi.org/https://doi.org/10.1007/978-1-4612-0949-2
https://dx.doi.org/https://doi.org/10.1137/0305032
https://dx.doi.org/https://doi.org/10.1007/978-3-662-02619-9_6
https://dx.doi.org/https://doi.org/10.1002/9780470316962
https://creativecommons.org/licenses/by/4.0

	Introduction
	System model and main theorem
	The queueing system under a joint scheduling–control policy
	Scaling under the QED regime
	Cost and value functions
	The diffusion control problem
	An asymptotically optimal ioint scheduling–control policy

	Numerical simulations for a two-class model
	Proof of the main theorem
	The HJB equation
	Asymptotic bound
	Proof of Theorem 2 

	Conclusions

