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1. Introduction

In this paper, we consider the following equation involving the fractional p-Laplacian:

(—A)u+ VOl u = Alul”u + blul’u, xeR", (1.1)

f lulPdx =1,
RN

where N > ps,s € (0,1),p>1,g=p+ %, A € R\ {0}, b > 0 are parameters, and V(x) € C(R"). The
operator (—A), is the fractional p-Laplacian, defined by

— u()P 2 ux) = u(y)) J

lx — y[V+ps

subject to the mass constraint

2

(=AY,u(x) = Cy ,P.V. f )
RN
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if u is smooth enough, where Cy , is a normalization constant, P.V. denotes the Cauchy principle value
see [3].

If p=N=2,and s = 1, (1.1) reduces to the Gross—Pitaevskii (GP) equation, which is independent
of time. Gross [10] and Pitaevskii [23] independently introduced this equation during the study of
Bose-Einstein condensates. There are many studies on Eq (1.1) with various potential V(x), for
example, [11,22,27]. Guo and Seiringer [11] proved that if V(x) satisfies the following condition:

(V) 0< V(x) € L2.(RY), ll‘im V(x) =co and inf V(x) =0,
x| —00 xeR:
there is a normalized solution of (1.1) for all b < b*, where b* > 0 is a critical value. Furthermore, they
showed that if

V) = ko | |-, (12)
i=1

xp # x;ifi # j,0 < C < k(x) < é for all x € RY, the solutions blow up at some point x;, with
qi, = max{qi,--- ,qnm}. Subsequently, Wang and Zhao [27] extended this result to periodic potentials.
Regarding the related work on singular potential, please refer to [13,22].

When p = 2, (—A)j, reduces to (—A)*, which is the linear fractional Laplace operator. We remark
that in recent years, the research on nonlinear problems involving fractional and non-local operators
has become extremely popular. The fractional Laplace operators play a fundamental role in describing
various phenomena such as physics, biology, finance, phase transitions, game theory, image processing,
Lévy processes, and optimization, see [14, 25, 29] for more backgrounds and related results. Du et
al. [8] considered the existence, nonexistence, and mass concentration of L?>-normalized solutions for
nonlinear fractional Schrodinger equation with trapping potential:

(=A'u+ V(x)u = pu + af(u), xeR",

where N > 2, 0 < s < 1. Moreover, under an appropriate condition of V, they conducted a detailed
analysis of the blow-up behavior of the minimizers in the mass critical case. Liu et al. [15] showed
the existence and concentration behavior of L? constrainted minimizers of the mass-critical fractional
Schrodinger energy functional with a ring-shaped potential. A similar problem for the mass subcritical
case has been studied in [17,28].

Due to the nonlinearity of the operator and its non-local properties, the fractional p-Laplace
problem has received more and more attention in recent years. Many authors have established several
existence and regularity results. For example, Castro, Kuusi, and Palatucci [5] obtained the interior
Holder regularity results for fractional p-minimizers. By using barrier arguments, lannizzotto,
Mosconi, and Squassina [12] proved C“-regularity up to the boundary for the weak solutions of a
Dirichlet problem driven by the fractional p-Laplace operator. Pezzo and Quaas [6] showed the
existence and nonexistence of an unbounded sequence of eigenvalues for the fractional p-Laplacian
with weight in RY and extended the decay result to the positive solutions of a Schrodinger type
equation. Lou, Qin, and Liu [18] proved the existence and non-existence of the solutions with
prescribed L”-norm for a fractional p-Laplacian equation

(—=A)u—lulu = Aulu, xeR", 1€R,

where N > ps with s € (0,1), 1 < p <r < p; := pN/(N — ps).
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However, the results regarding the existence and blow-up behavior of normalized solutions to the
problem (1.1), the literature seems quite incomplete. The purpose of this article is to consider the
existence and blow-up behavior of non-negative solutions to the nonlinear Schrédinger equation
involving fractional p-Laplacian and external potential. To be precise, we intend to extend the results
obtained in [8, 16], in which authors respectively investigated a fractional Kirchhoff equation and a
fractional Schrodinger equation. Due to the fact that the operator (-A);, is not linear when p # 2,
there will be more technical difficulties in studying our problem. In addition, some useful techniques
developed for studying fractional Laplace problems are not suitable for solving problems such
as (1.1). In fact, we cannot utilize the powerful framework provided by Caffarelli and Silvestre
harmonic extensions [4], nor can we utilize various tools such as commutator estimation, strong
barrier, and density estimation [19, 20].

The rest of this paper is organized as follows. Section 2 is dedicated to some preliminary notations
and lemmas, and state the main results of this paper. In Section 3, we derive the existence and
nonexistence of minimizers for problem (1.1) and give the proof of Theorems 2.5. Section 4 is
devoted to proving the concentration results of problems (1.1), i.e., Theorems 2.6 and 2.7.

2. Preliminaries and main results

In this section, we recall some results on the fractional Sobolev spaces and provide some lemmas
that will be frequently used in the rest of this article.
Define D*P(R") as the closure of C°(R") with

ju(x) — u(u)l”
|u||D”’(RN) fsz |x y|N+P? d.xdy.

The fractional Sobolev space W*?(R") is defined as follows:

WoPRY) = {u c PR : ff |u(x) — u(u)lpd dy < Oo},

|X y|N+ps

endowed with the norm
||u||WVp(RN) ||u||Dvp(RN) ||u||LP(RN)

To accurately state our results, we first introduced the main assumptions about potential V(x):
(V1) V(x) € CRY), |llim V(x) = oo, and inf gy V(x) =0

We consider the following constraint minimization problem:

m(b) = inf J,(u), 2.1
uGSl
where ) b
Jy(u) = f f W) = O gy + L f Vool dx - = f ulfdx,
v |x =y P Jrv q Jrv
and

S, = {u € X,f lulPdx = 1}
RN

AIMS Mathematics Volume 10, Issue 2, 3597-3622.



3600

with
X = {u e WP (RM) : f V(x)|ulPdx < +oo}
RN

equipped with the norm

llly <= ( f f ) = wOW" 4 4+ f V(x)lul”dx)p.
2N |x y|N+pS RN

For any u € S fixed, it is easy to see that u,(x) = t%u(tx) € Sy, but
L @) — uG)P 1 b
u(x) —u x P
Jy() = f f D = xdy + — f v(—) uldx — f luffdx
rov X — yINrPs D Jrv \I q RV

ast—>oo,ifq>p+%.
We begin to recall the following embeddings of the fractional Sobolev spaces.

Lemma 2.1. [7] Let N > ps, s € (0,1), p > 1. Then there exists a sharp constant S . > 0 such that for
any u € D*P(RM)
||M||Lp§(RN) < S;lllu”DW(RN)»

pN
N-ps*

where p; =

Lemma 2.2. [2] Assume that V € LZ;’C(RN ) with limj,_,., V(x) = oo. Then for all p < r < p3, the
embedding X — L' (RY) is compact.

According to [9,24], we can obtain the following vanishing lemma for fractional Sobolev space.

Lemma 2.3. [2] Let N > ps. If {u,} is a bounded sequence in WP (RN) and if

lim sup f lu,|Pdx = 0,
N0 2eRN J BR(2)

where R > 0, then u, — 0 in L'(RY), for all r € (p, p?).
Next, let us introduce the following fractional Gagliardo—Nirenberg—Sobolev inequality in [21].

Lemma 2.4. [21] Foru € W**(RY), N > ps, s € (0,1), p>1,qg=p + % and b* given in (2.11),

there holds
N+ ps u(x) — u(y)l” f
9dx < —————dxdy - rd . 2.2
oS ffR TESTIECI &2

Moreover, the equality is attained at u(x) = 7, Q(1,x) with some 71,7, € R\ {0} and Q € M.

S

2
Before presenting the main results of this article, we recall some results in [3,18]. Forg = p + ’%
up to translations, the fractional p-Laplacian equation

(=AY + %uw-zu = %, xeRY, 2.3)
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_ P 1
E(u) = - f f ) = u O gy S f luPdx — - f lufdx.
gy |x — y[NEps N Jgy q Jrv

where N > ps, 0 < s < 1, has a unique ground state solution (see [18]). Motivated by [18], we consider
the following energy functional:

(2.4)

It is easy to conclude that u is a weak solution of (2.3) if and only if u is a critical point of E, that is,

(E'(u),¢) = 0, forall p € WP (R").
We denote by N the set of all nontrivial weak solutions to (2.3), that is,
N = {ue WPRY)\ {0} : (E'(u),¢) = 0, forall p € WRM)}.

For u € N, taking ¢ = u, we derive that

|u(x) — u(y)|? ps
<E( ), uy = ff2N x— y|N+ps dxdy+ N‘[RN |u|pdx— LN |u|qu =0.

From [1], we obtain the following Pohozaev identity:

N — _ p N
ps f f W)~ 4O gy 45 [ - Y f juf'dx = 0.
rv | = yNrpe RN q Jry

Combining (2.5) and (2.6), we deduce that

— 4
flulqu— 1+— ff () ”(y)lddyz(uﬁ)f lul”dx.
RN o |x — y|Ntps N Jgw

(2.5)

(2.6)

2.7)

Recall that Q € WSP(RY) is a ground state solution to (2.3) if it is the least energy solution among

all nontrivial solutions to (2.3). Thereby, u € N; from (2.7), we derive that

0eM ::{u €N : E(u) = inAfIE(v)}
- : — inf = P
{MGN.E(M) EENLNM dxy.
Moreover, similar to [3], it is easy to check that there exists C > 0 such that

C
|0(x)] < ————, for x e RY,

1+ [xV+ps

and

C .
10,5, 0(X)] < To v’ forxeRY, j=1,2---,N.

b = (fRN|Q|de)

Let

=[3

We obtain the following results.

(2.8)

(2.9)

(2.10)

(2.11)
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Theorem 2.5. Let N > ps, s (0,1), p>1,g=p+ %, and suppose that V(x) satisfies the condition
(V) and let Q € M. Then,

(i) Problem (2.1) admits at least one minimizer if b € [0, b*);
(ii) Problem (2.1) admits no minimizer if b € [b*, +o0) and m(b) = —oo if b € (b*, +00).

Moreover, m(b) > 0 if b € (—o0, b*) and limy, - m(b) = m(b*) = 0.

Remark 2.1. Theorem 2.5 gives a full classification on the existence and nonexistence of minimizers
of problem (2.1). We point out that the threshold b* defined in (2.11) is unconcerned with the choice of
Q € M. Indeed, let ey be the least energy of (2.4), i.e., E(Q) = e, together with (2.8), we derive that
fRN |QPdx = Ney, which yields that b* is independent of Q € M.

The next result concerns the behavior of the minimizer u;, of (2.1) when b gets close to b* from
below.

Theorem 2.6. Let N > ps, s (0,1), p>1,g=p+ %, and suppose that V(x) satisfies the condition
(V1), and let u;, > 0 be a minimizer of problem (2.1). Then, for any sequence of {b,} with b, ,/* b*, as

n— oo,
1
— P Tps
e = |I/lbn()C) ub,l(y)l dxdy g = 0: (2.12)
RN |X _ y|N+ps

(i)
(ii) Let ¥, be a global maximum point of uy, (x); there holds

,}%1 dist(¥p,, V) = 0,

where V = {x eRY: V(x) = 0};
(iii) There exists a subsequence of {b,}, still denoted by {b,} such that
a O(x)

lim &’ uy, (g,x + ), ) = ,
n—o0 " b"( n yb") (b*)N/(PZS)

in WP (RN),
where ¥y, is a global maximum point of up,, and lim,_,, ¥, = xo € V.

In what follows, we shall suppose that the trapping potential V is a polynomial-type trapping
potential satisfying (1.2). Let Q € M and z, € RY be such that

f |x + z0|"1Q(x)|Pdx = inf f lx + z|"|O(x)Pdx, r = max{ri,- -, Fpy}. (2.13)
RN zeRN RN
Define v
o= f lx + zo|"|Q(x)[Pdx - lim (X)lr- € (0, 0], (2.14)
RN XX — Xx;|"
and
o=min{oy, -+ ,0,}, B:={x;:0;,=0}. (2.15)

Theorem 2.7. Let N > ps, s € (0,1), p > 1, g = p+ %2 and assume that V(x) satisfies (1.2),
(2.13)—(2.15), and let b, be the convergent subsequence in Theorem 2.6. Then,

AIMS Mathematics Volume 10, Issue 2, 3597-3622.
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(i) For m(b,) defined in (2.1), it holds

as k — oo, where f(b,) =~ g(b,) indicates that f/g — 1 as n — oo;
(ii) Let €, be given in (2.12); then

1
0 = 6y = (OB = byro e (2] (2.16)
r
and N )
lim 6] 10, Gux + 3s,) = 200 in W (RY),
Moreover,

lim )71," =Xy € Vv,
n—oo
where ¥y, is a global maximum point of uy, .

Remark 2.2. It is necessary to point out several difficulties encountered in Theorems 2.6 and 2.7:

(i) In contrast to the case p = 2 in [8], the nonlinearity of the nonlocal operator renders some of
the ideas presented in [8] inapplicable to our problem.

(ii) Our results hinge on precise energy estimations. Nevertheless, the fractional Laplace operator
has distinct properties compared to the Laplace operator. As a consequence, the trial functions
formulated in [25, 26, 29] are not suitable for our study. Therefore, we are compelled to reconstruct
suitable trial functions to analyze the energy situation (refer to Lemmas 4.2 and 5.1).

Throughout the paper, we use the following notations:

e LY(R") denotes the Lebesgue space with the norm

1/q
”MHL‘i(RN) = (f |M|qu) .
RN

e Forany x e R¥ and R > 0, Br(x) :={y e RV : [y — x| < R}.
¢ C indicates positive numbers that may be different in different lines.

3. Existence and nonexistence of minimizers

In this section, we investigate the existence and non-existence of the minimizers of (2.1) and provide
the proof for Theorems 2.5.

Lemma 3.1. Let 0 < vy € WSP(RY) satisfy the equation

(Do + Sovf T = by 3.1)

ff [vo(x) — VO(Y)Ipd dy = f olPdx = 1. (3.2)
R2N |X yIN”"

Then, v satisfies the equality of (2.2) and vy = (b*) g Q(x) for some Q € M.

and

AIMS Mathematics Volume 10, Issue 2, 3597-3622.
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Proof. Tt follows from (3.1) and (3.2) that

N +
Ivolfdx = —L2
RN Nb*

which implies that v, satisfies the equality of (2.2). By Lemma 2.4, there exist 7y, 7, > 0 such that

Vo = T10(12X),

N

for some Q € M. According to (3.1), (3.2), (2.7), and (2.11), we deduce that 7; = (b*) »* and 7, = 1,
which completes the proof. O

Lemma 3.2. If u;, is a minimizer of problem (2.1), then u,, is a ground state solution of (1.1) for some
A= /lb-

Proof. Let u, be a minimizer of problem (2.1); by applying Lagrange’s multipliers rule, there exists a
Lagrange multiplier 4, such that

(=D up + VOlupl” 1ty = Apluayl” 1y, + bluyl*uy. (3.3)

Set ) ,
Iy(u) = f f tx) - z@)l dxdy + — f [V(x) = Ap]lulPdx — = f lul“dx. (3.4)

v o= yNEps D Jrv q Jrv
Now, we need to show that I,(u;,) < I,(v) for all nontrivial weak solutions v of (3.3). From (3.3),
we derive that )
f f VO = VO 44+ [ v = advPdx=b [ pviedx. (3.5)
v o — y[Neps RV RV

Together with (3.4), we conclude that

11 b
L(v) = (— _ —)b f Wdx = —= f v|“dx.
p q RN N + ps Jrwv

Leta = |Vl|p@y) and ¥ = %, then |[9]| &y = 1. Since u, is a minimizer of (2.1), we obtain that

Jy(¥) = Jp(up),

which indicates that
= oAb p A p
I,(®) = J,(¥) — — WPdx > Jp(up) — — |upPdx = I, (up). (3.6)
P JrN P JryN
Meanwhile, from (3.5), we deduce that

1 1 bs
IL,P)=|——-—|b 1dx < 9dx = I,(v).
»(V) (pap qaq) fRNIVI X N+ ps fRNIVI x=1I,(v)

This, together with (3.6), implies that 1,(v) > I,(up). O

AIMS Mathematics Volume 10, Issue 2, 3597-3622.



3605

The following results will be very important in this work. Let ¢ € Cy’(RY) be such that ¢ = 1 on
B1(0), ¢ = 0 on R¥\B,(0), 0 < ¢ < 1, and [V¢| < C. Define

Q(x) = ¢(x/1)Q(x) (3.7)
for any ¢ > 0, where Q(x) is a ground state solution of (2.3).

Lemma 3.3. Let N > ps, s € (0,1), p > 1. Then

10:(x) — Qr(y)l” ff |0(x) — QI
dxdy < = =7 dxdy + O,
ffRzN |x — y[Ntps w | — yNtes v+ o)

where k = min{2ps, (p — 2)N + sp?}, as t — oo.

Proof. First, we claim that the following two cases hold true:
Case 1. For all x € R" and y € B(0), with |x — y| < 1/2,

10:(x) = QI < Ct ¥ |x =yl (3.8)
Case 2. For all x,y € B{(0),
10:(x) = Q)| < C+¥ " min{1, |x — yl}, (3.9)

for all # > 2 and some C > 0.
Let us prove Case 1. For all x € RY and y € B¢(0), with |x — y| < #/2, let

n=1x+({-1)y

for some 7 € [0, 1]. Then,

t t
Inl=|y+T(x—y)|>|y|—T|x—y|>r—75>§,

which, together with (2.10), implies that [VQ(n)| < CtV=7%. Thus, one can see that
10,(x) = QW) < CH ¥ PIx -y,

which yields (3.8). Next, we show Case 2. For all x,y € B{(0), if |[x — y| < 1, then Case 2 is derived
from Case 1, since ¢ > 2. So, we should assume that |x — y| > 1. From (2.9), we infer that

10:(x) = QI < 1QW)| + Q)| < Cr7,

which yields (3.9).
Set ;
= {(x,y) e R* : x € B(0),y € BY(0),|x - y| > 5},
. t
_ {(x,y) e RN . x e B(0),y € BY(0), [x — ] < 5}.

AIMS Mathematics Volume 10, Issue 2, 3597-3622.
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According to (3.7), we derive that

1Q:(x) — O:(IP ff 10/(x) = O(YI?
dxdy = dxd
f]wl;ﬂv |x — y[Ntps e BB ) X = YINTPS e

12 f 120 = QOW 4 4,4 2 f 120 = QO y 4, (3.10)
Dy Dy

|X _ y|N+ps |X _ y|N+ps

- P
. f f 00 = QO y
B (0)xB;(0) Ix — y| +ps

From (3.7) and (3.9), we deduce that

f f 10/(x) = QI d
N+ps Xdy
BE(0)xBE(0) |x — y|N*P

A1
min{1, [x — y|’} o 3.11)
<CtrPN-P’s ddy:O(t(p 1)Nsp)'
B (0)xRY |x — y|N*ps
By (38), Setting é =Xx-Y, we see that
- p
f 0= 000§
D2 |x_y| +[)S
o x = yIP
<CrPN-P's ff IESUA .
(veB (O yeBy ) eyl X = YV (3.12)

2 1 2
<y Juasyzy 1GNP ( )

Recalling that Q,(x) = Q(x) for all x € B;(0), we obtain that for all (x,y) € Dy,

10:(%) = QI =10(x) - Q) + O(») — QI
<IQ(x) = QI +10() = QMI” + C,l0(x) = QWO — Q)|
+ C,l0(x) = 0WIIQW) = QI

by using the inequality (a+B)” < a”+p"+C,a?~'p+C ap’" !, where @, > 0, p > 1 and C, = C(p) > 0.
By a direct computation, it follows that

f 10:(x) — O (IP dxdy
D,

|x — y¥+ps
<f 10(x) — Q(y)lpdxdy+f 100 - Qt(y)l”dxdy
Dy |.X _ y|N+ps Dy |X _ y|N+ps (3 13)
v, [ 12m=gonen - oI | |
» xdy
|x — y[Veps

+Cpf 1Q(x) — Q(Y)I’”IQ(y)—Qt(y)I

|X y|N+ps

eEstimate of f fDl dedy.

ey Vs

AIMS Mathematics Volume 10, Issue 2, 3597-3622.
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From (2.9), it follows that
f 100 - 2. Qf(y)l” f f IQ(y)I”
D |)C y|N+ps |X y|N+ps
<Crv-w f f L day
{x€B,(0).yeBL(0), |x—y|>§ e = y[Ntps

o [ wf
{xl<r) 121>/2) |§| ”s

_0(t pN—sp? ps+N

ast — oo.
— _ Np—1
eEstimate of ffD 19(X)—OWMIPM—-Q:WIP dxdy.

|x—y|V+ps

Note that, by (2.9), for all (x, y) € D1,

IQ(x)IIQ(y)lp‘l < CrP=DN=p(p=Ds_

Therefore,
10N — Q)1
dxdy
D, |x — y|Vers
p—1
o f owlomP |
Dy Ix _ y|N+pA
1 2
—(p—DN-p(p-Ds — —(p—2)N-sp
<Ct ij;] x _y|N+psdxdy = 0(t ).
Similarly,

f OO — O:WIP~ ld dy <2 1ff IQ(y)I”
Dy |x —

|X _ y|N+ps y|N+[7Y

:0([ pN—sp?* ps+N)'

Combining (3.15) and (3.16), we conclude that

f 10(x) = OWIIQY) = QIP™!
dxdy

|X y|N+ps

0 QWIeW - QI [ 000 - QLI
D D,

|X _ y|N+ps |X _ y|N+ps

(i o2
:O(t (p—2)N—-sp )’

ast — oo,
. —0>)|P! —
eEstimate of f fDl 190U 100)- 0l .

oy Vs

Similarly, by (2.9), for all (x,y) € Dy,

10(x) = 0WIP1OM)I <CII' O] + CIEMI~ IO

_N_ _ )
SC(ENPS 4 NP=sP7

AIMS Mathematics Volume 10, Issue 2,
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Then, from (3.18), it follows that

f 10(x) = QIO — Q0.
lx =y (3.19)
<Ct 2ps +Ct pN—sp>—ps+N __ 0(t 2p5)

ast — oo.

Combining (3.13), (3.14), (3.17), and (3.19), we conclude that
f 10:(x) = Q)| dxdy < f 10(x) — O()I
D D

|.X — y|N+ps |X — y|N+ps

dxdy + O(t™).

Together with (3.10)—(3.12), we deduce the desired result.
O

Proof of Theorem 2.5. (i) For all u € X with ||u||;»®~) = 1, from (2.2) and (V;), we conclude that, if

b € [0,b"),
Jp(u) > (1 - —) ff u(x) - u(y)lpdxdy + lf V(x)|ulPdx
p rov | =y P Jrv

ju(x) — u@y)P”
( )ffRZN |x — y|N+ps i, X dy>0.

Hence, m(b) is well-defined. Let {u,} C X be a minimizing sequence satisfying

(3.20)

lim Jy () = m(b), il = 1.

According to (3.20), there exist C;, C; > 0 such that

|u(x) — u(y)l”
'ffRzzv |x — y|N+ps Ty XY fRN V(x0)lul”dx

for all n € N. Thus, {u,} is bounded in X. From Lemma 2.2, there exists a subsequence, still denoted
by {u,} and u € X, such that u, — u, weakly in X, and u, — u, strongly in L'(RY), for p < r < p?
as n — oo. Using the weak lower semi-continuity of J;,, we infer that J,(u) = m(b) and ||ul|p@y) = 1,
which means u is a minimizer of m(b).

(1) Let ¢ € CS"(RN) be such that ¢ = 1 on B;(0), ¢ = 0 on RM\B»(0), 0 < ¢ < 1, and |V¢| < C.
Motivated by [28], for xy € RY, we set a trial function as follows:

< Cy,

<Gy

N
p

i
t
1QlLr @)

U, :=

(=) 0t(x - x0)),

where Q is a ground state solution of (2.3) and A, > 0 is chosen such that ||u|[;»gy) = 1. We first show
that lim,_,., A, = 1. In fact, by (2.9), we have

1 _ ﬁ|xl<12} Qp(X)d.X + ﬁt2<|x|<2t2} 0P (x)dx
A7 Q11

=1+ O(t—Z(p—l)N—ZpS)’
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as t — oo. By a direct computation, we conclude that as t — oo,

q Ps
f lu,|9dx = —L—— [ f |Q19dx + Ot >N~ ZMHW)] (3.21)
RN ||Q||LP(RN)

From Lemma 3.3, (2.7) and (3.21), we obtain that

_ P 1 Nb
M Mo T PN +ps Jaw

Aptps [ff 10(x) — Q(y)lpd ;
y
p”Q”LP(RN) v |x — yNps

Nb (3.22)
N |Q|7dx + O(t™)
N pllQIE,
ﬂ” b
I-—|+0@™
p [( b*) ( )]
as t — oo. By a direct computation, we can deduce that
lim f V(xX)|u,(x)|Pdx = V(xy) fora.e. x e RY. (3.23)
t—00 RN

For b > b*, combining (3.22) and (3.23), we can conclude that

m(b) < lim J,(u;) = —
too

which yields the nonexistence of minimizers of (2.1).

For b = b*, choosing xy € RY such that V(xy) = 0, (3.22) and (3.23) lead to m(b*) < 0. From
(3.20), one can see that m(b*) > 0, which implies m(b*) = 0. Assume by contradiction that there exists
a minimizer u € X for m(b*) = 0 with ||it||.»ev) = 1. Then, we can obtain that

f V(x)|a(x)|Pdx = inf V(x) =0
RN xeRN

_ P Nb
ff lia(x) — a(y)| 1) = 2O 4 4y = _f aldx,
rov |x — y|NEps N+ ps Jgn

These yield a contradiction, because from the first equation, it can be inferred that # must have
compact support, but the second equation means that it must be equal to the translation and scaling of
0.

Finally, we need to prove that lim;, ~,» m(b) = 0. Indeed, taking x, € R" such that V(x,) = 0, and
letting t = (b* — b)_ﬁ, we can easily obtain that lim sup,, »,. m(b) < 0 from (3.22) and (3.23). O

and

AIMS Mathematics Volume 10, Issue 2, 3597-3622.
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4. Blow up behavior of the ground state

In this section, we focus on the blow-up behavior of the non-negative minimizers of (2.1) as b  b*.
For any given sequence b, with b,, /' b* as n — oo, for the sake of convenience, we denote that

Uy = Up,, Wyp =Wp,, E = Ep,s In =2, Yn = Yb,> w, = wbn-

Lemma 4.1. Assume that V(x) satisfies (V). Let u, be a nonnegative minimizer for m(b,) with b,, /* b".

Then,
1
|t (x) — u, (VI e
(ffm Xy —————dxdy — 0.

Proof. According to m(b*) = 0, we can deduce that

f V(x)u,|’dx —» 0, asb, / b". “4.1)
RN
Next, we claim that

. |t (x) — u, (I 3

31_{2 ffﬂv =y —————dxdy = +o0. “4.2)

If (4.2) does not hold true, together with (4.1), we conclude that there exists a subsequence {b,}
with b, /" b* such that {u,} is bounded in X. Thanks to Lemma 2.2, there exists u, € X such that, up
to a subsequence,

Uy — g >0, in WPRY), wu, = uy in L'(RY) for r € [p, p7), as n — oo.

Using the same strategy as proof of Theorem 2.5-(i), we can obtain that u, is a minimizer of m(b*).
This contradicts the fact m(b*) is not attained, which is proved in Theorem 2.5-(ii). O

Lemma 4.2. Assume that V(x) satisfies (V). Let u,, be a nonnegative minimizer for m(b,) with b,, /* b*.
Then, there exists a sequence {z,,}, Ry, and 6 > 0 such that the function

N

wu(x) = sf u,(e,x + £,2,) 4.3)
satisfies
lim inf f lw,[*dx =6 > 0, 4.4)

where €, is given in (2.12). Moreover, for any sequence b, ,/* b*, there exists a subsequence, still
denoted by {b,)}, such that y, = &£,z, — xo and xo € R" is the global minimum point of V(x), i.e.,
V(xo) = 0. Particularly, for any o > 0, it holds

X—Yn

n

u,(x) = —an( ) — 0, foranyxe B;(xo), asn — oo, 4.5
ey
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Proof. The proof is done in six steps.
Step 1. We claim that (4.4) holds.
N

Define w,(x) = &’ u,(¢,x), where &, is given in (2.12). Then

ff [Wa(x) = W, (I dedy = [ |wlPdx = 1. (4.6)
R2N

|x — y|N+ps RN

From (2.2), we see that

2(X) — u,(P)IP Nb
0<ﬂ |t (x) — u, (V) 140 = O -y — _f [t
R2N |x y|N+ps N+ps RN

_811 ps f | nlqd )
N+ ps

According to Lemma 4.1 and Theorem 2.5-(ii), we know that

g, — 0, and m(b,) > 0, asn — oo.

Thus,

N +
f [w,|7dx = aﬁsf |, |7dx — Nbfs’ asn — oo, 4.7)
RN RV

Next, we claim that there exists a sequence {z,} C RY and Ry, § > 0 such that

lim inff [w,|Pdx > 6 > 0. (4.8)
BRO(Zn)

n—oo

Assume by contradiction that for any R > 0, there exists a subsequence {Ww,} such that

lim supf [w,|Pdx = 0.
=% 2eRN J Br(2)

From Lemma 2.3, we obtain that w, — 0 in L"(R") for r € (p, p?). This contradicts (4.7). Hence,
(4.4) follows directly from (4.8).
Step 2. We will show that y, := &,z, = xp, as n — +oo, and V(xy) =0
By Lemma 4.1, we see that
g, >0, asn— +oo. 4.9)

Thanks to (4.3) and (4.9), we infer that
f V()lu,[Pdx = f V(e x + £,2,)w,[Pdx — 0, asn — +oo,
RN RN
which yields that

0 = liminf f V(e x + €,2,)w,|Pdx = lim inf f V(e x + £,2,)|w,[Pdx.
Br(0)

n—-+oo RN n—-+oo
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Due to the fact that lim,j_,., V(x) = co and (4.4), we derive that {y,} is bounded in RY. Then, up to a
subsequence, there exists an xy € R" such that y, — x,, as n — +oo. From (4.4) and Fatou’s Lemma,
one sees that

lim inf f V(e x + £,2,)w,[Pdx = V(xp) lim inf f w,[Pdx = V(xp)d.
RV Bg,(0)

n—+oo n—+oo

This shows V(xy) =
Step 3. We come to prove that there exists wy € X with wg > 0 and wy # O such that

w, > woinX, asn — +oo.
Since u, 1s a non-negative minimizer for m(b,), we deduce that
(A, + V™ = 4™ + bul™, inRY, (4.10)

where 4, := 4, € Ris a Lagrange multiplier. Moreover, we obtain

4
A, = f f 1) = O+ f VO)lul?dx — b, f iy |7dx. @.11)
rN X — y|N+pS RN RN
From (2.12), (4.3), and (4.6), we conclude that,
[Wa ()= Wn()’)lp _ —
oo e dxdy = [l e = 1, “.12)
Jow waltdx = €5° [ fuyl?dx — 2222 as n — oo,

Therefore, by (4.11) and (4.12), we obtain that,
el — —E, asn — +oo, (4.13)
N
Using (4.3) and (4.10), we derive that
(=AY Wy + &l V(e,x + enzWl ™l = el A, wh™ + b,w?! inRY, 4.14)

(4.12) implies that {w,} is bounded in W*P(RY). Therefore, there exists wy € W*(R") such that up to
a subsequence,
W, = wo >0, in WRY),asn — oo. (4.15)

By (4.13)—(4.15), we infer that wy is the weak solution to

(—A);WO+%WO = b'wl inRV. (4.16)

Together with Lemma 3.1, we obtain that

oW
Wo = N
(b)7%
Obviously,
_ P
ﬂ [wo(x) = wo(y)| dxdy = f wolPdx = 1, 4.17)
R2N |x — y|N+”s RN
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which yields
w, — wo in W (RY),

recalling (4.12) and (4.15).
Step 4. Our aim is to show that ||w,|[;~gv) < C uniformly for n € N.
Fort>1and T > 0, define

) = Wa(x),  wy(x) < T,
Wt = T, wu(x) > T,

and n(w,) = wnw’T’f;_l). First, we show n(w,) € WSP(R"). We define B; := {x € R" : |w,(x)| < T} and
B, := {x € RY : |w,(x)| > T}. It follows from the definition of n(w,) that

f f W) (X) = nwn)WI” dy
R2NV

|X — y|N+ps
OV = O8O ff [7Ov)() = )OI
= dxdy +2 dxd
‘[[BIXBI |)C - y|N+ps T B XB; |X - y|N+pS e

[n(w,)(x) = n(w,) ()P
" ffBszQ |x — y[N*ps dxdy

SCT‘DZ(T_I) ff |Wn(x) - Wn(y)lp d.Xdy,
gy |x = Ve

f VIO = f Vm) (O dx + f V@ nw)(DPdx

R B B

< CTPGD f V@) wa(0)Pdx,
RN

which yields that n(w,) € X. Consider the function

p

AD =2 ra = f b ©1Fde.
P 0

We note that 1
I'(wy,) > ;wnw}fnl.

Therefore, by Lemma 2.1 and the above inequality, we can deduce that

ff s ol dxdy > S (f Ir(wn)lf’f?dx)p;
R2V [x — y|N+PS .
S—l

(4.18)

P

Py
* _1 *
>T_P (f |WnW77-,n |p-‘dx) .
RN

For fixed a, 8 € R satisfying @ > B, using the Jensen inequality, we obtain that

N (@ = B)n(@) = n(B)) =(a - B’ (@) = n(B) = (@~ By fﬁ n'(&)dg

o4 p
=(a-p"" f (@) d§>( f r ’(§))d§)

B B
=(I'(@) - I'B))".
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Similarly, we can prove that the above inequality holds when @ < 8, which implies
II'(@) = B < N(a - B)n(@) —np)).
Hence, we conclude that

[ (Wi(x)) = (W, (NI

) . _ (4.19)
<IWn(x) = wa P2 (W () = wa )W~ (6) = wwfs V().
Taking n(w,) as a test function in (1.1), and using (4.19), we derive that
T(w,)(x) — T(w,)(y)? -
ff [T (w,)(x) W) dxdy+f V(x)|wn|pwp( D
R2V |x — y|N+ps RV
<A, f |w,,|pwp(T Ddx + b, f Iwnlqw”(T Ddx.
Together with (4.18), we can infer that
( f W |p‘dx) L <cr? ( f wal? W Vdx + f wal Wi ”dx) (4.20)
RN RN
Let r; = p—;, and take L > 0. Taking into account of 0 < wr,(x) < w,, and using the Holder

inequality, we obtain

(r-1) (ps P)/p
LN [wal?whdx = fRN (Wil TP (W Wy )rdx

:f |W |q p(wn (P, P)/P)pdx+f |Wn|q p(wn (P; P)/P)pdx
{w,>L}

{wp<L}

ps/N plp;
<(f Iwnl”dx) (f (w,,w(Tp;Z p)/p)”de)
{wp>L} {wn>L}

+ L7 f [w|Psdx.
{wn<L}

Since w, € LP(RY), it is easy to see that for any L > 0 large enough,

ps/N 1
wyl|Pdx < )
(f{wn>L}| ! ) 2CtP
and then, we conclude that

1 . ) p/p; .
Iwnlqu(T1 Ddx < an(m p)/p)pfdx + LT7P [w,|Psdx.
20t Lo
1 RN RN

Together with (4.20), one sees that

P

( wawi llp“dx) <cTiLrr f [w,lPrdx < oo.
RN RV
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Letting T — oo, it follows that w, € L¥’/P(RY).
Assuming 7 > 7 and taking the limit as 7 — oo in (4.20), one gets

P
.\
( f Iw,,ITdex) <Ct? ( f lw,|PTdx + f |wn|q+P<T-”dx),
RN RN RN

which yields
. P?(‘Ll)
[w,|"Psdx
RN
. “4.21)
1 -1 p(r=1)
<(CtP)= [w,|PTdx + [, |9PTDdx )
RN RN
! g+p(r-1) _ ps-p)ps _ _ i—9p; _
Set wh™ = wiw™, wi wn wi'', where [ = M= pt—L1 = e = qg+p(rt-1)-1,.

Then, T > 7; implies that 0 < /,/; < p;. Applying Young’s inequality, we can infer that

f [w,|PTdx < <— Iwnlp?dx+ ps Iw |5-dx
= ). Iwnl”*dx+ f wal? P Ddx (4.22)

<C(1 + f |wn|P?+P<T-1>dx),
RN
l - ll M
f w77 Ddx <— f w7 dx + p_ walrid
RV D5

I
= f waldox + 2 f W[5 P Ddx (4.23)

<c(1 + f |w,,|P?+P<T—1>dx).
RN

It then follows from (4.21)—(4.23) that

J ﬁ
* p?(T—l) 1 5 pr—
( f |Wn|Tdex) < (CtPh)= (1 n f Iw,,l”””("”dx) .
RN RN

Iterating this process, we infer that

L 1
[w,| +1Ps d x < (CTi+1)Ti+l’1 1+ |Wn|pS idx ’
RN RN

where p; + p(tis1 — 1) = piziand 71 = pi/p. Then, 7,1 = (%) (r; = 1) + 1. Let Ciy = C7J,, and

1
. Pi(i=1)
K =1+ [w,|PTidx ,
RN
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Therefore, there exists C > 0 independent of i such that

i+1 1
s
K1 < | |Cj’ K, < CK,,
=2

which shows
Wl < C.

Step 5. We will show w,(x) — 0 as |x| — +oco uniformly for large n.
(4.14) can be rewritten as

(_A):;Wn = hy,(x) in RN,
where h,(x) = —£2°V(e,x + g,2)W5 " + 2 4,wh ™" + b,w?". By Step 4, it is obvious that 4, € L™(RY)
and ||, | =@~y < C for all n € N. Then, applying [12, corollary 5.5], we can obtain that w, € C**(R")
for some @ > 0. Therefore, we obtain w,(x) — 0 as |x| = +oo uniformly for large n.

Step 6. We will prove that (4.5) holds.
According to [6, Lemma 7.1], there exists a function y such that

O<y< ———,,
Y 1+ |x|N+ps

and

1
(—A)yy + 5)/”_1 =0, inR"\ Bg,(0),

for some R; > 0. Furthermore, since Step 5 and (4.13), there exists R, > 0 sufficiently large such that
for large n,

: 1 : :
(=A),wn + 2w£ ! < (A)ywa + 7 Vie,x + EnzpW! T — P WPt — bWl = 0,

for |x| > R,. Arguing as in the proof of [3, Theorem 1.1], we see that

C
w,(x) < W, uniformly for large n. 4.24)
X S

For any x € B;(x), we obtain

X — X — X
b=yl _ e =xl o

e 25 ° 2_8,, — +00, asn — +oo. (4.25)
Consequently, by (4.3), (4.24) and (4.25), we deduce that
C
u”(x) ( ) N+ps
1 + =
C
<8— - — 0, x € By(xo).
"1+
Thus, (4.5) holds true. ]
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Proof of Theorem 2.6. (i) Noting Lemma 4.1, (2.12) follows immediately.

(i1) Let §, be a global maximum point of u,, then, by Lemma 4.2 Step 2, we derive that ¥, — x, as
n — +oo with V(xy) = 0.

(ii1) According to (4.10) and (4.13), one sees that

. C
Un($n) 2~
8}’!

Now, let us consider the function
W, 1= &NPu,(g,x + 3,). (4.26)
Using the same arguments in the proof of Step 3 in Lemma 4.2, we see that
(=AW + &L V(ex + )W = el 4, + b,wd!, inRY,
and there exists wy € W*(R") such that, up to a subsequence,
w, — wy > 0,

in WSP(RM), as n — 400, where W, satisfies (4.16) and (4.17).
Taking account of Lemma 3.1, we conclude that

_ O

Wo = N -
(b*)

5. Blow up behavior for polynomial type potential

This section is dedicated to proving Theorem 2.7. In the following content, we always indicate b,
to be a convergent subsequence in Theorem 2.6. We first give an upper bound of m(b).

Lemma 5.1. Suppose V(x) satisfies (V,). Then for n large,

b* —b)P7 s oo porr
pb)rs+ p d

where o is given by (2.15).

Proof. Let Q € M and z5 € R" be such that (2.13) holds. For x; € B, take

N
te

t
1Qlr @)

X — Xo
t

u(x) = A o(—=)0(t(x - x0) - 20)
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as a trial function. Therefore,

f V(x)|ulPdx
RN

=A! f Ve (75001 - ) - 2o
AT R

Ap V()C) dx (5 1)

lx — xol”

fN|x xol” ¢p(

“0)QP (1(x ~ %) - 20)

||Q||Lp(RN)
Pi—r

At ( f it Q7 (x = z0)dx lim Ve 0(1))

||Q||LP(RN) |x xOl

<APrT(b*)” 1”(0' + o(1)),

where o(1) — 0 as t — oo. Gathering (5.1), (3.22) and (3.23), we infer that for large ¢,

" b* - b,
0<mb,) <Jp,(uw) < —
p b

+ %Af(b*)—%(a +o(1)) + O(™).

1

" = D)7

5 l—ﬂs ps+r
Taking 7 = ((b) - m) ,thent — oo as b, / b*. Hence,
0< m(b,,) < —NHO'W

(b =bn)p
L r
ps+r Py
(f) +(3)” +o,,(1)],
p(b*)p.w—r p r

as n — oo, O

Proof of Theorem 2.7. (i) Consider the function

Wi 1= VP U (8 + ). (5.2)
From (3.20) and (5.2), one gets that
m(by,) =Jp, (uy)
|ut,,(x) — u, (V) 1 f
———————dxdy + — Vv 21Fd
( )ffzw |x — y|V*ps N (ol (5.3)
1
=— (1 - —*)6 Py 4 —f V(6,x + 3,)IW,[Pdx.
p b p Jrv
By Theorem 2.6, we can assume that §,, — x; with x; € B as n — oo. Define
o Vv 5}1 Nn
7, () = (6nx + V)

aild,x + 3, — x|’

V(x)

lx—x;|"i *

Then, V,(x) — 1 a.e. in x € RN as n — oo. Therefore,

where a; = lim

X—X;

f V(énx + yn)|wn|pdx = f Vnailén-x + S}n - xi|r[|wn|pd-x
RN RN

=0, f V.a; |x +
RN
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We will show that lim sup,,_, 'yé;xl < oo and r; = r. In fact, if not, set

Xn = f Vnai
RN

then, y,, — oo if 'yé;"' — oo, Furthermore, using (5.3), we obtain that

Yn — Xi

ri

[Wal”dx,

X+

n

1 b\ _,. 1
p b P

e I P!
p b p r

which contradicts Lemma 5.1. Therefore,

. Vn — Xi
lim sup B = il < 00
n—oo n

Together with Fatou’s Lemma

liminf y,, > 0.

n—+o00

Together with Fatou’s lemma, Lemma 5.1, we observe that r; = r and

lim inf V,
n—eo  Jpn n o |x = x|

\% 1
2 |x + zo|"1Q(x)[Pdx - lim ) >

Yn = Xil" V(x)

W, [Pdx lim

X+

=z
by Jrv x=u X = xlt T (i

Then, from (5.4) and (5.5), we obtain that

1 b, 1 1
m(b,) >— (1 - —*) 0,7+ =0,——0
p b P (b)m

_r_ S r
>(b — bnN):s ro_pfir ((l)p N (B)psw),
pb*)r p r

where the equality holds in the last inequality if and only if

1
_N-ps 1 psir
6,1 = (b*)ps(px+r) (b* _ bn)];s+r0- ps+r (E) .
r

(5.4)

(5.5)

(i1) From Lemma 5.1, it follows that the inequality (5.5) is indeed an equality, which yields x, € B.

Next, we suffice to prove that

where g, is given by (2.16). If not, there exists a subsequence {g,}, such that

£
lim — =6 # 1,
n—oo n

AIMS Mathematics
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where 0 < 6 < 0. By (5.4), for n large, we observe that

1 b 1 1
m(b,) >— (1 - —*) g+ —g——0
p\ b Py

ps r

o -]
p r

pbr)rs

which contradicts Lemma 5.1.

6. Conclusions

In this paper, we investigated the existence, nonexistence, and blow-up behavior of minimizers for a
fractional p-Laplacian problem with external potentials and mass-critical nonlinearity. By employing
constrained variational methods and refined energy estimates, we established a critical threshold »* that
determines the existence of minimizers. Specifically, minimizers exist for » < b* and cease to exist for
b > b* . Furthermore, we analyzed the concentration phenomena of minimizers as b approaches b*,
demonstrating that they concentrate at points where the potential V(x) attains its minimum.

Our work extends previous results for linear fractional operators to the nonlinear fractional
p-Laplacian case, addressing significant technical challenges due to the operator’s nonlinear and
nonlocal nature. These findings contribute to the broader understanding of nonlocal partial differential
equations and have potential applications in fields such as physics, optimization, and phase
transitions. Future research could explore more general potentials, multi-peak solutions, and further
applications in stochastic processes.
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