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scientists. Furthermore, lower and upper approximations of spherical fuzzy subsemigroups,
spherical fuzzy left (right) ideals, spherical fuzzy interior ideals, and spherical fuzzy bi-ideals of
semigroups were studied using soft relations. Mainly, we proved, for a spherical fuzzy ideal of the
universe, that upper and lower approximations are spherical fuzzy soft ideals but the converse may
not hold, as shown by examples. Compatible relations and complete relations are needed for upper
approximations and lower approximations, respectively. Also, using examples, we showed that the
conditions of complete relations were necessary for lower approximations. Last, a comparison study
and conclusions of the introduced technique are given, demonstrating how our work is superior and
efficient in contrast to other techniques.

Keywords: spherical fuzzy set; soft set; spherical fuzzy subsemigroup; spherical fuzzy ideal; soft
relation
Mathematics Subject Classification: 03E72, 18B40




3735

1. Introduction
1.1. Motivations

The Fuzzy set theory was introduced by Zadeh in 1965 [1]. It was the first positive approach to
tackle uncertainty in daily life problems. For understanding, the notion “young” is uncertain, because we
cannot uniquely categorize people into two groups: Young people and old people. Thus, the term “young”
is not an exact but a vague notion. Therefore, uncertainty and vagueness are significant to logicians,
mathematicians, and scientists. After many efforts, tools are introduced to deal with such problems,
which have their individual advantages and disadvantages. In a fuzzy set, uncertainty is tackled by using
a membership degree, which is controlled in a closed interval [0,1]. This theory elaborates on only
positive aspects of any situation, and for negative and neutral aspects, this theory fails. An extension of
fuzzy set theory is intuitionistic fuzzy set theory, which also uses nonmembership degrees [2]. In
intuitionistic fuzzy sets, we discuss the degree of membership and the degree of non-membership. Here,
the sum of membership degree and non-membership degree lies in interval [0,1]. This theory gives
information for only agree and disagree elements for a situation that is incomplete because human
nature has some refusal issues, too.

The Spherical fuzzy set theory [3] is another extension of fuzzy set theory, which is used for the
condition that does not rely on yes or no, but there is a rejection. This theory has three functions of
degree: Membership degree, non-membership degree, and neutral degree. Here, the sum of the
square of membership degree, non-membership degree, and neutral degree is a number between [0,1].
This advanced model gives more choice to the decision makers for the selection of all three degrees.
In this paper, we work on the most extended form of the fuzzy set, which is the spherical fuzzy set.
This generalized theory has negligible drawbacks. A good example of a spherical fuzzy set would be
a decision like voting where there are four types of voters who vote for, against, or decline to vote or
abstain from voting. By using this theory, an appropriate model can be generated for the voting
system. This theory is also a generalization of the intuitionistic fuzzy set theory. Moreover, scientists
are working on the spherical fuzzy set [4—7].

1.2. Related work

A proper semigroup was initiated by a Russian mathematician, Anton Kazimirovich Suschkewitsch [8],
to provide a label for some structures that were not groups but were formed through the expansion of
consequences. Semigroups are very useful in many fields such as control problems, dynamical
systems, partial differential equations, sociology, stochastic differential equations, and biology. Some
examples of semigroups are the collection of all mappings of a set under the composition of
functions, the set of natural numbers, and set of whole numbers under either addition or
multiplication.

By introducing parameterization tools, Molodtsov initiated the fundamental idea of soft set theory
in 1999 [9]. This concept has a number of parameters that make it practical in many areas, such as game
theory, operational research, and Riemann integration. The ideas behind parametric reduction for soft sets
have been studied by many authors. Ali et al. studied some properties of soft sets, rough sets, and fuzzy
soft sets [10]. The study of soft matrix and roughness of soft sets is given in [11-13].

The rough set was introduced by Pawlak [14]. It attracts many researchers as it handles vagueness,
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uncertainty, and complexities in problems. It reduces the redundant data, which helps us make easy
decisions in daily life problems. For a crisp set, two major approximations are made. The lower
approximation includes objectives that positively belong to the target set, whereas the upper
approximation is a group that contains elements that may belong to a target set. In this theory, rough
approximations are given by using binary relations, whereas rough approximations, in terms of soft
binary relations, provide various binary relations. To fabricate approximations, the equivalence relations
are vital in Pawlak rough sets. The rough set approach is an authoritative approach in case we come
across imperfect data [15].

1.3. Literature review and research gap

Scientists have added spherical fuzzy sets, covering relations, such as soft relations, to the Pawlak
rough set model [16, 17]. Shahzaib et al. studied spherical fuzzy sets and their representation [18]. Many
scientists worked on the applications of the spherical fuzzy set [19-21]. Ajay et al. worked on
Einstein exponential operation laws of spherical fuzzy sets [22]. Kanwal and Shabir introduced
roughness of the fuzzy subsemigroup in terms of soft relations [23]. Shabir et al. studied
approximations of bipolar soft sets by soft relations [24]. Anwar et al. approximated the intuitionistic
fuzzy sets and ideals based on soft relations [25]. Bilal and Shabir worked on approximations of
pythagorean fuzzy sets over dual universes by soft binary relations [26]. Prasertpong worked on
roughness of soft sets based on set-valued picture hesitant fuzzy relations [27]. Mazhar et al. worked
on the approximation of spherical fuzzy sets using soft relations [28]. Approximations of spherical
fuzzy ideals in terms of soft relations have not been studied, which is a generalization of all the
theories. In this paper, we work on this new technique having negligible drawbacks.

1.4. Contributions

By extending previous studies, we work on the roughness of spherical fuzzy ideals of
semigroups based on soft relations, which gives information about membership degree,
non-membership degree, and neutral membership degree.

Ideals in semigroups are vital for learning structures and properties of such algebraic theories.
As in any algebraic system, ideals can also be used to build quotient semigroups. Quotient structures
are generally easier to manage and convert tedious problems to nontrivial ones. In automation,
approximation of spherical fuzzy ideals contributes to defining control parameters under inexact
input data. Ideals in semigroups help to explain the congruence relations. In fact, congruences in
semigroups are defined in terms of ideals. Thus, ideals in semigroups give a fundamental concept
with which to study, simplify, and classify the structure of semigroup analogs with what happens in
ring theory or any other part of algebra. In this paper, we extend the approximation of spherical fuzzy
sets to approximation of spherical fuzzy ideals using soft relations. By combining the rough set
theory, soft binary relations, and spherical fuzzy set theory on semigroup structure, we approximate
spherical fuzzy ideals using soft binary relation and obtain lower and upper approximations of the
spherical fuzzy set by using afterset and foreset. The main theorem of this study is that “If X is a

spherical fuzzy ideal of S,, then (EX, U) and (C*,U) are spherical fuzzy soft ideals of S;” for
upper approximations, (C,U) is soft compatible relation and for lower approximations, and (C,U)
is soft complete relation. The converse of this theorem may not hold, as shown by examples.

For convenience, we demonstrate the proposed work by a frame diagram given in Figure 1.
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To define the soft
competible relation and
soft complete relations

To develop the concept
of approximation of
spherical fuzzy ideals
by using soft binary
relations in semigroups

1. Soft compatible
relations are essential to
prove the theorems for
upper approximations

Comparative analysis
is given to present the
validity of proposed
2. Soft complete relations work
are essential to prove the
theorems for lower

approximations

Figure 1. Frame diagram of the proposed work.

1.5. Organization of the paper

This paper is organized as follow: Some foundational definitions and concepts are given in Section 2.
In Section 3, many theorems and examples based on roughness of spherical fuzzy ideals in semigroups
using soft binary relations are given. In the last section, conclusions and future work are given.

2. Preliminaries

In this section, some basic notions about binary relations, spherical fuzzy sets, soft sets, and
rough sets are given. Throughout the paper (S,"), (S1,-),and ( S,,”) are semigroups.

Definition 1. A binary relation R from S; toS, is a subset of S; X S,. A binary relation R on S
is a subset of S X S.

Definition 2. [14] A binary relation R on S is said to be reflexive if (r,r) € R, symmetric if
(r,s) € R implies (s,r) € R and transitive if (r,s) € R, and (s,t) € R implies (r,t) € R for all
r,s,t € R. A binary relation R is said to be an equivalence relation if R is reflexive, symmetric,
and transitive. Equivalence relation partitions S into equivalence classes.

If U(# ¢) S S is a union of some equivalence classes, then U is definable. Otherwise, it is
not definable. Then, we approximate U into two definable subsets called lower and upper
approximations of U as R(U) =U{[s]z : [s]lzx € U} and RW) =U{[s]r : [slaNU = ¢}.
The pair (E(U),ﬁ(U)) is called a rough set; if R(U) # R(U) and if RWU) = R(U) then U is

definable. R(U) — R(U) represents a boundary region.

Definition 3. [9] For a subset U of E (set of parameters), a pair (C,U) is called a soft set over S
if C is a mapping C:U — P(S) where P(S) is the power set of S. Thus, C(u) is a subset of S for
all u € U. Hence, a soft set over S is a parameterized collection of subsets of S.

Definition 4. [3] A spherical fuzzy set U of S is a set of the form U = {('s, Py(s), Jy(s), Ny(s) ):s
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€ S}; where Py:S = [0,1], Jy:S = [0,1] and Ny:S — [0,1] are called functions of a positive
membership, function of a neutral membership, and function of a negative membership degree,
respectively, satisfying 0 < P5(s) + J5(s) + N#(s) < 1, for all s € S. For spherical fuzzy set U
8u(s) =1 —(PE(s) + J2(s) + NZ(s)) is said to be refusal degree for s €S. A triplet
(Py(s),Ty(s), Ny(s)) is called spherical fuzzy number and it is denoted by n = (P,,7,, N,), where
Pn, In, Ny, € [0,1], with condition 0 < P2+ J2 + N2 < 1.

Definition 5. [3] Let U = (Py, Iy, Ny), and V = (Py, Iy, Ny) be two spherical fuzzy subsets of S.
Then

1) UEV ifand only if Py(s) < Py(s),Ty(s) < Iy(s) and Ny(s) = Ny(s) forall s €S;

2) U=V ifandonlyif USV and V € U;

3) UV =(Py(s)VPy(s),Ty(s) Ay(s), Ny(s) A Ny(s));

4 UNV=(Py(s) APy(s), Tu(s) ATy(s), Ny(s) V Ny(s));

5) U =(Py(s), Tu(s), Ny()) = (Ny(s), Tu(s), Py(s))-

Definition 6. [28] The spherical fuzzy universe set S = 15 = (1, 0, 0) and spherical fuzzy empty set
¢ =05 =(0,0,0) of S, where 1(s) =1 and 0(s) =0 forall s €S.

Definition 7. [28] A pair (C,U) is called a spherical fuzzy soft set over S, where C:U — Sp(S)
and C(u) is a spherical fuzzy set of S for all u € U. Hence, a spherical fuzzy soft set over S is a
parameterized collection of spherical fuzzy sets of S.

For two spherical fuzzy soft sets (Cy,U;) and (C,,U,) over a common universe S, (Cy,U;)
is a spherical fuzzy soft subset of (C,,U,) if (1) U;€U, and (2) C;(u) is a spherical fuzzy soft
subset of C,(u) for all u € U. Two spherical fuzzy soft sets (Cy,U;) and (C,,U,) over a
common universe S are said to be spherical fuzzy soft equal if (C;,U;) is a spherical fuzzy soft
subset of (C,,U,) and (C,,U,) is a spherical fuzzy soft subset of (Cy, U;).

The union and intersection of two spherical fuzzy soft sets (Cy,U) and (C,,U) over a
common universe S are the spherical fuzzy soft sets (H,U) and (K,U) respectively, where H(u)
=Ci(u) VU Cy(u) and K(u) = Cy(u) N Cy(u) forall u e U.

Definition 8. [29] A spherical fuzzy subset X = (Px, Ix, Nx) of a semigroup S is called a spherical
fuzzy subsemigroup of S, if

1) Px(s182) = Px(s1) A Px(sz);

2)  Ix(s152) = Ix(s1) A Ix(s2);

3) Nx(s1S2) < Nx(s1)V Nk(s,) forall sq,s, €S.

Definition 9. [29] A spherical fuzzy subset X = (Px, Ix, Nx) of a semigroup S is called a spherical
fuzzy left ideal (resp. right ideal) of S, if

1) Px(sis2) = Px(sz) (resp. Px(sisz) = Px(s1));

2) JIx(s152) = Ix(s2) (resp. Ix(s152) = Ix(s1));

3) Nx(s1S2) < Nx(sy) (resp. Nx(s1Sz) < Nx(sy) )forall sq,s, €S.

If X is both spherical fuzzy left and spherical fuzzy right ideal of S, then X is spherical fuzzy
ideal of S.

Definition 10. [29] A spherical fuzzy subset X = (Px,Jx, Nx) of a semigroup S is called a
spherical fuzzy interior ideal of S, if

1) Py(s1x57) = Px(x);

2) Ty(s1%57) = Tx(x);

3) Nx(sy1xs3) < Ny(x) forall sq,s,,x €S.

Definition 11. [29] A spherical fuzzy subsemigroup X = (Px, Tk, Nx) of a semigroup S is called a
spherical fuzzy bi-ideal of S, if
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1) Px(s1xsz) = Px(s1) A Px(s2)

2) Ix(s1xsz) = Ix(s1) AIx(sz)

3) Nx(s1xS3) < Nx(s1) V Nx(sp) forall sq,s,,x €S.

Definition 12. [28] Let (C,U) be a soft binary relation from S; to S, and X = (Px, Ik, Nx) be a
spherical fuzzy subset of S,. Then lower approximation CX = (C*x,¢’x,cVx) and upper

=X =Px =Ix =Nx .
approximation C = (C ~,C ,C ") of X interms of aftersets are defined as follows:

A Px(x) if  s:C(w) # @,
Px — Jxes;c(w)
7 x(w)(sy) { ) Fosew = ¢ (D

cx)(sy) = {"Esﬁcmﬂx(’f) if s #* ¢, @)
0 if sic = ¢.

V. Ny(x) if s,C(u)# o,
Ny — Jxes;c(w)
X (w)(s1) { 0 Fosew) = é. 3)
And
—Pyx V. Px(x) if s;iCw)# @,
— Jxesic(w)
¢ " (w(sy) { ) s = ¢ 4)

Eﬂx(u)(51) _ {xEsYC‘(u) :]X(x) if Slc(u) * d)i (5)
0 if s,C(w)= ¢.

—Ny A Nx(x) if  siC(w) # ¢,
— Jxes;c(w)
C " (wW(s1) { 0 Fosew) = é, (6)

where s;C(u) = {x € S,:(s1,X) € C(u)} is called afterset of s; € S; foru € U.

Definition 13. [28] Let (C,U) be a soft binary relation from S; to S, and X = (Px, Ik, Nx) be a

spherical fuzzy subset of S;. Then, the lower approximation XC = (¥*C,’*C,V*€) and upper
X_ py— Ix— Nx—

approximation C = ( *e, ¢, XC’) of X in terms of foresets are defined as follows:

A Px(x) if  Cwsy # ¢,
Py cw)(sy) = {xe(f((;t)sz X xif l c(u)su : , (7)

A Ix(x) if cws, = ¢,
Ix — Jxec(w)s;
C(w)(sz) { 0 s, = ¢ (8)

v o Ne(x) if Cs, # ¢,
Nx(u)(s,) = {xec(()u)sz b xif l C(u): i ) )
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And

Pyx— _ xEC’\(/u)SZ:PX(x) if Cs; # ¢,
C(w)(s2) { 0 s, = b (10)

:] [ C 2 ]
jxg(u) (5,) = {xee\(/u)sz x(x) if (Ws, # ¢ (an
0 if C(u)s,= ¢.

Nx— _ xec/(\u)ssz(x) if Ccs; # ¢,
C(w)(s2) { 0 s, = 6, (12)

where C(u)s, = {X € S;: (s2,%X) € C(u)} is called a foreset of s, €S, foru € U.

—X X—
Also, C*:U - SF(S;), C :U - SF(S;), *C:U - SF(S;) and C:U — SF(S,) where

SF(S1) is a collection of all spherical fuzzy subsets in S;, and SF(S,) is a collection of all
spherical fuzzy subsets in S,.

Theorem 1. [28] Let (C,U) be a soft binary relation from Sy to S,, that is, C:U = P(S§; X S,).
Then, for any spherical fuzzy subsets, X = (Px,Ix, Nx) and Y = (Py, Ty, Ny) of S, the following
statements hold:

1)
2)
3)

)
5)
6)
7)
8)

9)

If XY, then QX EQY;

—X -
If XY, then C CC ;
C’chYchﬂY.
—X =Y —xnY
C NC 2¢C ;
c¥ucr ccrUy;

X =Y —=xUvy
C uc =¢ ;

c\ C
c* = (CX ) if  s;.C(u) # ¢ forall s; €Sy,
¢ = (QXC)C if  s,€C(w) # ¢ forall s; €Sy;

Clsz = 1 if $,.€(w) # ¢ forall s; €5y,

—1
10)C =15 if s5CW)# ¢ forall s; €Sy,

—0
11) €% =05, =C > if s,Cw)# ¢ forall s €Sy,

Theorem 2. [28] Let (C,U) be a soft binary relations from S, to S,, thatis, C:U = P(S§; X S;).
Then, for any spherical fuzzy subsets, X = (Px,Ix, Nx) and Y = (Py,Jy, Ny) of S; the following
statements hold:

1)

If XY, then XQE Ye,
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X—  Y—
2) If XY, then CCS C;

3) Xg n Yg — XﬂYg;

X— Y— XNY—
4 ‘enca’ G
5) XQUYQQ XUYQ;

X— Y— XUY—

6) ‘Cuc=""¢
x°=\¢

7) Xg = ( C) l](‘ C(u)SZ * d) fOl" all Sz € Sz,'

8) “C=(*C) if Cws,# ¢ forall s, €Sy

9) 'siC =1, if C(u)sy,# ¢ forall s, €S,;

151—

10) "C=1s, if C(w)s,# ¢ forall s, €Sy,

Oc. —
1) %1€ =05, = 'C if Cs,# ¢ forall 5, €S,.

To create a new model, we need some basic definitions and theorems. Here, the given
definitions are of equivalence relations, rough set, soft set, spherical fuzzy subset, and spherical
fuzzy soft set, and their properties in semigroup, lower, and upper approximations of the spherical
fuzzy soft set reflect aftersets and foresets. This will be helpful to explore new work.

3. Approximation of spherical fuzzy ideals in semigroups by soft binary relation

In this section, prove that the upper approximations of the spherical fuzzy subsemigroup and
spherical fuzzy (left, right, interior, bi-ideal) ideals of the semigroup are the spherical fuzzy soft
subsemigroup and spherical fuzzy soft (left, right, interior, bi-ideal) ideals, respectively. We also
discuss examples that show their converses are not true. Similarly, we do these for lower
approximations.

Definition 14. A spherical fuzzy soft set (C,U) over a semigroup S is a called spherical fuzzy soft
subsemigroup (left ideal, right ideal, interior ideal, bi-ideal) over S if C(u) is a spherical fuzzy soft
subsemigroup (left ideal, right ideal, interior ideal, bi-ideal) of S for all u € U, respectively.
Definition 15. A soft binary relation (C,U) from S; to S, is a soft set over S; X S, such as
C:U - P(5; X §,),where U is a subset of the set of parameters E.

(C,U) is a parameterized collection of binary relations from S; to S,, so we have a binary relation
C(u) from S; to S, foreach u € U.

Definition 16. For two semigroups S; and S,, a soft binary relation (C,U) from S; to S, is a
soft compatible regarding aftersets if (si,53), (S3,54) € C(u) implies (s;53,5,54) € C(u) for all
S1,S3 € §; and s,,5, € S,.

Generally, if (C,U) is a soft compatible relation from S; to S, regarding aftersets, then
s;C(u).s,C(u) € (sy5,)C(u) for all u €U and s;,5, € S;. If a € s;,C(u) and b € s,C(u),
then (s;,a) € C(u) and (s,, b) € C(u), and by compatibility relation (s;s,,ab) € C(u) implies
ab € s;s,C(u) for s,s, € S; and a,b € S,. Similarly, for soft compatible relation (C,U) from
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S, to S; regarding foresets, C(u)s;.C(u)s, S C(u)(s3s,) forall s;,s, € S, and u € U.

Definition 17. A soft compatible relation (C,U) from S; to S, is said to be soft complete

regarding aftersets, if s;C(u). s,C(u) = (s;5,)C(u) forall u € U and s;,s, € S; and is said to

be a soft complete relation regarding foresets if C(u)s;.C(u)s, = C(u)(s3s,) for all s3,5, € S,

and u € U.

Theorem 3. Let (C,U) be a soft compatible relation regarding aftersets from S; to S,,

1) if X =(Px,Ix,Nyx) is a spherical fuzzy subsemigroup of S,, then (EX, U) is a spherical fuzzy
soft subsemigroup of S;.

2) If X = (Px,Ix, Nx) is a spherical fuzzy left (resp. right) ideal of S,, then (EX, U) is a spherical
fuzzy soft left (vesp. right) ideal of S;.

Proof. 1) For a spherical fuzzy subsemigroup X = (Px, Iy, Nx) of S,, Px(xy) = Px(x) A Px(y),

Ix(xy) = Ix(x) ANIx(y) and Ny(xy) < Nx(x)V Nyg(y) forall x,y € S,.

Now, for sq,s, € S1,

C X )(s) A T Fw)(sy) = e )?x(x)) A (yES;/C(u)?x(y))
= xesiC(w) yes,elu >( Pr)APx()) = XYE(s19)C) Pr(xy)
- Pe(s) = € F(W)(s152). (13)

s E(slsz)e(u)

X W) AT =( V. @) A (V. T())

x€s;C(u) yES,C(u)
= oty yesre XA = (Vo T GY)
- (") = € W(sisy) 14
= . 6(51sz)c(u) X S u 5152 . ( )
Additionally,
—N
cﬁmeC(mm—( NG vV (A Nx())
16’( ) YEs2C(w)
= sl vestb M@V N @) 2 A MGy
—N
= Ny(s") = € “(W)(s157). (15)

s e(slsz)c(u)

Hence, EX (u) is a spherical fuzzy subsemigroup of S; for all u € U. Thus, (EX, U) is a spherical
fuzzy soft subsemigroup of S; regarding aftersets.

2) For a spherical fuzzy left ideal X = (Py, Iy, Nx) of S,, Px(xy) = Px(y), Ix(xy) = Ix(y) and
Ny(xy) < Ny(y) forall x,y € S,.

Now for s4,s, € Sy,
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—Py
= < <
¢ wis) yes;/cw)?"(y ) = resie) yes:/e(w?"(xy ) = eye(s9)Ca) Px(xy)
I =Px
=V Px(s') = € “(u)(s152). (16)
s’e(s152)C(w)
—IJx
C (w(sy) = Jes C()X(Y) xesl\é(u) yEs:/C’(u) Ix(xy) < xye(slsz)e(u) Ix (xy)
eV KD = W), (7)
Additionally,
"
W) (sy) = Jes C,() Nx(y) = x651/é'(u) yESSC(u) Nx (xy) xye(sl/s\z)(?(u) Nx (xy)
/ —Nx
= A Nx(s') =C " (u)(s15,). (18)

s'e(sy182)C(w)

—X —X
Hence, C (u) is a spherical fuzzy left ideal of S; forall u € U. Thus, (C ,U) is a spherical fuzzy

soft left ideal of S; regarding aftersets.

For a spherical fuzzy right ideal X = (Py,Tx, Nx) of S,, Px(xy) = Px(x), Ix(xy) = Ix(x)
and Ny(xy) < Ng(x) forall x,y € S,.
Now, for sq,s, € Sy,

—Px
= <
¢ i) xesyC(u) Px() = resiew) yessew) Pr(xy) < S ye(s19)C (W) Pu(xy)
1; =Px
= Vv Px(s') =C “(u)(s15,). (19)
s’e(s152)C(w)
—Ix
¢ W) = esrCw) () < xes C() YEs.Eaw Txxy) = = ye(s10)Cw) Tx(xy)
= e ew Ix (s )—C’ F (W) (s152). (20)
Additionally,
e = N >
Wls2) = xesatw () Z restbw) yestw N (xy) xye(sl/s\z>c(u) N (xy)
X(S,) = (u)(5152) (21)

s E(slsz)C‘(u)

—X —X
Hence, C (u) is a spherical fuzzy right ideal of S; for all w € U. Thus, (C ,U) is a spherical

fuzzy soft right ideal of §; regarding aftersets.
Converse of Theorem 3, does not hold.
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Example 1. Let S; = {s4,5,,53,54} and S, = {1,2,3,4} be two semigroups under multiplication as
given in Tables 1 and 2 respectively.

Table 1. Multiplication on Sj.

s1 s2 s3 s4
sl s2 s2 s4 s4
s2 s2 s2 s4 s4
s3 s4 s4 s3 s4
s4 s4 s4 s4 s4

Table 2. Multiplication on S,.

1 2 3 4
1 1 1 3 4
2 1 2 3 4
3 1 3 3 4
4 1 4 3 1

Let U = {uq,u,} anddefine C : U — P(S; X S,)as
c(ul) = {(511 1)r (52,2), (53,3), (5414)r (SZf 1)1 (54-1 3)r (544 1)};
C(uZ) = {(Slr 1)7 (52'2)' (53;3); (54,4), (52» 1)' (54, 3): (S4r 1)' (52'3)}'

Then, (C,U) is a soft compatible relation regarding aftersets from S; to S,.

Now, s;C(uy) = {1}, s;C(w1) = {12}, s3C(wy) = {3}, s.C(wy) = {1,34} and s,C(uy) =
{1}1 SZC(uZ) = {1'2'3}1 S3C(u2) = {3}1 S4C(u2) = {1'3'4}

Define X : S, — [0,1] as given in Table 3.

Table 3. Spherical fuzzy subset X.

X 1 2 3 4
Py 0.5 0.3 0.3 0.9
Ix 0 0.3 0.1 0.1

Ny 0.2 0.4 0.6 0

Then, X is not a spherical fuzzy subsemigroup of S,, because for x =4, y =4
Py (44) & Px(4) AN Px(4), Ix(44) 2 Ix(4) NTx(4) and Nyx(44) £ Nx(4) vV Nx(4). However,

X X —X
C (uq), C (uy) are spherical fuzzy subsemigroups of S; as given in Table 4. Therefore, (C ,U)
is spherical fuzzy soft subsemigroup of S; regarding aftersets.
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Table 4. Upper approximation of X.

S1 Sz S3 Sy

¢ () (05002) (050302) (0.3,0.10.6) (0.9,0,0.1)

¢ () (05002) (0.503,02) (030.1,06) (0.9,00.1)

Also, X is not a spherical fuzzy left ideal of S,, because for x = 4, y = 4, Pyx(44) £ Px(4),
—X —X
Jx(44) £ Jx(4) and Ny (44) £ Ny (4). However, C (uy), C (u,) are spherical fuzzy left ideals of

S1 as given in Table 4. Therefore, (EX, U) is spherical fuzzy soft left ideal of S; regarding aftersets.

Theorem 4. Let (C,U) be a soft compatible relation regarding foresets from S; to S,,

1) if X = (Px,Ix, Nyx) is a spherical fuzzy subsemigroup of Sy, then (XE, U) is a spherical fuzzy
soft subsemigroup of S,.

2) If X = (Px,Tx, Ny) is a spherical fuzzy left (resp. right) ideal of S, then (XE, U) is a spherical
fuzzy soft left (resp. right) ideal of S,.

Proof. The proof is similar to proof of Theorem 3.

Theorem 5. Let (C,U) be a soft complete relation regarding aftersets from S; to S,

1) if X =(Px,x, Ny) is a spherical fuzzy subsemigroup of S, then (C*X,U) is spherical fuzzy soft
subsemigroup of S;.

2) If X = (Py,Tx, Ny) is a spherical fuzzy left (resp. right) ideal of S,, then (CX,U) is spherical
fuzzy soft left (resp. right) ideal of S;.

Proof. 1) For a spherical fuzzy subsemigroup X = (Py, Ty, Nx) of S,, Pyx(xy) = Px(x) A Px(y),

Ix(xy) = Ix(x) ANIx(y) and Nx(xy) < Nx(x)V Ng(y) forall x,y €S5,.

Now for s4,s, € Sy,

CPx(w)(s)) A CPx(w)(s;) = (xesf}f( )?X(x)) A ( N Px(»))
= resit) yesitu >( x () A Px () = rye(sianc Px )
= A Px(s") = CTx(u)(s152). (22)

s'e(s182)C(w)

Cx(w)(sy) A C™x(w)(sz) _( c’( )7X(x)) A ( C,( )7)(()’))
= xES1/(\3(u) 3/6526( )(gX(x) Ax()) < xyE(sl/s\z)C(u) Ix (xy)
= vemeq KD = EX@Gs). (23)
And
MW (s v EMx (W (sy) —( C,( )NX(X)) \% (yesyc,(u)Nx(Y))
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>
- xe$1\é(u) yES;/C'(u) (Nx (v Nx (y)) - xyE(S1\s/z)C'(u) Nx (xy)

= veiew XD = EM* W (s152). @4
Hence, C*(u) is a spherical fuzzy subsemigroup of S; for all u € U. Thus, (C*,U) is
spherical fuzzy soft subsemigroup of S; regarding aftersets.
2) For a spherical fuzzy left ideal X = (Py, Iy, Nx) of Sy, Px(xy) = Px(y), Ix(xy) = Ix(y) and
Ny(xy) < Ny(y) forall x,y €S,.
Now, for sq,s, € S1,

Px = < =
e w(s,) yest(w) PO) = xesiCw) yesib(w) Pr () XyE(s19)C W) Pr(xy)
= A Px(s") = €Px(w)(s152). (25)
s'e(s182)C(w) -
Ix = < =
¥ )(s2) yesit(w) @) = xesitw) yesita Tx(xy) XYE(s 1o Tx(xy)
= N =cIx
s’e(slg)e(u) Ix(s") = C* (W) (5152). (26)
Additionally,
Nx = > =
Em*W(s2) yessCaw M) = xes,C(u) yesyea) Ny (xy) XYW N (xy)
Ny(s") = QNX(U)(5152)- (27)

= \%
s'e(sy185)C(w)

Hence, C¥(u) is a spherical fuzzy left ideal of S; for all u € U. Thus, (C*,U) is a spherical
fuzzy soft left ideal of S; regarding aftersets.

For a spherical fuzzy right ideal X = (Py,Jx, Nx) of S,, Px(xy) = Px(x), Ix(xy) = Ix(x)
and Ny(xy) < Ny(x) forall x,y € S,.
Now, for sq,s, € S1,

?X — < =
Q (u) (SZ) xesz/\C’(u) :PX (x) - xesl/é’(u) yes?@(u) :PX (xy) xye(sl/s\z)e(u) :PX (xy)
=, A Px(s") = C7x(u)(s152). (28)
s'e(s182)C(w) -
Ix — < =
g (u) (Sz) xEsZAC' (w) gX (x) - xEsllé' (w) yESQ?(u) :]X (xy) xye(sl/s\z)(?(u) :]X (xy)
=, A Ix(s") = C7*(u)(s15,). (29)
s'e(s182)C(w) -
Additionally,
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Nx = > =
e w(s) xesaCaw Ny(x) = xes,C(u) yesyea) Ny (xy) XYE(s19)EW) Ny (xy)
= \ Ny(s") = QNX(U)(5152)- (30)

_s’e(slsz)c(u)

Hence, C*(u) is a spherical fuzzy right ideal of S; for all u € U. Thus, (CX,U) is a
spherical fuzzy soft right ideal of §; regarding aftersets.

Theorem 5 does not hold.
Example 2. Let S; = {s1,5,,53,54} and S, = {1,2,3,4} be two semigroups under multiplication as
given in Tables 5 and 6 respectively.

Table 5. Multiplication on Sj.

S1 S2 S3 S4
S1 S1 S1 S1 Sa
S2 S1 S2 S1 Sa
S3 S1 S1 S3 Sa
Sy Sy Sg Sy Sg

Table 6. Multiplication on S,.

2 3 4
1 1 2 4
2 2 2 2 2
3 3 3 3 3
4 4 3 2 1

Let U = {uy,u,} anddefine C : U — P(5; X S;) as
C(ul) = {(5172)' (5173)' (52'2)' (5273)1 (53'2)' (5373)1 (54' 2)' (S4r 3)}7
e(uZ) = {(51,3), (5213)1 (53,3), (54-1 3)}

Then, (C,U) is a soft complete relation regarding aftersets from S; to S,.
Now, s1C(wy) = {2,3} = 5;C(uy) = s3C(uy) = 5,C(uy) and
51€(uz) = {3} = 5:C(up) = $3C(uz) = 5,C(u2).

Define X: S, — [0,1] as given in Table 7.

Table 7. Spherical fuzzy subset X.

X 1 2 3 4
Py 0.2 0.3 0.4 0.5
Ix 0.2 0.2 0.4 0.5
Ny 0.5 0.4 0.1 0

Then, X is not a spherical fuzzy subsemigroup of S,, because for x =4, y = 4, Px(44) &
:Px(4) /\?X, gx(44) P gx(4) /\gx(4) and Nx(44) * Nx(4) \% Nx(4) HOWGVGI‘, QX(ul) )
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C¥(uy) are spherical fuzzy subsemigroups of S; as given in Table 8. Therefore, (C*,U) is
spherical fuzzy soft subsemigroup of S; regarding aftersets.

Table 8. Upper approximation of X.

$1 Sy S3 Sy
C¥(u) (03,0204) (030204) (0.30204) (0.30.20.4)
CX(up) (0.4,04,0.1) (0.40.4,01) (0.4,04,0.1) (0.40.4,0.1)

Also, X is not a spherical fuzzy left ideal of S,, because for x = 3, y = 4, Px(34) = Px(4),
Jx(34) £ 74x(4) and Ny(34) £ Nx(4). However, C*(uy), C¥(u,) are spherical fuzzy left
ideals of S; as given in Table 8. Therefore, (C*,U) is a spherical fuzzy soft left ideal of S,
regarding aftersets.

In the following example, we show that condition of complete relation is necessary for lower
approximation.

Example 3. Consider the semigroups and soft binary relations of Example 1. Define Y : S, — [0,1]
as given in Table 9.

Table 9. Spherical fuzzy subset Y.

Y 1 2 3 4
Py 0.7 0.7 0.8 0
Iy 0.1 0.1 0.2 0
Ny 0.1 0.1 0 1

Then, Y is a spherical fuzzy left ideal of S,. Also, lower approximations of Y are given in Table 10.

Table 10. Lower approximation of Y.

S1 Sy S3 Sy
C'(w) (0.7,01,01) (0.7,0.1,01) (0.8020) (0,0,1)
C'(wy) (0.7,01,01) (0.7,0.1,01) (0.8020) (0,0,1)

Here, CY(u;) and CY(u,) are not spherical fuzzy left ideals of S;. Take x = s,, y = s3,
then ny(u1)(5253) £ ny(u1)(53)' ij(u1)(5253) £ Qﬂy(u1)(s3)' and QNY(u1)(5253) *
MY (uy)(s3).

Moreover, C¥Y(uy)(s,53) 2 C¥¥(uy), C™(uy)(sys3) £ C7(uy), and CVv(uy)(sys3) £
CMY (uy)(s3).

This example shows that if the soft relation is not complete, then the lower approximation of the
spherical fuzzy left ideal is not spherical fuzzy soft left ideal of S;.

Theorem 6. Let (C,U) be a soft complete relation regarding foresets from S; to S,,

1) if X =(Px,x, Ny) is a spherical fuzzy subsemigroup of Sy, then (XC,U) is a spherical fuzzy
soft subsemigroup of S.

2) If X = (Py,Tx, Ny) is a spherical fuzzy left (resp. right) ideal of Sy, then (XC,U) is a spherical
fuzzy soft left (resp. right) ideal of S,.
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Proof. The proof is similar to proof of Theorem 5.
Theorem 7. Suppose (C,U) is a soft binary relation from S; to S,, that is, C:U = P(S; X S3).
Then for any spherical fuzzy right ideal X = (Px,Ix, Nx) and spherical fuzzy left ideal Y =

xy X —v
(Py, 7y, Ny) of S,, € SC NC .

Proof. For a spherical fuzzy right ideal X = (Py, Iy, Nx) and a spherical fuzzy left ideal Y =
(Py, Ty, Ny) of S,, wehave XY € X NnY. Now, from Theorem 1 (part 2 and 4),

—PxPy —PxNPy —Px —Py
c cce c C ncC ;

—IxIy —IxNTy —JIx —Jy
C cC c C nceC ;

—Nx V' —NxNN- —N —N —XY —X —Y
c "o "2 ¢ ne ", impliesC <SC NnC.

Theorem 8. Suppose (C,U) is a soft binary relation from S; to S,, that is, C:U = P(S; X S3).

Then for any spherical fuzzy right ideal X = (Px,Ix, Nx) and spherical fuzzy left ideal Y =
XY— _ X= Y—
<Py,gy, Ny) Of Sl’ CcS Cn C.

Proof. The proof is similar to proof of Theorem 7.

Theorem 9. Suppose (C,U) is a soft binary relation from S; to S,, that is, C:U = P(S; X S3).
Then for any spherical fuzzy right ideal X = (Px, Iy, Nx) and spherical fuzzy left ideal Y =
(Py, Ty, Ny) of Sy, QXY < QX n QY-

Proof. For a spherical fuzzy right ideal X = (Py, Iy, Nx) and a spherical fuzzy left ideal Y =
(Py, Ty, Ny) of S,, wehave XY € X NnY. Now, from Theorem 1 (part 1 and 3),

CPxPr c ¢Px"Py c ePx Py,
ijjy c Cﬂxﬂﬂy C C‘jX n CjY;
CNxNy o eVxWNy o ¢Nxn ey, implies XY c X nc?.

Theorem 10. Suppose (C,U) is a soft binary relation from S; to S,, that is, C:U = P(S; X S3).
Then for any spherical fuzzy right ideal X = (Px,Ix, Nx) and spherical fuzzy left ideal Y =
(Py, Ty, Ny) of Sy, XYQ < XQ n YQ-

Proof. The proof is similar to proof of Theorem 9.

Theorem 11. Let (C,U) be a soft compatible relation regarding aftersets from S; to S,. If X =
(Px,Tx, Nx) is a spherical fuzzy interior ideal of S,, then (EX, U) is a spherical fuzzy soft interior
ideal of S;.

Proof. For a spherical fuzzy interior ideal X = (Py, Iy, Nx) of S,, Px(xby) = Px(b), Ix(xby) =
Jx(b) and Ny(xby) < Nyx(b) forall x,y,b € S,.

Now for sq,s,,a € Sy,

¢ ¥ (a) = Py(b) < Py(xby) <V Py (xby)

\ < \Y \ \Y
beacC(u) x€s,C(u) beaC(u) yessC(u) xby€e(s1asy)C(u)

=V Pu(s)=C *(u)(siasy). (31)

_s’e(slasz)c(u)
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—IJx
= < <
¢ W bea\é(u) Ix(b) = xesl\é(u) bea\C/(u) yes:/@(u) Ix (xby) _xbye(sl\c{sz)c(u) Ix (xby)
I =Ix
= V Ix(s") = C " (w)(s,as,). (32)
s'e(syasy)C(w)
Additionally,
—Nyx
= > >
¢ wla bea/(\f(u) Nx(b) = xEsl/(\f(u) bea/C\"(u) yESZ\C'(u) Ny (xby) _xbye(slgsz)c(u) Ny (xby)
/ —=Nx
= A Nx(s) =C ~(w)(s1asz). (33)

_s’e(slasz)c(u)

Hence, EX(u) is a spherical fuzzy interior ideal of S; for all u € U. Thus, (EX, U) is a spherical
fuzzy soft interior ideal of S; regarding aftersets.

In general, converse of Theorem 11, this does not hold.

Example 4. Let S; = {sq,5,,53} and S, = {1,2,3} be two semigroups under multiplication as
given in Tables 11 and 12, respectively.

Table 11. Multiplication on S;.

S1 Sz S3
S S Sy S3
Sy S Sy S3
S3 Sy Sy S3

Table 12. Multiplication on §,.

1 2 3
1 1 1 3
2 1 2 3
3 1 3 3

Let U = {u;,u,} anddefine C : U — P(S5; X S;) as
C(ul) = {(Sl, 1)) (52,2), (53,3), (51,2), (SZJ 1)) (51,3), (53, 1)};
e(uZ) = {(51, 1)r (51; 2)r (51,3), (521 1)1 (52,2), (5313)}'

Then, (C,U) is a soft compatible relation regarding aftersets from S; to S,.

NOW, Slc(ul) = {1,2,3}, Szc(ul) = {1,2}, S3C(u1) = {1,3}, and Slc(uz) = {1,2,3},
52C(uz) = {12}, s3C(up) = {3}

Define I: S, — [0,1] as given in Table 13.
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Table 13. Spherical fuzzy subset I.

I 1 2 3
P, 0 02 02
9, 0 05 05
N 1 01 0.1

Then, I is not a spherical fuzzy interior ideal of S,, because for x =1, y =2, z=1, P;(121) &
—I —I
P(2), 5,(121) £ 7;(2) and N (121) £ N, (2). However, C (uy), C (uy) are spherical fuzzy

—I
interior ideals of S; as given in Table 14. Therefore, (C , U) is spherical fuzzy soft interior ideal of
S; regarding aftersets.

Table 14. Upper approximation of .

S1 S2 S3

¢'w) (020501) (0.2050.1) (0.2050.1)

¢ () (020501) (0.2,050.1) (0.2,0.50.1)

Theorem 12. Let (C,U) be a soft compatible relation regarding foresets from S; to S,. If X =
(Px,Tx, Nx) is a spherical fuzzy interior ideal of S, then (XE, U) is a spherical fuzzy soft interior
ideal of S,.

Proof. The proof is similar to proof of Theorem 11.

Theorem 13. Let (C,U) be a soft complete relation regarding aftersets from Sy to S,. If X =
(Px,Ix, Ny) is a spherical fuzzy interior ideal of S, then (CX,U) is a spherical fuzzy soft interior
ideal of S;.

Proof. For a spherical fuzzy interior ideal X = (Py, Iy, Nx) of S,, Px(xby) = Px(b), Ix(xby) =
Jx(b) and Ny(xby) < Nx(b) forall x,y,b € S,.

Now for sq,s,,a € Sy,

Px = < =
Q (u) (a) bea/é’(u) Px (b) - xesl/é’(u) bea/é'(u) yesz/\C’(u) Px (xby) xbye(slgsz)e(u) Px (xby)
=, A Px(s") = C7* (W) (s1as2). (34)
s’e(s1asy)C(w) -
Ix = < —
g (u) (a) bea/é’(u) Ix (b) - xEsl/(\f(u) bea/C\"(u) yEsg\C'(u) Ix (xby) xbye(slgsz)c(u) Ix (xby)
=, A Ix(s") = 7 (W)(s1as7). 35)
s’e(s1as,)C(w) -
Additionally,
Nx — > =
Q (u) (a) bea\é‘(u) Nx (b) - xESl\é(u) bea\é‘(u) yESXE(u) Nx (xby) xbye(sl\ész)c(u) Nx (xby)
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= v Nx(s") = V¥ (W) (s1asy). (36)
s’'e(s1as;)C(w) -
Hence, C*(u) is a spherical fuzzy interior ideal of S; for all u € U. So, (C*,U) is a spherical
fuzzy soft interior ideal of S; regarding aftersets.
Theorem 13 does not hold.

Example 5. Consider the semigroups and soft binary relations of Example 2.
Define I: S, — [0,1] as given in Table 15.

Table 15. Spherical fuzzy subset 1.

I 1 2 3 4
P, 01 03 04 0.5
7, 01 02 05 0.5
N 08 05 0 0

Then, I is not a spherical fuzzy interior ideal of S,, because for x =1, y =4, z =4, P;(144) &
Pi(4), 7,(144) £ 7,(4) and N;(144) £ N;(4). However, C'(uy), C'(u,) are spherical fuzzy
interior ideal of S; as given in Table 16. Therefore, (C!, U) is spherical fuzzy soft interior ideal of
S; regarding aftersets.

Table 16. Upper approximation of 1.

S1 S2 S3 Sy
Q’ (uy) (0.3,0.2,0.5) (0.3,0.2,0.5) (0.3,0.2,0.5) (0.3,0.2,0.5)
Q’(uz) (0.4,0.5,0) (0.4,0.5,0) (0.4,0.5,0) (0.4,0.5,0)

Theorem 14. Let (C,U) be a soft complete relation regarding foresets from S; to S,. If X =
(Px,Ix, Nx) is a spherical fuzzy interior ideal of Sy, then (XC,U) is a spherical fuzzy soft interior
ideal of S,.

Proof. The proof is similar to proof of Theorem 13.

Theorem 15. Let (C,U) be a soft compatible relation regarding aftersets from S; to S,. If X =
(Px,Tx, Nx) is a spherical fuzzy bi-ideal of S,, then (EX, U) is a spherical fuzzy soft bi-ideal of S;.
Proof. If X = (Pyx,Jx,Nx) is a spherical fuzzy bi-ideal of S,, then X is spherical fuzzy
subsemigroup of S,, and Pyx(xby) = Px(x) APx(¥), Ix(xby) = Ix(x) AJx(y) and Nx(xby) <

—X
Ny(x)V Ny(y) forall x,y,b €S,. Moreover, by Theorem 3, (C ,U) is a spherical fuzzy soft
subsemigroup of S;.

Now, for sq,s,,a € Sy,

Er @) AT = (v PG A (Y PrO)

x€s1C(w)
= <
xESl\é(u) yESE/C'(u) (:PX (x) A Px (y)) - xEsl\é(u) bea\é(u) yEs;/C'(u) (:PX (xby))
< = !
_xbye(sl\c{sz)e(u) Px (xby) S’E(sla\éz)c(u) Px (S )
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=€ )(s105,). (37)

X @)(s) A G @(s) =( V. T A (V. Ty())

x€s1C(u) yeESs,C(u)
= <
xESl\é(u) yESZC'( )(:]X(x) AgX(y)) xEslc(u) bea\é(u) yESZC'( )(gX(xby))
_xbye(sl\c{sz)e(u) gX(xby) se(slasz)(?(u) X( )
—Ix
=C " (w)(s1asy). (38)
And
—N
@)V € FWisy) = C A NE) V(A Nx())
1@( ) YES2C(w)
- xesl/é'(u) yesZC’( )(NX(X) VNX(y)) Eslc’(u) bea/C\"(u) yeszc( )( X(xby))
_xbye(slgsz)c(u) Ny (xby) = s’e(sla/EZ)C’(u) Nx(s7)
—N
=C "W (s,as,). (39)

—X —X
Hence, C (u) is a spherical fuzzy bi-ideal of S; for all u € U. Thus, (C ,U) is a spherical fuzzy

soft bi-ideal of §; regarding aftersets.

Theorem 15 does not hold.
Example 6. Consider the semigroups and soft binary relations of Example 1.
Define B : S, — [0,1] as given in Table 17.

Table 17. Spherical fuzzy subset B.

B 1 2 3 4
Pp 0.3 0.5 0.3 0.9
Jp 0 0.1 0.1 0.1
Ny 0.4 0.1 0.6 0

Then, B is not a spherical fuzzy bi-ideal of S,, because for x = 2, y =4, z =4, Pg(244)
—B
:PB(Z) A?B(Ll')’ .73(244) :E :]B(Z) /\.73(4’), and NB(244) $ NB(Z) \/ NB(4) HOWGVGI‘, C (ul),

—B —B
C (u,) are spherical fuzzy bi-ideals of S; as given in Table 18. Therefore, (C ,U) is spherical
fuzzy soft bi-ideal of S; regarding aftersets.
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Table 18. Upper approximation of B.

S1 S2 S3 Sy

¢ () (03004) (0501,02) (030.1,06) (0.9,0.10)

¢ (u,) (03004) (050.102) (0.30.1,06) (0.9,0.10)

Theorem 16. Let (C,U) be a soft compatible relation regarding foresets from Sy to S,. If X =
(Px,Tx, Nx) is a spherical fuzzy bi-ideal of S;, then (XE, U) is a spherical fuzzy soft bi-ideal of S,.
Proof. The proof is similar to proof of Theorem 15.

Theorem 17. Let (C,U) be a soft complete relation regarding aftersets from Sy to S,. If X =
(Px,Ix, Ny) is a spherical fuzzy bi-ideal of S, then (C*,U) is a spherical fuzzy soft bi-ideal of S;.
Proof. If X = (Pyx,Jx,Nx) is a spherical fuzzy bi-ideal of S,, then X is spherical fuzzy

subsemigroup of S,, and Py(xby) = Px(x) A Px(y), Ix(xby) = Ix(x) AIx(y) and Nx(xby) <
Ny(x)V Nx(y) forall x,y,b € S,. Moreover, by Theorem 5, (C*,U) is a spherical fuzzy soft

subsemigroup of Sj.
Now for s4,5,,a € Sy,

CPx)(s) A CPXW(s2) = (A PG A (A Px()

€s;C(w) YEsC(u)
o xesl/é'(u) bea/é’(u) yesz/\C'(u) Px (xby) =xbye(slgsz)c(u) Px (xby)
) Px(s") = E7*¥ (W) (s1as2). (40)

_s’e(slasz)c(u)

C*W)(sp) A C*W(s) =( A Ix(x)) A ( /\(u)jx()’))

x€s1C(u) VES,C

A N A J b = A\ J b
~ x€s5,C(u) beaC(u) yes,C(w) X(x y) xbye(siasy)C(u) X(x y)

= A Ix(s") = €™x(w)(s1as,). (41)

_s’e(slasz)c(u)

And

CMxW)(sy) v EVx(w)(sy) =( V. Ny(x)) v (yesl/c(u)Nx(Y))

x€s1C(u)

= \Y \ \Y Ny (xb = \Y Ny (xb
~ x€s,C(u) beaC(u) yes,C(w) X(x y) xbye(s1asy)C(u) X(x y)

= v Nx(s") = EVx(u)(s,as,). (42)

_s’e(slasz)c(u)

Hence, C¥(u) is a spherical fuzzy bi-ideal of S; for all u € U. So, (C*,U) is a spherical fuzzy
soft bi-ideal of §; regarding aftersets.
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In general, converse of Theorem 17, this does not hold.
Example 7. Consider the semigroups and soft binary relations of Example 2.
Define B: S, — [0,1] as given in Table 19.

Table 19. Spherical fuzzy subset B.

B 1 2 3 4
Py 06 01 0.2 0.4
T 04 01 02 0.3
Ny 0 07 05 0.3

Then, B is not a spherical fuzzy bi-ideal of S,, because for x =1, y =3, z =4, Pz(134) &
Pe(1) APg(4), T5(134) £ T5(1) AJg(4), and Np(134) £ Ny(1) V Np(4). However, CB(u,)
and CB(u,) are spherical fuzzy bi-ideals of S;, as given in Table 20. Therefore, (C5,U) is a
spherical fuzzy soft bi-ideal of S; regarding aftersets.

Table 20. Upper approximation of B.

$1 AY) S3 Sy
C%w) (0.1,01,07) (0.1,0.1,07) (0.1,0.1,0.7) (0.1,0.1,0.7)
CB(uy) (0.2,02,0.5) (0.2,0205) (0.2,0.205) (0.2,0.20.5)

Theorem 18. Let (C,U) be a soft complete relation regarding foresets from S; to S,. If X =
(Px,Ix, Ny) is a spherical fuzzy bi-ideal of Sy, then (*C,U) is a spherical fuzzy soft bi-ideal of S,.
Proof. The proof is similar to proof of Theorem 17.

4. Comparative study

In this paper, rough approximations of spherical fuzzy ideals in semigroups using soft binary
relations are studied. In [23], Kanwal and Shabir introduced the study of roughness of fuzzy ideals in
terms of soft relations, which gives only one-sided information due to its membership degree [0,1].
Anwar et al. studied the roughness of the intuitionistic fuzzy set based on soft relations [25], which works
on the membership and nonmembership degrees of given information. By extending previous studies, we
work on the roughness of spherical fuzzy ideals of semigroups based on soft relations, which gives
information about membership degree, nonmembership degree, and neutral membership degree.
Advantages:

This approach has potential impacts on fields like coding theory, automata theory, and cryptogr
aphy, providing a flexible and robust method for handling imprecise data. The model explored in this
paper is the most generalized form of existing techniques and handles incomplete and vague
information in problems in a more accurate way.

1) If ¥=0=7 and P €[0,1], then the roughness of spherical fuzzy ideals over a soft
binary relation (RSISB) is reduced to rough approximations of fuzzy ideals over soft binary
relation [23].

2) If 7=0 and P+ NV €[0,1], then RSISB is reduced to the roughness of the intuitionistic
fuzzy set over a soft binary relation [25].
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3) If 7=0 and P? +N? € [0,1], then RSISB is reduced to the roughness of the pythagorean
fuzzy set over a soft binary relation [26].
4) If P+7J+ XN €[0,1], then RSISB is reduced to [27].

It is clear that RSISB is a generalization of the above models.
5. Conclusions

In this paper, we generalize the structure of [23, 25] to a spherical fuzzy set and introduce a model
based on the roughness of spherical fuzzy ideals with the use of soft binary relations. We investigate the
roughness of the spherical fuzzy subsemigroup using soft relations and obtain two soft sets. Upper
approximations of the spherical fuzzy subsemigroup and spherical fuzzy ideals are studied using a soft
compatible relation, while lower approximations of the spherical fuzzy subsemigroup and spherical fuzzy
ideals are studied using a soft complete relation. Also, with the help of examples, we show that conditions
of a complete relation are necessary for lower approximations. The main theorem of this study is that “If

X is a spherical fuzzy ideal of S,, then (EX, U) and (C*,U) are spherical fuzzy soft ideals of S;” for
upper approximations, (C,U) is a soft compatible relation, and for lower approximations, (C,U) is
a soft complete relation. The converse of this theorem may not hold, which is shown by examples.

With a new model, to manage data having multiple granulations, might be challenging in many
real-world problems. To tackle this, we need a technique that can approximate spherical fuzzy ideals
with respect to multi-equivalence relations instead of single-equivalence relations. In the future, we
will extend our work to optimistic multigranulation roughness of spherical fuzzy sets and optimistic
multigranulation roughness of spherical fuzzy ideals in a semigroup using soft relations.
Interval-valued Fermatean fuzzy set (IVFFS), an extension of Fermatean fuzzy sets, has many
practical applications [30]. We will also work on this.
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