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Abstract: Group testing is an efficient screening method that reduces the number of tests by pooling
multiple samples, making it especially effective in low-prevalence settings. This strategy gained
significant attention during the COVID-19 pandemic, and has since been applied to detect various
infectious diseases, including HIV, chlamydia, gonorrhea, influenza, and Zika virus. In this paper,
we introduce a semi-parametric logistic single-index model for analyzing high-dimensional group
testing data, which is particularly flexible in capturing complex nonlinear relationships. The proposed
method achieves variable selection by parameter regularization, which proves especially beneficial for
extracting relevant information from high-dimensional data. The performance of the model is evaluated
through simulations across four group testing strategies: master pool testing, Dorfman testing, halving
testing, and array testing. Further validation is provided using real-world data. The results demonstrate
that our approach offers a flexible and robust tool for analyzing high-dimensional group testing data,
with important applications in epidemiology and public health.
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1. Introduction

Group testing, or pooled testing, was first introduced by Dorfman [1] to identify syphilis
infections among U.S. Army personnel during World War II. This approach involves combining
specimens (e.g., blood, plasma, urine, swabs) from multiple individuals and conducting a single
test to check for infection. According to Dorfman’s procedure, if the combined sample tests
negative, all individuals in this sample can be confirmed disease-free. Conversely, a positive result
necessitates further testing to identify the affected individuals. This strategy gained prominence during
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the COVID-19 pandemic [2–4] and has been applied to detect various infectious diseases, including
HIV [5,6], chlamydia and gonorrhea [7], influenza [8], and the Zika virus [9]. The primary motivation
for pooled testing lies in its economic efficiency; for instance, the State Hygienic Laboratory at the
University of Iowa saved approximately $3.1 million over five years by employing a modified Dorfman
protocol for testing chlamydia and gonorrhea among residents of Iowa [10, 11].

Despite its cost-effectiveness, group testing poses significant challenges for statistical analysis
due to the absence of individual response data [12]. However, advancements in digital technology
have provided access to rich covariate information, including demographic data, electronic health
records, genomic data, lifestyle data, physiological monitoring data, imaging data, and environmental
variables [13]. Integrating these covariates into various statistical models for group testing has been
shown to enhance accuracy and robustness, as evidenced by studies from Mokalled et al. [14], Huang
and Warasi [15], Haber et al. [16]. This integration leads to improved estimations of individual risk
probabilities, thereby reducing the number of tests required and overall costs.

In managing covariates, single-index models offer advantages, such as less restrictive assumptions,
good interpretability, and adaptability to high-dimensional data [17]. For high-dimensional single-
index models, Radchenko [18] proposed a novel estimation method based on L1 regularization,
extending it to generalized linear models. Elmezouar et al. [19] developed a functional single index
expectile model with a nonparametric estimator to address spatial dependency in financial data,
showing strong consistency and practical applicability. Chen and Samworth [20] explored generalized
additive models, deriving non-parametric estimators for each additive component by maximizing
the likelihood function, and adapted this approach to generalized additive index models. Kereta
et al. [21] employed a k-nearest neighbor estimator, enhanced by geodesic metrics, to extend local
linear regression for single-index models. However, research on generalized semi-parametric single-
index models in high-dimensional contexts remains limited, particularly in group testing applications,
which are still underexplored.

Most current integrations of covariate information with group testing are developed based on
parametric regression models. For example, Wang et al. [22] introduced a comprehensive binary
regression framework, while McMahan et al. [11] developed a Bayesian regression framework.
Gregory et al. [23] adopted an adaptive elastic net method, which remains effective as data
dimensionality increases. Ko et al. [24] compared commonly used group testing procedures with
group lasso regarding true positive selection in high-dimensional genomic data analysis. Furthermore,
nonparametric regression methods have gained traction for applying covariates in group testing.
Delaigle and Hall [25] proposed a nonparametric method for estimating conditional probabilities and
testing specificity and sensitivity, addressing the unique dilution effects and complex data structures
inherent in group testing. Self et al. [26] introduced a Bayesian generalized additive regression
method to tackle dilution effects further, while Yuan et al. [12] developed a semiparametric monotone
regression model using the expectation-maximization (EM) algorithm to navigate the complexities of
group testing data. Zuo et al. [27] proposed a more flexible generalized nonparametric additive model,
utilizing B-splines and group lasso methods for model estimation in high-dimensional data.

This article proposes a generalized single-index group testing model aimed at enhancing flexibility
in addressing various nonlinear models and facilitating the selection of important variables. Given the
absence of individual disease testing results in group testing data, the EM algorithm is employed to
perform the necessary calculations for the model. B-spline functions are utilized to approximate the
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nonlinear unknown smooth functions, with model parameters estimated by maximizing the likelihood
function. In modern group testing, a substantial amount of individual covariate information is typically
collected during sample testing. Consequently, a penalty term is incorporated into the likelihood
function, promoting the construction of a sparse model and enabling effective variable selection. We
apply the method to four group testing strategies: master pool, Dorfman, halving, and array. The
method is evaluated using both simulated and real data.

The remaining sections are organized as follows. Section 2 introduces our model with B-spline
approximation, detailing the corresponding algorithm employing the EM algorithm. Section 3
elaborates on the E-step in the EM algorithm, facilitating the acceleration of our algorithm’s
convergence. Sections 4 and 5 present comprehensive simulations and real data application,
demonstrating the method’s robust performance. Finally, we conclude our findings and provide some
discussion in Section 6.

2. Primary results and methodological advancements

2.1. Logistic single-index model for high-dimensional covariates

Consider a dataset comprising n individuals. For each i ∈ {1, 2, . . . , n}, let the true disease status
of the i-th individual be denoted by Ỹi ∈ {0, 1}, where Ỹi = 1 indicates disease presence, and
Ỹi = 0 indicates absence. Additionally, the dataset includes covariate information for each individual,
represented as Xi = (Xi1, . . . , Xiqn)

T ∈ Rqn , where Rqn denotes a qn-dimensional real vector space. We
assume the number of covariates qn is high-dimensional.

Let the risk probability for the i-th individual be defined as pi = Pr(Ỹi = 1 | Xi), where i ∈
{1, 2, . . . , n}. In many cases, the influence of covariates may be nonlinear; imposing linearity can result
in inaccurate estimations. This study explores nonlinear scenarios, assuming pi follows a flexible
logistic single-index model, expressed as

Pr
(
Ỹi = 1|Xi

)
=

exp
[
g
(
X>i β

)]
1 + exp

[
g
(
X>i β

)] , (2.1)

where β = (β1, β2, . . . , βqn)
> ∈ Rqn represents the unknown parameters, and g(·) is an unknown smooth

function capturing the relationship between covariates and risk probabilities.
In semiparametric single-index models, the true parameters are generally considered non-

identifiable without imposed constraints. To ensure the identifiability of β, we impose a classical

constraint: β1 =

√
1 − ‖β−1‖

2
2, where β−1 = (β2, β3, . . . , βqn)

> ∈ Rqn−1, and ‖ · ‖2 denotes the L2-norm.
Note that both the function g(·) and the coefficient β in the single-index model are unknown. The
L2-norm constraint ‖β‖2 = 1 is crucial for the identifiability of β as shown by Carroll et al. [28], Zhu
et al. [29], Lin et al. [30], Cui et al. [31], and Guo et al. [32]. We assume that the true parameter β∗ is
sparse, defining the true model asM∗ =

{
j ∈ {1, 2, . . . , qn} : β∗j , 0

}
.

For i ∈ {1, 2, . . . , n}, Ỹi follows a Binomial distribution with parameter pi, denoted as Ỹi ∼

Binom(1, pi). In traditional single-index model studies, the true status Ỹ = {Ỹi, i = 1, 2, . . . , n},
is directly observable. However, in group testing, Ỹ is unobservable [33]. This paper investigates
parameter estimation and statistical inference of single-index models based on group testing data.
Moreover, if a group test result is positive, further testing is required to identify infected individuals.
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These results may depend on shared characteristics, leading to correlations within group test outcomes,
complicating the modeling.

In group testing, we partition n individuals into J groups, denoted as P1,1,P2,1, . . . ,PJ,1. Here, P j,1

represents the initial index set of individuals for the j-th group, ensuring ∪J
j=1P j,1 = {1, 2, . . . , n}. For

j ∈ {1, 2, . . . , J}, if any testing result for P j,1 is positive, further testing may be warranted. Define
Z j = {Z j,l, l = 1, 2, . . . , L j} as the set of testing outcomes for the j-th group, where L j denotes the total
number of tests conducted within j-th group. Each Z j,l ∈ {0, 1}, where Z j,l = 0 indicates a negative
result and Z j,l = 1 indicates a positive result. If Z j,1 = 0, then L j = 1; otherwise, L j ≥ 1. Let
P j = {P j,l, l = 1, 2, . . . , L j}, where P j,l corresponds to the individuals associated with Z j,l. Define Z̃ j =

{Z̃ j,l, l = 1, 2, . . . , L j} as the true status corresponding toZ j. The true statuses of individuals determine
the group’s true status, defined as Z̃ j,l = I

(∑
i∈P j,l

Ỹi

)
, where I(·) denotes the indicator function.

In practical applications, measurement error of the test kits exists. We define S e = Pr(Z j,l = 1 |
Z̃ j,l = 1) as sensitivity, representing the probability of correctly identifying positive samples, and S p =

Pr(Z j,l = 0 | Z̃ j,l = 0) as specificity, denoting the probability of correctly identifying negative samples,
where l ∈ {1, 2, . . . , L j} and j ∈ {1, 2, . . . , J}. According to the definitions of S e and S p, given the true
status Z̃ j,l, the group’s testing results satisfy Z j,l|Z̃ j,l ∼ Binom

(
1,Se

Z̃ j,l
(
1 − Sp

)1−Z̃ j,l
)
.

Our approach is based on two widely accepted fundamental assumptions in group testing. The first
assumption is that S e and S p are independent of group size, supported by various studies [34–37]. The
second assumption posits that, given the true statuses of individuals in the j-th group {Ỹi, i ∈ P j,1}, the
group’s true statuses Z̃ j are mutually independent, as supported by previous research [23, 34, 35].

We apply our method to four group testing methods: master pool testing, Dorfman testing, halving
testing, and array testing. Figure 1 illustrates the process of four testing methods: (a) Master pool
testing, where a group of individuals (e.g., P j,1 consisting of individuals 1, 2, 3, and 4) is tested as a
whole to obtain the group testing result Z j,1; (b) Dorfman testing, where initially the same group testing
as in master pool testing is conducted, and if the result of the master pool testing is positive (Z j,1 = 1),
each individual in the group is then tested separately to obtain individual testing results Z j,2, Z j,3, Z j,4,
and Z j,5; (c) Halving testing, where the entire group (e.g., P j,1) is tested as a whole, and if the result is
positive (Z j,1 = 1), the group is divided into two subgroups (e.g., P j,2 andP j,3) for subgroup testing, and
if the result of subgroup testing is positive (e.g., Z j,2 = 1), individuals in the positive subgroup are then
tested individually; and (d) Array testing, where multiple individuals (e.g., 16 individuals) are arranged
in an array for group testing to obtain multiple group testing results such as Z j,1, and if a specific group
testing result is positive (e.g., Z j,1 = 1), further subgroup testing is performed (e.g., obtaining results
Z j,2, Z j,3), and if the group testing results for both the row and column where an individual is located
are positive (e.g., Z j,3 = Z j,4 = Z j,7 = 1), the individuals (e.g., 6-th individual and 10-th individual) are
then tested.
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(c) Halving testing
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Figure 1. A flowchart of four group testing procedure.

Due to the nature of group testing, the true status of individuals, denoted as Ỹ, remains unknown.
Our objective is to estimate M∗, β∗, and g(·) based on observed data Z = {Z j, j = 1, 2, . . . , J} and
covariate information X = (X1, X2, . . . , Xn)T ∈ Rn×qn to ascertain individual risk probabilities. The
likelihood function based on the observed dataZ is defined as

P(Z|X) =
∑
Ỹ∈{0,1}n

P(Z|Ỹ)P(Ỹ|X), (2.2)

where

P(Z | Ỹ) =

J∏
j=1

L j∏
l=1

P
(
Z j,l | ỸP j,l

)
,

and ỸP j,l = {Ỹi, i ∈ P j,l} represents the set of true statuses for individuals in P j,l. Furthermore, the
conditional probability P

(
Z j,l | ỸP j,l

)
is expressed as

P
(
Z j,l | ỸP j,l

)
=

{
S Z̃ j,l

e

(
1 − S p

)1−Z̃ j,l
}Z j,l {

(1 − S e)Z̃ j,l S 1−Z̃ j,l
p

}1−Z j,l

.

The likelihood function for the true disease status Ỹ can be written as

P(Ỹ|X) =

n∏
i=1

pỸi
i (1 − pi)1−Ỹi .

Combining this with the logistic single-index model defined in (2.1), we obtain the log-likelihood
function for Ỹ:

ln P(Ỹ|X) =

n∑
i=1

{
Ỹig(X>i β) − ln

(
1 + exp

[
g
(
X>i β

)])}
. (2.3)
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Since the smooth function g(·) is unknown, we approximate it using B-spline functions. Let the
support interval of g(·) be [a, b]. We partition [a, b] at points a = d0 < d1 < . . . < dN < b = dN+1

into several segments, referred to as knots or internal nodes. This division generates subintervals
Ik = [dk, dk+1) for 0 ≤ k ≤ N − 1 and IN = [dN , dN+1], ensuring that

max0≤k≤N |dk − dk+1|

min0≤k≤N |dk − dk+1|
≤ M,

where M ∈ (0,∞). The B-spline basis functions of order q are denoted as Φ(·) =(
φ1(·), φ2(·), . . . , φS (·)

)>
∈ RS , with S = N + q. Thus, g(·) can be approximated as

g(·) ≈
S∑

s=1

φs(·)γs,

where γs are the spline coefficients to be estimated [38]. Denote γ = (γ1, γ2, . . . , γS )> ∈ RS . We
approximate g(XT

i β) as
g(XT

i β) = Φ>
(
X>i β

)
γ,

where Φ(X>i β) =
(
φ1(X>i β), φ2(X>i β), . . . , φS (X>i β)

)>
. Therefore, we approximate pi by using a spline

function, and denote the spline approximation of pi as piB, which is defined as follows:

piB =
exp

[
Φ>

(
X>i β

)
γ
]

1 + exp
[
Φ>

(
X>i β

)
γ
] . (2.4)

In the following, we use the spline approximation piB of pi to construct the log-likelihood function and
the objective function in the subsequent EM algorithm. Thus, the log-likelihood function (2.3) for Ỹ
can be reformulated as

ln PB(Ỹ|X) =

n∑
i=1

{
ỸiΦ

> (
X>i β

)
γ − ln

(
1 + exp

[
Φ>

(
X>i β

)
γ
] )}

.

Furthermore, the target likelihood function (2.2) can be represented as

PB(Z|X) =
∑
Ỹ∈{0,1}n

P(Z|Ỹ)PB(Ỹ|X).

By employing spline approximation, we transform the estimation problem of β∗
−1 and g(·) into

estimating β∗
−1 and γ.

For high-dimensional group testing data, we aim to estimate β∗
−1 using the penalized approach

within a single-index model framework. The penalized log-likelihood function is defined as follows:

ln PB(Z|X) −
qn∑
j=2

Pλ(β j), (2.5)

where Pλ(·) is the penalty function and λ is a tuning parameter. We consider three common penalty
functions: LASSO [39], SCAD [40], and MCP [41]. Specifically, for LASSO, Pλ(x) = λ|x|. For
SCAD, it is defined as

Pλ(x) =


λ|x| if |x| ≤ λ,
−x2+2δλ|x|−λ2

2(δ−1) if λ < |x| ≤ δλ,
(δ+1)λ2

2 if |x| > δλ,
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where δ > 2. In MCP, the penalty function is given by

Pλ(x) =

λ|x| − x2

2δ if |x| ≤ δλ,
1
2δλ

2 if |x| > δλ,

with δ > 1. The following section will detail the parameter estimation process.

2.2. EM algorithm for regularized single-index model in group testing

The penalized log-likelihood function (2.5) lacks the individual latent status Ỹ. The complete data
penalized log-likelihood function can be expressed as

ln PB(Z, Ỹ|X) −
qn∑
j=2

Pλ(β j) = ln P(Z|Ỹ) + ln PB(Ỹ|X) −
qn∑
j=2

Pλ(β j). (2.6)

Notably, ln P(Z|Ỹ) depends solely on known parameters S e and S p, allowing us to disregard it in
computations. The presence of the latent variable Ỹ complicates direct maximization of the complete
data penalized log-likelihood function (2.6). Therefore, we employ the EM algorithm, comprising two
steps: the Expectation (E) step, and the Maximization (M) step.

In the E step, given the observed data Z and the parameters from the t-th iteration (β(t)
−1,γ

(t)),
calculate the following function:

S (t)(β−1,γ) =E

{ n∑
i=1

{
ỸiΦ

> (
X>i β

)
γ − ln

(
1 + exp

[
Φ>

(
X>i β

)
γ
])} ∣∣∣∣Z,β(t)

−1,γ
(t)
}
−

qn∑
j=2

Pλ(β j)

=

n∑
i=1

{
w(t)

i Φ>
(
X>i β

)
γ − ln

(
1 + exp

[
Φ>

(
X>i β

)
γ
])}
−

qn∑
j=2

Pλ(β j),

(2.7)

where w(t)
i = E[Ỹi|Z,γ

(t),β(t)
−1], i = 1, 2, . . . , n. The calculation of the w(t)

i varies among the four
grouping testing methods, which will be discussed in Section 3.

In the M step, we update β(t+1)
−1 and γ(t+1), respectively. Initially, we update γ(t+1) by maximizing:

S (t)(β(t)
−1,γ) =

n∑
i=1

{
w(t)

i Φ>
(
X>i β

(t)
)
γ − ln

(
1 + exp

[
Φ>

(
X>i β

(t))γ])} − qn∑
j=2

Pλ(β
(t)
j ). (2.8)

Subsequently, we maximize S (t)(β−1,γ
(t+1)) to update the parameters β(t+1)

−1 :

S (t)(β−1,γ
(t+1)) =

n∑
i=1

{
w(t)

i Φ>
(
X>i β

)
γ(t+1) − ln

(
1 + exp

[
Φ>

(
X>i β

)
γ(t+1)])} − qn∑

j=2

Pλ(β j). (2.9)

Given that β−1 appears in each B-spline basis function φ(X>i β), direct iteration presents challenges. Let
g̃(t)(XT

i β) = Φ>(XT
i β)γ(t+1). We apply the approach by Guo et al. [42], approximating g̃(t)(XT

i β) via a
first-order Taylor expansion

g̃(t)(XT
i β) ≈ g̃(t)(XT

i β
(t)) + g̃(t)′(XT

i β
(t))XT

i J(β(t))(β−1 − β
(t)
−1),
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where J(β) = ∂β/∂β−1 =

(
−β−1/

√
1 − ‖β−1‖

2
2, Iqn−1

)>
represents the Jacobian matrix of size qn×(qn−1)

and Iqn−1 denotes the (qn − 1)-dimensional identity matrix. This approximation is incorporated into
S (t)(β−1,γ

(t+1)) to maximize the expression and update β(t+1)
−1 . Therefore, we approximate S (t)(β−1,γ

(t+1))
by S̃ (t)(β−1,γ

(t+1)) as follows:

S̃ (t)(β−1,γ
(t+1)) =

n∑
i=1

{
w(t)

i g̃(t)(X>i β) − ln
(
1 + exp

[
g̃(t)(X>i β)])} − qn∑

j=2

Pλ(β j)

=

n∑
i=1

{
w(t)

i

[
g̃(t)(XT

i β
(t)) + g̃(t)′(XT

i β
(t))XT

i J(β(t))(β−1 − β
(t)
−1)

]
− ln

(
1 + exp

[
g̃(t)(XT

i β
(t)) + g̃(t)′(XT

i β
(t))XT

i J(β(t))(β−1 − β
(t)
−1)

] )}
−

qn∑
j=2

Pλ(β j).

(2.10)

We employ stochastic gradient descent [43] and coordinate descent [44] to update γ and β,
respectively. Let γ̂ and β̂−1 denote the estimated parameters, and M̂ =

{
j ∈ {1, 2, . . . , qn} : β̂ j , 0

}
represent the estimated model. Furthermore, γ̂ and β̂−1 can be used to calculate individual risk
probabilities and guide subsequent testing strategies. In summary, the EM algorithm offers a structured
approach to handle the latent variable Ỹ and estimate model parameters. The detailed steps of this
method are summarized in Algorithm 1.

Algorithm 1 Regularized single-index model for group testing.
Input: Z, X, tmax and initialization (β(0)

−1,γ
(0)).

For: t = 0, 1, 2, . . . , tmax

• Step 1 (E-step): In the E step, given the parameters (β(t)
−1,γ

(t)) and Z, calculate the conditional
expectation S (t)(β−1,γ) in (2.7).
• Step 2 (M-step): Update the iterative parameters β(t+1)

−1 and γ(t+1) in two substeps:

1. Update γ(t+1) by maximizing S (t)(β(t)
−1,γ) in (2.8).

2. Update β(t+1)
−1 by maximizing S̃ (t)(β−1,γ

(t+1)) in (2.10).

End for: Repeat steps 1 and 2 until parameters converge or reach the maximum number of iterations
tmax.
Output: The estimates β̂−1 and γ̂.

3. Calculation of conditional expectations

Implementing Algorithm 1 requires deriving formulas to calculate the conditional expectations of
individuals’ true statuses. These expressions are essential for the effective application of the EM
algorithm in various testing scenarios. Common group testing methods include master pool testing,
Dorfman testing, halving testing, and array testing. We have derived the conditional expectation
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formula of these methods under our methodological framework, which will facilitate our other
calculations.

For master pool testing, samples are divided into J distinct groups, with each sample assigned to
only one group, and each group undergoes a single test without subsequent testing. When the i-th
individual is assigned to the j-th group, consider two cases for w(t)

i :
While Z j = 0,

w(t)
i =

P(Ỹi = 1,Z j = 0)
P(Z j = 0)

=
P(Z j = 0|Ỹi = 1)P(Ỹi = 1)

P(Z j = 0)
.

Due to

P(Z j = 1) =P(Z j = 1|Z̃ j = 1)P(Z̃ j = 1) + P(Z j = 1|Z̃ j = 0)P(Z̃ j = 0)

=S e[1 −
∏
i∈P j

(1 − p(t)
iB)] + (1 − S p)

∏
i∈P j

(1 − p(t)
iB)

=S e + (1 − S e − S p)
∏
i∈P j

(1 − p(t)
iB),

let ∆ j = S e + (1 − S e − S p)
∏
i∈P j

(1 − p(t)
iB), where piB is an approximate result of pi in (2.4). Therefore,

P(Z j = 0) = 1 − [S e + (1 − S e − S p)
∏
i∈P j

(1 − p(t)
iB)] = 1 − ∆ j.

Then,

w(t)
i =

(1 − S e) · p
(t)
iB

1 − [S e + (1 − S e − S p)
∏
i∈P j

(1 − p(t)
iB)]

=
(1 − S e) · p

(t)
iB

(1 − ∆ j)
.

While Z j = 1,

w(t)
i = P(Ỹi = 1|Z j = 1)

=
p(Z j = 1|Ỹi = 1)P(Ỹi = 1)

P(Z j = 1)

=
S e · p

(t)
iB

S e + (1 − S e − S p)
∏
i∈P j

(1 − p(t)
iB)

=
S e · p

(t)
iB

∆ j
.

In conclusion,

w(t)
i =

P(Ỹi = 1|Z j = 0) = (1 − S e) · p
(t)
iB/(1 − ∆ j), if Z j = 0,

P(Ỹi = 1|Z j = 1) = S e · p
(t)
iB/∆ j, if Z j = 1.

We apply our method to four group testing algorithms: master pool testing, Dorfman testing, halving
testing, and array testing. For other algorithms, detailed expressions can be found in Appendix C. Using
these expressions, we apply the EM algorithm to estimate the model parameters.
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4. Simulation study

In this section, we assess the performance of the proposed method using simulated datasets. The
generation of covariates follows the approach described by Guo et al. [42]. Specifically, covariates
X ∈ Rn×qn are drawn from a truncated multivariate normal distribution. We first generate covariates
from N(0,Σ), where Σ ∈ Rqn×qn and Σi j = 0.5|i− j| for 1 ≤ i, j ≤ qn. These covariates are then truncated to
the range (−2, 2) to obtainX. We consider logistic single-index models to describe pi = Pr(Ỹi = 1 | Xi),
with the function g(X>i β) in the model (2.1) defined as follows,

Example 4.1. We set n = 500 and β∗ =
(

3
√

15.25
, 2.5
√

15.25
, 0, . . . , 0

)>
. We consider two scenarios: qn = 50

and qn = 100. The model is described as follows:

g(X>i β
∗) = exp(X>i β

∗) − 7.

Under this setting, the disease prevalence is approximately 8.93%.

Example 4.2. We set n = 1000 and β∗ =
(

1
√

3
, 1
√

3
, 1
√

3
, 0, . . . , 0

)>
. We consider two scenarios: qn = 100

and qn = 500. The model is described as follows:

g(X>i β
∗) =X>i β

∗(1 − X>i β
∗) + exp(X>i β

∗) − 6.

In this example, the disease prevalence is approximately 11.41%.

Example 4.3. We set qn = 50 and β∗ =
(

9
√

181
, 8
√

181
, 6
√

181
, 0, . . . , 0

)>
. We consider two scenarios:

n = 500 and n = 1000. The model is described as follows:

g(X>i β
∗) =X>i β

∗(1 − X>i β
∗) + 0.5 · sin

(
πX>i β

∗

2

)
− 6.

In this example, the disease prevalence is approximately 9.42%.

Example 4.4. We set qn = 100 and β∗ = (0.5, 0.5, 0.5, 0.5, 0, . . . , 0)>. Two scenarios are considered:
n = 750 and n = 1000. The model is described as follows:

g(X>i β
∗) = X>i β

∗(1 − X>i β
∗) + exp(X>i β

∗) + 0.1 · sin
(
πX>i β

∗

2

)
− 6.

In this scenario, the disease prevalence is approximately 10.32%.

In our simulation study, we employed four group testing algorithms: master pool testing (MPT),
Dorfman testing (DT), halving testing (HT), and array testing (AT) to evaluate the model. For MPT,
DT, and HT, the group size was set to 4, while in AT, individuals were arranged in a 4 × 4 array.
Both sensitivity and specificity were fixed at S e = S p = 0.98. Based on the methodologies of Fan
and Li [40] and Zhang [41], we set δ values of 3.7 and 2 for SCAD and MCP, respectively. Each
scenario was simulated B = 100 times, where β̂[b] denotes the estimated β∗ in the b-th simulation, with
b ∈ {1, 2, . . . , B}.
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Following the approach of Guan et al. [45], we measured the estimation accuracy of β̂ j ( j =

1, 2, 3, 4) using the mean squared error (MSE), defined as

MSE =
1
B

B∑
b=1

(β∗j − β̂
[b]
j )2, j = 1, 2, 3, 4.

We utilized average mean squared error (AMSE) to assess the accuracy of β̂, consistent with methods
employed by Wang and Yang [46]:

AMSE =
1

Bqn

B∑
b=1

‖β∗ − β̂[b]‖22.

Average mean absolute error (AMAE) was used to evaluate the estimation performance of g(·) and
individual risk probabilities pi [42]. The AMAE for g(·) is defined as

AMAEg =
1

Bn

B∑
b=1

n∑
i=1

∣∣∣∣g(X>i β
∗) − g(X>i β̂

[b])
∣∣∣∣,

while the AMAE for p̂[b]
i = eg(X>i β̂

[b])

1+eg(X>i β̂
[b])

is defined as

AMAEp =
1

Bn

B∑
b=1

n∑
i=1

∣∣∣∣p∗i − p̂[b]
i

∣∣∣∣,
where p∗i =

g(X>i β
∗)

1+eg(X>i β
∗) .

To evaluate variable selection performance, we employed true positive rate (TPR) and false positive
rate (FPR). The FPR represents the proportion of false positives among identified predictors, while the
TPR indicates the proportion of true positives among relevant predictors. Table 1 shows the results of
variable selection.

Table 1. Four outcomes of variable selection.

Metric Implication
True positive (TP) Actual positive and predicted positive
False positive (FP) Actual negative and predicted positive
False negative (FN) Actual positive and predicted negative
True negative (TN) Actual negative and predicted negative

TPR and FPR are defined as follows:

TPR =
TP

TP + FN
, FPR =

FP
FP + TN

.

The simulation results are summarized in Tables 2 to 5. As shown in the tables, the TPR was
approximately 97%, with a very low FPR. The result shows that the probability thatM∗ is contained
in M̂ is very close to 1. This demonstrates the notable performance of our model in variable selection.
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The AMAE for g(·) and pi was approximately 0.5 and 0.01, respectively. This shows that we have
accurately captured the form of the unknown smooth function g(·) and are able to precisely predict the
individual risk probability. The AMSE for the model parameters β was around 10−4, while the AMSE
for significant variables β j was approximately 10−3. This demonstrates the accuracy of our model in
parameter estimation.

We set up two different sample sizes (n) or covariate scenarios (qn) for each example. Results
of Examples 4.1 and 4.2 suggest that our method maintains robust estimation performance as
dimensionality increases in small sample scenarios. Furthermore, results of Examples 4.3 and 4.4
demonstrate that estimation accuracy improves with increased sample size. Figure 2 illustrates the
estimation performance of g(·) and individual risk probabilities pi, confirming our method’s efficacy in
estimating unknown functions and risk probabilities.

Table 2. Simulation results for Example 4.1.

AMAE AMSE MSE

Model Setting Test Penalty TPR FPR g(·) Prob β β1 β2

Example 4.1
(n=500)

qn=50

MPT

MCP

0.980 0.061 0.325 0.011 0.0003 0.0022 0.0015
HT 0.985 0.003 0.413 0.007 0.0002 0.0068 0.0025
DT 0.968 0.062 0.295 0.011 0.0003 0.0001 0.0004
AT 0.987 0.035 0.388 0.009 0.0004 0.0019 0.0009

MPT

SCAD

0.967 0.060 0.508 0.014 0.0003 0.0012 0.0021
HT 0.988 0.001 0.479 0.008 0.0001 0.0021 0.0023
DT 0.980 0.051 0.511 0.012 0.0003 0.0005 0.0004
AT 0.974 0.063 0.432 0.009 0.0003 0.0035 0.0024

MPT

LASSO

0.964 0.060 0.337 0.011 0.0003 0.0038 0.0051
HT 0.986 0.003 0.436 0.006 0.0001 0.0003 0.0002
DT 1.000 0.029 0.522 0.013 0.0001 0.0004 0.0003
AT 0.981 0.034 0.320 0.007 0.0001 0.0006 0.0008

qn=100

MPT

MCP

0.985 0.010 0.511 0.009 0.0001 0.0004 0.0004
HT 0.973 0.038 0.374 0.009 0.0002 0.0022 0.0033
DT 0.986 0.023 0.338 0.010 0.0001 0.0004 0.0001
AT 0.982 0.023 0.470 0.005 0.0001 0.0004 0.0005

MPT

SCAD

0.987 0.031 0.265 0.013 0.0002 0.0002 0.0003
HT 0.988 0.038 0.458 0.015 0.0005 0.0017 0.0001
DT 0.978 0.051 0.451 0.011 0.0001 0.0008 0.0004
AT 0.985 0.010 0.422 0.009 0.0001 0.0058 0.0047

MPT

LASSO

0.987 0.026 0.478 0.010 0.0001 0.0008 0.0012
HT 0.966 0.044 0.364 0.011 0.0003 0.0029 0.0052
DT 0.984 0.031 0.503 0.012 0.0001 0.0001 0.0003
AT 0.987 0.031 0.401 0.008 0.0001 0.0016 0.0014
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Table 3. Simulation results for Example 4.2.

AMAE AMSE MSE

Model Setting Test Penalty TPR FPR g(·) Prob β β1 β2 β3

Example 4.2

(n=1000)

qn=100

MPT

MCP

0.980 0.001 0.569 0.011 0.0001 0.0006 0.0025 0.0073

HT 0.974 0.001 0.626 0.012 0.0003 0.0059 0.0167 0.0054

DT 0.971 0.027 0.601 0.012 0.0002 0.0035 0.0022 0.0019

AT 0.986 0.010 0.582 0.011 0.0001 0.0059 0.0011 0.0032

MPT

SCAD

0.970 0.019 0.551 0.010 ∗ 0.0014 0.0006 0.0011

HT 0.964 0.029 0.588 0.011 0.0001 0.0021 0.0041 0.0001

DT 0.972 0.021 0.572 0.011 0.0001 0.0037 0.0002 0.0034

AT 0.971 0.021 0.575 0.011 0.0001 0.0057 0.0005 0.0042

MPT

LASSO

0.974 0.048 0.553 0.010 0.0001 0.0000 0.0002 0.0003

HT 0.972 0.056 0.601 0.010 0.0001 0.0003 0.0001 0.0006

DT 0.982 0.021 0.574 0.010 0.0001 0.0035 0.0001 0.0042

AT 0.986 0.010 0.584 0.011 0.0001 0.0041 0.0002 0.0056

qn=500

MPT

MCP

0.964 0.011 0.562 0.013 0.0001 0.0005 0.0015 0.0042

HT 0.972 0.010 0.670 0.018 0.0001 0.0056 0.0001 0.0115

DT 0.987 0.011 0.567 0.012 ∗ 0.0044 0.0003 0.0058

AT 0.986 0.020 0.669 0.015 0.0001 0.0022 0.0108 0.0012

MPT

SCAD

0.965 0.014 0.515 0.010 0.0001 0.0003 0.0055 0.0045

HT 0.968 0.018 0.547 0.015 0.0001 0.0023 0.0112 0.0069

DT 0.989 0.007 0.534 0.011 0.0001 0.0048 0.0001 0.0047

AT 0.985 0.005 0.608 0.010 ∗ 0.0042 0.0021 0.0007

MPT

LASSO

0.978 0.006 0.536 0.012 0.0001 0.0013 0.0132 0.0104

HT 0.970 0.002 0.644 0.015 0.0001 0.0000 0.0092 0.0126

DT 0.987 0.005 0. 545 0.012 ∗ 0.0015 0.0007 0.0019

AT 0.981 0.002 0.526 0.012 ∗ 0.0011 0.0093 0.0045

Symbol ∗ indicates value smaller than 0.0001.
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Table 4. Simulation results for Example 4.3.

AMAE AMSE MSE

Model Setting Test Penalty TPR FPR g(·) Prob β β1 β2 β3

Example 4.3

(qn=50)

n=500

MPT

MCP

0.951 0.103 0.466 0.019 0.0003 0.0003 0.0009 0.0011

HT 0.966 0.091 0.571 0.021 0.0005 0.0007 0.0036 0.0045

DT 0.982 0.043 0.360 0.006 0.0001 0.0002 0.0001 0.0001

AT 0.981 0.021 0.464 0.012 0.0001 0.0005 0.0009 0.0006

MPT

SCAD

0.957 0.139 0.527 0.023 0.0005 0.0001 0.0031 0.0098

HT 0.968 0.082 0.433 0.020 0.0004 0.0006 0.0001 0.0003

DT 0.954 0.140 0.411 0.013 0.0002 0.0011 0.0018 0.0012

AT 0.972 0.064 0.793 0.018 0.0002 0.0038 0.0021 0.0004

MPT

LASSO

0.981 0.024 0.604 0.021 0.0003 0.0042 0.0014 0.0019

HT 0.983 0.021 0.432 0.026 0.0001 0.0017 0.0005 0.0016

DT 0.971 0.094 0.470 0.013 0.0002 0.0004 0.0014 0.0023

AT 0.980 0.061 0.447 0.013 0.0002 0.0002 0.0004 0.0015

n=1000

MPT

MCP

0.988 0.040 0.358 0.015 0.0002 0.0011 0.0024 0.0042

HT 0.984 0.021 0.399 0.017 0.0006 0.0008 0.0009 0.0013

DT 0.989 0.000 0.583 0.014 0.0001 0.0001 0.0019 0.0024

AT 0.985 0.009 0.405 0.013 0.0001 0.0017 0.0041 0.0012

MPT

SCAD

0.989 0.043 0.537 0.016 0.0002 0.0025 0.0004 0.0038

HT 0.987 0.003 0.512 0.012 0.0001 0.0012 0.0032 0.0031

DT 0.986 0.003 0.515 0.012 0.0001 0.0001 0.0002 0.0004

AT 1.000 0.000 0.410 0.013 0.0001 0.0013 0.0022 0.0013

MPT

LASSO

0.988 0.004 0.441 0.011 0.0002 0.0029 0.0012 0.0021

HT 0.982 0.007 0.326 0.007 0.0001 0.0002 0.0004 0.0002

DT 0.987 0.008 0.489 0.013 0.0001 0.0008 0.0001 0.0032

AT 0.977 0.043 0.283 0.007 0.0001 0.0012 0.0024 0.0034
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Table 5. Simulation results for Example 4.4.

AMAE AMSE MSE

Model Setting Test Penalty TPR FPR g(·) Prob β β1 β2 β3 β4

Example 4.4

(qn=100)

n=750

MPT

MCP

0.979 0.053 0.744 0.019 0.0004 0.0028 0.0015 0.0036 0.0076

HT 0.959 0.100 0.970 0.027 0.0011 0.0024 0.0005 0.0022 0.0018

DT 0.986 0.035 0.611 0.011 0.0001 0.0001 0.0025 0.0034 0.0016

AT 0.984 0.043 0.789 0.013 0.0002 0.0012 0.0051 0.0026 0.0012

MPT

SCAD

0.966 0.059 0.723 0.014 0.0003 0.0030 0.0078 0.0081 0.0001

HT 0.978 0.069 0.576 0.014 0.0002 0.0004 0.0083 0.0052 0.0002

DT 0.989 0.063 0.698 0.013 0.0003 0.0034 0.0155 0.0011 0.0051

AT 0.981 0.052 0.671 0.022 0.0005 0.0078 0.0023 0.0085 0.0073

MPT

LASSO

0.977 0.072 0.620 0.014 0.0003 0.0047 0.0041 0.0141 0.0002

HT 0.964 0.069 0.680 0.015 0.0003 0.0018 0.0071 0.0073 0.0007

DT 0.986 0.041 0.581 0.016 0.0003 0.0034 0.0090 0.0014 0.0005

AT 0.984 0.065 0.679 0.016 0.0003 0.0001 0.0095 0.0065 0.0003

n=1000

MPT

MCP

0.967 0.029 0.706 0.015 0.0002 0.0068 0.0097 0.0022 0.0015

HT 0.986 0.001 0.818 0.012 0.0001 0.0035 0.0061 0.0007 0.0001

DT 0.987 0.032 0.872 0.012 0.0002 0.0007 0.0074 0.0017 0.0016

AT 0.988 0.037 0.800 0.027 0.0002 0.0013 0.0061 0.0002 0.0025

MPT

SCAD

0.961 0.059 0.724 0.015 0.0002 0.0081 0.0087 0.0030 0.0006

HT 0.974 0.010 0.779 0.013 0.0001 0.0036 0.0066 0.0012 0.0001

DT 0.983 0.071 0.405 0 .010 0.0001 0.0013 0.0059 0.0008 0.0001

AT 0.981 0.041 0.422 0.010 0.0001 0.0003 0.0009 0.0020 0.0011

MPT

LASSO

0.977 0.029 0.819 0.017 0.0004 0.0057 0.0012 0.0083 0.0079

HT 0.951 0.004 0.545 0.043 0.0001 0.0093 0.0004 0.0004 0.0025

DT 0.985 0.021 0.408 0.009 0.0001 0.0002 0.0011 0.0026 0.0007

AT 0.989 0.008 0.581 0.010 0.0001 0.0042 0.0003 0.0004 0.0008
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Figure 2. Estimation of unknown function (a) and risk probability (b) in Example 4.2, with
n = 1000 and qn = 500, using MPT and the SCAD penalty function.

Moreover, we aim to evaluate our method’s performance under different group sizes. Using
Example 4.4, we investigated group sizes of 2, 4, 6, and 8 with the Dorfman algorithm and LASSO
penalty function. Results are presented in Table 6, reporting the means of β̂ j for j = 1, 2, 3, 4. The
simulation results indicate that our method consistently delivers strong estimation performance across
various group sizes. At the same time, we set up comparative experiments with different S e and S p,
and the simulation results are shown in Tables 8 to 11 in Appendix A. As shown in these tables, our
model maintains a certain level of stability, ensuring thatM∗ is still contained within M̂.

Table 6. Simulation results for different group size.

AMAE MEAN

Model Setting Group Size TPR FPR g(·) Prob β1 β2 β3 β4

Example 4
(qn=100)

n=750

2 0.970 0.015 0.611 0.011 0.452 0.465 0.478 0.460
4 0.965 0.020 0.581 0.016 0.445 0.405 0.464 0.477
6 0.986 0.041 0.627 0.009 0.519 0.497 0.487 0.495
8 0.973 0.020 0.594 0.012 0.471 0.467 0.484 0.477

n=1000

2 0.974 0.014 0.447 0.009 0.468 0.484 0.473 0.485
4 0.964 0.018 0.408 0.009 0.489 0.468 0.450 0.474
6 0.985 0.021 0.440 0.011 0.486 0.478 0.443 0.471
8 0.974 0.010 0.466 0.009 0.494 0.494 0.447 0.437

5. Application to real data

In this section, we validate the effectiveness of our method using the diabetes dataset from the
National Health and Nutrition Examination Survey (NHANES) conducted between 1999 and 2004.
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NHANES is a probability-based cross-sectional survey representing the U.S. population, collecting
demographic, health history, and behavioral information through household interviews. Participants
were also invited to equip mobile examination centers for detailed physical, psychological, and
laboratory assessments. The dataset is accessible at https://wwwn.cdc.gov/Nchs/Nhanes/.

The dataset comprises n = 5515 records and 17 variables, categorizing individuals as diabetic or
non-diabetic. Covariates include age (X1), waist circumference (X2), BMI (X3), height (X4), weight
(X5), smoking age (X6), alcohol use (X7), leg length (X8), total cholesterol (X9), hypertension (X10),
education level (X11), household income (X12), family history (X13), physical activity (X14), gender
(X15), and race (X16). Notably, nominal variables from X10 to X16 are transformed using one-hot
encoding, resulting in qn = 47 covariates per individual. The first nine variables are continuous,
while the remainder are binary. A detailed explanation of the variables as well as the content of
the questionnaire can be found at https://wwwn.cdc.gov/Nchs/Nhanes/search/default.aspx.
For convenience, the nominal variables are explained in Table 12. in Appendix B.

For i ∈ {1, 2, . . . , n}, we define Ỹi = 1 for diabetes and Ỹi = 0 for non-diabetes. Individual covariate
information is represented as Xi = (Xi1, Xi2, . . . , Xiqn)

>. We construct the following single-index model
for the probability of diabetes risk for the i-th individual:

Pr
(
Ỹi = 1|Xi

)
=

exp
[
g
(
X>i β

)]
1 + exp

[
g
(
X>i β

)] ,
where the smooth function g(·) is unknown, and our objective is to estimate the coefficients β.

To verify the accuracy of our method, we compare the results with those obtained from two other
methods. The first method is penalized logistic regression (PLR), which uses the true individual
status, Ỹi. This method is implemented using the R package “glmnet”. The second method is the
adaptive elastic net for group testing (aenetgt) data, as introduced by Gregory et al. [23]. This approach
utilizes group testing data and employs a penalized Expectation-Maximization (EM) algorithm to fit
an adaptive elastic net logistic regression model. The R package “aenetgt” is used for implementation.
We generate Dorfman group testing data with a group size of 6, setting both sensitivity and specificity
at S e = S p = 0.98.

To ensure comparability, we adhere to the standardization techniques referenced in Cui et al. [31].
First, we center the covariates to facilitate the comparison of relative effects across different explanatory
variables. Second, we normalize the PLR and aenetgt coefficients by dividing them by their L2-norm,
as follows:

β̂norm
PLR =

β̂PLR

‖β̂PLR‖2
, β̂norm

aenet =
β̂aenet

‖β̂aenet‖2
,

thereby obtaining coefficients with unit norm. This enables a comparison of regression coefficients
from PLR, aenetgt, and the single-index group testing model.

The estimated coefficients from the three models are summarized in Table 7, and the parameter
estimation of our method is denoted as β̂our. In this study, the estimated coefficients for age, β̂norm

PLR
and β̂our, are 0.280 and 0.307, respectively, indicating that the risk of diabetes increases with age,
consistent with the findings of Turi et al. [47]. However, the coefficient β̂norm

aenet is close to zero. For
waist circumference, the coefficients β̂norm

PLR , β̂our, and β̂norm
aenet are 0.178, 0.194, and 0.271, respectively,

suggesting a positive association between waist circumference and diabetes risk, which is supported
by Bai et al. [48] and Snijder et al. [49]. In addition, all three methods also identified leg length [50],
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hypertension [51], race [52], family history [53], and sex [54] as variables associated with diabetes.
These covariates are widely recognized as being related to diabetes in the biomedical field [55].

We found that the covariable physical activity is associated with diabetes, but the aenetgt method
failed to identify this association. The results of a study by Yu et al. [55], which used the same dataset
as ours, are consistent with this finding. In addition, we found that education level was also a covariable
associated with diabetes (β̂norm

PLR and β̂our are -0.523 and -0.335). Evidence for this association can also be
found in the study by Aldossari et al. [56], and in this dataset, the probability that these participants will
not develop diabetes is 100%. We also identified that household income is associated with diabetes,
which is consistent with the study by Yen et al. [57]. In this dataset, the probability of developing
diabetes for those who refused to answer about their household income is 60%. Furthermore, our
model yields results similar to those obtained by the PLR method, which uses individual observations
(Ỹ), suggesting that our method is able to extract information from group observations.

Table 7. Estimated coefficients for the real data model.

Variable β̂norm
PLR β̂our β̂norm

aenet Variable β̂norm
PLR β̂our β̂norm

aenet Variable β̂norm
PLR β̂our β̂norm

aenet

age 0.280 0.307 -0.085 Family history Household income

waist circumference 0.178 0.194 0.271 family history1 0.000 0.000 0.000 household income1 0.000 0.000 0.000

BMI 0.000 0.000 0.000 family history2 -0.492 -0.567 -0.466 household income2 0.024 0.000 0.000

height 0.000 0.000 0.000 family history9 0.000 0.000 0.000 household income3 0.000 0.000 0.000

weight 0.000 0.000 0.000 Physical activity household income4 0.000 -0.069 0.000

smoking age 0.000 0.007 0.000 physical activity1 0.000 0.056 0.000 household income5 0.000 0.000 0.000

alcohol use 0.009 0.013 0.000 physical activity2 -0.086 -0.018 0.000 household income6 0.000 0.000 0.000

leg length -0.048 -0.100 -0.043 physical activity3 -0.134 -0.039 0.000 household income7 0.000 0.000 0.000

total cholesterol 0.000 0.000 0.000 physical activity4 -0.088 0.000 0.000 household income8 0.001 0.065 0.000

Hypertension physical activity9 0.000 0.000 0.000 household income9 0.000 0.000 0.000

hypertension1 0.000 0.000 0.000 Sex household income10 0.000 0.000 0.000

hypertension2 -0.350 -0.372 -0.641 sex1 -0.010 0.000 0.000 household income11 0.000 0.000 0.000

Education sex2 -0.237 -0.225 -0.424 household income12 0.000 0.000 0.000

education1 0.000 0.000 0.000 race household income13 0.000 0.000 0.000

education2 0.000 0.000 0.000 race1 0.000 0.000 0.000 household income77 0.000 0.231 0.000

education3 0.000 0.000 0.000 race2 -0.019 -0.073 0.000 household income99 0.000 0.000 0.000

education4 0.000 0.000 0.000 race3 -0.399 -0.380 -0.330

education5 -0.014 -0.052 0.000 race4 0.000 0.000 0.000

education7 -0.523 -0.335 0.000 race5 0.000 0.124 0.000

6. Conclusions and discussion

This study presents a group testing framework based on a logistic regression single-index model
for disease screening in low-prevalence environments. By employing B-splines to estimate unknown
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functions and incorporating penalty functions, our approach achieves high flexibility in capturing
the relationships between covariates and individual risk probabilities while accurately identifying
important variables. To address potential computational challenges in individual disease status
estimation, we implemented an iterative EM algorithm for model estimation. Our simulation
experiments demonstrate the proposed method’s performance in high-dimensional covariate contexts
with limited sample sizes, while application to real data confirms its efficacy. Our framework offers a
unified approach for various group testing methods, showcasing its practical application value.

Despite these promising outcomes, our study acknowledges several limitations. First, our model
assumes that sensitivity and specificity of testing are independent of group size, which may not always
hold in practical applications. Second, data quality and variations in the testing population can impact
the model’s applicability. Therefore, exploring how to integrate prior information to enhance model
accuracy and practical value remains a critical research direction. Furthermore, the potential high
dimensionality of individual covariates poses significant challenges, necessitating the development of
models capable of handling ultra-high-dimensional data.

Future research could explore the following directions. Firstly, examining model performance
under varying group testing configurations, such as changes in testing errors and group sizes, could
yield valuable insights. Secondly, investigating methods to incorporate additional prior knowledge
to improve estimation accuracy is a worthwhile endeavor. Additionally, considering computational
efficiency, developing faster algorithms for processing large-scale datasets will be a key focus for
future work.
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9. P. Saá, M. Proctor, G. Foster, D. Krysztof, C. Winton, J. M. Linnen, et al., Investigational
testing for Zika virus among U.S. blood donors, N. Engl. J. Med., 378 (2018), 1778–1788.
http://dx.doi.org/10.1056/NEJMoa1714977

10. J. M. Tebbs, C. S. McMahan, C. R. Bilder, Two-stage hierarchical group testing for multiple
infections with application to the infertility prevention project, Biometrics, 69 (2013), 1064–1073.
http://dx.doi.org/10.1111/biom.12080

11. C. S. McMahan, J. M. Tebbs, T. E. Hanson, C. R. Bilder, Bayesian regression for group testing
data, Biometrics, 73 (2017), 1443–1452. http://dx.doi.org/10.1111/biom.12704

12. A. Yuan, J. Piao, J. Ning, J. Qin, Semiparametric isotonic regression modelling and estimation for
group testing data, Can. J. Stat., 49 (2021), 659–677. http://dx.doi.org/10.1002/cjs.11581

13. J. Ding, W. J. Xiong, Robust group testing for multiple traits with misclassification, J. Appl. Stat.,
42 (2015), 2115–2125. https://doi.org/10.1080/02664763.2015.1019841

14. S. C. Mokalled, C. S. McMahan, J. M. Tebbs, D. Andrew Brown, C. R. Bilder,
Incorporating the dilution effect in group testing regression, Stat. Med., 40 (2021), 2540–2555.
http://dx.doi.org/10.1002/sim.8916

AIMS Mathematics Volume 10, Issue 2, 3523–3560.

https://dx.doi.org/http://dx.doi.org/10.1214/aoms/1177731363
https://dx.doi.org/http://dx.doi.org/10.1038/d41586-020-02053-6
https://dx.doi.org/http://dx.doi.org/10.1038/s41586-020-2885-5
https://dx.doi.org/https://doi.org/10.1109/HiPC56025.2022.00033
https://dx.doi.org/http://dx.doi.org/10.1128/jcm.00787-07
https://dx.doi.org/http://dx.doi.org/10.1016/j.jcv.2014.06.024
https://dx.doi.org/http://dx.doi.org/10.1097/OLQ.0b013e318231cd4a
https://dx.doi.org/http://dx.doi.org/10.1128/jcm.05631-11
https://dx.doi.org/http://dx.doi.org/10.1056/NEJMoa1714977
https://dx.doi.org/http://dx.doi.org/10.1111/biom.12080
https://dx.doi.org/http://dx.doi.org/10.1111/biom.12704
https://dx.doi.org/http://dx.doi.org/10.1002/cjs.11581
https://dx.doi.org/https://doi.org/10.1080/02664763.2015.1019841
https://dx.doi.org/http://dx.doi.org/10.1002/sim.8916


3543

15. X. Z. Huang, M. S. S. Warasi, Maximum likelihood estimators in regression models for error-prone
group testing data, Scand. J. Stat., 44 (2017), 918–931. http://dx.doi.org/10.1111/sjos.12282

16. G. Haber, Y. Malinovsky, P. S. Albert, Sequential estimation in the group testing problem,
Sequential Anal., 37 (2018), 1–17. http://dx.doi.org/10.1080/07474946.2017.1394716

17. J. L. Horowitz, Semiparametric and nonparametric methods in econometrics, 1 Eds., New York:
Springer, 2009. https://doi.org/10.1007/978-0-387-92870-8

18. P. Radchenko, High dimensional single index models, J. Multivariate Anal., 139 (2015), 266–282.
http://dx.doi.org/10.1016/j.jmva.2015.02.007

19. Z. C. Elmezouar, F. Alshahrani, I. M. Almanjahie, S. Bouzebda, Z. Kaid, A. Laksaci, Strong
consistency rate in functional single index expectile model for spatial data, AIMS Mathematics,
9 (2024), 5550–5581. http://dx.doi.org/10.3934/math.2024269

20. Y. N. Chen, R. J. Samworth, Generalized additive and index models with shape constraints, J. R.
Stat. Soc. Ser. B Stat. Methodol., 78 (2016), 729–754. http://dx.doi.org/10.1111/rssb.12137

21. Z. Kereta, T. Klock, V. Naumova, Nonlinear generalization of the monotone single index model,
Inf. Inference, 10 (2021), 987–1029. http://dx.doi.org/10.1093/imaiai/iaaa013

22. D. Wang, C. S. McMahan, C. M. Gallagher, A general regression framework for group
testing data, which incorporates pool dilution effects, Stat. Med., 34 (2015), 3606–3621.
http://dx.doi.org/10.1002/sim.6578

23. K. B. Gregory, D. Wang, C. S. McMahan, Adaptive elastic net for group testing, Biometrics, 75
(2019), 13–23. http://dx.doi.org/10.1111/biom.12973

24. H. Ko, K. Kim, H. Sun, Multiple group testing procedures for analysis of high-dimensional
genomic data, Genomics Inform., 14 (2016), 187–195. http://dx.doi.org/10.5808/gi.2016.14.4.187

25. A. Delaigle, P. Hall, Nonparametric methods for group testing data, taking dilution into account,
Biometrika, 102 (2015), 871–887. http://dx.doi.org/10.1093/biomet/asv049

26. S. Self, C. McMahan, S. Mokalled, Capturing the pool dilution effect in group testing regression:
A Bayesian approach, Stat. Med., 41 (2022), 4682–4696. http://dx.doi.org/10.1002/sim.9532

27. X. L. Zuo, J. Ding, J. J. Zhang, W. J. Xiong, Nonparametric additive
regression for high-dimensional group testing data, Mathematics, 12 (2024), 686.
http://dx.doi.org/10.3390/math12050686

28. R. J. Carroll, J. Fan, I. Gijbels, M. P. Wand, Generalized partially linear single-index models, J.
Amer. Statist. Assoc., 92 (1997), 477–489. https://doi.org/10.1080/01621459.1997.10474001

29. L. Zhu, L. Xue, Empirical likelihood confidence regions in a partially linear single-index model,
J. R. Stat. Soc. Ser. B Stat. Methodol., 68 (2006), 549–570. https://doi.org/10.1111/j.1467-
9868.2006.00556.x

30. W. Lin, K. B. Kulasekera, Identifiability of single-index models and additive-index models,
Biometrika, 94 (2007), 496–501. https://doi.org/10.1093/biomet/asm029
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A. Appendix-A: Simulation results with different sensitivity and specificity settings

In this part, we tested the performance of four examples at different sensitivity and specificity, using
the Dofman algorithm and the LASSO penalty function. The simulation results are shown in Tables 8
to 11.
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Table 8. Example 4.1: Simulation results with different sensitivity and specificity settings.

AMAE AMSE MSE
Model Setting (S e, S p) TPR FPR g(·) Prob β β1 β2

Example 4.1
(qn = 50)

n=500

(0.98,0.98) 1.000 0.029 0.522 0.013 0.0001 0.0004 0.0003
(0.95,0.95) 0.987 0.020 0.474 0.011 0.0001 0.0003 0.0003
(0.90,0.90) 0.982 0.036 0.532 0.011 0.0001 0.0006 0.0007
(0.85,0.85) 0.984 0.040 0.578 0.016 0.0003 0.0001 0.0002

Table 9. Example 4.2: Simulation results with different sensitivity and specificity settings.

AMAE AMSE MSE
Model Setting (S e, S p) TPR FPR g(·) Prob β β1 β2 β3

Example 4.2
(qn = 100)

n=1000

(0.98,0.98) 0.982 0.021 0.574 0.010 0.0001 0.0035 0.0001 0.0042
(0.95,0.95) 0.975 0.030 0.612 0.011 0.0001 0.0047 0.0001 0.0069
(0.90,0.90) 0.978 0.020 0.556 0.012 0.0001 0.0023 0.0002 0.0049
(0.85,0.85) 0.965 0.020 0.717 0.016 0.0004 0.0158 0.0002 0.0212

Table 10. Example 4.3: Simulation results with different sensitivity and specificity settings.

AMAE AMSE MSE

Model Setting (S e, S p) TPR FPR g(·) Prob β β1 β2 β3

Example 4.3
(qn = 50)

n=1000

(0.98,0.98) 0.987 0.008 0.489 0.013 0.0001 0.0008 0.0001 0.0032
(0.95,0.95) 0.971 0.064 0.404 0.011 0.0003 0.0005 0.0033 0.0085
(0.90,0.90) 0.963 0.048 0.465 0.011 0.0001 0.0002 0.0012 0.0055
(0.85,0.85) 0.966 0.018 0.377 0.015 0.0004 0.0016 0.0023 0.0007

Table 11. Example 4.4: Simulation results with different sensitivity and specificity settings.
AMAE AMSE MSE

Model Setting (S e, S p) TPR FPR g(·) Prob β β1 β2 β3 β4

Example 4.4
(qn = 100)

n=750

(0.98,0.98) 0.986 0.041 0.581 0.016 0.0003 0.0034 0.0090 0.0014 0.0005
(0.95,0.95) 0.981 0.026 0.534 0.018 0.0001 0.0016 0.0045 0.0018 0.0005
(0.90,0.90) 0.974 0.018 0.546 0.016 0.0002 0.0004 0.0024 0.0014 0.0028
(0.85,0.85) 0.976 0.024 0.539 0.011 0.0002 0.0047 0.0085 0.0004 0.0039

B. Appendix-B: Meaning of the nominal variable
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C. Appendix-C: Calculation of conditional expectations

In this part, we derive the conditional expectation formulas for Dorfman testing, halving testing,
and array testing within the framework of our method. Before proceeding, it is necessary to clarify
some notations. Let P j \ {i} represent the set of individuals in P j excluding the i-th individual, and
|P j| denotes the number of individuals in P j. Let Yi represent the test result of the i-th individual and
YP j,l = {Yi, i ∈ P j,l} represent the set of testing results of individuals in P j,l.

C.1. Dorfman testing

If the initial group testing result is negative, no re-testing is performed. However, if Z j,1 = 1, each
individual in the group needs to undergo a separate re-testing.

1) When Z j,1 = 0, the result is the same as the master poor testing:

w(t)
i,0 =

P(Ỹi = 1,Z j,1 = 0)
P(Z j,1 = 0)

=
(1 − S e) · p

(t)
iB

1 − [S e + (1 − S e − S p)
∏
i∈P j

(1 − p(t)
iB)]

.

2) When Z j,1 = 1, each individual in the group must undergo a separate re-test. In total, the group
has undergone |P j| + 1 tests.

w(t)
i,1 =

P(Ỹi = 1,Z j,1,YP j)
P(Z j,1,YP j)

=
P(Ỹi = 1)P(Z j,1,YP j |Ỹi = 1)

P(Z j,1,YP j)
.

The denominator is

P(Z j,1,YP j) =
∑
ỸP j

P(Z j,1,YP j |ỸP j)P(ỸP j)

=
∑
ỸP j

P(Z j,1|Z̃ j,1)
∏
i∈P j

P(Yi|Ỹi)P(Ỹi)

=
∑
ỸP j

[S Z̃ j,1
e (1 − S p)1−Z̃ j,1]

∏
i∈P j

[S Yi
e (1 − S e)(1−Yi)]Ỹi

× [(1 − S p)YiS (1−Yi)
p ](1−Ỹi)[p(t)

iB]Ỹi[1 − p(t)
iB]1−Ỹi

=
∑
ỸP j

[S Z̃ j,1
e (1 − S p)1−Z̃ j,1]

∏
i∈P j

[S Yi
e (1 − S e)(1−Yi) p(t)

iB]Ỹi

× [(1 − S p)YiS (1−Yi)
p (1 − p(t)

iB)](1−Ỹi).

Thus, the numerator is

P(Ỹi = 1,Z j,1,YP j) =P(Z j,1,YP j |Ỹi = 1)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1,YP j |Ỹi = 1, ỸP j\i)P(ỸP j\i)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1|Z̃ j,1 = 1)P(Yi|Ỹi = 1)
∏

i∈P j\{i}

P(Yi|Ỹi)P(Ỹi)P(Ỹi = 1)
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=
∑
ỸP j\i

S eS Yi
e (1 − S e)(1−Yi)

∏
i∈P j\{i}

[S Yi
e (1 − S e)(1−Yi)]Ỹi

× [(1 − S p)YiS (1−Yi)
p ](1−Ỹi)[p(t)

iB]Ỹi[1 − p(t)
iB]1−Ỹi p(t)

iB

=
∑
ỸP j\i

S 1+Yi
e (1 − S e)(1−Yi) p(t)

iB ×
∏

i∈P j\{i}

[S Yi
e (1 − S e)(1−Yi) p(t)

iB]Ỹi

× [(1 − S p)YiS (1−Yi)
p (1 − p(t)

iB)](1−Ỹi).

Therefore, the final expression is

w(t)
i = Z j,1w(t)

i,1 + (1 − Z j,1)w(t)
i,0.

C.2. Halving testing

Assume that the maximum number of partitions required during testing is two. Let the test result of
the first testing be Z j,1. At this time, the set of all unpartitioned individuals is P j,1, which contains |P j|

individuals. After the first partition, the partitioning method is to divide into two equal parts, with the
two subsets of individuals being P j,2 and P j,3, respectively. The responses of the second testing are Z j,2

and Z j,3. There are five types of testing results in halving testing.
1) When Z j,1 = 0:
Only one testing is performed, and the process is the same as master pool testing. Since the result

of one testing is negative, no further partitioning and testing are performed. At this time,

w(t)
i = P(Ỹi = 1|Z j,1 = 0) =

P(Ỹi = 1,Z j,1 = 0)
P(Z j,1 = 0)

=
P(Ỹi = 1)P(Z j,1 = 0|Ỹi = 1)

P(Z j,1 = 0)

=
p(t)

iB(1 − S e)

1 − [S e + (1 − S e − S p)
∏
i∈P j

(1 − p(t)
iB)]

.

2) When Z j,1 = 1,Z j,2 = 0,Z j,3 = 0:
That is, the result of the first testing is Z j,1 = 1. Subsequently, the first partition is performed,

dividing into two equal parts P j,2 and P j,3. Then, testings are performed on the two sets respectively,
with the testing results being Z j,2 = Z j,3 = 0. At this time,

w(t)
i = P(Ỹi = 1|Z j,1 = 1,Z j,2 = 0,Z j,3 = 0)

=
P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 0|Ỹi = 1)P(Ỹi = 1)

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 0)
.

The denominator is

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 0)

=
∑
ỸP j,1

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 0|ỸP j,1)P(ỸP j,2)P(ỸP j,3)
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=
∑
ỸP j,1

P(Z j,1 = 1|ỸP j,1)P(Z j,2 = 0|ỸP j,2)P(Z j,3 = 0|ỸP j,3)P(ỸP j,2)P(ỸP j,3)

=
∑
ỸP j,1

[
S Z̃ j,1

e (1 − S p)1−Z̃ j,1

] [
(1 − S e)Z̃ j,2S 1−Z̃ j,2

p

] ∏
i∈P j,2

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi

×

[
(1 − S e)Z̃ j,3S 1−Z̃ j,3

p

] ∏
i∈P j,3

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi

=
∑
ỸP j,1

[
S Z̃ j,1

e (1 − S p)1−Z̃ j,1

] 3∏
u=2

(1 − S e)Z̃ j,uS 1−Z̃ j,u
p

∏
i∈P j

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi
.

Since the placement of the i-th individual in the sets P j,2 and P j,3 is symmetric, assume that i-th
individual is placed in the set P j,2. Then, the numerator is

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 0, Ỹi = 1)
=P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 0|Ỹi = 1)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 0|Ỹi = 1, ỸP j,2) × P(ỸP j,2\i)P(ỸP j,3)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1|Z̃ j,1 = 1)P(Z j,2 = 0|Z̃ j,2 = 1)P(Z j,3 = 0|Z̃ j,3) × P(ỸP j,2\i)P(ỸP j,3)P(Ỹi = 1)

=
∑
ỸP j\i

S e(1 − S e)
∏

i∈P j,2\{i}

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi
(1 − S e)Z̃ j,3S 1−Z̃ j,3

p

∏
i∈P j,3

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi
p(t)

iB

=
∑
ỸP j\i

S e(1 − S e)1+Z̃ j,3S 1−Z̃ j,3
p p(t)

iB

∏
i∈P j\{i}

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi
.

3) When Z j,1 = 1,Z j,2 = 0,Z j,3 = 1:
At this time, the second partitions are performed. The first partition divides all individuals into

two sets, P j,2 and P j,3, with testing results Z j,2 = 0 and Z j,3 = 1, respectively. Individual testings are
performed separately on the individuals in P j,3, and the set of testing results is YP j,3 . At this time,

w(t)
i = P(Ỹi = 1|Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3)

=
P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3 |Ỹi = 1)P(Ỹi = 1)

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3)
.

The denominator is

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3)

=
∑
ỸP j

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3 |ỸP j,2 , ỸP j,3)P(ỸP j,2)P(ỸP j,3)

=
∑
ỸP j

P(Z j,1 = 1|ỸP j)P(Z j,2 = 0|ỸP j,2)P(Z j,3 = 1|ỸP j,3)
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× P(ỸP j,3)P(ỸP j,2)P(YP j,3 |ỸP j,3)

=
∑
ỸP j

P(Z j,1 = 1|Z̃ j,1)P(Z j,2 = 0|Z̃ j,2)P(Z j,3 = 1|Z̃ j,3)

×
∏
i∈P j,3

P(Yi|Ỹi)P(ỸP j,2)P(ỸP j,3)

=
∑
ỸP j

[
S Z̃ j,1

e (1 − S p)1−Z̃ j,1
][

(1 − S e)Z̃ j,2S 1−Z̃ j,2
p

][
S Z̃ j,3

e (1 − S p)1−Z̃ j,3
]

×
∏
i∈P j,2

[
p(t)

iB

]Ỹi[
1 − p(t)

iB

]1−Ỹi
∏
i∈P j,3

[
p(t)

iB

]Ỹi[
1 − p(t)

iB

]1−Ỹi

×
∏
i∈P j,3

[
S Yi

e (1 − S e)1−Yi
]Ỹi[

(1 − S p)YiS 1−Yi
p

]1−Ỹi

=
∑
ỸP j

[
S Z̃ j,1+Z̃ j,3

e (1 − S p)2−Z̃ j,1−Z̃ j,3
][

(1 − S e)Z̃ j,2S 1−Z̃ j,2
p

]
×

∏
i∈P j

[
p(t)

iB

]Ỹi[
1 − p(t)

iB

]1−Ỹi
∏
i∈P j,3

[
S Yi

e (1 − S e)1−Yi
]Ỹi[

(1 − S p)YiS 1−Yi
p

]1−Ỹi
.

Since an i-th individual may belong to either set P j,2 or P j,3, the numerator is discussed accordingly.
(a) Assume that i-th individual belongs to set P j,2. Then, the numerator is

P(Ỹi = 1,Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3)

=
∑
ỸP j\i

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3 |Ỹi = 1, ỸP j,2\i, ỸP j,3)

× P(ỸP j,2\i, ỸP j,3)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1|Z̃ j,1 = 1)P(Z j,2 = 0|Z̃ j,2 = 1)P(Z j,3 = 1|Z̃ j,3)

× P(YP j,3 |ỸP j,3)P(ỸP j,2\i)P(ỸP j,3)P(Ỹi = 1)

=
∑
ỸP j\i

S e(1 − S e)S
Z̃ j,3
e (1 − S p)1−Z̃ j,3

∏
i∈P j,2\{i}

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi

×
∏
i∈P j,3

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi
p(t)

iB

×
∏
i∈P j,3

[
S Yi

e (1 − S e)1−Yi
]Ỹi

[
(1 − S p)YiS 1−Yi

p

]1−Ỹi
.

(b) Assume that i-th individual belongs to set P j,3. Then, the numerator is

P(Ỹi = 1,Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3)

=
∑
ỸP j\i

P(Z j,1 = 1,Z j,2 = 0,Z j,3 = 1,YP j,3 |Ỹi = 1, ỸP j,2 , ỸP j,3\i)
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× P(ỸP j,2 , ỸP j,3\i)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1|Z̃ j,1 = 1)P(Z j,2 = 0|Z̃ j,2)P(Z j,3 = 1|Z̃ j,3 = 1)

× P(YP j,3\i|ỸP j,3\i)P(Yi|Ỹi = 1)P(ỸP j,2)P(ỸP j,3 \i)P(Ỹi = 1)

=
∑
ỸP j\i

S 2
e(1 − S e)Z̃ j,2S 1−Z̃ j,2

p p(t)
iBS Yi

e (1 − S e)1−Yi

×
∏

i∈P j,3\{i}

[
S Yi

e (1 − S e)1−Yi
]Ỹi

[
(1 − S p)YiS 1−Yi

p

]1−Ỹi

×
∏

i∈P j\{i}

[
p(t)

iB

]Ỹi
[
1 − p(t)

iB

]1−Ỹi
.

4) When Z j,1 = 1,Z j,2 = 1, and Z j,3 = 0, the process is the same as when Z j,1 = 1,Z j,2 = 0, and
Z j,3 = 1, and the numerator needs to be discussed accordingly. At this time,

w(t)
i = P(Ỹi = 1|Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2)

=
P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2 |Ỹi = 1)P(Ỹi = 1)

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2)
.

First, the denominator is

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2)

=
∑
Ỹ

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2 |ỸP j,2 , ỸP j,3)P(ỸP j,2)P(ỸP j,3)

=
∑
Ỹ

P(Z j,1 = 1|Z̃ j,1)P(Z j,2 = 1|Z̃ j,2)P(Z j,3 = 0|Z̃ j,3)

×
∏
i∈P j,2

P(Yi|Ỹi)P(ỸP j,2)P(ỸP j,3)

=
∑
Ỹ

S Z̃ j,1+Z̃ j,2
e (1 − S p)2−Z̃ j,1−Z̃ j,2(1 − S e)Z̃ j,3S 1−Z̃ j,3

p

×
∏
i∈P j

[p(t)
iB]Ỹi[1 − p(t)

iB]1−Ỹi
∏
i∈P j,2

[S Yi
e (1 − S e)1−Yi]Ỹi[(1 − S p)YiS 1−Yi

p ]1−Ỹi .

Next, the numerator is discussed.
(a) Assume that i-th individual belongs to set P j,2. Then, the numerator is

P(Ỹi = 1,Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2)

=
∑
ỸP j\i

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2 |Ỹi = 1, ỸP j,2\i, ỸP j,3)P(ỸP j,2\i, ỸP j,3)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1|Z̃ j,1 = 1)P(Z j,2 = 1|Z̃ j,2 = 1)P(Z j,3 = 0|Z̃ j,3)
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× P(YP j,2\i|ỸP j,2\i)P(Yi|Ỹi = 1)P(ỸP j,2\i)P(ỸP j,3)P(Ỹi = 1)

=
∑
ỸP j\i

S 2
e(1 − S e)Z̃ j,3S 1−Z̃ j,3

p S Yi
e (1 − S e)1−Yi p(t)

iB

×
∏

i∈P j,2\{i}

[S Yi
e (1 − S e)1−Yi]Ỹi[(1 − S p)YiS 1−Yi

p ]1−Ỹi ×
∏

i∈P j\{i}

[p(t)
iB]Ỹi[1 − p(t)

iB]1−Ỹi .

(b) Assume that i-th individual belongs to set P j,3. Then, the numerator is

P(Ỹi = 1,Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2)
=P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2 |Ỹi = 1)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 0,YP j,2 |Ỹi = 1, ỸP j,2 , ỸP j,3\i)P(ỸP j,2 , ỸP j,3\i)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1|Z̃ j,1 = 1)P(Z j,2 = 1|Z̃ j,2)P(Z j,3 = 0|Z̃ j,3 = 1)

× P(YP j,2 |ỸP j,2)P(ỸP j,2)P(YP j,3\i|ỸP j,3\i)P(ỸP j,3\i)P(Ỹi = 1)

=
∑
ỸP j\i

S e(1 − S e)S
Z̃ j,2
e (1 − S p)1−Z̃ j,2 p(t)

iB ×
∏
i∈P j,2

[S Yi
e (1 − S e)1−Yi]Ỹi

× [(1 − S p)YiS 1−Yi
p ]1−Ỹi

∏
i∈P j\{i}

[p(t)
iB]Ỹi[1 − p(t)

iB]1−Ỹi .

5) When Z j,1 = 1,Z j,2 = 1, and Z j,3 = 1, two similar partitions are performed as above, and
individual retests are conducted separately for all individuals in P j. At this time, YP j = YP j,2 ∪ YP j,3 ,
and we have

w(t)
i =P(Ỹi = 1|Z j,1 = 1,Z j,2 = 1,Z j,3 = 1,YP j,2 ,YP j,3)

=
P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 1,YP j |Ỹi = 1)P(Ỹi = 1)

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 1,YP j)
.

The denominator is

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 1,YP j)

=
∑
ỸP j

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 1,YP j |ỸP j)P(ỸP j)

=
∑
ỸP j

P(Z j,1 = 1|Z̃ j,1)P(Z j,2 = 1|Z̃ j,2)P(Z j,3 = 1|Z̃ j,3)
∏
i∈P j

P(Yi|Ỹi)P(Ỹi)

=
∑
ỸP j

S Z̃ j,1
e (1 − S p)1−Z̃ j,1

3∏
u=2

S Z̃ j,u
e (1 − S p)1−Z̃ j,u

×
∏
i∈P j

[S Yi
e (1 − S e)1−Yi p(t)

iB]Ỹi[(1 − S p)YiS 1−Yi
p (1 − p(t)

iB)]1−Ỹi .
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The results of i-th individual belonging to either set P j,2 or P j,3 are symmetric. Assume that i-th
individual belongs to set P j,2. Then, the numerator is

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 1,YP j , Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1,Z j,2 = 1,Z j,3 = 1,YP j |Ỹi = 1, ỸP j,2\i, ỸP j,3)P(ỸP j,2\i, ỸP j,3)P(Ỹi = 1)

=
∑
ỸP j\i

P(Z j,1 = 1|Z̃ j,1 = 1)P(Z j,2 = 1|Z̃ j,2 = 1)P(Z j,3 = 1|Z̃ j,3)

× P(Yi|Ỹi = 1)P(YP j\i|ỸP j\i)P(ỸP j\i)P(Ỹi = 1)

=
∑
ỸP j\i

S 2
eS Z̃ j,3

e (1 − S p)1−Z̃ j,3 p(t)
iBS Yi

e (1 − S e)1−Yi

×
∏

i∈P j\{i}

[
S Yi

e (1 − S e)1−Yi p(t)
iB

]Ỹi[
(1 − S p)YiS 1−Yi

p (1 − p(t)
iB)

]1−Ỹi

.

C.3. Array testing

For convenience, assume that the set of all individuals is G, and all individuals can be arranged into
an R×C array, that is, G = {(r, c), r ∈ R, c ∈ C}. Define R = (R1,R2, · · · ,RR) and C = (C1,C2, · · · ,CC)
as the collections of row and column testing results, respectively. Let R = max Rr and C = max Cc.
Furthermore, define R̃r = maxc Ỹrc and C̃c = maxr Ỹrc as the true result sets for rows and columns,
respectively. Let Yrc denote the testing result of the individual in the r-th row and c-th column of the
array, and Ỹrc represents the true disease status of the individual in the r-th row and c-th column of the
array. Let

Q = {(s, t) | Rs = 1,Ct = 1, 1 ≤ s ≤ R, 1 ≤ t ≤ C,

or Rs = 1,C1 = · · · = CC = 0, 1 ≤ s ≤ R,

or R1 = · · · = RR = 0,Ct = 1, 1 ≤ t ≤ C} .

YQ represents the collection of responses from all potentially positive individuals, and ỸQ denotes the
true disease statuses of all potentially positive individuals. Let ZG = (R,C) denote the group testing
responses. Since (r, c) ∈ G, define

ỸG\(r,c) =
{
Ỹr′c′ , r′ ∈ R \ {r}, c′ ∈ C \ {c}

}
.

Then,

w(t)
rc = P(Ỹrc = 1 | ZG,YQ) =

P(Ỹrc = 1,ZG,YQ)
P(ZG,YQ)

.

1) WhenZG = (0, 0), there is no need to retest individuals within the group. At this time,

w(t)
rc = P

(
Ỹrc = 1 | ZG = (0, 0)

)
=

P
(
Ỹrc = 1,ZG = (0, 0)

)
P
(
ZG = (0, 0)

) .
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The denominator is

P
(
ZG = (0, 0)

)
=

∑
ỸG

P
(
ZG = (0, 0)|ỸG

)
P(ỸG)

=
∑
ỸG

P(R = 0|ỸG)P(C = 0|ỸG)P(ỸG)

=
∑
ỸG

[ R∏
r′=1

P
(
Rr′ = 0|Ỹr′1, Ỹr′2, · · · , Ỹr′C

)][ C∏
c′=1

P
(
Cc′ = 0|Ỹ1c′ , Ỹ2c′ , · · · , ỸRc′

)]
×

∏
r′∈R

∏
c′∈C

p(t)
r′c′B

Ỹr′c′
(
1 − p(t)

r′c′B

)1−Ỹr′c′

=
∑
ỸG

R∏
r′=1

[
(1 − S e)R̃r′S 1−R̃r′

p

] C∏
c′=1

[
(1 − S e)C̃c′S 1−C̃c′

p

] ∏
(r′,c′)∈G

{
p(t)

r′c′B
Ỹr′c′

(
1 − p(t)

r′c′B

)1−Ỹr′c′
}

=
∑
ỸG

R∏
r′=1

C∏
c′=1

[
(1 − S e)R̃r′+C̃c′S 2−R̃r′−C̃c′

p

] ∏
(r′,c′)∈G

{
p(t)

r′c′B
Ỹr′c′

(
1 − p(t)

r′c′B

)1−Ỹr′c′
}
.

The numerator is

P
(
ZG = (0, 0), Ỹrc = 1

)
= P

(
ZG = (0, 0)|Ỹrc = 1

)
P(Ỹrc = 1)

=
∑
ỸG\(r,c)

P(R = 0,C = 0|ỸG\(r,c), Ỹrc = 1)P(ỸG\(r,c))

=
∑
ỸG\(r,c)

P(Rr = 0|R̃r = 1)
[ ∏

r′∈R\{r}

P(Rr′ = 0|Ỹr′1, Ỹr′2, · · · , Ỹr′C)
]

× P(Cc = 0|C̃c = 1)
[ ∏

c′∈C\{c}

P(Cc′ = 0|Ỹ1c′ , · · · , ỸRc′)
]

×
∏

r′∈R\{r}

∏
c′∈C\{c}

p(t)
r′c′B

Ỹr′c′ (1 − p(t)
r′c′B)1−Ỹr′c′ p(t)

rcB

=
∑
ỸG\(r,c)

(1 − S e)2
∏

r′∈R\{r}

(1 − S e)R̃r′S 1−R̃r′
p

∏
c′∈C\{c}

(1 − S e)C̃c′S 1−C̃c′
p

×
∏

(r′,c′)∈G

p(t)
r′c′B

Ỹr′c′ (1 − p(t)
r′c′B)1−Ỹr′c′ p(t)

rcB

=
∑
ỸG\(r,c)

∏
r′∈R\{r}

∏
c′∈C\{c}

(1 − S e)2+R̃i+C̃cS 2−R̃i−C̃c
p

×
∏

(r′,c′)∈G\(r,c)

p(t)
r′c′B

Ỹr′c′ (1 − p(t)
r′c′B)1−Ỹr′c′ p(t)

rcB.

2) When ZG , (0, 0), ZG = (R,C) has multiple scenarios, specifically ZG = (R,C) = (1, 0),
(R,C) = (0, 1), and (R,C) = (1, 1). Therefore, when ZG , (0, 0), the following classifications can be
discussed:
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(a) When (R,C) = (1, 0),

w(t)
rc = P

(
Ỹrc = 1 | ZG = (1, 0)

)
=

P
(
Ỹrc = 1,ZG = (1, 0)

)
P
(
ZG = (1, 0)

) .

The denominator is

P
(
ZG = (1, 0)

)
=

∑
ỸG

P(R , 0,C = 0,YQ|ỸG)P(ỸG)

=
∑
ỸG

[ R∏
r′=1

P
(
Rr′ |Ỹr′1, Ỹr′2, . . . , Ỹr′C

)][ C∏
c′=1

P
(
Cc′ = 0|Ỹ1c′ , Ỹ2c′ , . . . , ỸRc′

)]
×

[ ∏
(s,t)∈Q

P
(
Yst|Ỹst

)][∏
r′∈R

∏
c′∈C

p(t)
r′c′B

Ỹr′c′
(
1 − p(t)

r′c′B

)1−Ỹr′c′
]

=
∑
ỸG

R∏
r′=1

[
S Rr′

e (1 − S e)1−Rr′

]R̃r′c
[
(1 − S p)Rr′S 1−Rr′

p

]1−R̃r′

×

C∏
c′=1

[
(1 − S e)1−Cc′

]C̃c′
[
S 1−Cc′

p

]1−C̃c′

×
∏

(s,t)∈Q

[
S Yst

e (1 − S e)1−Yst

]Ỹst[
(1 − S p)YstS 1−Yst

p

]1−Ỹst

×
∏

(r′,c′)∈G

p(t)
r′c′B

Ỹr′c′
(
1 − p(t)

r′c′B

)1−Ỹr′c′

.

At this point, the numerator requires further discussion:

(i) If (r, c) ∈ Q and Rr = 1 and Cr = 0, then

P
(
Ỹrc = 1,ZG = (1, 0)

)
=

∑
ỸG\(r,c)

P
(
ZG =

(
1, 0

)
,YQ

∣∣∣Ỹrc = 1, ỸG\(r,c)
)
P
(
Ỹrc = 1, ỸG\(r,c)

)
=

∑
ỸG\(r,c)

P
(
R , 0

∣∣∣Ỹrc = 1, ỸG\(r,c)
)
P
(
C = 0

∣∣∣Ỹrc = 1, ỸG\(r,c)
)

× P
(
YQ

∣∣∣Ỹrc = 1, ỸQ\(r,c)
)
P
(
Ỹrc = 1

)
P
(
ỸG\(r,c)

)
=

∑
ỸG\(r,c)

P
(
Rr = 1|R̃r = 1

)[ ∏
r′∈R\{r}

P
(
Rr′ |Ỹr′1, Ỹr′2, · · · , Ỹr′C

)]
× P

(
Cc = 0|C̃c = 1

)[ ∏
c′∈C\{c}

P
(
Cc′ = 0|Ỹ1c′ , · · · , ỸRc′

)]
P
(
Yrc|Ỹrc = 1

)
×

[ ∏
(s,t)∈Q\(r,c)

P
(
Yst|Ỹst

)]
p(t)

rcB ×

[ ∏
r′∈R\{r}

∏
c′∈C\{c}

p(t)
r′c′B

Ỹr′c′
(
1 − p(t)

r′c′B

)1−Ỹr′c′
]

=
∑
ỸG\(r,c)

S 1+Yrc
e

(
1 − S e

)2−Yrc
p(t)

rcB

×
∏

r′∈R\{r}

[
S Rr′

e

(
1 − S e

)1−Rr′
]R̃r′c[

(1 − S p)Rr′S 1−Rr′
p

]1−R̃r′
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×
∏

c′∈C\{c}

[
(1 − S e)1−Cc′

]C̃c′ [
S 1−Cc′

p

]1−C̃c′

×
∏

(s,t)∈Q\{(r,c)}

[
S Yst

e

(
1 − S e

)1−Yst
]Ỹst[

(1 − S p)YstS 1−Yst
p

]1−Ỹst

×
∏

(r′,c′)∈G\{(r,c)}

p(t)
r′c′B

Ỹr′c′
(
1 − p(t)

r′c′B

)1−Ỹr′c′

.

(ii) If (r, c) < Q, then R = 0, C , 0, but Rr = 0 and Cr = 0:

P
(
Ỹrc = 1,ZG = (1, 0)

)
=

∑
ỸG\(r,c)

P
(
R,C,YQ|Ỹrc = 1, ỸG\(r,c)

)
P
(
Ỹrc = 1, ỸG\(r,c)

)
=

∑
ỸG\(r,c)

P
(
R|Ỹrc = 1, ỸG\(r,c)

)
P
(
C|Ỹrc = 1, ỸG\(r,c)

)
P
(
YQ

∣∣∣ỸQ
)
P
(
Ỹrc = 1

)
P
(
ỸG\(r,c)

)
=

∑
ỸG\(r,c)

P
(
Rr = 0|R̃r = 1

)[ ∏
r′∈R\{r}

P
(
Rr′ |Ỹr′1, Ỹr′2, · · · , Ỹr′C

)]
× P

(
Cc = 0|C̃c = 1

)[ ∏
c′∈C\{c}

P
(
Cc′ = 0|Ỹ1c′ , · · · , ỸRc′

)]
×

[ ∏
(s,t)∈Q

P
(
Yst|Ỹst

)]
p(t)

rcB

∏
(r′,c′)∈G\{(r,c)}

p(t)
r′c′B

Ỹr′c′
(
1 − p(t)

r′c′B

)1−Ỹr′c′

=
∑
ỸG\(r,c)

S Yrc
e

(
1 − S e

)3−Yrc
p(t)

rcB

×
∏

r′∈R\{r}

[
S Rr′

e
(
1 − S e

)1−Rr′
]R̃r′c[

(1 − S p)Rr′S 1−Rr′
p

]1−R̃r′c

×
∏

c′∈C\{c}

[
(1 − S e)1−Cc′

]C̃c′ [
S 1−Cc′

p

]1−C̃c′

×
∏

(s,t)∈Q

[
S Yst

e
(
1 − S e

)1−Yst

]Ỹst[
(1 − S p)YstS 1−Yst

p

]1−Ỹst

×
∏

(r′,c′)∈G\{(r,c)}

[
p(t)

r′c′B
Ỹr′c′

(
1 − p(t)

r′c′B

)1−Ỹr′c′
]
.

(b) When (R,C) = (0, 1), the denominator is

P
(
ZG = (0, 1)

)
=

∑
ỸG

P(R = 0,C , 0,YQ|ỸG)P
(
ỸG

)
=

∑
ỸG

[ R∏
r′=1

P(R′r = 0|Ỹr′1, Ỹr′2, · · · , Ỹr′C)
]
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×

[ C∏
c′=1

P(Cc′ |Ỹ1c′ , Ỹ2c′ , · · · , ỸRc′)
]

×
∏

(s,t)∈Q

P
(
Yst

∣∣∣Ỹst
)∏

r′∈R

∏
c′∈C

p(t)
r′c′B

Ỹr′c′ (1 − p(t)
r′c′B)1−Ỹr′c′

=
∑
ỸG

R∏
r′=1

[(
1 − S e

)1−Rr′
]R̃r′ [

S 1−Rr′
p

]1−R̃r′

×

C∏
c′=1

[
S Cc′

e
(
1 − S e

)1−Cc′
]C̃c′ [

(1 − S p)Cc′S 1−Cc′
p

]1−C̃c′

×
∏

(s,t)∈Q

[
S Yst

e
(
1 − S e

)1−Yst

]Ỹst[
(1 − S p)YstS 1−Yst

p

]1−Ỹst

×
∏

(r′,c′)∈G

[
p(t)

r′c′B
Ỹr′c′ (1 − p(t)

r′c′B)1−Ỹr′c′

]
.

The numerator requires further discussion:

(i) If (r, c) ∈ Q and Rr = 0 and Cc = 1, then

P
(
Ỹrc = 1,ZG = (0, 1)

)
= P(Ỹrc = 1,R,C, ỸQ)

=
∑
ỸG\(r,c)

P(R,C,YQ|Ỹrc = 1, ỸG\(r,c))P
(
Ỹrc = 1, ỸG\(r,c)

)
=

∑
ỸG\(r,c)

S Yrc
e (3 − S e)1−Yrc p(t)

rcB

∏
r′∈R\{r}

[(
1 − S e

)1−Rr′
]R̃r′c[

S 1−Rr′
p

]1−R̃r′c

×
∏

c′∈C\{c}

[
S Cc′

e
(
1 − S e

)1−Cc′
]C̃c′ [

(1 − S p)Cc′S 1−Cc′
p

]1−C̃c′

×
∏

(s,t)∈Q

[
S Yst

e
(
1 − S e

)1−Yst

]Ỹst[
(1 − S p)YstS 1−Yst

p

]1−Ỹst

×
∏

(r′,c′)∈G\{(r,c)}

[
p(t)

r′c′B
Ỹr′c′ (1 − p(t)

r′c′B)1−Ỹr′c′

]
.

(ii) If (r, c) < Q, then R = 0, C , 0, but Rr = 0 and Cr = 0:

P
(
Ỹrc = 1,ZG = (0, 1)

)
=P(Ỹrc = 1,R,C,YQ)

=
∑
ỸG\(r,c)

P(R,C,YQ|Ỹrc = 1, ỸG\(r,c))P(Ỹrc = 1, ỸG\(r,c))

=
∑
ỸG\(r,c)

S Yrc
e (3 − S e)1−Yrc p(t)

rcB

∏
r′∈R\

{
r
}
[(

1 − S e
)1−Rr′

]R̃r′c
[
S 1−Rr′

p

]1−R̃r′c

×
∏

c′∈C\
{
c
}
[
S Cc′

e
(
1 − S e

)1−Cc′
]C̃c′

[(
1 − S p

)Cc′S 1−Cc′
p

]1−C̃c′
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×
∏

(s,t)∈Q

[
S Yst

e
(
1 − S e

)1−Yst

]Ỹst[(
1 − S p

)YstS 1−Yst
p

]1−Ỹst

×
∏

(r′,c′)∈G\
{
(r,c)

}(p(t)
r′c′B

Ỹr′c′ (1 − p(t)
r′c′B

)1−Ỹr′c′ ).

(c) When (R,C) = (1, 1), the denominator is

P
(
ZG = (1, 1)

)
=

∑
Ỹ

P(R,C,YQ|Ỹ)P(Ỹ)

=
∑
Ỹ

[ R∏
r′=1

P(R′r|Ỹr′1, Ỹr′2, · · · , Ỹr′C)
][ C∏

c′=1

P(Cc′ |Ỹ1c′ , Ỹ2c′ , · · · , ỸRc′)
]

×
∏

(s,t)∈Q

P(Yst|Ỹst)
∏
r′∈R

∏
c′∈C

p(t)
r′c′B

Ỹr′c′ (1 − p(t)
r′c′B)1−Ỹr′c′

=
∑
Ỹ

R∏
r′=1

[
S Rr′

e (1 − S e)1−Rr′

]R̃r′c
[
(1 − S p)Rr′S 1−Rr′

p

]1−R̃r′

×

C∏
c′=1

[
S Cc′

e (1 − S e)1−Cc′

]C̃c′
[
(1 − S p)Cc′S 1−Cc′

p

]1−C̃c′

×
∏

(s,t)∈Q

[
S Yst

e (1 − S e)1−Yst

]Ỹst[
(1 − S p)YstS 1−Yst

p

]1−Ỹst

×
∏

(r′,c′)∈G

{
p(t)

r′c′B
Ỹr′c′ (1 − p(t)

r′c′B)1−Ỹr′c′

}
.

For the numerator, we provide the following derivations:

(i) If (r, c) ∈ Q and Rr = 1 and Cc = 1, then

P
(
Ỹrc = 1,ZG = (1, 1)

)
= P(Ỹrc = 1,R,C,YQ)

=
∑
ỸG\(r,c)

P(R,C,YQ|Ỹrc = 1, ỸG\(r,c))P(Ỹrc = 1, ỸG\(r,c))

=
∑
ỸG\(r,c)

S 2+Yrc
e (1 − S e)1−Yrc · p(t)

rcB

×
∏

r′∈R\{r}

[
S Rr′

e (1 − S e)1−Rr′

]R̃r′c
[
(1 − S p)Rr′S 1−Rr′

p

]1−R̃r′c

×
∏

c′∈C\{c}

[
S Cc′

e (1 − S e)1−Cc′

]C̃c′
[
(1 − S p)Cc′S 1−Cc′

p

]1−C̃c′

×
∏

(s,t)∈Q\{(r,c)}

[
S Yst

e (1 − S e)1−Yst

]Ỹst[
(1 − S p)YstS 1−Yst

p

]1−Ỹst

×
∏

(r′,c′)∈G\{(r,c)}

{
p(t)

r′c′B
Ỹr′c′ (1 − p(t)

r′c′B)1−Ỹr′c′

}
.
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(ii) If (r, c) < Q, then R , 0, C , 0, but Rr = 0 and Cr = 0:

P
(
Ỹrc = 1,ZG = (1, 1)

)
= P(Ỹrc = 1,R,C,YQ)

=
∑
ỸG\(r,c)

P(R,C,YQ|Ỹrc = 1, ỸG\(r,c))P(Ỹrc = 1, ỸG\(r,c))

=
∑
ỸG\(r,c)

(1 − S e)2S Yrc
e (1 − S e)1−Yrc p(t)

rcB

×
∏

r′∈R\{r}

[
S Rr′

e (1 − S e)1−Rr′

]R̃r′c
[
(1 − S p)Rr′S 1−Rr′

p

]1−R̃r′c

×
∏

c′∈C\{c}

[
S Cc′

e (1 − S e)1−Cc′

]C̃c′
[
(1 − S p)Cc′S 1−Cc′

p

]1−C̃c′

×
∏

(s,t)∈Q

[
S Yst

e (1 − S e)1−Yst

]Ỹst[
(1 − S p)YstS 1−Yst

p

]1−Ỹst

×
∏

(r′,c′)∈G\{(r,c)}

{
p(t)

r′c′B
Ỹr′c′ (1 − p(t)

r′c′B)1−Ỹr′c′

}
.
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