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Abstract: This work comprehensively analyzed the monkeypox virus utilizing a deterministic
mathematical model within a constant proportional-Caputo derivative framework. The suggested
model considered the interplay of human and rodent populations by incorporating certain realistic
vaccination parameters. Our study was a testament to the thoroughness of this work. We explored
the uniqueness result using Banach’s contraction principle. The solution’s positivity and boundedness
were studied in detail, as were the basic reproduction number and the stability analysis of the system’s
equilibrium conditions. We performed a variety of Ulam’s stability analyses to guarantee the solution
existed. Additionally, we implemented a decomposition formula to obtain the numerical scheme. This
numerical approach allowed for numerical simulation as a graphical representation for certain real data
sets and different parameter values in order to understand the model’s dynamic behavior.
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1. Introduction

Presently, people in many countries face a series of epidemics, each caused by a different type of
emerging or reemerging virus. Monkeypox (MPOX) disease is one of these urgent situations that need
to be monitored appropriately since the World Health Organization (WHO) has recently reported a
resurgence of the MPOX outbreak, with the disease reemerging and spreading across multiple countries
worldwide. Numerous cases and clusters have been identified simultaneously in diverse geographical
areas [1]. The MPOX virus is the cause of a zoonotic illness. The spreading of this virus to humans
mainly comes through bites or scratches from wild animals, such as rodents and primates. Human-
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to-human transmission arises through respiratory droplets or contact with body fluids when a person
touches a lesion on an infected individual or their items. The symptoms of MPOX patients frequently
resemble those of smallpox but are less severe. It begins with a slight fever, chills, weariness, muscle
aches, exhaustion, and headache. The MPOX can cause swelling in the lymph nodes, while smallpox
does not cause lymphadenopathy. The time between the onset of symptoms and the rash completely
recovering typically lasts 14-28 days [2—4]. Currently, there is no vaccine that directly protects against
MPOX disease. However, due to the similarity between the virus that causes MPPOX disease and
smallpox disease, vaccination against smallpox is the best choice. It effectively prevents MPOX
disease by as much as 80-85 percent [5]. Mathematical models of epidemics have long been used
to help us understand the effects of numerous disease transmissions in the real world. Understanding
the virus and its transmission dynamics is critical for establishing efficient prevention and control
strategies. Therefore, many researchers have focused on developing the MPOX epidemic model for
various reasons, including potential human outbreaks. Some examples of interesting works, such as
the analysis of the MIPOX disease with the impact of vaccination, were studied in [6,7] A quarantine
class and an enlightenment campaign were incorporated into the MPOX model, which can be found
in [8], while the factor of isolated humans was added to the model, as seen in [9—11]. In [12], pox-like
analysis was investigated under the factor of recovery with permanent immunity. Monkeypox analysis
using data and statistical tools were examined in [13, 14].

Fractional calculus is an area of pure mathematics that generalizes the concepts of differentiation
and integration involving non-integer derivatives and integrals. It is a valuable and efficient tool
for describing complex dynamical systems and simulating real-world problems, particularly in
epidemiology, since it has hereditary properties and describes memory in the context of numerous
diseases. Besides, fractional models provide a more realistic illness trajectory. Fractional differential
operators enhance epidemiological modeling by combining memory, heterogeneity, and nonlocal
dynamics. This leads to more accurate predictions, a better understanding of diseases, and improved
control strategies for illnesses such as monkeypox, COVID-19, HIV, and so on. Fractional derivatives,
which can take any real number as an order, are highly flexible and nonlocal. These characteristics
make them more dependable than classical derivatives for approximating real data since they take
into account global interactions and memory effects. Researchers have defined the many forms
of fractional derivative operators in fractional calculus. Each form is created to capture distinct
characteristics of the fractional derivative idea. For instance, Riemann-Liouville (RL, one of the
original definitions of fractional derivative), Caputo [15, 16], Caputo-Katugampola [17], Caputo-
Fabrizio [18, 19], Atangana-Baleanu [18, 19], Hilfer [20], constant proportional-Caputo (CPC) [21],
and (k, y)-Hilfer proportional [22]. The CPC derivative is a modern development in the fractional
derivative, which is designed in [21]. It is a hybrid concept between Caputo’s type and the proportional
derivatives to gain a novel type of fractional calculus and potential applications for modeling actual
data from various problems. In addition, the CPC operator is a more comprehensive framework than
the Caputo fractional derivative operator, for which supporting research can be found in [23,24]. This
operator offers a significant advantage by effectively addressing current challenges in different issues
that traditional operators cannot adequately evaluate. Several studies [25-27] highlight that the CPC
operator provides a more practical and accurate approach for examining mathematical models applied
to real-world problems using real data compared to classical and fractional-order operators.

The application of fractional calculus to mathematical modeling is a novel approach that has
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captured the interest of many researchers across diverse scientific domains. It is particularly intriguing
due to the memory effect, a unique and powerful characteristic of fractional-order models, which
remains supereminent over the classical models due to the diverse properties of fractional operators
that yield more accurate and reliable data. Many fractional models consist of differential equations
carefully designed by researchers to address the pressing problems within the global environment.
Extensive research has been conducted on studying and analyzing fractional-order models for
disease transmission dynamics. El-Mesady et al. [28] designed a fractional-order vaccination
mathematical model for tuberculosis incorporating a susceptible class with an underlying ailment.
Peter et al. [29] developed a fractional mathematical model for studying measles infection with double-
dose vaccination. The work [30] constructed a mathematical model under the Atangana-Baleanu-
Caputo derivative to examine meningitis with treatment and vaccination dynamics. The authors [31]
presented the pneumococcal pneumonia infection model using fractional-order derivatives in the sense
of the Caputo-Fabrizio operator. Peter [32] studied the transmission dynamics of a Brucellosis model
under the Caputo-Fabrizio fractional operator.  Additionally, MPOX virus infection is one of the
research areas that has gotten a lot of attention and produced some fascinating results since the
disease resurfaced after a long hiatus. We refer the reader to several previously interesting works
about the MPOX fractional model. For example, Peter et al. [33] presented and established the
dynamical behavior of the MPOX virus model by using both classical and differential equations via
the Caputo-Fabrizio fractional derivative. Ngungu et al. [34] studied the dynamics of the MPOX
virus spreading with a non-pharmaceutical intervention using real-time data with the Caputo-Fabrizio
operator. Wireko et al. [35] used fractal-fractional operators (FFOs) to explore the biological behavior
of the MPPOX disease. Sudsutad et al. [36] investigated the theoretical analysis for the transmission of
the MPOX virus fractional model under the FFOs involving the Atangana-Baleanu sense. The study by
El-Mesady et al. [37] looked into how the MIPOX virus spreads in human hosts and rodent populations
using a Caputo fractional-order nonlinear model. The MPOX virus is established by applying a
deterministic mathematical model in the context of the Atangana-Baleanu fractional derivative that
depends on the generalized Mittag-Lefller kernel [38]. Zhang et al. [39] studied a deterministic Caputo
fractional-order mathematical model of Marburg-MPOX virus co-infection transmission. Liu et al. [40]
analyzed the dynamics of a MPOX disease with the impact of vaccination utilizing a fractional
mathematical model. For more works, we refer readers to see [41,42]. However, even though many
researchers employ fractional differential systems to understand real-world phenomena, finding exact
solutions to such systems through manual methods is still a formidable challenge. Hence, several
efficient techniques are produced to find the approximated solution of fractional differential system:s,
such as the predictor-corrector [43,44], Adams-Bashforth [43,45], Newton polynomial [43,45], and
the decomposition formula method [46,47]. The last introduced powerful knowledge is Ulam stability,
an essential technique in mathematical analysis and other related sciences. Ulam stability is vital to
maintaining the stability and reliability of solutions under minor variations. It ensures that solutions
remain valid and usable even though conditions change marginally. There are various kinds of Ulam
stability commonly used, like Ulam-Hyers (UH) stability and Ulam-Hyers-Rassias (UHR) stability;
see the history and its application in [48-51].

After composing all of the stories and being motivated by the above discussions, the CPC operator is
particularly interesting in this aspect because it is a recent operator, and there has been little literature-
based research on its application. Also, to the best of our current understanding, no studies using
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the proposed derivative operator have been conducted or published in the existing literature on the
dynamics of the monkeypox virus as well as the benefit of using the CPC operator, as mentioned above,
to address memory and hereditary properties for resulting in more accurate prediction and translation.
Therefore, this study takes a comprehensive approach to analyzing the behavior of the MPOX model
and investigating the factors influencing population changes, which may help control the monkeypox
outbreak. We have developed a deterministic MPOX model by extending the works [9,33] in terms of
incorporating the vaccinated-individuals compartment into the model and yielding a unique classical
model. Later, we transform the model into a fractional-order system using the CPC operator to gain
a better understanding of the virus dynamics. Our focus is on studying the dynamic behavior of this
model, a task we accomplish by leveraging the well-known fixed-point theory of Banach’s type to
prove the solution’s existence and uniqueness. We investigate the stability of equilibrium points with
the help of the basic reproduction number. Moreover, we ensure the solutions exist by analyzing their
stability via various Ulam stability. A decomposition formula for the CPC derivative technique is
derived to obtain the numerical scheme, and some graphics in the numerical simulation are shown to
visualize the system’s behavior analysis. This work will help to fill the gap in the study of monkeypox
transmittance using fractional derivatives and expand the scope of this study to benefit disease control.

The remaining sections of the paper are as follows: Section 2 introduces some concepts of the
CPC operators. The MPOX model construction is presented in Section 3. Section 4 is dedicated
to investigating model analysis, including the solution’s positiveness and boundedness, the basic
reproduction number, and the local stability analysis of the equilibrium points. Section 5 explores the
existence theory for the proposed model; that is, the uniqueness result is verified using Banach’s fixed-
point theorem. Section 6 verifies various Ulam’s type stability and their generalization. The numerical
scheme derived from a decomposition formula for the CPC derivative is determined in Section 7.
Finally, the results are discussed via some examples, and the summation of this discussion is given in
the final part.

2. Preliminaries

This section provides some fundamental definitions and properties of fractional calculus, which will
be used to analyze the system throughout this work.

Definition 2.1. ( [52]). The Caputo fractional order derivative of a function f with order « € (0,1) is
provided by

1 !
Cmg,zf(f) = Hl—fo f () —s)ds.

—a)

Definition 2.2. ( [52]). Assume f(t) is an integrable function. The RL-integral of @ > 0 is given by

RLIg,tf(t) = %L f()( - S)a_ldS, —oc0o<a<t<£oo,

Definition 2.3. ( [21]). A proportional-Caputo (CP) is a hybrid operator that combines the
proportional operator and the Caputo fractional derivative as:

1 !
g @) = Td—a) fo (7(1 (@, 9)f(s) + Ko(a, s)f’(s))(t —5)"ds

AIMS Mathematics Volume 10, Issue 2, 4000—4039.



4004

-

= (Kila,nf(1) + Ko, D f' (D)) X rd—a)

where Ky(a, t) = aC?*t'~* and K (a, t) = (1 — a)t?, for C is constant and « € (0, 1).
Moreover, as defined in the particular case where Ky and K, are depending only on a, the CPC
operator can be defined by

1 f
I - a) fo (Ki(@)f(5) + Ko@) (5))(t = s ds

= K@) I3, (1) + Ko(@) DG, f (1),

FERg, f(1)

where Ko(a) and K (a) are constants with respect to t.

Here, this study uses the specific case when Ky(a) = aC?**Q'"* and K;(a) = (1 — a)Q® where C
and Q are constants.

Definition 2.4. ( [21]). The inverse operator of the CPC fractional derivative operator is provided by:

1 ! K
RINIOE @ fo (t— S)(HEL@(— W;EZ;O— s))f(s)ds,

which satisfies the relation below:

K (@)

=1y =g, 0] = £ - oL 50
3. Formulation of the mathematical models

3.1. The integer order of the MPOX model

In this subsection, we formulate a deterministic model of the dynamics of MPOX transmission
across two groups: humans denoted by N, and rodents denoted by N,. The human population has six
different compartments: the susceptible (S ,), exposed (E},), infectious (I;,), clinically ill (Cy,), recovered
(Ry), and vaccinated individuals (V},). The rodent population has three compartments: the susceptible
(S ), exposed (E,), and infectious (/). Thus, the total populations of humans and rodents are given by
Nu(t) = Sp(®) + Ep(t) + Ii(2) + Cp(t) + Ry(t) + Vi (t) and N,(¢) = S () + E.(¢) + [,(¢), respectively. The
transmission diagram of the population flow among these compartments is displayed in Figure 1.
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Figure 1. Transmission chart of the suggested MPOX model.

Here, the descriptions of the population changes of each group are presented in the following:

e Human groups: The amount of susceptible humans changes due to recruitment through birth
rate or immigration A;. The vaccinated population further increased the number in this class after
the induced immunity waned at the rate . This population class is rejected by the natural death
per capital rate y; and by the population gaining infection after contact with infected humans
or infected rodents at the rate b, or b,, respectively. It is also reduced by vaccinating at the
rate . The amount of exposed humans grows with the force of infection in the term of ¢, =
(b11(t) + by1,(1))/ Ny (¢) and declines by the disease progression rate a; and the natural death per
capital rate u;,. The amount of infected individuals increases after transitioning from the exposed
class with the disease progression rate a,. The natural recovery rate w reduces the population in
the infectious class due to immunity. This population is also reduced by the natural death rate
Uy, the disease-induced death rate ¢;, and the clinically ill rate a, after moving to a clinically
ill class of humans. The number of clinically ill humans grows due to those who seek medical
assistance after becoming sick with a clinically ill rate a,. These individuals are decreased by
disease-induced death rate ¢, and natural death rate u;,. Moreover, moving to the recovered class
at the rate v can reduce the population in this class. The group in the recovered compartment
increases with the recovery rate of clinically ill humans v and the natural recovery rate due to
immunity w, while it declines with the natural death rate u;,. The susceptible individuals enter
into the vaccinated class with a rate 4. The vaccinated individuals are declined by the natural
death rate and the waning induced immunity with a rate 7.

e Rodent groups: The amount of susceptible rodents changes due to recruitment through birth
rate A,. These individuals are decreased by interaction with infected rodents at a rate b3 and
natural death per capital rate of rodents u,. The amount of exposed rodents grows with the
force of infection in the term ¢, = b3I,(¢)/N,(¢). It is declined by the natural death rate u, and
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the progression rate as, which transit from exposed rodents to infected rodents. The amount of
infected rodents increases from the exposed rodent’s transit to infectious rodents at the rate as.
The infected rodents are reduced due to the natural death rate y,.

Therefore, based on the above description, a nonlinear system of the integer-order of the MPOX
model corresponding with nine ordinary differential equations, the so-called MIPOX model, is shown

below:

dSAﬂ:JV_(MQU)+%”“)+mthSu0+nwax

dt Ni()
dE b1, byl,
dlgft) = @Ey(t) = (@ + ax + g + 601(0),
dC;;lt(t) = ayl;,(t) — (v + wy, + 87)Ci(2),
dliiht(t) = VCh([) + wlh(t) - /Jth(t)a (31)
dSr(t) _ _ bSIr(t)
— = =A ( N +/~lr)Sr(t)’
dE,(t) _ bsl()S (1)
= — Nr(l‘) (613 + ,Llr)Er(t)»
dl,(1)

dt = az;E (1) — p, (1),

where the positive initial conditions are S ,(0) = S, Ex(0) = Ej,, 1,(0) = Ij,, C,(0) = Cpy, R(0) = Ry,
Vi) = Vp,, S,(0) = S,,, E.(0) = E,,, and [,(0) = I,,. The details of each all positive parameter are
included and displayed in Table 1.

Table 1. The details of dependent parameters of the MPOX model (3.1).

Parameters Description

Ay, A, The recruitment rate for susceptible humans and rodents, respectively.

by, by, by Contact rate between infected humans and susceptible humans, rodents and
susceptible humans, and rodents and susceptible rodents, respectively.

ai Disease progression rate from exposed humans to infected humans.

a Clinically ill rate.

as Progression rate from exposed rodents to infected rodents.

w Natural recovery rate due to immunity.

v The rate of recovery for clinically ill humans.

n Waning induced immunity.

A Vaccinated against monkeypox.

01, 02 Disease-induced death rate for infectious and clinically ill humans, respectively.

Uns Uy Natural death per capital rate of humans and rodents, respectively.

AIMS Mathematics
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3.2. The MPOX model under the CPC derivative operator

As we know, fractional infectious models have specific hereditary properties and describe memory
regarding disease dynamics because they employ fractional derivatives with a higher degree of freedom
to account for more complex diseases and provide knowledge into the behavior and control of epidemic
diseases. Consequently, this subsection further develops the integer order MIPOX model (3.1) utilizing
the CPC derivative operator as follows:

SEEDG S (1) = Fi(t, S w(t), Ex(D), In(t), Ci(0), Ry (D), Vi(0), S (1), E, (1), I, (1)),

SFEDG En(r) = Fat, S (D), En(0), In(0), C(0), Ry(0), Vi(0), S (1), E (1), 1,(1)),

SEEDE () = Fs(t, S 5(1), En(0), In(0), (D), Riy(1), Vi(0), S (1), E (1), 1,(1)),

FEEDG Ci(r) = Falt, S u(0), Ex(t), 1(1), (1), Ry(D), Vi(0), S (1), E, (1), 1,(D)),

FFEDG Ru(t) = Fs(1, S 5(1), En(0), In(®), Ch(®), Ru(1), Vi (D), S (1), E(1), 1(1)), (3.2)
FEEDG Vi(t) = Fo(t, S 5(0), En(0), In(®), Ch(®), Ru(1), Vi (D), S (1), E(1), 1(1)),

FEDG LS (1) = Fa(t, S 5(0), En(0), L(0), (1), Ru(1), Vi(0), S (1), E (1), L (1)),

SFEDGEL (1) = Fs(t, S w(0), En(0), 1(0), Ch(0), Ry(0), Vi(0), S 1), EA(1), I,(1)),

EEDE (1) = Fo(t, S (1), Ex(0), In(t), Ci(), Ry(D), Vi (1), S (1), E, (1), L(1)),

where F; = F(t, S (1), (1), I(2), Ci(1), Ri(2), Vi (2), S (1), Ex(1), I,(2)), for j =1,2,...,9 and F; for the
suggested model are given by

Fi(2, S1(0) = Ap = (@ + c)Sp(2) + nVi(2),

Fa (2, En(D)) = oS (1) — c2E4(D),

Fs(2, 1h(1)) = a1 Ej(0) — 3l (),

Fyu(2, Ci(0)) = ax I, (1) — c4Cp(2),

Fs(z, Ry(1)) = vCi(1) + wli(t) — upRp (), (3.3)
Fe(, Vi(1)) = AS (1) — 5 Vi(0),

Fr(2,8,(0) = Ay — ¢S (1) — 1, S (1),

Fg(, E-(1)) = ¢S (t) — c6E (D),

Fo(z, (1)) = as E(t) — pu,1.(2),

with ¢, = (b11,(t) + bo1,(1))/Ny(1), ¢ = b3l (1) /N, (1), ¢y = pp + A, ¢2 = pp + @y, 3 = w + ap + py, + 0y,
Cy = V+/.lh+52, Cs :,uh+77,and06 =aj3 +,LlrWithShO > O,Eho > O,Iho >0, Cho > O,Rho >0, Vho >0,
S, 20,E,>0,and I,, > 0. The suggested model (3.2) is said to be the CPC-MPOX model.

4. Model analysis

4.1. Positiveness and boundedness

Since the variables in real-world phenomena have positive values, particularly the epidemic model
based on the human population, all variables and parameters are considered to be positive. Moreover,
the invariant region is essential in mathematical modeling as it guarantees that solutions remain
biologically feasible and mathematically meaningful. In this part, we investigate the factors that
guarantee the solutions of the CPC-MPOX model (3.2) are positive, and we locate the invariant area,
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ensuring that the solution is bounded. To achieve this purpose, we define
R = {FeR’: F 2 0andF(t) = (Su(t), Ex(), In(0), Cu(), Ru(0), Vi(1), S (), E(0), L, ()"}

Theorem 4.1. All solutions of the CPC-MPOX model (3.2) under the initial conditions are bounded
in RY.

Proof. From the CPC-MPOX model (3.2), we obtain

FED S () = Ay + Vi) 2 0,

SFEDG E(1) = ¢uS4(1) 2 0,

SEEDY (1) = a1 Ex(t) 2 0,

FFEDF Cult) = axli(1) 2 0,

FFEDG Ru(1) = vCi(1) + wIy(t) 2 0, (4.1)
FEEDE V(1) = AS (1) > 0,

FEDG S (1) = A, 20,

FEDGEND) = .5 ,(1) 2 0,

DG L) = aE1) 2 0.

If a set of the conditions (S 4y, Enys Inys Chos Rigs Vies S 10> Ene» Iry) € R, then according to the above
system (4.1), the solution F cannot avoid from the hyper-planes: (S, Eu, Iy, Cn, Ry, Vi, S, E,,
1) = (0,0,0,0,0,0,0,0,0). Additionally, the vector field points into R on each hyperplane that is
surrounded by the nonnegative constants. This means that R is the positively invariant region. O

Theorem 4.2. Let a positive set of solutions (S (1), En(t), I;,(t), Cr(1), Ry(2), Vi(1), S (1), E(1), I,(1))
under the initial conditions. Then, there exists a domain Q = Q;, x Q, C RS x R3, that is positively
invariant so that

Q= {4, Ex0), 1), Cu(0), Ru(0), Vi) € RS and Ny < Ap/pan}, (4.2)
Q, = {50, E@.L0)eR] and N, <A /u). (4.3)

Proof. Since Nj(t) = S;(t) + Eu(t) + I(t) + Cp(¢t) + Ry(¢) + V,(t), then from the proposed model (3.2),
we have

FEDE N0 EDESu(0) + TEDGLER(1) + FEDG 1,(1)
+FCDE,Ch(0) + FEDG R (1) + TTEDG, V(D)

Ap = upNy(1) = 611,(1) — 62C(2).

In the case of no disease, we get “*“Df Nj,(1) = A; — upNy(1). It implies that

A
CFERE NW(1) <0 if Ny(t) = —=, forall t€[0,T].
| M

By a particular comparison principle, we obtain

A
Nu(1) < Np(0)e ™" + —L(1 = 7).
M

AIMS Mathematics Volume 10, Issue 2, 4000—4039.
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Then, we get
A A
Nun) < =2 i Ny(0) < =2
M M
Thus, the feasible region of human groups (4.2) is completed.
Similarly, since N,(t) = S ,(¢) + E.(¢) + I(¢), then

FEDE N1 = TEDE LS (1) + TEDGLE (1) + TFODY L) = Ay — weN,(D).
It implies that
A,
FEDG N <0 if N() > —, forall 1€[0,T].

r

By a particular comparison principle, we have

A,
N,(1) £ N(0)e ™" + —(1 — ™).

r

Then, we have
A, A,
N.(t) < — if N.(0) < —.

r /’tr
Thus, the feasible region of rodent groups (4.3) is obtained. This shows the boundedness of the
solutions for the CPC-MPOX model (3.2). Hence, the region Q = Q, X Q,, defined as (4.2) and (4.3),
is positively invariant. We therefore conclude that the proposed model is epidemiologically feasible
and well-posed in Q. The proof is complete. O

4.2. The stability of the equilibria

The equilibrium points of the the CPC-MPOX model (3.2) can be calculated by setting the right-
hand side equal to zero. This gives two possible positive equilibria, which are

e The MPOX free equilibrium (€9, ,); this point is defined when there is no disease in the
population:

@y = (SO, ES 10, CO RO, VO, 80, EO, %) = (CS—A’“,O, 0,0,0, 81 A 6)
cics — An cics — Ay
Note that: cjcs —An = wy(up+n+21) > 0,N) =SV +E)+ 1)+ C)+R)+ V), and N0 = SV + E? + I0.
e The MPOX endemic equilibrium (€}, ,); this point is defined when there is disease transmission
in the population:
Chyer = (S} Ejn 1. i R}, Vi ST ELL T,

where
. csAy . csAndn . csAnai i
Sy = , E,= , 1= ,
cs(dp +c1) —nd cales(én + 1) —nal crc3les(@n + 1) —nAdl
Ccr o= csAparardy,
" cacseales(pn + ¢1) —naAl’
R = vesApaiardy, N wesApa gy,
" uncacscales(gn + ) = Al ppeacsles(@n + ¢1) —nal’
V* _ CSI\h/l S* _ Ar % ¢rAr x a3¢rAr
" csles(en + ¢1) —nal’ ST T+ T copt(d + )
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Next, the basic reproduction number is conducted as an epidemic indicator. It is an essential
fundamental epidemiological parameter used to assess the long-term dynamics of the epidemic, which
is denoted by R,. It is also defined as the expected number of secondary infections generated by a
single infected individual throughout their infectious period. The basic reproduction number can be
used as a disease control measure because it indicates the spread of a disease in terms of transmission
within a population. It helps determine whether an outbreak or epidemic will occur or the infection
will eventually disappear. Here, we will calculate it by using the next-generation technique as in [53].
For the proposed model, the disease-free state variables are S ;, Ry, S, while the infected state variables
are E,, I, Cy,, V), E,, I.. Therefore,

0 Xig oo o0 2% & 0 0 0 0 0
h h
0 0 000 O —~a, ¢ 0 0 0 O
F-10 0 000 0 and  v=|0 @ 0 0 0
0 0 000 O 0 0 0 ¢ 0 Of
0 0 00 0 b 0 0 0 0 ¢ O
0 0 000 O 0 0 0 0 -a;3 p

where ¥ and V denote the transmission and transitions matrices, respectively. Then, the next-
generation matrix is provided as below:

aih1S0  byS° azbr§0 bSO

6263N§ CsN:l? 00 c6,u,-N§ ,u,N:{)

0 0O 00 0 0

Fy-! = 0 0O 0O 0 0
0 0O 00O 0 0

0O 0 00 & &

CoMr Hr

0 0O 00O 0 0

This implies the spectral radius of (4.2) (Ry)

a1b)S° a.b
i)%ozmax{ﬂig,ﬂi(’)}:max{ i m}.

9
c2c3N)) coftr

Remark 4.3. We can notice that:

° If‘R2> landﬂi(r)> 1, then Ry > 1.
o IfR) < 1and R) > 1, then Ry = RY > 1.
° IfiR2>landiR9< 1, thenERO:iR2> 1.
° IfiR2<1andiR9< 1, then Ry < 1.

For the following two theorems, the stability of the equilibrium points will be analyzed. To do this,
the Jacobian matrix () of the system is given by
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bi1y+by 1, b1Sy, bySy,

o abal, a0 b3 O 0 X baSe

Th —C) Th 0 0 0 0 0 N_h
0 ai —C3 0 0 0 0 0 0
0 0 a - 0 0 0 0 0

g = 0 0 w v —u, O 0 0 0 |1. 4.4)

A 0 0 0 0 —cs 0 0 0

bsl, b3S,

0 0 0 0 0 0o - NLSL , 0 —bE

0 0o 0 0 0 o0 @ h g &%

0 0 0 0 0 0 0 as —Uy

Theorem 4.4. If Ry < 1, then the MPOX free equilibrium of the CPC-MPOX model (3.2) is locally
asymptotically stable with the necessary and sufficient criteria:

|larg(6)] > %, i=1,2,..09. (4.5)

Proof. From the asumption R, < 1, it implies that ‘Rg < 1l and Rj < 1. By applying matrix (4.4) at the

point €, we have
biS) 5259
—Cq 0 N 0 0 n 0 0 R
1 8 2
0 - 0 0 0 0
0 a -—c3 0 0 0 0 0 0
0 0 a —C 0 0 0 0 0
0 _ 2 4
IJCwr)=lo 0 w v -4 0 0 0 0
A 0 0 0 0 - O 0 0
0 0 0 0 0 0 —u O —bs
0 0 0 0 0 0 0 —c¢ b3
0 0 0 0 0 0 0 a —u

Then, the characteristic equation is computed by |[7(€) ) — ol| = 0, and 1 is a identity matrix. This
yields the eigenvalues as the following:

01 = —ca, 0, = =y, 03 = —up,
1
bis = 3 (=(c1 + ¢5) £ ler + c5) = 4un(un + 1 + 2))
1 ) a1b1S2
067 = 5 —(c2+ ¢3) £ 4[(c2 +¢3) —4(6‘203 - A ) ,

1
Og9 = 5 (—(,Ur +c6) £ \/(Mr +¢6)? — 4(urce — Cl3b3))-

Obviously, the eigenvalues 6, 6, 65, and 64 5 have negative real parts. Since ‘Rg < landRj < 1, then
the eigenvalues 65 7 and 65 ¢ also have negative real parts, respectively. This assures the assumption (4.5)
with 0 < @ < 1. Therefore, the point €, .. is locally asymptotically stable. O
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For the following theorem, we will utilize the Routh-Hurwitz criterion to investigate the local
stability of endemic equilibria. Here, we will determine the conditions under which the endemic
equilibrium point is locally asymptotically stable. The Jacobian matrix (4.4) yields the following

) .
matrix for €, .

b11;+b21;’ blSj‘l sz,*1

T S

- e Tt 0 0 0 0

0 a -¢; 0 0 0 0 0 0

0 0 a -c 0 0 0 0 0

T (Cyep) = 0 0 w v —w O 0 0 0
2 0 0 0 0 -—cs 0 0 0

0 0 0 0 0 0 -Zr-u 0 -2

0 0O 0 0 0 0 BL g B

0 O 0 0 0 0 0 a -

We can easily see two negative eigenvalues; one is w; = —u;, and another one is w, = —c4. For the rest
of the equilibrium points, we consider the reduced matrix

by I +byl? bS* byS*
—E e 0 0 0 -5
bili+bol; biS, baS,
N e w0 00 5E
0 a —C3 0 0 0 0
T2(Cppp) = A 0 0 —cs 0 0 0
bl b3S?
0 0 0 0o - ;Vb -u, 0 —b IZY:
31y 1S,
0 0 0 0 N —Co  Nr
0 0 0 0 0 as  —U
This yields the associated characteristic equation as follows:
W + 6w+ 6w + 6w+ 6w’ + 60 + 6w+ 6 =0, 4.6)
with € denoting the coefficients of w’™*, k = 1,2,3,...,7 after resetting the polynomial equation in

the formula form. Since the proof of the local asymptotic stable needs the negative real parts of all
roots of (4.6), we use the Routh-Hurwitz criteria to obtain the conditions for the stability of €}, ..
We define the following notation, h; = (€16 — &)/€1, hy = (€16, — €)/€1, hy = (€16 — €7)/€1, g1 =
(e3h) — €1hy)/h1, g2 = (&hy — €1h3)/hy, g3 = €, di = (hag — h1g2)/81, dr = (h3g1 — h183)/81, e
(&2d1 — g1d2)/d,, e2 = g3, and f1 = (dye) — dye3)]/ey.

Thus, the Hurwitz assumptions concerning (4.6), which ensure that all roots have negative real parts,
are as follows: (H)). (i) & > 0; (ii) & > 0; (iii) 616 > &; (iv) €166 + €165 > €76 + €53 (V) hagi > higo;
(vi) gody > g1dy; and (vii) dye, > dye,. Therefore, we can conclude this part by the following theorem:

Theorem 4.5. Suppose that the necessary and sufficient assumption (H;) of Hurwitz criteria is
satisfied, then the MPOX endemic equilibrium of the CPC-MPOX model (3.2) is locally asymptotically
stable.
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5. Qualitative analysis

In this part, an analysis of the CPC-MPOX model (3.2) will be investigated applying Banach’s
contraction mapping principle [54]. First, the Banach space on [0, 7] for all continuous real-valued
functions is given by X = C(Z x R% R) under the norm || Y|| = ||(S s, Ex, In, Chs Ry, Vi, S 1, E, 1) =
IS wll + [ERll + [all + NColl + IRAll + [IVill + IS Al + WEA + IL:]l, where Sy, Ey, Iy, Cp, Ry, Vi, S, Er,
1, € Xand IS4 = sup,qor 1S40l = By, |El = sup,or) [Ex(D] = By, 4l = sup,ior n(D)] = By,
IChll = sup,cpo.r1 ICa(Dl = By, IRl = SUp,io.77 1RO = Big, IVl = supsejo.r7 Vel = By, IS/l =
Supco.ry 1S /(DI = By, IEA = sup,eor [EAD] = B,,, and ||II]| = sup,o 7 (D] = B,,. Next, assume
F e Xand Y € C([0, T],R), and the CPC-MPOX model (3.2) can be presented as

FEDGY (1) =Ft, Y1), t€[0,T], ac(01], -
Y(0) = Y,, G-
where

S () S #(0) S ho Fi(2,81)

Eu(2) E;(0) Ej, Fa (2, En)

1,(0) 1,(0) I, Fs(2, In)

Ci(0) C(0) Chy Fu(z, C)

YO =R, YO)=|RyO0)|=|Ry |, Ft,Y®)=|FstRp]|,

Vi(0) Vi(0) Vi Fe(z, Vi)

AMG) S (0) S F7(2,S )

E. (1) E.(0) E,, Fg(t, E,)

1,(0) 1,(0) I, Fo(2, 1,)

when G;, i = 1, 2,..., 9 are given by (3.3). Then, the problem (5.1) can be written applying
Definition 2.4 as below

K@,
Y(i)—e ( K@’ M(O)— K@ )f(t $)*'E ’a( KOE ;(t— ))F(s Y(s))ds. (5.2)

From the problem (5.1), the Eq (5.2) can be presented in the integral form:

(_K](a)t)
Sty = e RS, +

f (- )" By, (—Kl(“) (t— s)) F (s, S 5(5))ds, (5.3)

Ko( ) Ko(@)
E@w = d R, o f (1= 5y, ( — i(l‘—s))Fz(S Es)ds,  (54)
L) = e(‘ﬁég’)]hﬁm j; (t—s)"_lEm(—IIg)E ;(r—s))l%(s,]h(s))ds, (5.5)
Cul) = e(_m’)@ﬁ&l@ fo t(t—s)"_]E]a( K@) (- 9)|Rs Cuonds. 56
Ry(1) = e(_géEZ;Z)RhO+® fo l(t—s)"_l]Em( Fs(s, Ry(5))ds, (5.7)
Vi) = e(_mt)vf’”[{()l(a) fo t(t—s)"‘lEl(,( Fo(s, Va(s)ds,  (5.8)
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_K@, 1 ! _ K
St = e( Ko@) )Sro + m L (t— 9" IELQ (—#Z;(t - S)) F.(s, S, (5))ds, (5.9
_Kl a)
Ko(@)

_K@, 1 ! K
Lo = AR, 4 o fo (t— )" 'Ey, (—K:)EZ;@— s))Fg(s, 1,(s))ds. G.11)

Ky (a)

— (‘K()(a)’) ;ft — 5!
E() = e E’°+Ko(a) ) (t=95)"Eia

(r— s)) Fg(s, E.(s))ds, (5.10)

Define an operator ¥ : X — X where ¥ = (F1, %2, 3, Fa, Fs, Fe, F7, s, F9). In consideration
of (5.3) to (5.11), we obtain

(F1Sw()

_Ki@), 1 ! K
e( Ro@ )Sho t D fo (t—5)""E, (— K;EZ;(I - S)) Fi(s, Su(s))ds,

Ki(a)
Ko(a@)

FEne) = LR, ¢ f <f—s)“-1El,a(— (r—s>)Fz(s,Eh<s>>ds,
Ko(a@) Jyo

FIe = )y, o] f <f—s)a-1E1,a(—K1(a)<r—s>)Fs<s,1h<s>)ds,
0

Ko(@) Ko(@)
_K@, 1 ! K

(FaC)(t) = e( Ko(@ )Cho + mfo (t—5)"""E, _K;EZ;O_S) Fu(s, Cr(s))ds,
K@, 1 d B K

(FsR)(1) = e( Ko(@ )Rho + ol fo (t=95)""Ei, —K;EZ;O— 8) | Fs(s, Ry(s))ds,
K a)t 1 t K

FV0) = o K05”>)Vho+mfo (t= 9" Ba ‘K;Eg(’”) Fo(s, Vils)ds.

(FS (1) = e(‘%)swﬁ fo (t- 5 By —2%0—@ Fi(s. S (s))ds,

Ki(a)

FE)D = dRolg, ¢ L f (t- "B, (1 - )| Fi(s. E(s))ds,
Ko(a) Jo

 Ko(a)

_K@, 1 ! K
e( K@ )Im + K@ j(; (t—5)""E, (— KQEZ; (t - s)) Fo(s, 1,(s))ds.

(Fol (1)

Next, the transformation of the CPC-MPOX model (3.2) to Y = F VY that is a fixed point problem,
will be later applied with a fixed point theory to prove that the CPC-MPOX model (3.2) has a solution.

Theorem 5.1. Suppose that F € X corresponding with the assumption (A,) is as follows:
(Ay) There is a constant Ny = max{Ni, N2, N3, N4, N5, Ng, N7, N3, No} > 0, such that
|Fi(ta Sh(t)’ Eh(t)7 Ih(t)’ Ch(t)’ Rh(t)’ Vh(t), Sr(t), Er(t)’ Ir(t))

< NS0 = S;0] + |En0) = E; 0| + |1n(t) = @)

+|Cu@® = C;(0)] + [Ru(®) = Ry 0| + |Vi®) = V(@)
+S.:(6) = S1@)| + |E0) - EX0)] + |1(6) - L)),

wherei=1,2,3,...,9and Sy, Ep, I, Cp, Riy Vi, S, En 1, € X, and t € [0, T).
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If
Ki(@) [K3@)] " Noar < 1, (5.12)

then the CPC-MPOX model (3.2) has a unique solution.

Proof. Define a bounded, closed, and convex subset D, := {(Sy, Ey, Iy, Ch, Ry, Vi, S, Ef, 1) € X
(S, Eny I, Cry Ry, Vi, S 1, ELL 1D < 1) with a radius r, defined as

-1

ra Z (](max + Nmax] s

Ki(@) . [ K (@)
2 max [+ T 2
Ky (@) Ky (@)
where Kinax = max{S,, Eny, Inys Chys Rng> Vigs S rgs Ero, I,,} and F . = max{F}, F}, F;, F,, F, F¢, F,
g, Fgb. Let sup,cpo. 7 Fi(s, 0)] = F; < 400,i=1,2,3,...,9. The process is divided into two parts.

Step I. We prove that ¥ D,, C D,,.
For any (S (1), Ex(2), In(t), Cp(t), Ru(t), Vi(2), S (1), E (1), I,(t)) € D, , t € [0, T], we have

(FSnml < el s, [+ Kol(a) fo t(r—s)“‘lEl,a(—gﬁzg(t—w)
X|IF1 (5. S 1(5)) = i (s, 0)| + [Fy (s, 0)l|ds
< Swt g fo t(r—sr’-‘El,a( K;E“;<r—s))[/v][|sh<r>|+|Eh<r>|
HIO| + ChO] + IRyO] + IVa(0) + 1S (0] + |E0)] + L] | + Fi |ds
< Spy+ If‘zi ;[N1(|Sh<r>|+|Eh<r)+|1h(r)|+|ch<r>||
HRUO] + Vi(0) + 1S O] + |E D] + |, (0)]) + Fi
S + II;E“; [Nir, + Fo].
In the same process, we also have
(FEND < Eh0+11§;i‘”; [Nor, + T3],
(FI0] < 1h0+?2§ ;[Ngra 7],
(FaCool < c,lo+§;E ;[N4ra+F:;],
(FsR)Dl < Ry, + 22“; [Nsra + 3],
(FsV @)l < m@i ;[Nﬁmlﬁ‘g],
(S0 < &ﬁﬁo‘; [Nora + 3]
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This yields that

Therefore, ¥ D,, C D,,.

A

I(FsENDI < E, +

(Fol ) < Iy +

IF DO < Kinax +

Step II. We prove that ¥ is a contraction.

Let (S, Ep, Iy, Chy Ry, Vi, S4y Ep, 1) € Dy and (S5, E;, I, Cr Ry, V), Sy, EF L) € Dy,
t € [0, T]. We obtain that

[(F1S @) — (F1S @)

IA

IA

+E (1) -

This yields that,

Likewise, we obtain

AIMS Mathematics

1 f | (- s g, (-5
Ko(a) Jo b Ko(a

1 ! a—1 K] a
Ko(a) jo‘ (6= 5" Bra (_ Ky
E, (O + |I(1) = L] + |Cy(t) —
Vi) = VOl +1S (1) = S (O] + |E(t) — E (D] + |1.(t) - I;‘(t)l}.

Ki(a)
Ki(a)

(@)

(@)
(@)

(@)

I(F1S (@) = (F1S @] <

|(F2En(0) — (F2E3) @)

|(F31n)(2) = (F31,) ()]
[(F2Ch)(®) = (F4C) @)
|(FsRu)(@) = (FsR,)@)]
(Fe Vi) (1) = (F6 V)OI
[(F78 (1) = (F7S D@
((FsEN@) = (FE) D)

[(Fol)(@) = (Fol )0

IA

IA

IA

IA

IA

IA

IA

IA

Ki(a)
K3 (a)

Ki(a)

Kg(

[NSra ]F;] )

[Bgl‘a + F;] .

[Nuax?a + F

max] *

(- S)) [E1 (s, S () — Fi (s, §,(s)lds

(t - s)) ds X Ni{IS () = S (0)
C, 1 + |Ry(1) — Ry (0)]

I’%EZ; NV - T
2%8 Nl (1) - F D),
2&3 NalY (1) - F ),
2&“; NV (@) - F),
?ZE ;N5||~V(f) Holl.
g;i ;Nﬁuy(r) —~ Y0,
i;i“; NV (@) - F),
géia; NellY () - F @),
2&3 NollY(t) - F (o)l

for
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Since ¥ = (F1, F2, F3, Fa. Fs, Fo. F7, F, Fo) and Nyax > 0, then

||7_-(Sha Eha Ih9 Qha Rha Sra Er7 Ir) - 7:(Sh’ Eha Ih9 Qh’Rha Sr’ Era Ir)“ < m/\{mdxn*y(t) - y(t)ll
0
Under the assumption (5.12), we can conclude that # is a contraction. Then, we get ¥ has a unique
fixed point. Therefore, the CPC-MPOX model (3.2) has a unique solution. O

Next, we investigate some sufficient criteria of the Ulam’s stability for the CPC-MPOX model (3.2).
The definitions of these types and some necessary remarks are provided below.
Assume that kg, > 0 is a constant and Pg, € C([0, T],R¥). The inequalities are given:

D V(1) ~Ft. Y0)| < ke, (5.13)

|FCD5 V() - F. Y1) < ke, P, (0), (5.14)

D V(1) - F(t, Y1) < Pg, (1), (5.15)
where 7 € [0, T] and k=, = max (KFJ/)T, forj=1,2,...,9.

Definition 5.2. The CPC-MPOX model (3.2) is called UH stable if there exists a constant ®g, > 0
such that for every kz, > 0 and each solution Zy € X of (5.13), there exist a solution Y € X of (3.2)
with

1Zy(®) — Y ()| < Pp, &z, (5.16)
where t € [0,T] and ®g, = max (¥g,)", i=1,2,....9.

Definition 5.3. The CPC-MPOX model (3.2) is called generalized UH stable if there exists a function
Pr, € C([0,T],R"), with Pg,(0) = 0 so that for ks, > 0 and for each solution Zy € X of (5.14), there
exist a solution Y € X of (3.2) with

1Zy(0) = Y(®)| < Pg,(ks,), (5.17)

where t € [0,T], and Pr,, = max (P]Fy)T, i=1,2,...,9.

Definition 5.4. The CPC-MPOX model (3.2) is called UHR stable with respect to Pg, € C([0,T],R")
if there exists a number Qg, > 0 so that for every kg, > 0 and for each solution Zy € X of (5.15), there
exists a solution Y € X of (3.2) with

1Zy(t) = Y (0] < Qs &z, Pr, (1), (5.18)

where t € [0,T], Qg, = max (Qg, )", and P, = max (Pg,)",i=1,2,....9.

Definition 5.5. The CPC-MPOX model (3.2) is called generalized UHR stable with respect to Pg, €
C([0, T],R") if there exists a number Qg, > 0 so that for each solution Zy € X of (5.15), there exists
a solution Y € X of (3.2) with

1Zy(®) = Y (@) < Qg Pr, (1), (5.19)

where t € [0,T], Qg, = max (Qg, )", and Pg, = max (Pg,)", i =1,2,...,9.
Remark 5.6. Zy € X is the solution of (5.13), if and only if, there is x y(0) = 0 satisfied |y y(1)| < kg,
xy =max (yy)',i=1,2,...,9, kg, > 0, and @P%g,ty(t) =F(t, Y (1)) + xy(0).
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Remark 5.7. Zy € X is the solution of (5.14), if and only if, there is Yy € X satisfied Yy y(t)| <
kr, Pr, (), Yy = max (Yy,)", Pp, = max (Ps,, ), i=1,2,...,9, and FCD Y(1) = F(2, Y (1)) + Yy (D).

Lemma 5.8. Assume that Zy € X is a solution of (5.13), then

1 1 o1 Ki(a) ke, K1(@)
Zy(t) —Zy, — m bf(t - 5" B, (— Ko(a/)(t - s)) E(s, Zy(s))ds| < m. (5.20)
Proof. Let Zy be the solution of (5.13). From Remark (5.6), we have
{ “EDGLZ(1) = F(t, Z(1) + xy (D), 521)
Zy(0)=Zy, 2 0.
Thus, the solution to (5.21) is provided below:
1 1 K
Zy(t) = Zy, + Ko@) Of (t—9)""Eia (_%O - S)) F(s, Zy(s))ds
1 1 ol Ki(a)
+Ko(a) J(t - 8)""E, (— Ko(@) (- s)))(y(s)ds.
Therefore,
L e (K@
Zy(t)—Zy, - Ko@) Of (t—35)""Eio (— Ko(@) (r- S)) F(s,Zy(s))ds
1 ol K (@) Ki (@)
Ko(@) Of T (_ Ko@)~ S))X YOS
The proof is completed. O

Theorem 5.9. Assume the conditions in Theorem 5.1 and Lemma 5.8 are satisfied, then the CPC-
MPOX model (3.2) is UH stable.

Proof. Assume that kz, € R* and Zy is a solution of (5.13). Let Y € X be a unique solution of (3.2),
then

Ki(a)

1 t
Zy(t) = Zy, - Ko@) f (t=5)"Eiq (——(t - S)) F(s,Zy(s))ds
0

7 —
Zy() - Y (O] < Ko(@)

1 K
+K0(a) bf(t - S)“—IELQ (_ K;EZ;(I - S)) |E(s, Zy(S)) — F(s, y(t))| ds

Ki(a)
(Ko(@))®

(ke + Nonax 1Zy (1) = Y (@)])

AIMS Mathematics Volume 10, Issue 2, 4000—4039.



4019

Setting

_ K@ Ki(a) o
Fy -— 2 1 - szax )
(Ko(a@)) (Ko(@))
this yields that |Zy(r) — Y(¢)| < ®g, kg,. Hence, by Definition 5.2, the CPC-MPOX model (3.2) is UH
stable. O

Corollary 5.10. Setting Pr,(kz,) = @g, kg, with Pr,(0) = 0 in Theorem 5.9, by Definition 5.3, the
CPC-MPOX model (3.2) is UH stable.

The following conditions are necessary to prove the UHR and generalized UHR stability.

(D) There is an increasing function Pg, € C([0, T],R") and a number Az, > 0, so that
SFELS Pe, (1) < Ag, Pry (D).

Lemma 5.11. Let Zy € X be the solution of (5.15), then

1 K
Zy(t) = Zy, - yom f (t-$)""'Eyq (—ﬂ(; - s)) F(s, Zy(s))ds| < ks, Az, Pr, (D). (5.22)
0

Ko(@)

Proof. Let Zy € X be a solution of (5.15). Applying Remark 5.7, we obtain

{ e Z(1) = F(t, Z() + Yy (0), 523
Zy(0) =Zy, > 0.
Hence, a solution of (5.23) is provided below:
1 1 K
Zy(t) = Zy, + Ko@) Of (t—9)""Eia (— K:)EZ; (r— S)) F(s, Zy(s))ds
1 1 o1 Ki(a)
+Ko(a) J(t - 8)""E, (— Ko(@) (- s)) Yy(s)ds.
Since,
1 1 o1 Ki(a)
Zy() = Zy, - Ko@) Of (t=5)"Eia (— Ko(@) (t - S)) F(s, Zy(s))ds
1 1 K
Ko@) 0f(t - )" 'E, (— K;EZi(t - S)) Wy(s)lds < ke, Az, P, (2),
then, the inequality (5.22) is achieved. O

Theorem 5.12. Assume the conditions in Theorem 5.1 and Lemma 5.11 are satisfied, then the CPC-
MPOX model (3.2) is UHR stable.
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Proof. Let kg, € R* and Zy be the solution of (5.15). Suppose that Y € X is a unique solution of the
CPC-MPOX model (3.2), then

Zv0 - YOI < |2~ 7, = f (t - 5B, ( 8(’_ ))F(s Zy(5)ds
t K
T Of (1 = 9By, (— K;EZ; i - s>) [F(s, Zy(s)) — F(s, Y1) ds
K@)
Az, P L N lZ .
S e Py (0 e S N 240 = )
Setting

_ Ki(a)
(DGy L /le (1 - (Ko (a))szax) ’

this yields that |Zy (1) — Y(1)| < ®g, kg, Pr,(t). Hence, by Definition 5.4, the CPC-MPOX model (3.2)
is UHR stable. a

Corollary 5.13. Setting kg, = 1 in Theorem 5.12, by Definition 5.5, the CPC-MPOX model (3.2) is
UHR stable.

6. Numerical algorithm

This section derives the numerical schemes for solving the approximated solution of the CPC-
MPOX model (3.2) by utilizing the decomposition technique for the CPC derivative operator. Next,
we create an approximation design for the CPC derivative operator via a € (0, 1] of a function f(¢). We
will make a sequence of N+1 equations under N+ 1 conditions for the fractional Cauchy problem in the
context of CPC derivative operator [47]. A sequence (fy) of the solutions to such systems eventually
leads to the solution of the obtained problem.

Theorem 6.1. Assume that N is a positive number and f € AC*([0, T],R). Let

Aw—i T(i+a-1) Ti+a-1)

S 4irQ-aX(@-1y b= D@ —ar@-1y (1

V,;:[0,T] — R be functions defined by

Vi) = f S0 - @) f(s) + Q" C* f'(s)| ds. (6.2)
0
Then,
N
DG f() = [Q (1-a) f(t) +aQ'"C* [’ (t) Z ' By Vi) + E,(0), (6.3)
i=1

where Al/im E, () =0forte|0,T].
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Proof. Using Definition 2.3 and K (@) = Q% (1 — @), Ko(a@) = «Q'~*C*, a € (0, 1], we have

CPC @Ct [f(t)

f t |07 (1 = @) f(5) + €@ C* /()| (¢ = 5)™ds.
1 - @) Jo

Let u = Q%(1 —a) f(s) + Q'™ *C* f'(s) and dv = (t— s)"*ds. Using the integrating by part
technique, yields that

I-a
TR0 = e [Q71 -0 SO0+ aQ 0]
t —at d o —a 2 £
+1"(2 —a) j(; (r=3) IE [Q (I-a) f(s) + Q’Ql C? f (S)] ds. (6.4)

Applying the generalized binomial theorem, it follows that

oy ieafy S—a\r e Ti+a-1)(s—ay
G- =0-a (1 t—a) =0-a par F(a—l)i!(t—a)' 6.5

Plugging (6.5) into (6.4), it follows that

R f(0)

1-a

= &)+ |0 (1 = ) £(0) + Q' C* f/(0)

Ir2-a

! NF(i+a—1)s"d
1= —_ -] — @ _ 1—a2a g7
+F(2—a)fot £ T (a- 1)l (t)ds |07 (1= ) £(5) +aQ'"C* £'(s)| ds

where

8tr(t) =

! d
r(z ) f t““RN(s)— [Qa(l—a)f(s)+aQ1‘“C2“f’(s)]ds, (6.6)

; Fl'(ll“-(Faa—_li)( )

1

Ry (s)

Hence, by direct calculation, we get
1-a

re-w |0 (1 - @) £(0) + Q' C*f'(0)

N - F(z+cy—1)
I'2-a pr '(a-1)ild

DG f(n) = &)+

[Q (1-a) f(s) +aQ"™"C* f'(s)|ds

1-a
= &0+ |0 (1= ) £(0) + Q" C* f/(0)
ti a _ l-a2a g7
+F(2—cy)f [0 (1= @) f(5) + Q' "C* '(s)| ds
- F(z+a— 1)

l-a~2a
Te-w & T@-Dar L1071 - f9) + a0 C f(s)| ds
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1-a
Enlt) + F(2 — |07 (1 - @) f(1) + aQ'=2C2 /(1)
' CG+a—1) e
+F(2_a');r(a—1)l!l’l [Q (l_a)f(s)+aQ C f(s)]

Letu = s and dv = £ [Q“(l —a) f(s) +aQ1‘”C2“f’(s)] ds. Using the integrating by part
technique, it follows that

1-a

o f(1) = &0+

(0" (1 =) f() + Q' C** f(1)]

T2 —-a)
1 G T+a-Drp o
FQ-a) & T@- il [Q (1-a) f() +aQ'C*f (t)]
1-a 1—* _ 1
_F(; —a) Z rilo;—al) uﬁ @ A - f(5) + 0@ C f(9)] ds
i=1 :

1 ETG+a-1)
r2-a) pary IN'a-1)1!

Enlt) + [Q%l—mfm+aQHTMfm]

1 LT+a-1) o
TQ-w ZiT@-Dilr [0 (1- @) f(5) + @Q'"C¥ f(s)] d.

Now, we show that &,,(f) — 0as N — oo for ¢ € [0, T'], and to show this, we give an upper bound for
the error term. Since I'(x + @) ~ I'(x)x* and s/t < 1,

(9]
(o)

IRy(s)| = i W+i—iy_n(:;)is Z F(z+a— 1) . Z .y fs"‘zds.

i=N+1 i=N+1 i=N+1 v

Then,

1
|RN(S)| < m. (67)

4101~ a) f(s) + Q' C2 f’ (s)” implies the

Substituting (6.7) into (6.6) with M*(f) = max,ejo.7
following upper bound:

2 M*(1)
E, (1) < . 6.8
1S (D N1 a2 —a) (6.8)
The righthand side of (6.8) tends to zero for all € (0,7) as N — oo. |

To obtain the numerical approximation of the CPC-MPOX model (3.2), we apply Theorem 6.1.
Then,

A N
CPCDg’tSh(t) = taN] [Q (1 —a)S,) +a0'” QCMSh(t) le o lBNl(vSh (0,
i=1
A N :
FFEDE Ep(n) = taNl |0 (1 - @) E4() + 2 Q" C*E} ()| - Zt““"BN,i‘VEhi(t),

1l
—_
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CPC Eg’tlh (t) —
FIRGCun =
CpC Dg’tRh (l_) —
CPC Dg’t Vh(t) —
CPC Dg’tsr(t) —
IR EAD =

FERGL) =

and
Vs, (0
(thi ()
Vi, (1)
Ve,
Vi, (1)
Vy, (1)
V. (0

(VE,l. (®)

Vi, (1)

Ay
- fa—1

Ay
- 1

Ay
1 fa—1

Ay
=) S0 -y Vi) + Q' C V)| -

1 1

pr} [Q"(l @) E. (1) + aQ"” "Cz"E’(t)]

Ay
t(l—l

l

I

1

|0" (1 = &) () + Q™" C*I;(0)| -
0" (1 =) (&) + Q'™ C**C}(0)] -

|07 (1 - @) Ri(t) + Q' C**R} (1) -

[Q (1 -a)S () +aQ'*C>S’ (t)]

[
[
[
|
|
|
[
[
[

M- M

ai
" By Vy, (1),

t l_a_iBN,i(VChi (1),

Il
—_

t' ="' By iV, (1),

'MZ

Il
—_

Mz

' “ By Wy, (©),

1l
—

Mz

1 a_iBN,i(VS,i (1),
1

' By, Vi, (1),

'MZ

—_

N
0" (1 - @) L,() + 2 Q" C* 1) - Ztl By V), (1),

SO (1 - @) Su(s) + @@ CS ()| ds
70" (1= @) E(s) + Q' " CYE;(s)| ds
70" (1 = @) Iu(s) + Q' C*Li(s) | ds

S0 (1 - @) Cu(s) + @Q'CCi(s) | ds,

Q" (1 — @) Ry(s) + aQ'*C*R;(s)|ds,

S0 (1 = @) Vi(s) + Q' C*Vj(s)| ds.
SO (1= @) S,(s) + Q' C**S [(s)] ds,

sTHQ*(1 - a) E(s) + aQ'™*C**E/(s)| ds,

s (1~ @) L (s) + Q" C* I (s) | ds

where Ay and By; are given by (6.1) under the conditions

Vs, (1) = tf—l[Qa(l—a)sh(t)+aQ1—“CZ“S;(t)], Vs, 0 =0, i=1,....N,
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Vi, (0 = 1 70" (1 = @) Ex(t) + Q' C*Ej (1) Vi, (=0, i=1,...N,
V0 = 70 (1 -a) () + QT C 0], V; 0)=0, i=1,....N,

Ve, = 70" (- )y + Q' C*Cl0)|, V,(0)=0, i=1,...,N,
Vi, = 70" (1 =) Ry(t) + 2Q"C*R (D], V; (0)=0, i=1,...,N,
Vi, (0 = 70" (1 =) Vi) + Q" C*V; (0], Vi, (0)=0, i=1,...,N,
Vi () = 170" (1-a)S.(0) +aQ™°CS (0], Vi (0)=0, i=1,...,N,
Vi, () = 70" (1 - ) EA0) + aQ"™"C*E)(1)], V, (0)=0, i=1,...,N,
V(0 = Q"0 -) L) +eQ @), V, 0)=0, i=1,...,N

7. Results and discussion

This section uses the numerical algorithm from the previous section to obtain the numerical
solutions of the CPC-MPOX model (3.2). The values of the basic parameters are listed as in Table 2
with the initial condition: S ,(0) = 3.4 x 108, E,(0) = 1000, I,(0) = 100, C,(0) = 100, R,(0) = 1 x 10°,
Vy(0) = 1 x10°% 5,0) = 9 x 10*, E.(0) = 100, and 7,(0) = 100. From the given data, we obtain
Ro = 1.5379 x 10* > 1,6 = 1.42043, 6 = 0.69421, & = 0.13750, ¢, = 0.01003, €5 = 0.00018, 5 =
9.32369 x 107, & = 1.03004 x 1072, Ay = 0.59741,h, = 0.00990,h; = 9.32362 x 107, g, =
0.11395, g, = 0.00018, g3 = 1.03004 x 1073, d; = 0.00896,d, = 9.32308 x 10, ¢; = 0.00018, ¢, =
1.03004 x 107", f; = 9.31797 x 10~°. Consequently, these calculated values satisfy the conditions
(1)—(vii) in Theorem 4.5. Thus, the endemic equilibrium point is locally asymptotically stable.

Table 2. The values of parameter used for the simulations of the CPC-MPOX model (3.2).

Parameter Value in days Source Parameter Value in days Source
Ay 11731.91 [55] w 0.4670 [40]
A, 0.016 [9] v 0.0843 [40]

b, 0.5701 [40] M 1/(79 x365) [55]
b, 0.2508 [40] Hr 0.000016 [9]

b 0.2461 [40] A 0.2393 [40]

a 0.0486 [40] n 0.201 [40]

a 0.1119 [40] 01 0.0011 [40]

as 0.1053 [40] 02 0.00010091 [40]

Here, Figure 2 shows the numerical solutions for the classical MPOX model (3.1) of each group
of human and rodent populations, while Figure 3 expresses the numerical solutions utilizing the CPC
fractional operator for the CPC-MPOX model (3.2) with varies @ = 0.995, 0.985, 0.975, 0.965, 0.955.
As shown in both of the mentioned figures, the findings demonstrate that the fractional order model
follows the same trend as the traditional model but is more flexible and has a higher degree of freedom.
At larger fractional orders, increasing and decreasing behavior converges to the classical model more
quickly than small fractional orders. Furthermore, from Figure 3 observation, a slight adjustment in the
fractional order @ was found to cause only a minor change in the behavior. This indicates that variations
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in the fractional order have a negligible impact on the stability of the disease dynamics across different
groups within the proposed model. In addition, the simulation takes place over a 500-day period. Under
certain conditions, solution trajectories in all population groups reach the steady-state for all various
values of « as time passes. Figure 2a and Figure 3a indicate the behavior of the susceptible humans.
It is observed that the amount of them decreases rapidly in a short time in the beginning and tends to
a steady-state as time tends to infinity. Figure 2b, Figure 3b, Figure 2c, Figure 3c, Figure 2d, Figure
3d, Figure 2i, and Figure 3i indicate the behavior of the exposed, infectious, clinically ill humans,
and the infected rodents, respectively. We can see that the populations of each group are quite similar
in order to gradually increase before reaching a steady state as time passes. Figure 2e and Figure 3e
indicate the behavior of the recovered humans, and we extended the period to 5000 days for trend
clearly observation. We found that the behavior of this group is increasing and tends to the steady state
in the end. The behavior of the vaccinated humans is shown in Figure 2f and Figure 3f, demonstrating
rapid population growth in a very short time and then reaching the equilibrium point. The behavior of
the susceptible rodents drops initially before tending to a steady state, as seen in Figure 2g and Figure
3g. While Figure 2h and Figure 3h indicate the behavior of the exposed rodents, the population climbs
to a peak and then falls until reaching a stable state.

Additionally, we place greater emphasis on examining the influence of the immunity-induced
recovery rate w on the dynamics of three human compartments regarding the MPOX infection, which
are exposed, infectious, and clinically ill individuals. The parameter representing the recovery rate is
varied with the following values: 0.4670 (baseline from Table 2), 0.5137 (10% increase), 0.5604 (20%
increase), 0.6538 (40% increase), and 0.8406 (80% increase) under vary @ = 1, 0.9 and 0.8 as seen in
Figures 4-6, respectively. These graphs present two significant observations. First, an increase in w
levels corresponds to a clear reduction in the amount of infected individuals across all groups. Second,
lower « values lead to a slightly faster decline in the amount of infected humans.

Similarly, investigating the impact of the contact rates between infected individuals or infected
rodents on exposed, infected, and clinically ill humans is also highly significant. In this context, the
parameter value for the contact rate of infected individuals with the susceptible population is utilized
as follows: 0.5701 (baseline from Table 2), 0.62711 (10% increase), 0.68412 (20% increase), 0.79814
(40% increase), and 0.91216 (60% increase). The contact rate of infected rodents with the susceptible
population is utilized as follows: 0.2508 (baseline from Table 2), 0.27588 (10% increase), 0.30096
(20% increase), 0.35112 (40% increase), and 0.40128 (60% increase). Figures 7-9 demonstrate the
impact of varying contact rate parameters b, and b, under different values of a: 1, 0.9, and 0.8,
respectively. The graphs indicate that the contact rate substantially influences the population sizes of
the respective groups. An increase in the contact rate leads to a corresponding increase in the amount
of individuals in the groups mentioned. Besides, a reduction in the value of « leads to a slightly faster
decline in the population sizes of all groups.

Therefore, based on all of the simulations above in various scenarios, we found a key finding that
the fractional order or the memory index, the immunity-induced recovery rate, and the contact rates
between infected individuals or infected rodents are factors that play an important role in determining
whether monkeypox infection levels increase or decrease in the human population. These parameters
can serve as control measures for monkeypox transmission.
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Figure 2. Simulations of S,(¢), E.(?), I;(t), Cn(t), Ri(?), Vi (2), S (t), E.(t), and I,(¢) of the
CPC-MPOX model (3.2).
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Figure 3. Simulations of S (1), E,(¢t), I;(t), Cy(t), Ri(t), Vi(¢), S,(¢), E.(t), and I,(t) of the
CPC-MPX model (3.2) when a € {0.995,0.985,0.975,0.965, 0.955}.
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Figure 4. Impact of recovery rate w when a = 1.00.
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Figure 9. Effect of infected contact rates b; and b, when a = 0.8.
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8. Conclusions

This study presented a CPC fractional derivative model for the spread of the monkeypox virus,
accounting for interactions between humans and rodents. The model was developed to analyze system
behavior and identify parameters that can help control the disease. For the theoretical part, we
proved the positiveness and boundedness of solutions and examined the equilibrium points and the
basic reproduction number. We investigated the local asymptotically stable steady state. We verified
the qualitative results of the suggested model, including the existence and uniqueness results, using
the Banach contraction mapping principle. Various Ulam’s stability was demonstrated to ensure
the existing solutions. The exactness of the theoretical guarantee is confirmed via the numerical
simulations in all diagrams utilizing a decomposition formula for a constant proportional Caputo
derivative. For the numerical and graphical parts, the graphical results highlight the key advantage
of our proposed CPC-MPOX model. It proves to be more realistic and practical than the traditional
model, and its flexibility enhances precision, enabling us to achieve superior outcomes compared to the
classical approach. Using the value of the parameters in Table 2, it was shown by numeric calculation
that Ry > 1 and all conditions of Routh-Hurwitz criteria are satisfied. Hence, we concluded that the
endemic equilibrium point is locally asymptotically stable, which supports Theorem 4.5. Furthermore,
the suggested model is shown by rising the value parameters of the recovery rate due to immunity
and the contact rates of susceptible humans with infected humans and infected rodents at various
levels and different fractional orders to analyze the effect in population dynamics influenced by the
spread of MPPOX via graphical simulation. The study demonstrated that the factors in our case can
be incorporated into the control mechanisms of monkeypox transmission. These findings may offer
valuable insights into the prevention and control of MPPOX outbreaks in the future.

For future work, applying the CPC derivatives operator to study and analyze other epidemic models
in real-world situations can be a proper alternative technique. On the other hand, other fractional
operators, such as piece-wise and stochastic operators, can be considered for MPOX virus transmission
to investigate real-world situations more realistically.
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