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Abstract: Embeddings in normed spaces are a widely used tool in automatic linguistic analysis,
as they help model semantic structures. They map words, phrases, or even entire sentences into
vectors within a high-dimensional space, where the geometric proximity of vectors corresponds to
the semantic similarity between the corresponding terms. This allows systems to perform various tasks
like word analogy, similarity comparison, and clustering. However, the proximity of two points in such
embeddings merely reflects metric similarity, which could fail to capture specific features relevant to a
particular comparison, such as the price when comparing two cars or the size of different dog breeds.
These specific features are typically modeled as linear functionals acting on the vectors of the normed
space representing the terms, sometimes referred to as semantic projections. These functionals project
the high-dimensional vectors onto lower-dimensional spaces that highlight particular attributes, such as
the price, age, or brand. However, this approach may not always be ideal, as the assumption of linearity
imposes a significant constraint. Many real-world relationships are nonlinear, and imposing linearity
could overlook important non-linear interactions between features. This limitation has motivated
research into non-linear embeddings and alternative models that can better capture the complex and
multifaceted nature of semantic relationships, offering a more flexible and accurate representation of
meaning in natural language processing.
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1. Introduction

One of the main conceptual tools of natural language processing (NLP) is the identification of sets
of words with a subset of a vector space, called a word embedding [6]. Although the boundaries of
this identification are often unclear to users, the main feature of the vector space used in this
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representation is intended to be the norm, so that the distance that words inherit from their
representation provides a measure of the semantic similarity between them ( [16, 17]). The so-called
cosine similarity (computed by using the scalar product) is another common tool to achieve this goal.
Sometimes, other characteristic elements of normed spaces—linear structure, dual space
functionals [14]—are also included in the use of the representations and take some role in the model.
For example, linear functionals can be used as indicators of the level at which a certain property is
shared by the words considered (see [10], where a mean of these functionals is called semantic
projection).

All these features of linear space representation are intended to be parallel linear operations and
relations that can be established between words in a semantic environment [9]. For example, to some
extent, addition, subtraction, and even scalar multiplication could have a meaning as relations between
semantic elements when interpreted in the model [15].

However, linear space structure is rather rigid, and often the operations defined there do not
correspond to the relations that are needed to be established in a model for semantic environments. Of
course, this circumstance is perfectly known by the scientists that work on the topic, and the models
are adapted to overcome this obstacle. For example, the larger the dimension of the linear space, the
greater the chance of obtaining a good representation, since more features of the words can be
represented. The co-occurrence of words in similar linguistic contexts can be a measure of proximity,
so the vectors representing similar words have to be similar as well, i.e. the distance (measured by the
norm) between them has to be small.

In this paper, we focus on the mathematical environment provided by the model based on what are
called semantic projections, closely related to the framework of distributional semantics and word
embeddings (see, for example, [5, 13] and references therein). In [10], an intuitive description of a
semantic projection is given. Essentially, given a vector space representation of a semantic corpus E
provided by a word embedding, a semantic projection associated with a certain property of a given
subset S ⊆ E is a real function p : S → R that scales (by means of a real number) how the property
affects each of the elements of S . For example, if the subset S of E under consideration is that of
“animals”, an example of semantic projection would be given by the notion of “size”. In the context
of mathematical analysis, the representation of such a function, as defined in [10], is exactly an
element of the dual space E∗ of E (perhaps after a translation to get p(0) = 0.) With some slightly
different meanings, the same fundamental idea (“semantic projections can be represented as linear
transformations”) can be found in many papers (see, for example, [4, 8]; also, refer to the references
in [10]). It should be noted that closely related concepts are also applied in non-linguistic contexts,
such as image processing [8, 19].

While this might give a good and simple approximation to the idea trying to be modeled (the
theoretical concept of semantic projection), it lacks some fundamental inadequacies that can be easily
solved by enriching the mathematical tools used. As already said, the main problem is that linearity,
both of the vector space and the function providing the semantic projection, is often not the best
assumption to be made.

To summarize, we are interested in analyzing to what extent the semantic projection model is
constrained by the intrinsic properties of the linear space structure, as well as proposing a solution to
the problem of how these constraints can be overcome. Thus, our aim is to give a general idea of what
could be the most general correct framework for considering an unambiguous vector representation
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model. From the theoretical point of view, the natural setting for fixing the relations between
distances and norms can be found in the theory of so-called Arens-Eells spaces (also known as
Lipschitz-free spaces). In our opinion, this should be the correct starting point for a vector space
representation of a semantic word model. In this context, the natural way to define the semantic
projection is by a real Lipschitz function, rather than by a linear functional. This basic difference
completely changes the method of model building for semantic environments, providing a new way of
understanding the interaction of semantic embeddings and newly introduced terms in conceptual
environments, supported by the mathematical development presented here.

2. Mathematical concepts and basic properties of word embeddings

Let us consider the mathematical aspects of what a word embedding is. Essentially, it consists of
assign a vector of a linear space to each word that we consider in the original set we want to represent.
When modeling a word embedding of this type, one of the normal objectives is to reduce the dimension
of the vector space in which a set of words can be “semantically embedded”. Consider a set of words
W with a rich network of semantic interactions operating among them. There are several methods
to compute the coordinates of the words in the vector space that is chosen; a common procedure
consists of using the distribution of co-occurrences in a corpus of documents (distributional semantic
model [13]). For example, and simplifying the model, if a list of features is given, a vector in which
each coordinate gives a measure of how much a single word satisfies a given property of the list,
provides a word embedding.

In such context, if the cardinality of the set is |W | = n, we have that each element w of the set W can
be identified, for example, with the vector ew of the canonical basis {ew : w ∈ W} of Rn. The distance
among any two different words in W is then given by a constant (

√
2 for the Euclidean norm), but it

can be modulated by considering convenient weights. However, it has to be taken into account that the
use of a norm for defining a distance that emulates the semantic similarity among words is already a
huge restriction. A priori, not all distances can be written using such an embedding if the identification
is made as explained and we force to consider in Rn the Euclidean norm. Also, the linear structure of
the space is intended to have a meaning in the semantic model; we will come back to this point later
on.

But the intrinsic goal of a word embedding is dimensionality reduction. That is, we have to find a
natural number 1 ≤ r ≤ n such that there is a map i : W → Rr satisfying that the distance d provided
by the Euclidean norm on Rr—or other norm in the space—represents the “semantic distance” among
words.

From the point of view of the theory of Banach spaces, this goal—which is natural in applied
contexts such as the NLP cited above—is a bit confusing. Readers familiar with the geometric theory
of Banach spaces know that the use of norms when taking vector representations is a methodological
choice that sometimes gives problems, due to the rigidity of some features of the norms. These features
are, in fact, the very ones that make this theory so rich. However, these problems can be avoided if
an adequate theoretical context—even in the domain of Banach spaces—is chosen. Furthermore, and
primarily, normed spaces have a linear structure in addition to the metric one, which provides more
tools for dealing with computational models.

The best option for improving the adaptability of the models, beyond normed spaces, is the more
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general environment of metric spaces, which provide the context in which we work in the present
article. Of course, linearity is lost, but we will see that we can recover it in some sense in what follows.
Although more complex options are often considered, the class of mathematical relations that can help
for describing semantic environments is not so big. Complexity of the models, although of course
makes them richer, often adds non-useful or even inexact relations that could lead to confusion. On
the other hand, a distance between terms seems to be easy to understand for experts in semantics: the
notion of how “close” are two words regarding their meanings is intuitive and easy to handle. Since
sometimes we would need more instruments to introduce other properties, we will use the informal
notion of “enriched” metric space which could include more mathematical features as linear operations,
other metrics, or equivalence relations (see [3]).

We use standard analytical [1, 7] and topological concepts [12]. If (E, ‖ · ‖) is a normed space,
we write E∗ for its dual space, that is the Banach space of all linear continuous real valued functions
x∗ : E → R with the supremum norm. Let (X, d) be a metric space in which we fix a singular point; we
write 0 for it. (X, d) is then said to be a pointed metric space. If (Y, ρ) is another metric space, we say
that a map f : X → Y is Lipschitz if there is a constant K > 0 such that

ρ
(
f (x), f (y)

)
≤ K d(x, y), x, y ∈ X.

The least such constant K is called the Lipschitz norm of f , written as Lip( f ). Fix the metric space
(Y, ρ) to be a normed space (E, ‖ · ‖). Let E be a Banach space. The space Lip0(X, E) of Lipschitz maps
such that f (0) = 0 is the Banach space of Lipschitz operators from X to E that vanish at 0 with the
Lipschitz norm Lip (.) . The reader can find all the information needed on these spaces in [7]. For the
particular case E = R, we write X# = Lip0(X) = Lip0(X,R), which is called, by abuse of notation, the
Lipschitz dual of X. The space Lip0(X) has what is known as a predual, called the Arens-Eells space
Æ(X) [2] that will play a central role in the present paper. Thus, we have that Æ(X)∗ = Lip0(X) = X#.

Sometimes is also called the free space associated to X.
Let us describe first the elements of this space. A molecule on X is a real function m : X → R on

X of finite support for which
∑
x∈X

m (x) = 0. We writeM(X) for the real linear space of all molecules

on X. For x, x′ ∈ X, the molecule mxx′ is defined by mxx′ = χ{x} − χ{x′}. Here, χS is the characteristic
function of the set S , which equals 1 in x if x ∈ S and 0 if x < S .

If m ∈ M(X), we write m =
n∑

j=1
λ jmx j x′j , and we can define a norm for the space by

‖m‖M(X) := inf

 n∑
j=1

∣∣∣λ j

∣∣∣ d(x j, x′j), m =

n∑
j=1

λ jmx j x′j

 ,
where the infimum is taken over all representations of the molecule m; note that the function that we
define as a molecule allows to be written in different ways, with different elements, so it is not uniquely
defined. This forces to consider all possible representations.

The completion of the normed space (M(X), ‖.‖M(X)) is exactly the space Æ(X). It can be easily seen
that the operator ι : X →Æ(X) given by ι(x) = mx0 embeds X in Æ(X) isometrically.

A relevant result of the theory of Lipschitz operators gives that, for every T ∈ Lip0(X, E), there
exists a unique linear map TL : Æ(X) −→ E such that T = TL ◦ ι. Then the one-to-one relation
T ←→ TL establishes an isomorphism between the vector spaces Lip0(X, E) and the space of linear
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operatorsL(Æ (X) , E). This, in fact, proves that the spaces X# and Æ(X)∗ are isometrically isomorphic,
as we said above, via the linearization R( f ) := fL, where fL(m) =

∑
x∈X

f (x)m(x). The map TL is often

called the linearization of T, [18, Theorem 2.2.4 (b)]. The interested reader can find more information
on these spaces and operators in [7, 11].

3. Semantic environment and semantic projections

As we explained in the introduction, we base our work on the idea of semantic projection. This
notion has been used in several recent research works, sometimes with rather different meanings. In
general, this notion reveals a conceptual relationship between a term (a linguistic element endowed
with a certain semantic value) and a semantic environment (a structured union of conceptual terms
defining a meaningful context). The present paper does not go into the substantiation of these notions,
which obviously raise deep semiotic questions. Instead, we try to build a formal tool useful for
automatic language analysis, so we will focus on formal aspects. This means that, in what follows, a
semantic term is a (single, part of, union of) word(s), and a semantic environment is a set of terms
endowed with a metric with (perhaps) some relations between them. A semantic projection will
simply be a real-valued function with some weak requirements. We will write Pw for the semantic
projection P{w}.

Definition. Let w be a semantic term, and consider a semantic environment S .We say that PS (w) ∈ R
is a semantic projection of w onto S if it gives a quantification of how the term w is represented by the
meaning provided by S , in such a way that |PS (w)| ≤ |Pw(w)|.

In developing the model, the semantic projections are assumed to be monotone. That is, if S is
fixed, we can compute the projection onto S of two terms w1 and w2, and PS (w1) ≤ PS (w2) if the
meaning of w1 is worse represented in S than that of w2. For example, if S is defined by a single term,
w2 is a synonym of this term, and w1 is an antonym, a reasonable semantic projection must satisfy
PS (w1) ≤ 0 ≤ PS (w2). However, this requirement cannot be strictly formalized, since the notion of
“being worse represented”, or even “being an antonym” is often vague.

Consequently, we will focus on mathematical definitions. The main reference we consider for the
notion of semantic projection comes from the paper by Grand et al ( [10]). In this paper, the essential
idea (which we strongly follow in the present work), is that, whenever we have a semantic embedding
in a vector space, we can use its linear structure to make this model provide information about features
of the elements represented by the embedding. The way to do this is by defining a linear functional
that fits the elements of the embedding by a line provided by a synonym-antonym pairs. As long as the
elements of the word embedding are well represented in the vector space and the feature to be analyzed
fits the way they are represented, we will obtain semantic information without the need to increase the
terms of the word embedding.

Thus, the mathematical object obtained is a linear functional of the dual of the vector space in
which the semantic embedding is located. As stated in [10], this method allows estimating human
knowledge about semantic categories with limited effort in terms of human supervision, and preserves
the idea that Euclidean space operations can be used to model semantic relations (see e.g. [4, 16]).
Moreover, it is not necessary to modify the word embedding to enrich the features of the model in
terms of representability, since the new semantic items are introduced as linear functionals belonging
to the dual space, and not to the original space, which remains unchanged.
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In this paper, we assume these general assumptions with one fundamental change: we avoid
focusing the effectiveness of the model on the Euclidean structure of the vector representation,
considering instead only a metric space. The linear functionals are then exchanged for Lipschitz
functions, providing a more flexible method for introducing the new semantic element into the model.
Thus, the dual E∗ of the Euclidean space (E, ‖ · ‖) to which the linear functionals belong is replaced by
the Lipschitz dual Lip(X) of the metric space (X, d), which is, in our case, the substrate of the model.

4. General proposed model

After the contextualization of the main models used to consider a word embedding, in this section
we will discuss what would be the most general way to approach the problem of mathematical
representations of semantic environments. Far from being the obvious best solution, representations
in normed space have been widely used, as we said in the previous section. It is then natural to try to
use the algebraic properties of vector spaces (i.e., linearity) as a complementary tool for these
representations. Often, this only leads to problems since it is complicated to give a “semantic role” to
vector addition and multiplication by scalars. Therefore, it seems more convenient to start by giving a
model centered on metric properties and, if necessary, add some other algebraic or topological
properties.

In this context, associating a vector to each word is a simple way to encode the information we
have about it. Distances to other words can be defined in another way, since we do not need to use
the natural metric associated to a norm. For example, if we have a list of ”semantically independent
words”, like

M =
{
”door”, ”stone”, ”lake”, ”airplane”

}
,

we can endow it with the discrete metric, so that the distance between all of them is equal to one. For
this we do not need any vector representation.

Remark. An additional tool that could be used for semantic mathematical models would be the use
of fuzzy metrics instead of metrics. According to the original works by Zadé [20], fuzzy mathematics
provides useful tools for NLP. This could relax strict metric relationships, which are sometimes not
easy to fix. On the other hand, the use of fuzzy set theory could also be useful for semantic models,
since often the membership of one element to the semantic neighbor of another element is not absolute,
but can be estimated in probabilistic terms.

4.1. The mathematical construction of the model

As explained above, we chose the option of working with metric ideas. Consequently, the most
elementary model is a metric space, to which we can add some additional structure. For example, in
the case we are concerned with in this paper, we consider a subspace that has linear structure.

Let (E, ‖ · ‖) be a normed space, and consider a (finite) set of semantic items W (i.e., words) and a
semantic embedding i : W ↪→ E. In this setting, consider a subspace L of E containing the
representations for which we want to preserve the linear structure (under the hypothesis that this
linear structure has a meaning in the model). Since we are working in a finite dimensional setting, we
can write E as a direct sum of two subspaces, let us say L and V. Thus, E = L ⊕ V, where the 1−norm
is taken in the sum, that is ∥∥∥(x, y)

∥∥∥ = ‖x‖ + ‖y‖, (x, y) ∈ L ⊕ V.
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Note that, in fact, we have two semantic embeddings iL : WL → L and iV : WV → V. That is, the
(global) semantic embedding is defined from a disjoint union of subsets (by definition, i is assumed to
be injective), W = WL ∪WV into E as

i = iL ⊗ iV : W = WL ∪WV ↪→ L ⊕ V = E,

where iL⊗ iV(x) = (iL(x), 0) for x ∈ WL and iV ⊗ iV(y) = (0, iV(y)) for y ∈ WV . On the other hand, we can
consider different metrics than the one provided by a norm in E, at least for the second part V, while
we preserve the norm for L. Let us endow V with a generic metric, dV , and consider the restrictions to
L and V, ‖ · ‖ and dV , respectively.

Remark. However, note that for the model, the only elements of Vwith semantic meaning are the
ones provided by the original elements of the set. That is, only iV(WV) has to be considered for the
model. We can introduce the rest of the elements of V in it, but since the linear structure of V does not
have any meaning, we can remove it from the model, letting just iV(WV) = S ⊆ V instead.

Let us explain how the properties concerning the semantic structure are introduced in the model.
Let us recall that these properties are modeled are by means of real functions defined on the vector
representation E. We call to such a function an index (we write I).Using these indices, we can evaluate
the level of a given property, or separate disjoint sets that satisfy a given property. Let us see how
mathematics is used to do this. We write the model for all V instead of the specific subset iV(WV), but
note that the construction makes sense for any subset iV(WV) ⊂ S ⊂ V.

• Normally, the linear structure is requested to be preserved—if it makes sense in the model—at
least in the subspace L of the linear support space E. Thus, the type of function referred to above
is represented by a continuous linear functional k of the dual of the linear space. If we assume
that only in the subspace L does the linear structure make sense, the functional k belongs to L∗.
• However, a real function that is only compatible with the metric structure of the space is a real-

valued Lipschitz function and not a linear functional. Let us recall that a real Lipschitz function
ϕ can be considered as an element of the dual of the Arens-Eells space Æ(V), that is

(
Æ(V)

)∗
=

Lip(V), (where V is considered only as a metric space), as we explained in the Introduction.
• Since the vector support of the model is finally written as a direct sum L ⊕ V of the Banach space

(L, ‖ · ‖) and the metric space (V, d), any index required for the model is written as the map

k ⊕ ϕ : L ⊕ V → R,

that acts on any element x = (xL, xV) ∈ L ⊕ V as

k ⊕ ϕ(x) = k ⊕ ϕ
(
(xL, xV)

)
= k(xL) + ϕ(xV).

Since both maps are, in particular, Lipschitz (any continuous linear map is Lipschitz too), we have∣∣∣k ⊕ ϕ(x) − k ⊕ ϕ(y)
∣∣∣ =

∣∣∣k ⊕ ϕ((xL, xV)
)
− k ⊕ ϕ

(
(yL, yV)

)∣∣∣
=

∣∣∣k(xL) − k(yL)
∣∣∣ +

∣∣∣ϕ(xV) − ϕ(yV)
∣∣∣

≤ max{‖k‖, Lip(ϕ)} ·
(
‖xL − yV‖ + d(xV , yV)

)
for each pair of elements x = (xL, xV) and y = (yL, yV).
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Summarizing the ideas we have presented above, the model is based on a semantic embedding of W
into the direct sum L ×Æ(V). The main feature of this representation is that it increases the dimension
of the space, since each element mx0, x ∈ WV , is linearly independent of the rest of functions as my0,

y ∈ WV \ {x}. Roughly speaking, while the elements represented in L preserve the linear structure, the
elements in WV remain free from the algebraic point of view. Consequently, any index (real Lipschitz
function) I that can be used to determine any property of the terms of W will be represented as an
addition of a linear functional k and a Lipschitz function ϕ. This avoids the problem of having an
over-structured model in which the index is assumed to be a linear functional. The index acts on the
nonlinear part of the model as a Lipschitz function, which preserves the main property of the model,
i.e., the metric. In the context of semantic projections, we identify the indexes presented here with a
real-valued semantic projection, as done in [10] for the linearity-preserving case.

The following factorization diagram represents the construction represented above.

W = WL ∪WV
I //

iL⊗iV
��

R

L ⊕ V
k⊕ϕ // R

[i]

OO ,

where k belongs to the topological dual of L∗, ϕ is a Lipschitz function in Lip(V), and the identity map
[i] can be changed by a multiplication in case we want to modify the scale of the function I.

Finally, note that this scheme has to be adapted for each index (semantic projection in the sense
of [10]). Therefore, it may happen that the subspaces L and V change in each case, or even that one of
them is trivial (i.e., equal to {0}) for some semantic projections).

4.2. Semantic environments and semantic projections with an easy example

Let W be a semantic environment and consider a semantic embedding into a vector space E.Assume
that we want to quantify a given semantic property of W as a semantic projection. According to [10],
it can be done by using a linear functional f of E∗, in case linearity plays any role, as is usually
assumed ( [9, 17]). It is commonly accepted that the model of W provided by E uses three different
features of the vector (normed) space: the Euclidean norm, the scalar product (that provides the cosine
“distance”), and the linear structure. The properties of the functional f (it is linear and satisfies the
Lipschitz inequality, since it is continuous) fit the given underlying structure of E.

In general, the justification of the (rather restrictive) linearity assumption comes from the fact that
linear structure models terms. Let us explain this with an example. Suppose that we are considering
multi-word terms in a semantic environment that contains the words {cow, dog, cat, big, small}. We
can consider the terms big dog and small dog. The following equations make sense: big dog − dog =

big, small dog = small + dog, and so we can infer that (big dog) − (small dog) = big − small, which
represents, according to the compositional principle, that the relation among big dog and small dog is
the same as that between big and small. The norm of the difference of the vectors representing the
words big and small is the same as the norm of the difference of big dog and small dog.

Of course, we can extend the vector addition (and even the multiplication by scalars) to all the
linear space E that acts as a model of W. The problem is that often, this extension does not work for all
the terms, although the fundamental relation given by the metric—the norm in this example— is still
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preserving its meaning in the model. For example, the term cat − dog does not have a clear meaning
in the model.

Let us perform a (non-linear) semantic projection ψ representing the notion of “size” in the model.
Let us write W for the set of all compositions of different sizes of cows, dogs and cats. We follow the
next steps.

• Consider the (trivial) word embedding i : W ↪→ E = R5 given by i(cow) = (1, 0, 0, 0, 0), i(dog) =

(0, 1, 0, 0, 0), i(cat) = (0, 0, 1, 0, 0), i(big) = (0, 0, 0, 1, 0), and i(small) = (0, 0, 0, 0, 1).
• Take the linear space L to be the linear span

L = span{(0, 0, 0, 1, 0), (0, 0, 0, 0, 1)}.

• The distance for the complement subspace

V = span{(1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0)},

(which has to be considered as a metric space), is also given by the Euclidean norm, that is
d(v,w) = ‖v − w‖2.
• The semantic projection is defined as follows:

1) for the linear part, put f (a(0, 0, 0, 1, 0) − b(0, 0, 0, 0, 1)) = a − b.
2) For the non-linear (Lipschitz) part, define ϕ((1, 0, 0, 0, 0))) = 20, ϕ((0, 1, 0, 0, 0)) = 2,
ϕ((0, 0, 1, 0, 0)) = 1 and ϕ((0, 0, 0, 0, 0)) = 0. If we write S for the subset of V given by these four
elements, we clearly have that Lip(ϕ|S ) = 20. These specific numerical assignments serve as
demonstrative values to help readers understand the mathematical concept being presented.
Define now ϕ for the rest of the elements of V as the average of the McShane-Whitney extensions
of ϕ, that is

ϕ(v) =
1
2

sup
s∈S

(
ϕ(s) − 20 · d(s, v)

)
+

1
2

inf
s∈S

(
ϕ(s) + 20 · d(s, v)

)
, v ∈ V.

By the McShane-Whitney theorem this is a Lipschitz map belonging to V# = Lip(V) = Æ(V)∗

with Lipschitz norm Lip(ϕ) = 20.
However, note that the elements of V that are not in S have no meaning in the model. Roughly
speaking, the formula “cow + big dog” cannot be considered as a meaningful element of the
word embedding if no explicit explanation is provided. If this is done, we would be extending
the linearity assumptions on how the model works. This would force to use the restricted model
given by

S ∪ L ↪→ Æ(S ) ⊕ L,

and so any semantic projection would be written as φ = ϕ ⊕ f ∈ Lip(S ) × L∗.

The result is a semantic projection ψ that represents adequately the notion of “size” in the model.
Indeed, this function makes sense for the set S × L, but it can be computed for all the elements of
E = R5.

Let us compute some concrete situations.
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(a) The notion “big cat” would be given by the representation (0, 0, 1, 1, 0) ∈ E. Then, its
quantification is given by ψ(i(big cat)) = ϕ((0, 0, 1, 0, 0)) + f ((0, 0, 0, 1, 0)) = 1 + 1 = 2. The
composed term “small cat” would be evaluated by ψ((0, 0, 1, 0,−1)) = 1 − 1 = 0.

(b) The size of the terms “cow” and “dog” can also compared with ψ. Indeed, ψ((1, 0, 0, 0, 0)) =

ϕ((1, 0, 0, 0, 0)) = 20 and ψ((0, 1, 0, 0, 0)) = ϕ((0, 1, 0, 0, 0)) = 2.
(c) The model allows to “increase the size of the animals”. For example, if we have a “very big dog”

we can write
ψ(i(very big dog)) = ψ((0, 1, 0, 2, 0))

= ϕ((0, 1, 0, 0, 0)) + f ((0, 0, 0, 2, 0)) = 2 + 2 · f ((0, 0, 0, 1, 0)) = 4.

(d) This model certainly allows the comparison of sizes of animals, even if they do not belong to the
same species. For example, compare the size of a “big dog” and a ”very small cat”. This is given
by ∣∣∣ψ((0, 1, 0, 1, 0)) − ψ((0, 0, 1, 0, 2))

∣∣∣
=

∣∣∣ϕ((0, 1, 0, 0, 0)) + f ((0, 0, 0, 1, 0)) − ϕ((0, 0, 1, 0, 0)) − 2 f ((0, 0, 0, 0, 1))
∣∣∣

=
∣∣∣2 + 1 − 1 − (2(−1))

∣∣∣ = 4.

The examples presented above demonstrate two fundamental properties of our semantic
embedding framework: its dynamic adaptability and context sensitivity. The framework’s dynamism
is evident in how it handles semantic compositions across different hierarchical levels. Beginning
with basic categories (cow, dog, cat), the model incorporates modifiers (big, small, very) while
maintaining meaningful numerical relationships. This adaptability allows the framework to capture
subtle semantic variations without losing the underlying logical structure of size relationships.

The context sensitivity of the model is particularly noteworthy in three aspects. First, it preserves
relative relationships within categories, as shown in the difference between “big cat” and “small cat”.
Second, it maintains coherent cross-category comparisons, enabling meaningful size evaluations
between different animal species. Third, and perhaps most significantly, it handles compound
modifications (“very big dog”) in a way that respects both the base category’s properties and the
intensifying effect of modifiers.

Our model handles nonlinear feature interactions by combining linear and Lipschitz components.
The linear part f handles direct comparisons in L-space for properties like size, while the nonlinear
component φ uses a Lipschitz function with constant K to model complex object relationships. For
example, φ assigns different size values to animals (cow = 20, dog = 2, cat = 1) in V-space, capturing
nonlinear size relationships. We extend φ to other points using the McShane-Whitney formula while
maintaining the Lipschitz property. The complete semantic projection ψ = φ ⊕ f preserves these
nonlinear interactions while ensuring mathematical tractability.

Thus, we have shown that this procedure allows to quantify the size of three different animals—
using the antonym notions of “big” and “small”—without mixing linear and non-linear properties and
without producing artifacts with no meaning in the mathematical model. Moreover, this construction
can be used when the family of animals is extended, or even if other elements different than animals
are introduced in the model (for example, ”tree” or ”rock”). This idea of introducing properties of
nouns as ”normal” elements of word embeddings is not, however, the only way to understand these
models. We can consider them as properties, that is, as concepts whose meaning is evidenced by the
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way they act on the set of nouns. This is not necessarily exclusive of the type of model we have already
explained. We analyze this point of view in the next section.

4.3. Features on word embeddings and Lipschitz functionals

Note, however, that in the example model of the previous section, the adjectives ”big” and ”small”
are introduced as terms included in the word embedding. The idea proposed in [10] is that adjectives
can be represented as linear functionals on the space in which the word embedding is defined, rather
than in the space itself. As we said, the use of such functionals is what is called semantic projections,
and this notion is what we generalize here to Lipschitz functions as suggested in the previous section.
In this section, we show how this can also be done using our mathematical structure.

The main idea is that, given a word embedding i : W ↪→ M in a metric space (M, d), we can
increase its power as a semantic tool by adding new features, represented by Lipschitz real functionals
ϕ ∈ Lip(M). In this sense, we do not need to introduce the notions of “small” and “big” as elements in
the word embedding but as elements of its dual space, that is, as a Lipschitz functional. Thus, in the
example of the previous section, the notion of being “small” or “big” can be introduced as a Lipschitz
function ϕ acting in the restricted word embedding i : W ↪→ (R3, d), for W = {cow, dog, cat} defined
on the vectors (1, 0, 0), (0, 1, 0), and (0, 0, 1), respectively, and d is any metric (typically, the restriction
of the Euclidean norm to this set of three vectors). Note that, following the idea of the previous
section, the embedding can be done by composing again with the Lipschitz isometry ι : (i(W), d) ↪→
(Æ(i(W)), ‖ · ‖Æ), to get the representation ι ◦ i : W ↪→ Æ(i(W)). In this setting, ϕ is an element of the
dual space Lip(i(W)) of Æ(i(W)). That is, it can be seen as a linear functional, but acting in the Banach
space Æ(i(W)) instead of R3.

This Lipschitz functional ϕ : R3 → R can then be freely defined as

ϕ((1, 0, 0)) = 6, ϕ((0, 1, 0)) = 2, ϕ((0, 0, 1)) = 1.

It can be noticed that, in this concrete case, the function ϕ could be considered as a linear functional
acting in R3. However, this is not needed, and linearity refers to a more complex structure—the whole
linear space R3—that does not make sense as an element of the model.

With this example, we wanted to show that the model can be fixed for representing just the three
animals, and the property “size” can be introduced in a second step (as well as any other “adjective”)
as a Lipschitz function acting in a metric space with just three points.

4.4. Mathematical parameters and control formulas for the proposed mixed method

Once we have fixed features acting in the model as Lipschitz functionals, we have to fix the main
bounds and error formulas for them. So, let us explain here the main equations that give the error
bounds for the proposed model, based on Lipschitz-type inequalities and Euclidean residuals.

4.4.1. Adequacy to the metric structure of the model

To analyze the features of the concepts in the universe of the model, we need to define a
characteristic parameter to measure how far the property follows the behavior of the distance. This
means that, as the only structure we accept on the word embedding is the distance between its
elements, a property—a Lipschitz function—is as adequate to the metric environment—the
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distance—, as this parameter is close to a certain numerical value. Let us define this; we assume in
what follows that the representation provided by the word embedding i(W) is finite and |W | = n..
Assume that ϕ is not a constant index (otherwise, the results are trivial, so we give the values to the
constants appearing below Lip(ϕ) = 0 and Inv(ϕ) = Adq(ϕ) = ∞.

The first assumption on a good Lipschitz index is Lipschitz inequality,∣∣∣ϕ(xi) − ϕ(x j)
∣∣∣ ≤ Lip(ϕ) d(xi, x j), xi, x j ∈ i(M).

This gives a first Lipschitz parameter (Lip(ϕ)) providing information about the relation between the
index and the metric. Notice that we can use it for all elements of i(W) to get the inequality

n∑
i=1

n∑
j=1

∣∣∣ϕ(xi) − ϕ(x j)
∣∣∣2 ≤ Lip(ϕ)2

n∑
i=1

n∑
j=1

d(xi, x j)2.

On the other hand, considering the converse inequality, we can define the inverse parameter Inv(ϕ)
by

Inv(ϕ)2 =
( n∑

i=1

n∑
j=1

∣∣∣ϕ(xi) − ϕ(x j)
∣∣∣2)−1

·
( n∑

i=1

n∑
j=1

d(xi, x j)2
)
.

Finally, we define the adequacy parameter Adq(ϕ) by

Adq(ϕ) = Lip(ϕ) · Inv(ϕ).

This parameter Adq(ϕ) gives a measure of how well the index ϕ fits the metric structure of the model.
The following results shows how the extreme case when absolutely fits the metric, they coincide in the
Lipschitz sense.

Proposition. Let ϕ : i(W)→ R be a non-constant Lipschitz index. Then, Adq(ϕ) ≥ 1, and if Adq(ϕ) =

1, we have that
d(xi, x j) = Inv(ϕ) ·

∣∣∣ϕ(xi) − ϕ(x j)
∣∣∣, xi, x j ∈ i(W).

Proof. Just using the definitions, we obtain the inequalities

n∑
i=1

n∑
j=1

d(xi, x j)2 = Inv(ϕ)2 ·
( n∑

i=1

n∑
j=1

∣∣∣ϕ(xi) − ϕ(x j)
∣∣∣2)

≤ Inv(ϕ)2 · Lip(ϕ)2 ·
( n∑

i=1

n∑
j=1

d(xi, x j)2
)
.

Thus, Adq(ϕ) = Inv(ϕ) · Lip(ϕ) ≥ 1. Now, let us assume that Adq(ϕ) = 1. Then

n∑
i=1

n∑
j=1

d(xi, x j)2 = Inv(ϕ)2 ·
( n∑

i=1

n∑
j=1

∣∣∣ϕ(xi) − ϕ(x j)
∣∣∣2)

≤ Lip(ϕ)2 · Inv(ϕ)2 ·
( n∑

i=1

n∑
j=1

d(xi, x j)2
)

=
( n∑

i=1

n∑
j=1

d(xi, x j)2
)
.
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We claim now that d(xi, x j) ≤ Inv(ϕ) |ϕ(xi) − ϕ(x j)| for every i , j. Otherwise, there are i , j such
that Inv(ϕ) |ϕ(xi) − ϕ(x j)| < d(xi, x j) and so, there are two elements xk , xl such that Inv(ϕ) |ϕ(xk) −
ϕ(xl)| > d(xk, xl). Thus,

d(xk, xl) < Inv(ϕ) |ϕ(xi) − ϕ(x j)| ≤ Inv(ϕ) · Lip(ϕ) d(xk, xl) = d(xk.xl),

a contradiction. This means that

d(xi, x j) ≤ Inv(ϕ) |ϕ(xi) − ϕ(x j)| for all i , j,

which, together with

n∑
i=1

n∑
j=1

d(xi, x j)2 = Inv(ϕ)2 ·
( n∑

i=1

n∑
j=1

∣∣∣ϕ(xi) − ϕ(x j)
∣∣∣2)

gives d(xi, x j) = Inv(ϕ) |ϕ(xi) − ϕ(x j)| for all i , j, and we get the result.
�

The proposition above establishes that when the adequacy index, calculated as described, is equal
to one, the index ϕ can be directly determined by the metric, and vice versa. This suggests that the
conceptual alignment between the index and the metric is ideal. In other words, comparing the index
values of two semantic items yields their distance (up to a constant), indicating a perfect correlation
between the semantic distance and the index comparison. Thus, the index fully captures the distance
between items, and comparing these index values gives a direct estimate of the semantic distance,
providing a measure of how well the index aligns with the metric structure of the space.

4.4.2. Non linearity deviation of the Lipschitz index

Suppose we have a word embedding into an Euclidean space of dimension n. Let ϕ̂ be the linear
regression solution for the Lipschitz index ϕ. We are interested in measuring the error made when we
represent the property with a linear functional rather than with a Lipschitz functional. Note that in this
case d = ‖ · ‖, the Euclidean norm. The first thing we need to think about is that, given a finite model
for n semantic items {s1, ..., sn}, each property for which we have a numerical estimate i 7→ ei can be
written directly with a Lipschitz functional. That is, the assignment si 7→ ϕ(si) = ei always defines
a Lipschitz function. Of course, the Lipschitz constant can get a very large value, and the adequacy
index defined in the previous section Adq(ϕ) could be very bad (Adq(ϕ) >> 1). In this section we want
to present the mathematical tool to measure the linearization error, that is, how far is ϕ of being linear.

In order to do this, we can measure two different quantities.

(1) The regression error is the first related error. As we said, given a set of numerical estimates of
a certain feature, we can always find a Lipschitz function ϕ such that ϕ(si) = ei. Let ϕ̂ be the result of
the linear regression of the data {(si, ei) : i = 1, ..., n}, that is taken to be the best linear approximation
to ϕ. The quadratic error can be defined in terms of the residues, that is

ε1(ϕ)2 =

n∑
i=1

∣∣∣̂ϕ(xi) − ϕ(xi)
∣∣∣2 =

n∑
i=1

∣∣∣̂ϕ(xi) − ei

∣∣∣2.
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Therefore, it coincides with the usual quadratic error of the corresponding linear regression. Of
course, ε1 = 0 if and only if ϕ is linear.

(2) The second-order error is given by the difference of the residues considered as Lipschitz
functions; it provides the quadratic error adapted to a Lipschitz-type inequality, as we show in the
next proposition.

ε2(ϕ) =
( n∑

i=1

n∑
j=1

∣∣∣̂ϕ(xi) − ϕ(xi) − (ϕ̂(x j) − ϕ(x j))
∣∣∣2)1/2

.

Due to the fact that ϕ̂ is a Lipschitz function, we have the inequalities

Lip(ϕ) ≤ Lip(ϕ − ϕ̂) + ‖ϕ̂‖ and ‖ϕ̂‖ ≤ Lip(ϕ − ϕ̂) + Lip(ϕ).

Let us see that if ε2 = 0, we have that ϕ is an affine function. Note that, by assumption, ϕ̂ can be
written as a linear map plus a fixed point b, that is, there is a vector v ∈ Rn such that ϕ̂(xi) = v · xi + b.
Indeed, in this case we have that for all i = 1, ..., n,∣∣∣̂ϕ(xi) − ϕ(xi) − (ϕ̂(x j) − ϕ(x j))

∣∣∣ = 0,

We get ϕ(xi) = ϕ̂(xi) + (ϕ(x1) − ϕ̂(x1)) = ϕ̂(xi) + a, where a = ϕ(x1) − ϕ̂(x1) is a fixed point. Thus,
ϕ(xi) = ϕ̂(xi) + a = v · xi + (b + a), an affine function.

The following result shows that the second order error ε2 has a natural bound in terms of the 2−norm
of the metric matrix, and the addition of the corresponding norm and Lipschitz constants. This error
provides an idea of the sizes of the deviation of the Lipschitz constant of ϕ and its linear approximation
ϕ̂. It can be considered as a Lipschitz map M : Mn×n → R; its Lipschitz-type inequality, when the
matrix considered is the metric matrix, is given by the following result. Let us write ‖D‖2 for this

norm, that is, ‖D‖2 =
(∑n

i=1
∑n

j=1 ‖xi − x j‖
2
)1/2

.

Proposition. If D is the Euclidean metric matrix, the inequality

ε2(ϕ) ≤
(
‖ϕ̂‖ + Lip(ϕ)

)
‖D‖2

holds for every Lipschitz map ϕ and every Lipschitz approximation ϕ̂ to it.

Proof. The following straightforward computations give the result.

ε2 =
( n∑

i=1

n∑
j=1

∣∣∣̂ϕ(xi) − ϕ(xi) − (ϕ̂(x j) − ϕ(x j))
∣∣∣2)1/2

=
( n∑

i=1

n∑
j=1

∣∣∣(ϕ̂(xi) − ϕ̂(x j)) + (ϕ(x j) − ϕ(xi))
∣∣∣2)1/2

≤
( n∑

i=1

n∑
j=1

∣∣∣̂ϕ(xi) − ϕ̂(x j)
∣∣∣2)1/2

+
( n∑

i=1

n∑
j=1

∣∣∣ϕ(x j) − ϕ(xi)
∣∣∣2)1/2

≤
( n∑

i=1

n∑
j=1

‖ϕ̂‖2 ‖xi − x j‖
2
)1/2

+
( n∑

i=1

n∑
j=1

Lip(ϕ̂)2 ‖xi − x j‖
2
)1/2

.

�
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Essentially, a small error ε2 indicates that the Lipschitz functional representing the concept follows
an approximately linear trend, meaning there is an (almost) linear ordering of the elements according
to the property represented by the functional. The proposition quantifies also this relation in terms of
the linear and Lipschitz norm, as well as the norm of the distance matrix.

5. Nonlinear word embeddings and semantic projections: Nouns+adjectives model

In the following sections, we focus on a simplified scenario of the general model previously
described. We will consider semantic projections as a means of representing properties—typically
represented as adjectives—that affect a given universe of nouns, thereby indicating concepts. These
will form the elements of the metric space underlying the model. Additionally, we will introduce
properties concerning the set of nouns (adjectives) as Lipschitz functions. It is important to note that
while the elements of the metric model are often represented as vectors in examples, the linear
structure is not utilized when considering Lipschitz functions for adjective representation instead of
linear functionals. In fact, the residual error measures how far the property represented by a Lipschitz
function deviates from linearity.

For our example, we have used tools available in the DeflyCompass platform in its trial version,
which is designed to calculate semantic projections using various methods. It is worth recalling that
any semantic projection is defined using different criteria, but all yield a real number PU(t) ∈ [0, 1]
when a universe U and a term t are fixed. We compute the semantic projections associated with
each element of the universe separately, calculating Pw(t) for every w ∈ U. Broadly speaking, Pw(t)
represents the extent to which the meaning of the term t is related to the meaning of w within the
context established by U and the specific definition of the semantic projection PP.

5.1. A concrete example: The term “precious” in a universe of metals

We are operating within the context of the relationships of nouns and adjectives to compare with the
typical understanding of semantic projections. To facilitate comprehension of our ideas, we present a
very simple case. We consider a universe U composed of five words representing precious materials,
alongside other metals that are less valuable. Concretely,

U =
{
“diamond”, “gold”, “silver”, “copper”, “iron”

}
.

We consider two examples of properties that can be applied to all elements of U. The first one,
the noun “price” and the second, the adjective “precious”. Note that, although “price“ is a noun, the
semantic role of “price” here in comparison with the U elements is a feature, in the sense that it is
connected to the idea of how valuable the object is.

To analyze the relationships, we propose two different semantic projections, the first based on
Google Search and the second using the cosine similarity defined in the Word2Vec word embedding.

1) Semantic projection based on Google Search: the semantic projection PG is defined as

PG
w(t) =

number of documents in which t and w appear together in Google Search
number of documents in which t appears in Google Search

.
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The results can be seen in the next Figures 1 and 2. As a first example, the first one represents the
values for the term “price” (Figure 1), the second one shows the result for the adjective “precious”
(Figure 2).
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Figure 1. Google semantic projection of the noun “price” on the universe of
metals+diamond.
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Figure 2. Google semantic projection of the adjective “precious” on the universe of
metals+diamond.
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Regarding the term “precious”, which will be further analyzed in the next section, Figure 3
represents a part of the universe U around this term provided by the embedding projector that
can be found in http://projector.tensorflow.org/.

Figure 3. Representation centered on the term “precious” of the nearest words using the
Word2Vec word embedding, which includes a relevant part of the universe U.

2) Semantic projections defined using Word2Vec:
We can define a new semantic projection using the cosine similarity in the word embedding
provided by Word2Vec of the words in U and the term “precious”. Let us write CS (a, b) for the
cosine similarity between the vectors representing the words a and b, that measures a semantic
distance between these words in the word embedding. Then, the value of a semantic projection
Pcos

w (t) ∈ [0, 1] for w ∈ U and the term t can be defined as

Pcos
w (t) =

1
2
(
1 + CS (w, t)

)
.

This formula transforms cosine similarity (CS), which ranges from −1 to 1, into a [0, 1] range,
making it suitable as a semantic projection. The behavior of this transformation can be
understood through its key properties: In the case of opposite vectors where CS(w, t) = −1, we
obtain Pcos

w (t) = 0, indicating maximum semantic dissimilarity. For orthogonal vectors with
CS(w, t) = 0, the projection yields Pcos

w (t) = 0.5, representing a neutral semantic relationship.
Finally, when the vectors are identical and CS(w, t) = 1, we get Pcos

w (t) = 1, denoting maximum
semantic similarity.

As the reader can see, the way these properties are computed, in both semantic projections, does
not suggest the use of linear relations to model the adjective “precious”.

5.2. Lipschitz vs linear model in the example

Let us now show all the machinery we have introduced in the previous section to analyze the case
of the adjective “precious” and the reduced universe that comes from the one above but removing the
term “diamond”, that is, in the case

U = {gold, silver, copper, iron}.
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We can use the computing platform for Word2Vec (Figure 3) to find the Euclidean distances between
the terms of the universe. The resulting metric matrix is

D =


0 0.308 0.545 0.640

0.308 0 0.452 0.501
0.545 0.452 0 0.447
0.640 0.501 0.447 0

 ,

where the order in the matrix is the one given in U.

For the aim of clarity, we have computed a projection of this representation in a 3-dimensional space
by means of the coordinates

Gold: (0.863, 0.579, 0.682),

Silver: (0.657, 0.806, 0.70),

Copper: (0.409, 0.617, 0.382),

Iron: (0.232, 0.553, 0.788),

which preserve the Euclidean distance among them. This can be seen in Figure 4.

Figure 4. Representation of the four points of the reduced universe.

Let us argue now how the adjective “precious” operates on the reduced universe U. In order to make
the representation easily understandable, we take only the first coordinate of each metal, following the
order in U, and consider the semantic projection provided by PG and computed above. This gives the
following set of (x, y) coordinates

{(0.863, 0.27), (0.657, 0.22), (0.409, 0.07), (0.232, 0.12)}.

In order to represent the function in the direction of increasing value, the order in the representation
(Figure 5), starting from the lowest values of x, is: iron, copper, silver, and gold.
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Figure 5. Representation of the semantic projection of the adjective “precious” as a function
of the first coordinate of the four points of the reduced universe.

Figure 5 clearly shows that there is no linear dependence on the vector representation of the metals
with the value of the semantic projection that represent the adjective “precious”. The best linear fit can
be seen in Figure 6. The formula of the line is y = 0.0135 + 0.2897 x.
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Figure 6. Linear fit of the points representing the metals defined by the term “precious”.

We can use the results on the adequacy of the linear assumption shown in Section 4.4. On the
one hand, we can compute the adequacy index. In order to do this, we first calculate the Lipschitz
constant of the function ϕ, that gives Lip(ϕ) = 0.367. Together with the calculus of the inverse of the
relative error sums Inv(ϕ), that gives Inv(ϕ)2 = (1/0.2) · 2.913 = 14.565, we find the value Adq(ϕ) =

Lip(ϕ) · Inv(ϕ) = 0.367 · 14.565 = 5.345, meaningfully bigger to 1. Recall that it equals 1 in case the
map is linear.

The error ε2 regarding the residues of the differences between the linear approximation and the
true Lipschitz functions can be directly computed, and gives the value ε2 =

√
0.0456 = 0.2135.

Although this number is only meaningful when compared to other values, a relatively small value can
be interpreted as a good fit of the Lipschitz function to its linear approximation. In other words, while
the Lipschitz function provides a more accurate fit to the points (as it coincides with all sample points),
it remains relatively similar to a linear functional, which is a semantic projection as understood in the
conventional linear-based model.
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5.3. Discussion: Scalability and sentence comparison in large-scale semantic analysis

We have shown in simple examples the ability of the method to enhance both the meaning of the
elements within the model and the way these elements are interpreted. However, these tools are
designed for use in more complex semantic environments, where the objects to be compared involve a
higher level of complexity, such as large sets of words or complete sentences.

In our approach, scalability is primarily a technical rather than a conceptual issue. When dealing
with a large model containing thousands of semantic items, Lipschitz functionals can be defined for
all of them using the same method. This is because there are no restrictions on assigning appropriate
values to these functionals when the set is finite, as is the case with models based on linear functionals.
Any function defined on a finite set of a metric space can always be perfectly adapted to a Lipschitz
functional, although the Lipschitz constant could become quite large, which, as explained in previous
sections, may lead to a loss of accuracy in the results, so this has to be controlled. If the set of words
includes items of different types, some of which are of a completely unrelated nature, an arbitrary
constant value (such as 0) can be assigned to those words for which the property in question has no
meaning (for instance, the adjective “color” in a semantic context involving ethical concepts). This
allows for the Lipschitz constant to remain controlled, as the function’s value for semantic items where
the concept is irrelevant would not affect the outcome. This flexibility is another advantage over linear
modeling, where such an adjustment cannot be easily applied.

It is also important to note that different criteria are modeled by independent Lipschitz functions,
which does not limit the representation’s nature. Two sentences composed of elements containing
diverse information can be compared without altering each other’s meaning, as these criteria are
handled by separate Lipschitz functions. For complex linguistic structures, a general procedure for
defining Lipschitz functions that allow for meaningful comparisons can be devised according to the
nature of the property being modeled. For example, a composite index, formed by adding the pairwise
comparisons of semantic items within each complex structure (such as an entire sentence), could
serve this purpose. Metric comparisons for obtaining the Lipschitz inequality between such complex
elements can again be performed by computing the distances between all the items in each semantic
structure.

These considerations require further analysis, and more detailed constructions will be necessary as
the complexity of semantic environments increases. These questions remain open for future research
in this area.

6. Conclusions

Although linearity is a difficult tool to use for semantic embeddings W ↪→ E, it is sometimes
convenient for certain terms in semantic environments. The notion of semantic projection has proven
to be a useful tool for quantifying properties in the model, but in its original definition (see [10]),
it has to be represented as a linear real-valued map of E∗. However, the linear structure is sometimes
confusing as a model feature, and some of the consequences that follow from its use have to be omitted.
This can be overcome if the requirement for real functions playing the role of semantic projections is
only to be Lipschitz, and not necessarily linear. This implies some compatibility with the metric—the
fundamental underpinning of word embeddings—but does not make dependence on the linear structure
of E mandatory.

AIMS Mathematics Volume 10, Issue 2, 3961–3982.
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This insight leads us to propose a new word embedding as a mapping from the original semantic 
environment to a direct sum of a subspace L of E and a free space AE(V), where E = L ⊕V. A semantic 
projection is then modeled as a functional of the space L∗ ⊕ Lip(V), that is, a direct sum f ⊕ ϕ of a 
linear map f and a Lipschitz map ϕ.

These ideas culminate in a systematic framework for constructing nonlinear semantic embeddings, 
where semantic projections of the form f ⊕ ϕ serve to quantify the properties of model terms. The 
development of this procedure, including its governing mathematical parameters and demonstration 
through a concrete applied case, constitutes the principal contribution of this work. The theoretical 
foundations established here extend beyond our current focus on text analysis and word embeddings, 
suggesting a broader mathematical framework with far-reaching implications. The semantic projection 
architecture, particularly the interplay between linear and nonlinear components through ψ = φ ⊕ f , 
provides a natural pathway to diverse data modalities. This versatility invites applications in image 
analysis, audio processing, and other structured or unstructured data domains, while preserving the 
mathematical rigor essential for complex feature interactions. As the field of multimodal analysis and 
representation learning continues to evolve, our framework offers a robust foundation for developing 
unified semantic models.
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