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1. Introduction

Throughout this research work, X will denote a real Banach space which is endowed with norm ||.||
and the dual space X*; 0 # C c Q, N, and R will represent a closed convex subset of X with at least
one member, the set of positive integers, and the set of real numbers, respectively. Let {b,}, be a
sequence in C and T : C — C be a given mapping. We use b, — b and b, — b to denote that the
sequence {b,}, converges weakly and strongly to a point b, respectively. The generalized duality map
is the operator J, : C —> 2¢ associated with the gauge function ¢ given by the mapping. Then, the
following identity holds:

Jo(a) ={a”* € C : {a,a”) = llallla*]l and [la*|l = ¢(llalD}, (1.1)

where ¢(£) = €47 for all £ > 0 and 1 < g < oo. Specifically, if g = 2, J; = J, is called the normalized
duality map (NDM) represented as J which is defined by

J(a) = {a* € C :{a,a*) = |lall’ and |la*]| = llal}.

It is known (see [1]) that if Q is a real Hilbert space H, the NDM becomes an identity, i.e., Jw = {w}.
Let T : C — C be a nonlinear map. The fixed point problem is to search for a point a € C
that assures

Ta = a. (1.2)

We represent with F(T') the set of fixed points of T, i.e., F(T) = {b € C : Tb = b}. We use w,(b,) =
{b : b, — b} to represent the weak w-limit set of the sequence {b,};”,. Anonlinearmap 7 : C — C
is known as nonexpansive if it satisfies the inequality

ITh—Tall < |la—b||,Vb,a € C. (1.3)

The mapping T is known as quasi-nonexpansive (QN), if F(T) # 0 and (1.3) holds for all b € C and
a € F(T).

The notion of nonexpansive operators (NM) stands as an indispensable part of the investigation of
the Mann-type iterative technique for evaluating invariant points of an operator 7 : C — C, where C
is as described above. Recall that the Mann-type iterative technique [2], developed from an arbitrary
b, € C, is given as follows:

bn+1 = (1 - 511)bn + 5nTbm (14)

where {0,}> | C [0, 1] satisfies some mild conditions.
The problem of investigating fixed points of NM with respect to strong convergence has been widely
studied by several authors. In this regard, Halpern [3] gave the following general iterative technique:

ueQ, bl eC
P, =1 =06,)b, +0,Th, (1.5)
bn+1 = (1 - a’n)u + a’nTﬁm
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where {a,}>”,{6,}2, C [0, 1] satisfy appropriate conditions and u € C is fixed. In particular, if
a, = 0, (1.5) reduces to the standard Mann iteration (1.4). Moreover, Halpern [3] proved the strong
convergence result of (1.5) when 6, = 0 and for appropriate conditions on {a,}’>,. He further

n=1*
established that the control parameters

D, :lima, =0 and D, : Zaf,, = o
n—o00 n:l

are necessary for convergence of (1.5) to the fixed point of J. Thereafter, several investigations have
been done to ascertain the implications of conditions 9; and D, on the convergence of (1.5); see [4,5]
for further reading.

In [6], Osilike and Isogugu studied the Halpern-type fixed point algorithm for k-strictly
pseudononspreading mappings 7', which includes the class of nonspreading mappings (NSM) as a
special case. To achieve strong convergence results, they substituted an averaged-type mapping 75 for
the mapping 7', where

Ts=(0-0)I+6T, 6€(0,1). (1.6)

Recently, Kohasaka and Takahashi [7, 8] studied an important class of nonlinear operators which
they referred to as NMS. Let Q be a real, smooth, strictly convex (SC) and reflexive Banach space
(RBS) and denote by j : x — 2" the duality mapping of x.

Let @ # C c X be closed and convex. A mapping 7 : C — C is called nonspreading if

&(Th,Ta) + ¢(Ta, Th) < ¢(Th, a) + ¢(Ta, b), (1.7)

for all b,a € C, where
¢(b,a) = |IbII* = 2(b, j(a)) + llall%, (1.8)

for all b,a € X.

Kohasaka and Takahashi considered the class of NSM to study the resolvent of a maximum
monotone operator in real, smooth, SC, and RBS. These mappings originate from another group of
operators called firmly nonexpansive mappings (see, for example, [7, 9]). In a real Hilbert space
(H), (1.8) reduces to the following identity:

¢(b,a) = |IbI* = 2(b, ay + |lall*.
Consequently, if H and C are as described above, then T is nonspreading if
ITb - Tal? <|ITh —all* +ITa - bl*, Vb,ae€C. (1.9)
It is established in [10] that (1.9) is equivalent to the inequality
\Tb —Tal|* <||b—al*+{b~-Th,a-Tay, Vb,acC. (1.10)

Remark. If T is nonspreading (resp. nonexpansive) and F(T') # 0, then T is QN.

In [10], the authors studied the iterative estimation of common invariant points of NM (d) and NSM
(3) of A into itself in H. They studied a technique akin to the one employed by Moudafi in [11]. To
be precise, they established the following result:
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Theorem 1.1 ( [10], Theorem 4.1). Let H and C be as described above. Let T,S : C — C be
as described in Remark 1 with the property that F(T) N F(S) # 0. Let b,},’ | be a real sequence
generated by

by eC
bn+1 = (1 - a’n)bn + a’n[ﬂnbn + (1 _ﬂn)Tbn]’ Vn > la

where {a,}; |, {un}, C [0, 1]. Then, we have:
(1) If Y a,(1 —a,) =ccand ), (1 —u,) < oo, thenb, — v e F(T).

n=1 n=1

(2) If liminfa,(1 —a,) > 0 and ), u, < oo, then b, — v € F(T).

n=1

(3) If lim infa, (1 - @,) > 0 and lim infye,(1 = ,) > O, then b, = v € F(T) N F(S).

Finding the fixed points of NM, NSM and some other related mappings have remained invaluable
topics in fixed point theory, and have been shown to be fundamental in the applied areas of signal
processing [12], the split feasibility problems [13], and convex feasibility problem [14]. In subsequent
works, Berinde [15,16] came up with the notion of enriched nonlinear mappings as a generalization of
the class of NM in the setup of /. This concept was later studied in a more general Banach space by
Saleem, Agwu and Igbokwe [17,18].

Definition 1.2. A mapping 7 : C — C is referred to as yr-enriched Lipschitzian (or (o, ¢7)-enriched
Lipshitzian) (see [17,18]) (shortly, (o, ¥r)-ELM) if for all b,a € Ca, there exist o € [0,+c0) and a
continuous nondecreasing function ¢ : R* — R*, with ¥7(0) = 0, such that

llo(b—a)+Tb—Tall < (o + Dyr(lb - all). (1.11)

Observe from inequality (1.11) that:

(a) If o = 0, then the class of mappings called y/r-Lipschitzian emerges.

(b) If o = 0 and ¥(¢) = Lt, for L > 0, then (1.11) reduces to a class of mappings known as L-
Lipschitzian, L represents the Lipschitz constant. In particular, if o = 0,%Wg(¢) = Lt,and L = 1,
then (o, ¥7)-ELM immediately reduces to the class of NM on C.

(c) If Yr(¢) = t, then inequality (1.11) becomes

llo(b—a)+Tb—Ta|l < (o + 1)||b-d|l, (1.12)

and it is called a o-enriched nonexpansive mapping. The class of mappings defined by (1.12) was
first studied by Berinde [15, 16] as a generalization of a well-known class of nonlinear mappings
called NM.

Closer observation reveals that if 7 is not necessarily nondecreasing and guarantees the condition
yr(t) <t, VYt>0,

then we have the class of o-enriched contraction mappings.

AIMS Mathematics Volume 10, Issue 2, 3884-3909.



3888

In view of the papers studied, particularly, the results obtained by Lemoto and Takahashi [10],
Berinde [16], and other related results in this direction, we consider the following questions:

Question 1.3. (1) Could there be a nonlinear mapping that contains the class of mappings defined
by (1.9) for which we would obtain the results in [10] as special cases?

(2) Could it be possible to obtain a strong convergence result for an averaged mapping in a more
general Banach space?

Lemoto and Takahashi considered the class of nonspreading mappings and proved the weak
convergence theorem as their main result in [10] in the setup of /. Their results together with those of
Kohasaka and Takahashi [8] opened a new direction in metric fixed point theory. In the current paper,
we shall consider a new class of nonlinear mapping called o-enriched nonspreading mappings ((0)-
ENSM) in the setup of Q. Further, we present some nontrivial examples to demonstrate its existence
(and its independency on the class of o-enriched nonexpansive mappings ((0)-ENEM)). By modifying
the iterative method studied in [10], we established strong convergence theorems which solve the
problems raise in Question 1.3.

The rest of the paper is organized as follows: Section 2 will consider preliminary results which
will be needed in establishing our main results. Proposition 3.7, and Theorems 3.6, 3.8, 3.9, and 3.11,
which will serve as our main results (including some of their consequences) and the conclusion of the
results obtained in this paper, will be considered in Section 3.

2. Preliminaries

The convexity of a Banach space X is characterized by the function 6(¢) : (0,2] — [0, 1], known
as the modulus of convex of X, defined by

b
5(e) = inf {1 - 16+ gl

bl < Lilall < 1,16 = all = 6}-
The space C is regarded as uniformly convex if and only if 6(e) > O for every € such that 0 < € < 2.
LetSy ={b e X :||b|| = 1}. For each b,a € S x, the norm of X is referred to as Gateaux differentiable

provided the limit
b +tall - ||b
lim 12 1l = 18l 2.1)
n—0 1
exists. For the above case, X is called smooth. It is known as uniformly smooth (US) if the limit

described by (2.1) is achieved uniformly in X; whereas it is called strictly convex (SC) if

16+ dl
2

<1,
whenever b,a € Sx and b # a. It is an established fact that X is uniformly convex (UC) if and only if
X* is US; for further details, see [19].

The smoothness of a Banach space X is characterized by the function p : [0, c0) — [0, o0), known
as the modulus of convexity of X, defined by

1
p(t) = Sup{i(llb +all+lb—all)-1:b,acX|bll=1,llall = t}-
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It is known that X is US provided
imPY —
n—0 t

0.

Set 1 < g < 2. Then, X is called g-uniformly smooth if we can find a constant ¢, > 0 with the property
that p(r) < c,t7 for all + > 0. It is worth noting that X assumes smoothness if the mapping J (called
a sequentially continuous duality mapping) dwells in X with its domain in the weak topology and the

range in the weak-star topology. In this case, b, — b € X = Jb, = Jb; see, for example, [20] for
further details. X enjoys the Opial property [21] if for any sequence {b,},. , which converges weakly in
X with a weak limit g,

lim sup||b,, — b|| < lim sup||b,, — a|

for all @ € X with b # a. It is a known fact that all X with finite dimension, all Hilbert spaces and all
spaces accredited to £7(1 < p < oo) admit the Opial property; see [20,21] for more details. It is also on
record that if X recognizes J, then it is smooth and also assures the employment of the Opial property;
see [20].

Let X, C, — and — be as described in section one. Let @ # M and @ # N be two subsets of X with
M c N. An operator Qy : M — N is called sunny if

On(OnD + E(b — OnD)) = Onb

for each b € X and ¢ > 0. A mapping Qy : m — N is said to be a retraction if Qyb = b for each
beC.

Lemma 2.1. [22] Let Q be as described above and ) # M,N C € be such that M C N. Let
Oy : M — N be a retraction of M onto N. Then Qy is sunny and nonexpansive if and only if

(b= 0On(b), jla— On(D))) <0,
forallb e M and a € N, where j(a — Qn(b)) € J(a — Qn(b)) retains its usual meaning in X.
Lemma 2.2. [22] Let Q and J be as described above. Then,

b+ all® < 1Bl + 2(a, j(b + )

forall b,a € X and for all j(b + a) € J(b+ a).

Proposition 2.3. Let H be a real Hilbert space, 0 + C € H and T : C — C be a o-enriched
nonspreading mapping. Then, F(T) is closed and convex.

Proof. Let {b,}>, be a sequence in F(T') which converges to b. We want to show that b € F(T).
Now, since

ITsb = bl = BITb - bl| < BITbi = Tbyll + Blib, — bl

Bllo(b = by) + Tb = Tb, — (b = by)ll + Bllb, — bl
Bllo(b = by) + Tb = Th,|| + (o + DIlb, — bl (2.2)

I IA

IA

and since 7T is a o-enriched nonspreading mapping, we have

llo(b—b,) + Thb-Th,*> < (o + Db, —bl* +2{(b—Th,b, — Th,)

AIMS Mathematics Volume 10, Issue 2, 3884-3909.
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= (o +1)llb, — bl (2.3)
Equations (2.2) and (2.3) imply that
0<|ITb-b||(c+ Db, —b|] >0 as n— oo. (2.4)

Hence, b € F(T).
Next, let 9,9, € F(T) and A € [0, 1]. We prove that 2, +(1—2)3, € F(J). Lety = A1 +(1-)d,.
Then, b6 = (1 — )} — %) and & — b = A(J, — ¥;). Since

BNTh — bl = |Ib - Tybll® 1491 + (1 = D)8, — Bybll’

= 4@ = Tgb) + (1 = (I, - Tb)I

= Al = Tpbl> + (1 = Dl = Tpbl* = A1 = DIt =
= A1 =Byt + BT — [(1 = Bb +BThI

+ (1=l =By + BT ~ [(1 = B)b + BTHII

- A1 = Dl =

= A1 =B)(W& = b) + BT - Th)|

+ (1=l =B = b) + BT, - Th)|I?

— A = Dl = |

A
= ——llo@ —b) + Tth - ThI!

(o + 1)
1-4 Sl )
b sl )+ 70— SUlF - A1 - Yy - Bl
< [(o + D219 — bl + 2(9, — I, b — Th)]
(c+1)2
1-2 5 5
+ @+ D0 = B + 209 = T9,b = Th])
— A1 = DlY - Rl
= A = blI* + (1 = DI — bIF = A1 = Dl — Dall?
= A1 = D1 =2+ A% — H* = 20 = Dl — D,
it follows that
BIITH - b* < 0.
Therefore, b = Th implies that b € F(T) as required. O

Definition 2.4. Let X be as described above, ) # C C X be closed and convex, and {b,}” , be a bounded
sequence in X. For any b € C, we set

r(, {by},Z) = lim sup||b — by|l.

n—oo

The asymptotic radius of {b,};? ; with respect to C is given as
r(CAbu},2)) = inf{r(b,{b,},2,) : 9 € C}.
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The asymptotic center of {b,} ", with respect to C is the set
A(CAbY,L) = 1{b e C:r(b,{by},2)) = r(C,{bu},2 1))

It is an established fact that if X is UC, then A(C, {b,} ) is fixed at a point (see, for instance, [3, 22]).

Lemma 2.5. [23] Let {v,};., be a sequence of non-negative real real numbers validating the
following inequality:

Vn+1 < (1 - ﬂn)vn + T n,

(59

where {m,} |

and {u,};. | satisfy the conditions:

@) {m,};>, € [0,1] and fnn = oo o1, equivalently, lo_o[(l —m,) =0;
n=0 n=1

(@) limsup,_,, 1, < 0or Y myu, < oco.

n=0

Then, limv, = 0.

n—oo

(o8]

Lemma 2.6. [19] Let {y,}", C R be such that we can find a subsequence {y,}>, such that yy <y
for all k € N. Consider the sequence of integers {t(n)} ", given by

T,=max{i <n:vy; <Y} (2.5

Then, {t(n)}? | is a nondecreasing sequence, for all n > ny, validating the following requirements:

(i) limt(n) = oo;
(ll) Y=(n) < Yr(n)» Yn > no,
(”l) Yn < Yzn)s Vn > np.

Lemma 2.7. [1,22] Let X be a UC and B,{p € X : |Ipl| < 0},0 > 0. Then, we can find a continuous,
strictly increasing function g : [0, c0) — [0, o) with g(0) = 0 such that

2 2 2 2
lrb + sa + tcll” < rlbll” + sllall” + tllcll” — rsgllb — all)

forallb,a,c € B, and forall r,s,t € [0, 1, withr + s+t =1.
The proposition below assures some essential properties of generalized duality mapping (/).

Proposition 2.8. [18,24] Let X and X* be as described above. For q € (1,0), J, : X — 2X" has the
following fundamental properties:

(1) Jy(b) # OVD € X and D(Jy)(: the dormain of J,) = X;
(2) J4(b) = IDII*'Ja(b), Vb€ X(b # 0);

(3) Jby(ab) = a? ' Jyb), a € [0,);

(4) Jy(=b) = —=Jy(D).
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3. Results and discussion

Definition 3.1. Let X be as described above. A mapping T with domain D(T') and range R(T) in X is
known as o-enriched nonspreading (o-ENSM, for short) in the sense of Kurokawa and Takahashi [25]
if there exists o € [0,00) and j(a — Ta) € J(a — Ta) such that for all b,a € D(T), the following
inequality holds:

lo(b —a) + Tb - Tal* < (o + D?||b —all* + 2(b — Th, j(a — Ta)). (3.1)
1
Now, by setting o = B — 1, for some S € (0, 1], it follows from Proposition 2.8 (3) and (3.1) that

lo(b — a) + Tb — Tall?
o ”(}3 ~1)b-a)+Th - TaH2

IA

(o + D?b —dal* +2(b - b, j(a — Ta))
éllb —al* +2(b - Tb, j(a — Ta))

IA

1
Ellb —al’ +2(b = Tb, j(a - Ta))

IA

N '|(1’%ﬁ)(b —a)+Th- TaH2

S |I(1=B)b —a) +BTh - BTal’ < |Ib—al +2(B(b — Th),Bj(a~Ta))
S |I(1=B)b~a)+BTh —BTal’ < |Ib—al+2(b~[(1-p)b
+ BTb], jla—[(1-pa+pTal)
S (1 =B)b +BTh —[(1 =B)a+BTall’ < |Ib—al®+2(b~[(1-pBb

+BTD], j(a—[(1 - Bla + pTal)). (3.2)

Remark. Observe that if o = 0 in (3.1) (or 8 = 1 in (3.2)), we obtain an important class of
nonspreading mappings studied in [25]. Again, if we take Tg = (I — B)I + BT, then (3.2) reduces
to the inequality

ITsb — Tgall* < b —all* + 2(b — Tgb, j(a — Tga)). (3.3)

Therefore, the averaged operator Tz is a nonspreading mapping whenever T is a o-enriched
nonspreading mapping.

Remark. Any nonspreading mapping 7 validating (3.1) with o = 0 is known as O-
enriched nonspreading.

Example 3.2. Let B,{b € H : ||b|| < p} for p > 0 and C = B, C ‘H. Define an operator T : C — C by

l’), be B,
Th =
PBlb’ be \Bz,

where P, is a projection map of H onto A. Then, T is an enriched nonspreading mapping which does
not admit continuity. Obviously, F(J) = B,. Let b,a € C. It suffices to examine the situation for
which b € C\ By,a € B,. Now, since Pg, is nonexpansive (and hence 0-enriched nonexpansive) and
b—Tb = 0, it follows that

lo(b—a)+Th—Tal* = |lob-a)+ Pyb-al

AIMS Mathematics Volume 10, Issue 2, 3884-3909.
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lo(b — a) + Pp,b — Pg,all* < (c+)*||b — al|*
(o + D?b—-al? +2(b-Th,a - Ta).

Therefore, T is a o-ENSM. Clearly, T is not continuous. In fact, for by € dB,,wy € JC, consider
1 1

¢n = (1= =)by + —by € C foreach n > 1. Then, b, — by but Th, = Pp b, - Th, because ||Pp,b,|| = 1
n n

and ||byl| = 2.

Remark. Note that 7" is not continuous in the last example; hence, T is not uniformly continuous. In
other words, the class of o--ENSM is generally not Lipschitzian.

The following examples demonstrate the fact that the class of o-ENEM and the class of c-ESNM
are independent.

1
Example 3.3. LetR D C = [5 2] be endowed with the usual norm and let J : C — C be define by
1
Jy = " for all y € C. Then,

(i) T is not nonexpansive.
(i) T is E—enriched nonexpansive.
@@ii) F(T) = {1}.
(iv) T isnot a %—ESNM.
To validate (i) — (iv):
(i) Assume T is NE. Then, by the definition of NE, we should have

a—-b
|Tb—Ta|:‘ ~

|<lb-al, Vbaec,

1
which, when b = 3 and a = 1, yields a contradiction.
(it) For all Vb,a € C,

11 -
(b —a)+ Th—Ta| = 'o'(b—a)+———‘:‘0'(b—a)+u
b a ba

(0' - bl_a)|b —al.

3
Observe that for any o > R the last identity becomes
lctb—a)+Tb—Tal = (c+1Db—-al, Vb,aeC,

and as such validates our conclusion that 7 is %—enriched nonexpansive.

(i) F(T) = {1} 1s not difficult to see.

(iv) Since every o-enriched nonexpansive mapping satisfies the o-enriched Lipschitz condition (see,
for instance, [17]),

lob—a)+Tb—-Tal| = (oc+1L||b—al|, Vb,acC,
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where L is the Lipschitz constant, and since every o-enriched nonspreading mapping is generally
not Lipschitzian (see Example 3.2 and Remark 3 above), it follows from (i) that J is not a o
enriched nonspreading mapping.

Example 3.4. Let X = R denote the reals with the usual norm. For each ¢ € R, let the mapping J be
given by

0, if be(~,2],
Th =
1, if be(2 ).

Then, for all b, a € (-0, 2] and for all o € [0, o0), we have

(c+1Db—a?+2b-Tb, jla—Ta)) = (0> +20+ D|b—al* +2ba
(0 +20)b - a]* + b* + a*
o?|b - af?

lo(b —a) + Th — Tal*.

\%

Also, for all b, a € (2, 00) and for all o € [0, o), we have

(C+ 1D b—a? +2b-Tbh, jla—Ta)) = (c+1)?b-af+20b-1a-1)>’b-al
= |lo(b-a)+Th-Tal.

Finally, if b € (—oc0,2] and a € (2, o), then for all o € [0, o), we get

(c+ Db —al* +2(b-Tb, j(a - Ta)) (0 +20)|b—af* +b* +a*-2b
lo(b —a) - 1P

= lo(b-a)+Tb-Tal

\Y

Thus, for all b,a € X and for all o € [0, o0), we obtain
lob—a) + Tb —Tal* < (o + 1)*|b—al* + 2(b - Th, j(a — Ta)).

Hence, T is o-enriched nonspreading. Since every o-enriched nonexpansive mapping 7" must satisfy
o-enriched Lipschitz condition (see, for instance, [17])

lob—a)+Tb—-Tal| = (oc+1DL|b—al, Vb,acC,

where L is the Lipschitz constant. It is not difficult to see that 7 is not a o-enriched
nonexpansive mapping.

The next example shows that a o0-ENSM is different from a NSM thereby leading to the conclusion
that the class of a 0-ENSM properly contains the class of NSM.

Example 3.5. Let R be as described above with the usual norm and suppose the mapping 7 : R — R
is given by
Tbh = —b.
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Then, T is a o-enriched nonspreading mapping. Indeed, for all b, a € R with
lo(b—a)+Tb—Tal*> = (o—1)lb-al,
and

(c+ 1 b-a?+2b-Th,a-Ta) = (o + D*b—al +22b,2a) = (o + 1)*|b - af
+8ba,

there exists a o € [1, 00) such that
lo(b—a)+ Tb—Tal> < (o + 1)’|b—al* + 2(b— Th,a — Ta).
However, T is not nonspreading, for if b # 0 and a = —b, then
ITb — ThI> = 4b* > —4b* = |b—al* + 2(b — Tb,a — Ta).
Remark. If F(T) # 0 in (3.1), then we obtain a class of mapping called o-enriched quasi-
nonexpansive mappings.

Now, we give the existence theorems of invariant points of o-ENSM in X.

Theorem 3.6. Let X be a UC and 0 +# C C X be closed and convex. Let T : C — C be a o-ENSM.
Then, the statements below are equivalent:

(i) The invariant point set of F(T) # 0.
@iy b, )2, c C, with {b,}:2. | bounded, such that liminf||b, — Tb,|| = 0.

Proof. We can see that (i) = (ii) is quite obvious. To establish the opposite implication, we
assume d{b,}> < C, with {b,}”, bounded, such that liminf||b, — Th,|| = 0. As a consequence,
NTb, )2, < {Th,}, for which likminf||bnk — Tb,ll = 0. Suppose A(C,{b,};>,) = {o}. Let
O1 = sup{llby I, 1T bl lloll, IToll = k € N} < co.

Since the mapping 7 is o-nonspreading, it follows that

by, = TolP = Wby, = Thy, + Thy, — Tol?
< Nbw, = Thy | + 11T by, = Toll* + 2lby, = Thy T by, — Toll
< Nbw, = Thy | + 11T by, — Toll* +201lb,, — Thy,|l
= |lbu, = Thy I’ +llo(by, = ©) + Thy, = To = 0°(0 = by)I* + 2011y, — Th, ||
< Nlbw, = Thy | +llo(by, = ©) + Thy, = Tol* + *llo = by, II°
= 20llo(by, = ©) + Thy, = Tollllo = by, |l + 201 |Dy, = Thy, |l
< Nbw, = Thy I + (0 + 12Wby, = 0 + 2(by, = Thy, j(@ — TO))
+ llo = byl = 20l07(by, =) + Thy, = Tollllo = bl
+ 204llb,, — Th,,|l

b, = Thu |I* + 1by, = 0l + 207(0 + 1)@ = by, j(=(by, = 0)))
+ by = Thy, jl0 = To)) = 20llo(by, —0) + Thy, — Toll
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X lo = byl + 201 [by, — Thy, |l

< Nbw, = ThylP + by, = ol = 207(0 + 10 = buys j(br, — )

+ 2b,, —Tby, jlo —To)) +20,|b,, — Th,,|| (by Proposition 2.8(4))
= N, = Thy | + by, = olI* = 20°(o + Dllo = by, lllb, — 0l

+ 2|lby, = Thyllllo = Toll + 204 |lby, — Thyl

< bw, = ThyIP + by, = 0l* = 20(0 + Dllo = by, lllbn, —ell

+ 2|lby, = Thylllloll + [ITolD) + 20, [1by, — Thy,|l

< Nbw, = Thy | +1lby, = olI* + 6041lbyy, = Thy,|I.

It, therefore, follows from the last inequality that

limsupllb,, = Tol> < limsuplllby, = Thy|* + lIbs, — olI* + 60,1, — Thy, 11,

k—o0 k—o0

As a consequence, we obtain

A(To,{by};2,) = lim supl|b,, — Toll = limsupl|by, — oll = r(o, {bu i}

k— o0 k—o0

This, by implication, entails that To € A(C,{b,}’",). In view of the uniform convexity of C, we
conclude that To = p as required. m|

The result below is an immediate consequence of Theorem 3.6.

Proposition 3.7. Let X and C be as described in Theorem 3.6. Let T : C — X be a o-ESNM with
FT)+#0.Ifb, o€ Cand(I—-T)b, — 0, theno € F(T).

Theorem 3.8. Let T and C be as in Theorem 3.6 with X admitting the Opial property. Let T : C — C
be a o-ESNM such that F(T) # 0. If {y,}.., is a sequence in (0,1) with0 <a <y, <1-a <1, and
{ba}, is a sequence in C developed from

bn+1 = (1 - yn)bn + ynTBbm ¥n €N, (34)

where Tg = (I — B)I + BT, then (3.4) converges weakly to an element of F.

Proof. Let o € F(T) = F(Tg) be arbitrarily chosen. Then, by Lemma 2.7, we can find a strictly
increasing function g : [0, c0) — [0, o), characterized by convexity and the continuity property, with
g(0) = 0 such that

luer =l = 11 = y)(by = 0) + Yul(Tgby - O
< (1= y)lby = ol + ¥l Tsh, = ol = yu(1 = y)g(llb, = Tsb,l)
= (=l ol + 1”1)2 (1 = )b, — 0) + Th, - Toll
Y1 = 30081 = Thil)
< (1= llgn =l + 3lloy =l + =225 (b~ Thy lo = T)
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Yall - n)g(ﬁnbn — Th,l)

(1 - ’)/n)”bn - Q”z + yn”bn - Q”Z - yn(l - ’}/n)g( - Tbn”)

— b,
0'+1||

1
1B = oI = &g ——lIb, = Tb,l). (3.5)

IA

Since @ > 0 and o € [0, 00), it follows from (3.5) that

b1 = oll < 116 = 0ll.

This implies that lim||b, — ol| exists. Therefore, {b,} ", is bounded. By setting
lim||b, — ol = 6,
we obtain from (3.5) that

1
@ g(——lIby = Thyll) < 1B, = 0ll = w1 = el

which yields that
lim||b, — Th,|| = 0.

But, {b,} | is bounded. Therefore, (b, };7, C {b,} ", such that b, — o. Also, lim||b, — Th,|| =0
implies that /}i_)rgllbnk — Tb, |l = 0. From Proposition 3.7, (I — T)b, — 0 as n — oo. Consequently,

[

0 € F(3). To conclude, it suffices to establish the fact that for another subsequence {b,,}2, € {b,},
which is characterized by the weak convergence property (i.e., b,, — v as n — o), we have o = v.
Suppose otherwise and let o # v. Then, we get from Opial’s theorem that

limllb, —oll = Jim|lby, — el < limlb,, =l = lim b, = |
= lim||b,, — V|| < lim||b,, —oll = lim|lb, — oll.
This is a contradiction. Consequently, {b,}, converges weakly to o € F(T). O

Theorem 3.9. Let X be a UC which admits a weakly sequentially continuous duality mapping J,
0 # C C X be closed and convex, and T : C — C be a o-enriched nonspreading mapping such
that F(T) # 0. Let {y,};., and {6}, be two sequences in (0, 1) such that the following requirements
are validated:

(a) limy, =0;
(b) ;1')91 = 005
(¢) likm info,(1 —6,) > 0.
Let the sequence {b,} ", be developed from

ueC, byeC chosenarbitrarily,
Oy = (1 =6,)b, + 6,Tpb,, (3.6)
bn+1 =Yalt t (1 - ')/n)ﬁm Vn € N’
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where Tg = (I — P)I + BT. Then, {b,} ", given (3.6) admits strong convergence to a point 0 € Qru,
where QF denotes a sunny nonexpansive retraction from X onto F(T).

Proof. Since T is quasi-nonexpansive, we have that F(T') is closed and convex. Set

&= 0r.

We shall divide the rest of the proof into several steps.
Step 1. We demonstrate that {b,} " |, {#,} ", and {Th,} ", are bounded. First, we establish that {b,} ,
admits boundedness.

Fix o € F(Tg) = F(T). Using Lemma 2.7, we can find a strictly increasing function g : [0, c0) —
[0, o0) which is characterized by continuity, convexity, and g(0) = O properties such that the following
estimates hold:

(1 = 8.)bu + 6, Tsbs = ol
(1 - 5n)||bn - 0”2 + é‘n”Tﬁbn - Q”2 - 6n(1 - 5n)g(”bn - T,an”)

19, — oll?

IA

On
(1 = 6)lby = ol + o+ 1)2”0-(bn —0) +Th, - Tolf

~ 51~ 808( by = Th)

IA

On .
(1= 6,)Ib, =l + o112 [(o + 1)°llb, = ol* + 2(b, = Thy, j(0 — T0)]

— 6,1 - @)g(ﬁubn — Th,|)

IA

26 1
_ _ 2 n _ . _ _ _ - _
= by —0lF + =5 bu = This jlo = To) = 6,1 = 6,08 Ibw = Tl

b, — ol (3.7)

IA

Again, from (3.6), we have

lyaue + (1 = y,)3, — oll

Yallu = oll + (1 = y)l[F, — ol

Yallu —oll + (1 = y)llb, —oll  (by (3.7))
max{|lu — oll, l1b, — oll}-

161 = oll

IAN A

IA

Using induction, we get
Ibne1 —oll < max{llu—oll, Iby —oll}, V¥YneN.

The last inequality yields that {||b, — oll} ., is bounded and as a consequence, {b,} ", is bounded. The
boundedness of {},}” | and {T'h,} ", follows from the above result and (3.6).
Step 2. Now, for any n € N, we want to show that

b1 = EIP < (1= y)llbw = P + 2.t = €, j(bus1 = ). (3.8)
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To do this, note that for each n € N, (3.7) (with o = &) gives

AR <lb — P+ —20 b T i — 58— 5(1 — 6. )e(——lp. —
169, = E1F < llby = £IF + =255 tbu = Thy, j& = 36)) = 61 = 8¢l = Th ).

This, together with (3.6), gives

s = €l = Iyt + (1 = y,)8, — €|
< yallu = &l + (1 = y)| b, — €11
= 8u(1 = 8)8(——l1bu = Thill)| (3.9)

1
Set @, = sup {llu—é&l|-[|b, —£IP +5(1 —(’)‘,,)g(ﬁllbn—Tbnll) : n € N}. Then, we obtain from (3.9) that

1
6,1 = 6.)¢(——11b = Thull) < llps = &I = oy = 1P + 7,02 (3.10)

Now, from Lemma 2.2 and (3.6), we get

ber = €I = Iyate + (1 = 7,9, = €I
= |yl =& + (1 =) - I
< A=y 100 = O + 2y,(u = &), jbur1 = €))
< =yl = EIF + 2y,(u = ), jbrsr = €))
< (L= yllby = OIF + 2y, 4u = €), j(bus1 = 6))-

Step 3. Now, we demonstrate that limb,, = £.

n—oo

To do this, we consider the two cases below:
Case A. If the sequence {||b, —£l|};”, is monotonically decreasing, then there exists an ny € N for which
{l1b,—€lI},Z,, 1s decreasing. Consequently, {||b, —£l[},7, is convergent and as such lim (||b, — &P~ b1 —

(o)
n=1

£|*) = 0. This, in view of condition (c) and (3.10), yields

timg(—— b, ~ Th,)) = 0.

From the property of g, we have
lim||b, — Th,|| = 0. (3.11)

Since from (3.6)

On
b, =1, = 5n(bn - Tﬁbn) = o+ 1 (bn - Tbn) and Dy — U, = ’)/n(u - 19n)a

it follows from (3.11) and condition (a) that

lim|[b, =3,/ =0 and lim|b,,; — 3l = 0. (3.12)
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Therefore, using the triangular inequality and (3.12), we get
lim|ibye1 = @all = lim 16y = 8y + 3y = bull < lim[libysy = Gl + 1195 = balll = 0 (3.13)

asn — oo (by (3.12)).

Since {b,}”, is bounded, there exists a subsequence {b,,};>, of {b,};”, such that b, ,, — @ € A

as k — oo. It, therefore, follows from Proposition 3.7 and (3.11) that @ € F(T). This, together with
Lemma 2.1, implies that

limsup(u = &, j(bpsr =€) = imu = &, j(bur1 = 6)) = (u =&, j(@ - £)) < 0. (3.14)

n—oo

Thus, by Lemma 2.5, the result follows immediately.
Case B. If the sequence {||b, — £}, is not eventually decreasing, then there exists a subsequence
{medie, of {n}>  such that

1bn, = &1l < 1baar — €]

for all k € N. Using Lemma 2.6, we can find a nondecreasing sequence {m;}?2; C N such that
mj — oo and

10m; = &Il < 11bm;1 = &Il and |Ib; = &l < 1oy +1 = &I,
for all j € N. This, together with (3.10), yields

1
6, (1 = 60 )8(=—7 10w, = T I) < 16, = E1 = Il 1 = €I + 7,02

From the requirements of (a) and (c) and the property of g, it follows that

lim||b,,;, = Thby,|l = 0. (3.15)
]—)OO ; ;

Using the same method employed in Case A, we obtain

lim sup(u — &, j(by, — &)) = limsup{u — &, j(bp,+1 — £)) < 0.

Jj—ooo j—oo
Since from (3.8)

b1 = EIP < (L =Y )llbw, = EIP + 2y, 1t = &, (b1 = €)) (3.16)

and [|b,; — €|l < [[by;41 — €], it follows that

IA

YonlIbm; = €1 by = €I = Womysr = ENP + 2yt = &, (b1 = )

2Ym =&, j(bmr1 = £))- (3.17)

IA

In particular, since y,,, > 0, it follows from (3.17) that

bm; = €IP < 2(u =&, j(bmys1 = €))

and hence
lim||b,,,, — €Il = 0.
J—ooo
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The last identity, together with (3.16), yields
Jl,i_)rgllbm,-n — ¢l =0.

On the other hand, we have that [|,,, — &|| < ||byy;+1 — €l Vj € N, which yields b; — £ as j — oo. Hence,
b, — & as n — oo and the proof is complete. i

Corollary 3.10. Let ) + C C X be closed and convex, where X is a real Hilbert space. LetT : C — C
be a o-enriched nonspreading mapping such that F(T) # 0, and {y,})", be a sequence in (0, 1) which
validates the requirements that:

(a) limy, =0;
(b) Z)/n = 0.

n=1

Then {p,}, developed from

{u € C, by e€C chosen arbitrarily, (3.18)

bn+1 =Yalt + (1 - 7n)T,6'bn’ Yn € N’

where Tg = (I — B)I + BT admits strong convergence to a point 0 € Qru, where Pr is the metric
projection from X onto F.

Theorem 3.11. Let X and C be as described in Theorem 3.9. Let Ty, : C — C be a o-enriched
nonspreading mapping and Tg, : C — C be a o-enriched nonexpansive mapping such that F(T,) N
F(T2) # 0. Let {y,}, 1, 46n1}y 1 {0n2} 2|, and {6,3}, | be four sequences in [0, 1] which validate the
requirements that:

(a) limy, =0;

) 3= oo
(C) 6n,1 + 6}1,2 + 6n,3 =1;
(d) liin infé,(1 —46,) > 0.

Then, {b,},; | developed from

ueC, byeC chosenarbitrarily,
ﬂn = 5n,1Tﬁ,lbn + 6n,2Tﬁ,2bn + 5n,3bn,3, (319)
by =yu+ (1 —-vy)%, VneN

admits strong convergence to a point 0 € Qru, where Tgy = (I = )1 + T, Tgr = (I — I + BT, and
Qr denotes a sunny nonexpansive retraction from X onto F.

Proof. Since Ty and Tg, are quasi-nonexpansive, we have that F(T)) N F(S) is closed and convex. Set
&= 0r.
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We shall divide the rest of the proof into several steps.
Step 1. We demonstrate that {b,}" |, {t},},,, {Th,},",, and {Sb,};  are bounded. First, we establish
that {b,} ", is bounded.

Leto € F = F(T)) N F(T,) be fixed. Using Lemma 2.7, we can find a strictly increasing function
g : [0, 00) — [0, c0) which is characterized by continuity, convexity, and g(0) = O properties such that
the following estimates hold:

[, — Q||2 = 0n1Tp,1bn + 042120y + 04Dy 3 — Q||2
< SuillTpiby — 0l + 8,201 Tp2b, — Ol + 643llby — 0l* = 6,,10,381bw — Tp,iball)
0
n,1 2 n,2 2
< b,—0)+Tb,—To|" + b,—0)+T)b,—T
< Tt 1)2||<T( o+T oll o+ 1)2||0( 0)+T oll
2
+ é‘n,San - Q” - 5n,i6n,3g(ﬁ”bn - Ttbn”)
< On [(o + 1)?llby = ol” + (by — T1, j(0 — T10))]
(c+1)?
b 22t DR, — o1+ 6,5l — 0IF — 6116, 58(—— by — Tl
(c+1)? ’ T\ o+ 1
2
< llpn = 0l = 6,i6,38(——llon = Jibull)
< b -0l i=1,2. (3.20)
Also, from (3.19), we have
b —oll = llyau + (1 = y)8, = ol
< Yallu = oll + (1 = y)lld, — oll
< Yallu —oll + (A =yl — ol (by (3.20))
< max{|lu —oll + |16, — oll},
which by induction yields
Ibns1 —oll < max{llu —oll +11by —oll}, VYneN,
and as a consequence, it follows that {|lp, — oll};>, 1s bounded. The boundedness of

(b} A0} AT b, )02, and {356, | follows directly from the boundedness of {b,}* | and (3.19).

n=1° n=1’ n=1°

Step 2. We establish that

b = EIP < (1= y)libn = P + 2y,(u = &, j(bui1 = €)), (3.21)

for any n € N. To do this, note that for eachn € Nand i = 1,2, (3.20) (with o = &) gives

18, = £ < 115y — €I = 8,46,38( — Tib).

— b,
o+ 1||
This, together with (3.19), gives

1bn1 = &Il = lyau + (A = y), =&l
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1
< yall =&l + A =y |Iby = £ = Sn8u38(—Ibu = TibAMl)]. - (3:22)

1

Set ©3 = sup {llu — &l - lIb, — €% + §n,i6n,3g(ﬁllbn — T;b,ll) : n € N,i = 1,2}. Then, we obtain
g

from (3.22) that

8nin38( = Tibll) < lIby = £1P = 11 = &I + 7,05, (3.23)

— b,
o+ 1||
Now, from Lemma 2.2 and (3.19), we get

b = EIP = Iyate + (1 = 7,9, = €I
= (=& + 1 =y)3, = OI

< A=y 10 = O + 2y,(u = &), j(bur1 = £))
< A=yl = O + 2yu(u = &), jbyer = €))
< (A =ylbn = OIF + 2y, = &), j(buir = ).

Step 3. We demonstrate that 9, — £ asn — oo.
To show this, consider the two cases below:
Case A. If the sequence {||b, —£&||},-, is monotonically decreasing, then dng € N for which {||b, —&|I},Z,,,

n=1
is decreasing. Consequently, {||b, — &||};7, is convergent and lim(||b, — E? = l@ns1 = €I7) = 0. This, in

view of requirement (c) and (3.23), yields

1
limg(——llb, = Tib,ll) =0, i=12.

Employing the property of g, we have
liml||b, — T;b,|| =0, i=1,2. (3.24)

Since from (3.19)

bn - ﬂn = é‘n,l(T,B,lbn - bn) + 6n,2(Tﬂ,2bn - bn)
1
= —[6n,1(T1bn - 8071) + 6n,2(T2bn - bn)]
o+1

and b,,; — ¥, = v,(u — 1,), it follows from (3.24) and condition (a) that
lim|ib, =9, =0 and  limlb,.; — &l = 0. (3.25)
Therefore, using the triangular inequality and (3.25), we get
1imlby1 = ball = Timllbyer = 8 + 8 = byll < T [1bs1 = all + 119, = bl =0. (3.26)

Since {b,};”, is bounded, we can find a subsequence {b,,},>, of {b,},’, such that b, ,; — @ € C
as k — oo. It, therefore, follows from Proposition 3.7 and (3.24) that @w € F. This, together with
Lemma 2.1, implies that

limsup(u — &, j(bpsr = €)) = im{u = &, j(bpr1 = £)) = u =&, j(@ - £)) < 0. (3.27)

n—oo
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Thus, by Lemma 2.5, the result follows immediately.
Case B. Using the approach employed in establishing Theorem 3.9, we can show that limb, = o, and

n—oo

the proof is complete. O

Remark. (1) The result of this research work solves the question posed by Kurokawa and Takahashi;
see Remark on page 1567 in [25].

(2) Theorem 4.1 of [10] admits only a weak convergent result while our Theorem 3.11 admits a
strong convergence result. However, it is worth mentioning that the technique involved in proving
Theorem 3.11 is very different from the one employed in proving Theorem 4.1.

(3) In most cases, strong convergence results are better than weak convergence results
in applications.

4. Rate of convergence

For a nonempty convex subset C of a space X and T :— C:
(1) The Mann (M,) iteration method (see [2]) is defined by the following sequence {b,}:

b() eC
, “4.1)
bn+1 = (1 - ’)/n)bn + 7nTbn

where {y,} is a sequence in (0, 1).
(2) The sequence {b,} given by

by e C
%, =0 -=6,)b,+6,Th, , 4.2)
bn+1 = (1 - Yn)bn + YnTﬂn

where {y,},{0,} are sequences in (0, 1), is called the Ishikawa (/sh,) method (see [26]).
(3) Our method (/) is given by

by e C
B, = (1 =6,)b, +96,Tgb, 4.3)
bn+l = (1 - )/n)u + ynﬁn

where {y,},{0,} are sequences in (0, 1) and T = (1 — B)I + BT (with B € (0, 1)).

Definition 4.1. [27] Suppose that {c,} and {d,} are two real convergent sequences with limits ¢ and d,
respectively. Then, {c,} is said to converge faster than {d,} if

Cn

li
1m dn

n—oo

-c
=0.
—d
Now, using the example below, we prove that the iteration process I, used in obtaining our
main result of Theorem 3.9 is faster than the Mann M, and Ishikawa Ish, methods for enriched

nonspreading operators.
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4 5 1 1
Example 4.2. Suppose 7 : R — R =-b,y, = —,8=—,0, = —,and u = —. Itis clear that T is an
\n 6 4 2
enriched nonspreading mapping with a unique fixed point of O (see Example 3.5 above). Also, it is not
difficult to see that Example 4.2 satisfies all the conditions of Theorem 3.9.

4 5 1
Proof. Sincey, = —,8 = 2 and 6, = T it follows from M,,, Ish,,, and I,, that for by # 0O,
n
Mn = (1 - ’)/n)bn + ynTbn

4 4 8 - 8
(1- W)bn - %b,, =(1- %)bn - ]_[(1 - E)bo,

IShn = (1 - )/n)bn + 7}1[(1 - 6n)bn + 6nTbn]

= (1ot = (1= Hp - ) = (1= S =[ [0 - S

and

L = (I =y u+y,[(1=6)by +6,((1 =B +BT)b,]
4 1 1 5 5
(1= )b+ (1= 2)bu = 200

= 1)
= (=Rl gl =l )

n 7 1 n 7 1
— —— )b - -
L,-0, _ 15 3\/,2)0_1@(12 3\/5)
M,—-0l 8 - 8
" T1(1-—=)b (1 - —
i=2 \/;)O t:2( \/;)
S8 1
d 12 Vi 340 . 1 5i-92vi
= ﬂ - :]—[1— .
i=2 (1_i) i=2 12\/; \/2—8
Vi
It is not difficult to see that
0 < lim (1— ! 5’_92\[’)
n—oo] L] 12vi Vi-8
" 1 1
I< limn(l——,):lim—. (4.4)
n—)ooi:2 l n—ooqn
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Hence,

I,-0

M,—0 =0.

lim

n—oo

Thus, our iteration scheme converges faster than Mann’s iteration method to the fixed point of 7.

Similarly,
n 7 1 n 7 1
— —— )b -
L,-0 | _ (53 -3 n)°_££(12 3\/;2)
Ish, -0l n 6 T o 6
n I1(1 - =) (1 - =
(1= )b i --7)
5 6 .\ 1
) n(l 12+ 3\5)_111( 1 5i—68xﬁ)
i=2 (1_£) i=2 12\/; \/;_6
\/;
with
0 < 1im]_[(1— ol 68‘5)
n—oo| L ) 12\/; \/;—6
< 1im]_[(1—1_)=1im1. (4.5)
n—>00i:2 1 n—oojl
Therefore,
I,-0
li s =0.
novel s, — 0

Thus, our iteration scheme converges faster than Ishikawa’s iteration method to the fixed pointof 7. 0O

2
In general, we notice that for xo = by = —1,u = 0.5, and y,, = parr we can choose 8 = 0, =
n
5
—. Thus, all the conditions of Theorem 3.9 are fulfilled and {x,} = {b,} converges to 0 = Ppu
2
(see Figure 1 below). Similarly, for xo = by = 0.7,u = -1, and y,, = P the sequence {x,} =

{b,} converges to 0 = Ppyu (see Figure 1 below). A closer observation on Figure 1 shows that the
convergence of the sequence {x,} = {b,} to the fixed point of T is independent of the numerical values
of the initial point xy, = by and u.

AIMS Mathematics Volume 10, Issue 2, 3884-3909.



3907

0 EI;Iot of x_{n+1} = \frac{2}{n+5} u + \frac{5}{6}(1-\frac{2}{n+5}) x_n

p —e—u=05x,=-1
06 —8—u=-1x =07

0.4
0.2
i1y
0
-0.2
b

-0.4 P

-0.6

-0.8

16 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
n

Figure 1. Figure of {a,} with initial values u = 0.8,ap = -1 and u = —1,ay = 0.7.
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