
https://www.aimspress.com/journal/Math

AIMS Mathematics, 10(2): 1945–1966.
DOI: 10.3934/math.2025091
Received: 14 November 2024
Revised: 21 December 2024
Accepted: 21 January 2025
Published: 07 February 2025

Research article

Analytical solution of the systems of nonlinear fractional partial differential
equations using conformable Laplace transform iterative method

Nisar Gul1, Saima Noor2,3,*, Abdulkafi Mohammed Saeed4, Musaad S. Aldhabani5 and Roman
Ullah6,*

1 School of Mathematics and Statistics, Central South University, Changsha 410083, China
2 Department of Basic Sciences, General Administration of Preparatory Year, King Faisal University,

P.O. Box 400, Al Ahsa 31982, Saudi Arabia
3 Department of Mathematics and Statistics, College of Science, King Faisal University, P.O. Box

400, Al Ahsa 31982, Saudi Arabia
4 Department of Mathematics, College of Science, Qassim University, Buraydah 51452, Saudi

Arabia; abdulkafi.ahmed@qu.edu.sa
5 Department of Mathematics, Faculty of Science, University of Tabuk, P.O. Box 741, Tabuk 71491,

Saudi Arabia; maldhabani@ut.edu.sa
6 Department of General Studies, Higher Colleges of Technology, Dubai Women Campus, UAE

* Correspondence: Email: snoor@kfu.edu.sa, romanullah@yahoo.com.

Abstract: In this study, we presented the conformable Laplace transform iterative method to find
the approximate solution of the systems of nonlinear temporal-fractional differential equations in the
sense of the conformable derivative. The advantage of the suggested approach was to compute the
solution without discretization and restrictive assumptions. Three distinct examples were provided to
show the applicability and efficacy of the proposed approach. To examine the exact and approximate
solutions, we utilized the 2D and 3D graphics. Furthermore, the outcomes produced in this study were
consistent with the exact solutions; hence, this strategy efficiently and effectively determined exact and
approximate solutions to nonlinear temporal-fractional differential equations.

Keywords: temporal-fractional differential equations; conformable Laplace transform; iterative
method; conformable derivative; numerical experiments
Mathematics Subject Classification: 35J05, 35J10

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025091


1946

1. Introduction

The theory of fractional calculus has attracted a lot of interest in a variety of scientific and
engineering domains because of its wide range of applications and importance in characterizing the
intricate dynamic behavior of real-world problems like biological populations, diffusion systems,
fluid flow, and traffic [1, 2]. Powerful modeling tools emerge through fractional-order equations that
researchers utilize to represent complex systems which contain memory and hereditary effects based
on multiple studies. Fractional-order models enabled to study polytropic gas unsteady flow dynamics
with successful results [3]. The fractional dynamics research field gained foundational insights from
Institute Technical Dissertation about framework development for fractional control systems and from
Bira et al. [4] who employed Lie group methods to solve time-fractional evolution equations [5].
The algorithm proposed delivers effective numerical solutions along with precision calculations
to fractional partial integro-differential problems [6]. Building upon existing breakthroughs in
fractional partial differential equations the paper examines chaotic soliton perturbations through
advanced analytical methods which produce new solutions and decay mechanisms of nonlinear system
behavior [7, 8]. The fractional state is superior to the classical order in many ways, making it easier
to govern the modeling of nature without sacrificing inherited characteristics or memory effort. Many
nonlinear problems, such as those involving electrical circuits, damping laws, electromagnetic waves,
signal processing, and rheology, can be effectively simulated using the fractional operator, a potent
mathematical tool [9, 10]. In various fields of science and engineering [11–14], fractional differential
equations (FDEs) have been extensively used to model different phenomena. Different approaches
have been developed in [15–17] to solve linear/nonlinear FDEs to demonstrate the superiority and
effectiveness of fractional calculus. The use of fractional-order differential equations (FODEs) allows
for the solution of many physical problems that cannot be solved using integer-order differential
equations (DEs) [18, 19]. The principal argument is that fractional-order derivatives permit the rate
of change to be adjusted by the requirements of certain circumstances. Riesz, Letnikov, Hadamard,
Grunwald, Caputo, Riemann-Louville, and the conformable derivative (CD) [20–22] are several forms
of fractional derivative definitions that have been established and utilized in a variety of applications
and natural circumstances. Compared to previous definitions, the CD is more straightforward to
calculate [26]. The basic characteristics of CD are presented in [24, 25]. In contrast to the preceding
ones, this fractional formulation satisfies all the rules of an ordinary derivative, particularly the
quotient, product, and chain rules. It can be easily and quickly modified to solve FODEs exactly
and approximately. It simplifies well-known transforms such as the natural and Laplace transforms,
which are utilized to explain different FODEs [23, 27].

Lately, various strategies have been developed for determining FDEs, such as the Adomian and
modified decomposition approach [28], the differential transform method [29,30], and He’s variational
iterative technique (VIT) [31]. Abdulaziz [32] examined the homotopy perturbation technique (HPT)
for the system of FDEs. In [33], the author examined the variational iteration method (VIM) to a
system of autonomous differential equations. Recent advances in nonlinear dynamics and fractional
calculus have led to the development of innovative methods for analyzing complex physical and
mathematical systems. Kai and Yin [34] investigated the linear structures and soliton molecules in
the Sharma-Tasso-Olver-Burgers equation, shedding light on soliton dynamics. He and Kai [35]
extended this work by exploring wave structures and chaotic behaviors in Kudryashov’s equation
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with third-order dispersion. Meanwhile, Xie et al. [36] analyzed resonance and attraction domains
in asymmetric Duffing systems with fractional damping, highlighting the role of nonlinearity in multi-
degree-of-freedom systems. Zhu et al. [37] contributed an analytical approach to nonlinear models
using a modified Schrödinger’s equation and logarithmic transformations, emphasizing the versatility
of fractional techniques. In algebraic systems, Shuangjian and Apurba [38] explored cohomology and
deformations of generalized Reynolds operators on Leibniz algebras. Lastly, Guo et al. [39] proposed
a fixed-time safe tracking control strategy for uncertain high-order nonlinear pure-feedback systems,
leveraging unified transformation functions.

In recent years, significant progress has been made in the study of nonlinear fractional differential
equations due to their wide-ranging applications in physics, engineering, and other scientific domains.
Fractional calculus, with its nonlocal properties and memory effects, provides a robust framework for
modeling complex systems more effectively than traditional integer-order models. Several advanced
analytical and numerical techniques have been developed to explore the solutions of these equations,
unveiling novel soliton phenomena, wave dynamics, and diffusive processes.

For instance, Alderremy et al. [40] utilized the Laplace residual power series method to construct
fractional series solutions for nonlinear fractional reaction-diffusion Brusselator models, showcasing
the versatility of fractional methods in addressing chemical oscillations. Similarly, Yasmin et al. [41]
explored soliton solutions of the perturbed Gerdjikov-Ivanov equation via Bäcklund transformation,
demonstrating the intricate interplay of nonlinearity and dispersion.

The fractional view analysis by Al-Sawalha et al. [42] provided insights into the Kersten-
Krasil’shchik coupled Korteweg-de Vries-modified Korteweg-de Vries (KdV-mKdV) systems using
non-singular kernel derivatives, while Elsayed and Nonlaopon [43] proposed a novel approach for
analyzing the fractional-order Navier-Stokes equations. Furthermore, Naeem et al. [44] extended this
exploration to fuzzy fractional-order solitary wave solutions for the KdV equation, employing the
Caputo-Fabrizio derivative.

Expanding on soliton dynamics, Alqhtani et al. [45] presented analytical solutions to the (3 + 1)-
modified fractional Zakharov-Kuznetsov equation relevant in electrical engineering, whereas the
fractional-order local Poisson equation in fractal porous media was analyzed by the same authors [46].
Recent advancements also include studies on fractional generalized Burger-Fisher equations [47],
fractional stochastic Kraenkel-Manna-Merle systems in ferromagnetic materials [48], and fractional
nonlinear damped Burger’s-type equations in fluids and plasmas [49], all employing innovative
methods like residual power series transforms and Aboodh transform techniques. In this work, we
present the conformable Laplace transform iterative method (CLTIM) to find the approximate solution
of the systems of nonlinear temporal-fractional differential equations in the sense of the conformable
derivative. The precision of the proposed method has been verified by comparing it with the Homotopy
analysis method (HAM) in terms of error for different problems. The results show that our improved
method is uncomplicated, precise, and applicable. This paper is summarized as follows: Section 2
discusses some basic definitions and properties. Section 3 presents the methodology of the suggested
approach. Sections 4 and 5, respectively, present a few numerical examples and concluding remarks.
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2. Preliminaries

The fundamental concepts and characteristics of the fractional calculus theory that will be applied
in this work are defined in this section.

Definition 2.1. Assume a function Θ : [0,∞) → R as well the conformable derivative of Θ of order Φ

stated in the following manner [50]:

T Φ
ϑ Θ(ϑ) = lim

ε→0

Θ(ϑ + ε ϑ1−Φ) − Θ(ϑ)
ε

, (2.1)

for ϑ > 0, and Φ ∈ (0, 1]. If Θ is Φ− differentiable in some (0, p), p > 0, and limε→0+(T ΦΘ)(ϑ)−
occurs subsequently, it comes out as follows:

(T ΦΘ)(0) = lim
ε→0+

(T ΦΘ)(ϑ). (2.2)

Theorem 2.1. Let Φ ∈ (0, 1] and f , g be Φ- differentiable at a point = > 0. Then,

(i) T Φ(a f + bg) = a(T Φ f ) + b(T Φg), a, b ∈ R,

(ii) T Φ(=p) = p=p−Φ, p ∈ R,

(iii) T Φ( f (=)) = 0, f (=) = λ,

(iv) T Φ( f g) = f (T Φg) + g(T Φ f ),

(iv) T Φ( f /g) =
g(T Φ f ) − f (T Φg)

g2 .

(2.3)

Moreover, if f (=) is differentiable, then T Φ( f (=)) = =1−Φ d
d= f (=).

Definition 2.2. Let g : [0,∞) → R be a real-valued function and 0 < Φ ≤ 1. Then, the conformable
Laplace transform LΦ of g is defined as [51]

LΦg(ϑ) = GΦ(s) =

∫ ∞

0
g(ϑ)e(−s( ϑ

Φ

Φ
))dΦϑ =

∫ ∞

0
g(ϑ)e−s( ϑ

Φ

Φ
)ϑΦ−1dϑ, (2.4)

provided the integral exists.

Theorem 2.2 (See [52, 53]). Let g : [0,∞)→ R be a function such that LΦg(ϑ) = GΦ(s) exists. Then,

LΦ{g(ϑ)}(s) = GΦ(s) = L {g((Φϑ)
1
Φ )}(s), 0 < Φ ≤ 1. (2.5)

and L represents the usual Laplace transform.

Theorem 2.3 (See [52, 53]). Let g : [0,∞) → R, f : [0,∞) → R, and let α, β, ν ∈ R and 0 < Φ ≤ 1.
Then,

(i) LΦ{α f (ϑ) + βg(ϑ)} = αFΦ(s) + βGΦ(s), s > 0.

(ii) LΦ{e−a( ϑ
Φ

Φ
) f (ϑ)}(s) = FΦ(s + ν), s > |ν|.

(iii) LΦ{I f (ϑ)}(s) =
FΦ(s)

s
, s > 0.

(iv) LΦ{(
ϑnΦ

αn ) f (ϑ)}(s) = (−1)n(
dn

dsn )FΦ(s), s > 0.

(v) LΦ{( f ∗ g)(ϑ)} = FΦ(s)GΦ(s), s > 0,
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where FΦ(s) and GΦ(s) are the conformable Laplace transform of the functions f and g, respectively,
f ∗ g is the convolution product of f and g, and IΦ f (ϑ) is the conformable integral.

Theorem 2.4 (See [54]). Let ν, q, % ∈ R, and 0 < Φ ≤ 1. Then,

(i) LΦ{%}(s) =
%

s
, s > 0.

(ii) LΦ{η
q}(s) = Φ

q
Φ

Γ(1 +
q
Φ

)

s1+
q
Φ

, s > 0.

(iii) LΦ{eν
ηΦ

Φ }(s) =
1

s − ν
, s > 0.

(iv) LΦ{sinν
ηΦ

Φ
}(s) =

ν

s2 + ν2 , s > 0.

(v) LΦ{cosν
ηΦ

Φ
}(s) =

s
s2 + ν2 , s > 0.

(vi) LΦ{sinhν
ηΦ

Φ
}(s) =

ν

s2 − ν2 , s > |ν|.

(vii) LΦ{coshν
ηΦ

Φ
}(s) =

s
s2 − ν2 , s > |ν|.

3. Methodology of the proposed technique

We consider a general inhomogeneous temporal fractional differential equation with the initial
condition [55] to present the basic concept of the proposed method, for the systems of nonlinear
temporal-fractional differential equations

T Φ
ϑ Θ(=, ϑ) + HΘ(=, ϑ) + S Θ(=, ϑ) = g(=, ϑ), 0 < Φ ≤ 1,

Θ(=, 0) = P(=),
(3.1)

where T Φ
ϑ is the conformable derivative, H(Θ(=, ϑ)) represents the linear operator, S (Θ(=, ϑ)) denotes

nonlinear operators, g(=, ϑ) is a source term, and P(=) is a function of =.
Taking both sides of CLT of Eq (3.1),

LΦ[T Φ
ϑ Θ(=, ϑ) + H(Θ(=, ϑ)) + S (Θ(=, ϑ))] = LΦ[g(=, ϑ)]. (3.2)

Now, simplifying Eq (3.2),

LΦ[Θ(=, ϑ)] =
1
s
LΦ[g(=, ϑ)] +

1
s
Θ(=, 0) −

1
s
LΦ[HΘ(=, ϑ)] −

1
s
LΦ[S Θ(=, ϑ)]. (3.3)

Now, taking the inverse CLT on both sides,

Θ(=, ϑ) =L −1
Φ {

1
s
Θ(=, 0) +

1
s
LΦ[g(=, ϑ)]} −L −1

Φ {
1
s
LΦ[HΘ(=, ϑ)]} −L −1

Φ {
1
s
LΦ[S Θ(=, ϑ)]}. (3.4)

Assume that

E(Θ(=, ϑ)) = L −1
Φ {

1
s
Θ(=, 0) +

1
s
LΦ[g(=, ϑ)]}, (3.5)
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F(Θ(=, ϑ)) = L −1
Φ {

1
s
LΦ[HΘ(=, ϑ)]}, (3.6)

G(Θ(=, ϑ)) = L −1
Φ {

1
s
LΦ[S Θ(=, ϑ)]}. (3.7)

By using these results, Eq (3.4) can be written as

Θ(=, ϑ) = E(Θ(=, ϑ)) + F(Θ(=, ϑ)) + G(Θ(=, ϑ)). (3.8)

In Eq (3.8), E(Θ(℘, ϑ)) is a known function, while F and G are given linear and nonlinear operators of
Θ(η, ϑ). The solution to Eq (3.8) can be represented in the following expansion form:

Θ(=, ϑ) =

∞∑
k=0

Θk(=, ϑ). (3.9)

Assume that

F
( ∞∑

k=1

Θk(=, ϑ)
)

=

∞∑
k=1

F(Θk(=, ϑ)). (3.10)

The nonlinear operator G can be decomposed as follows [56]:

G
( ∞∑

k=0

Θk(=, ϑ)
)

= G(Θ0(=, ϑ)) +

∞∑
k=0

[
G
( k∑

m=0

Θm(=, ϑ)
)
−G

( k−1∑
m=0

Θm(=, ϑ)
)]
. (3.11)

Substituting Eqs (3.9)–(3.11) in Eq (3.8),

∞∑
k=0

Θk(=, ϑ) =E(Θ(=, ϑ)) +

∞∑
k=0

F(Θk(=, ϑ))

+G(Θ0(=, ϑ)) +

∞∑
k=0

[
G
( k∑

m=0

Θm(=, ϑ)
)
−G

( k−1∑
m=0

Θm(=, ϑ)
)]
.

(3.12)

By utilizing (3.12) to define the recurrence relation,

Θ0(=, ϑ) = E(Θ(=, ϑ)), (3.13)

Θ1(=, ϑ) = F(Θ0(=, ϑ)) + G(Θ0(=, ϑ)), (3.14)

Θi+1(=, ϑ) = F(Θi(=, ϑ)) + G(Θ0(=, ϑ) + Θ1(=, ϑ) + · · ·

+ Θi(=, ϑ)) −G(Θ0(=, ϑ) + Θ1(=, ϑ) + · · · + Θi−1(=, ϑ)).
(3.15)

Finally, we get the following results,(
Θ1(=, ϑ) + Θ2(=, ϑ) + · · · + Θi+1(=, ϑ)

)
= F

(
Θ0(=, ϑ) + Θ1(=, ϑ) + · · · + Θi(=, ϑ)

)
G
(
Θ0(=, ϑ) + Θ1(=, ϑ) + · · · + Θi(=, ϑ)

)
.

(3.16)
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particularly

∞∑
k=0

Θk(=, ϑ) = E
( ∞∑

k=0

Θk(=, ϑ)
)

+ F
( ∞∑

k=0

Θk(=, ϑ)
)

+ G
( ∞∑

k=0

Θk(=, ϑ)
)
. (3.17)

Equation (3.1) has the i-th approximate solution given by

Θi(=, ϑ) = Θ0(=, ϑ) + Θ1(=, ϑ) + · · · + Θi−1(=, ϑ). (3.18)

4. Numerical experiments and discussion

This section presents some numerical examples of two-dimensional fractional-order partial
differential equations (PDEs) to demonstrate the proposed technique’s simplicity and efficiency in
obtaining approximate series solutions for the suggested technique. The outcomes of the simulations
show that the suggested technique is very efficient and entirely consistent with the difficulty of
fractional-order PDEs.

Example 4.1. Consider the following system of nonlinear temporal-fractional differential
equations [56]:

T Φ
ϑ u(=, ℘, ϑ) +

∂

∂=
v(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ) −

∂

∂℘
v(=, ℘, ϑ)

∂

∂=
w(=, ℘, ϑ) = −u(=, ℘, ϑ),

T Φ
ϑ v(=, ℘, ϑ) +

∂

∂=
u(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ) +

∂

∂℘
u(=, ℘, ϑ)

∂

∂=
w(=, ℘, ϑ) = v(=, ℘, ϑ), 0 < Φ ≤ 1,

T Φ
ϑ w(=, ℘, ϑ) +

∂

∂=
u(=, ℘, ϑ)

∂

∂℘
v(=, ℘, ϑ) +

∂

∂℘
u(=, ℘, ϑ)

∂

∂=
v(=, ℘, ϑ) = w(=, ℘, ϑ),

(4.1)

with the initial conditions

u(=, ℘, 0) = e=+℘, v(=, ℘, 0) = e=−℘, w(=, ℘, 0) = e−=+℘. (4.2)

Taking CLT on both sides of Eq (4.1),

LΦ

[
T Φ
ϑ u(=, ℘, ϑ)

]
= LΦ

[
−

∂

∂=
v(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ) +

∂

∂℘
v(=, ℘, ϑ)

∂

∂=
w(=, ℘, ϑ) − u(=, ℘, ϑ)

]
,

LΦ

[
T Φ
ϑ v(=, ℘, ϑ)

]
= LΦ

[
−

∂

∂=
u(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ) −

∂

∂℘
u(=, ℘, ϑ)

∂

∂=
w(=, ℘, ϑ) + v(=, ℘, ϑ)

]
,

LΦ

[
T Φ
ϑ w(=, ℘, ϑ)

]
= LΦ

[
−

∂

∂=
u(=, ℘, ϑ)

∂

∂℘
v(=, ℘, ϑ) −

∂

∂℘
u(=, ℘, ϑ)

∂

∂=
v(=, ℘, ϑ) + w(=, ℘, ϑ)

]
.

(4.3)

Applying the process described in Section 3, we get the following outcome:

LΦ[u(=, ℘, ϑ)] =
1
s

(e=+℘) −
1
sΦ

LΦ

(
∂

∂=
v(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ)

)
+

1
sΦ

LΦ

(
∂

∂℘
v(=, ℘, ϑ)

∂

∂=
w(=, ℘, ϑ)

)
−

1
sΦ

LΦ

(
u(=, ℘, ϑ)

)
,

LΦ[v(=, ℘, ϑ)] =
1
s

(e=−℘) −
1
sΦ

LΦ

(
∂

∂=
u(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ)

)
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−
1
sΦ

LΦ

(
∂

∂℘
u(=, ℘, ϑ)

∂

∂=
w(=, ℘, ϑ)

)
+

1
sΦ

LΦ

(
v(=, ℘, ϑ)

)
,

LΦ[w(=, ℘, ϑ)] =
1
s

(e−=+℘) −
1
sΦ

LΦ

(
∂

∂=
u(=, ℘, ϑ)

∂

∂℘
v(=, ℘, ϑ)

)
+

1
sΦ

LΦ

(
∂

∂℘
u(=, ℘, ϑ)

∂

∂=
v(=, ℘, ϑ)

)
+

1
sΦ

LΦ

(
w(=, ℘, ϑ)

)
. (4.4)

Now, taking inverse CLT on both sides,

u(=, ℘, ϑ) = L −1
Φ

[1
s

(e=+℘)
]
−L −1

Φ

[ 1
sΦ

LΦ

(
∂

∂=
v(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ)

)]
+L −1

Φ

[ 1
sΦ

LΦ

(
∂

∂℘
v(=, ℘, ϑ)

∂

∂=
w(=, ℘, ϑ)

)]
−L −1

Φ

[ 1
sΦ

LΦ

(
u(=, ℘, ϑ)

)]
,

v(=, ℘, ϑ) = L −1
Φ

[1
s

(e=−℘)
]
−L −1

Φ

[ 1
sΦ

LΦ

(
∂

∂=
u(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ)

)]
−L −1

Φ

[ 1
sΦ

LΦ

(
∂

∂℘
u(=, ℘, ϑ)

∂

∂=
w(=, ℘, ϑ)

)]
+ L −1

Φ

[ 1
sΦ

LΦ

(
v(=, ℘, ϑ)

)]
,

w(=, ℘, ϑ) = L −1
Φ

[1
s

(e−=+℘)
]
−L −1

Φ

[ 1
sΦ

LΦ

(
∂

∂=
u(=, ℘, ϑ)

∂

∂℘
v(=, ℘, ϑ)

)]
+L −1

Φ

[ 1
sΦ

LΦ

(
∂

∂℘
u(=, ℘, ϑ)

∂

∂=
v(=, ℘, ϑ)

)]
+ L −1

Φ

[ 1
sΦ

LΦ

(
w(=, ℘, ϑ)

)]
.

(4.5)

Using the procedures described in Section 3, we get the following result:

u, v,w(=, ℘, ϑ) =

∞∑
k=0

uk, vk,wk(=, ℘, ϑ). (4.6)

Using Eq (4.6) in (4.5),

∞∑
k=0

uk(=, ℘, ϑ) = L −1
Φ

[1
s

(e=+℘)
]
−L −1

Φ

[ 1
sΦ

LΦ

{(
∂

∂=

∞∑
k=0

vk(=, ℘, ϑ)
)(
∂

∂℘

∞∑
k=0

wk(=, ℘, ϑ)
)}]

+ L −1
Φ

[ 1
sΦ

LΦ

{(
∂

∂℘

∞∑
k=0

vk(=, ℘, ϑ)
)(
∂

∂=

∞∑
k=0

wk(=, ℘, ϑ)
)}]

−L −1
Φ

[ 1
sΦ

LΦ

( ∞∑
k=0

uk(=, ℘, ϑ)
)]
,

∞∑
k=0

vk(=, ℘, ϑ) = L −1
Φ

[1
s

(e=+℘)
]
−L −1

Φ

[ 1
sΦ

LΦ

{(
∂

∂=

∞∑
k=0

uk(=, ℘, ϑ)
)(
∂

∂℘

∞∑
k=0

wk(=, ℘, ϑ)
)}]

+ L −1
Φ

[ 1
sΦ

LΦ

{(
∂

∂℘

∞∑
k=0

uk(=, ℘, ϑ)
)(
∂

∂=

∞∑
k=0

wk(=, ℘, ϑ)
)}]

−L −1
Φ

[ 1
sΦ

LΦ

( ∞∑
k=0

vk(=, ℘, ϑ)
)]
,
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∞∑
k=0

wk(=, ℘, ϑ) = L −1
Φ

[1
s

(e=+℘)
]
−L −1

Φ

[ 1
sΦ

LΦ

{(
∂

∂=

∞∑
k=0

uk(=, ℘, ϑ)
)
∂

∂℘

( ∞∑
k=0

vk(=, ℘, ϑ)
)}]

+ L −1
Φ

[ 1
sΦ

LΦ

{(
∂

∂℘

∞∑
k=0

uk(=, ℘, ϑ)
)(
∂

∂=

∞∑
k=0

vk(=, ℘, ϑ)
)}]

−L −1
Φ

[ 1
sΦ

LΦ

( ∞∑
k=0

wk(=, ℘, ϑ)
)]
. (4.7)

The following are the outcomes of Eq (4.7) when the iteration procedure described in Section 3 is
applied:

u0(=, ℘, ϑ) = e=+℘, v0(=, ℘, ϑ) = e=−℘, w0(=, ℘, ϑ) = e−=+℘,

u1(=, ℘, ϑ) = −
ϑ1Φ

1!Φ1 e=+℘, v1(=, ℘, ϑ) =
ϑ1Φ

1!Φ1 e=−℘, w1(=, ℘, ϑ) =
ϑ1Φ

1!Φ1 e−=+℘,

u2(=, ℘, ϑ) =
ϑ2Φ

2!Φ2 e=+℘, v2(=, ℘, ϑ) =
ϑ2Φ

2!Φ2 e=−℘, w2(=, ℘, ϑ) =
ϑ2Φ

2!Φ2 e−=+℘,

u3(=, ℘, ϑ) = −
ϑ3Φ

3!Φ3 e=+℘, v3(=, ℘, ϑ) =
ϑ3Φ

3!Φ3 e=−℘, w3(=, ℘, ϑ) =
ϑ3Φ

3!Φ3 e−=+℘,

...

Consequently, we get the following approximate solution to Eq (4.1):

u(=, ℘, ϑ) = u0(=, ℘, ϑ) + u1(=, ℘, ϑ) + u2(=, ℘, ϑ) + u3(=, ℘, ϑ) + · · · ,

= e=+℘
(
1 −

ϑ1Φ

1!Φ1 +
ϑ2Φ

2!Φ2 −
ϑ3Φ

3!Φ3 + · · ·

)
,

v(=, ℘, ϑ) = v0(=, ℘, ϑ) + v1(=, ℘, ϑ) + v2(=, ℘, ϑ) + v3(=, ℘, ϑ) + · · · ,

= e=−℘
(
1 +

ϑ1Φ

1!Φ1 +
ϑ2Φ

2!Φ2 +
ϑ3Φ

3!Φ3 + · · ·

)
,

w(=, ℘, ϑ) = w0(=, ℘, ϑ) + w1(=, ℘, ϑ) + w2(=, ℘, ϑ) + w3(=, ℘, ϑ) + · · · ,

= e−=+℘
(
1 +

ϑ1Φ

1!Φ1 +
ϑ2Φ

2!Φ2 +
ϑ3Φ

3!Φ3 + · · ·

)
.

(4.8)

At Φ = 1, the exact solutions are u(=, ℘, ϑ) = e=+℘−ϑ, v(=, ℘, ϑ) = e=−℘+ϑ, and w(=, ℘, ϑ) = e−=+℘+ϑ,

respectively. We examine the results and graphical outcomes of the precise and approximate solutions
to the models described in Example 4.1. Using the error function, we investigate the accuracy and
capabilities of the proposed technique. It is crucial to identify the error between the exact and
approximate solutions. To illustrate the proposed method’s efficiency and accuracy, we implemented
the absolute error function. The 2D graphs of the comparison study are shown in Figure 1. They
represent various values of Φ = 0.4, 0.6, 0.8, 1 of the approximate and precise solution, respectively,
generated by the recommended approach at ℘ = 1, ϑ = 0.2 in the interval = ∈ [0, 4]. Figure 2
represents the 3D graphs of the exact and the approximate solutions attained by the suggested technique
at Φ = 1 in the intervals ϑ ∈ [0, 1], = ∈ [0, 2] at ℘ = 1 for Example 4.1. These graphs demonstrate
how well the suggested method’s approximative solution works. The close approximation and precise
solution demonstrate the accuracy and efficacy of the proposed technique.
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Figure 1. (a), (b), (c) are the 2D plots of the proposed method for u(=, ℘, ϑ), v(=, ℘, ϑ), and
w(=, ℘, ϑ) at different values of Φ = 0.4, 0.6, 0.8, 1, respectively, at ϑ = 0.2 and ℘ = 1 for
Example 4.1.

Figure 2. (d), (e), ( f ), (g), (h), (i) are the 3D plots of u(=, ℘, ϑ), v(=, ℘, ϑ), and w(=, ℘, ϑ),
of the exact and approximate solution for the proposed method of Example 4.1 at Φ = 1,
respectively.

Tables 1–3 show the approximate and exact solutions and absolute error at Φ = 0.4, 0.6, 0.8, 1
values. The point-wise error of the approximate and exact solutions of Example 4.1 at ϑ = 0.2 is shown
in Table 4. A comparison with the solution derived using the HAM is also provided. All the mentioned
Tables in Example 4.1 show that both types of solutions are highly comparable, supporting the efficacy
of the developed approach.
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Table 1. The approximate and exact solutions of u(=, ℘, ϑ) by CLTIM for Example 4.1 at
different values of Φ when ℘ = 1 and ϑ = 0.2.

= Φ = 0.4 Φ = 0.6 Φ = 0.8 Φ = 1 Exact solution |uexact − uCLT IM |

0.0 0.73417084 1.44118118 1.92527293 2.22554093 2.22554092 7 × 10−9

0.1 0.81138426 1.59275152 2.12775565 2.45960311 2.45960311 8 × 10−9

0.2 0.89671829 1.76026266 2.35153366 2.71828183 2.71828182 9 × 10−9

0.3 0.99102698 1.94539111 2.59884662 3.00416603 3.00416602 1 × 10−8

0.4 1.09525420 2.14998967 2.87216971 3.32011693 3.32011692 1 × 10−8

0.5 1.21044309 2.37610606 3.17423843 3.66929667 3.66929666 1.1 × 10−8

0.6 1.33774650 2.62600332 3.50807600 4.05519997 4.05519996 1.2 × 10−8

0.7 1.47843853 2.90218250 3.87702357 4.48168908 4.48168907 1.4 × 10−8

0.8 1.63392726 3.20740770 4.28477370 4.95303243 4.95303242 1.5 × 10−8

0.9 1.80576890 3.54473371 4.73540729 5.47394740 5.47394739 1.6 × 10−8

1.0 1.99568327 3.91753661 5.23343442 6.04964748 6.04964746 1.9 × 10−8

Table 2. The aproximate and exact solutions of v(=, ℘, ϑ) by CLTIM for Example 4.1 at
different values of Φ when ℘ = 1 and ϑ = 0.2.
= Φ = 0.4 Φ = 0.6 Φ = 0.8 Φ = 1 Exact solution |vexact − vCLT IM |

0.1 1.51109629 0.76685816 0.57403341 0.49658530 0.49658530 9 × 10−10

0.2 1.67001967 0.84750934 0.63440503 0.54881163 0.54881163 1 × 10−9

0.3 1.84565718 0.93664267 0.70112599 0.60653065 0.60653065 1 × 10−9

0.4 2.03976664 1.03515024 0.77486406 0.67032004 0.67032004 1.1 × 10−9

0.5 2.25429077 1.14401795 0.85635722 0.74081821 0.74081822 1.3 × 10−9

0.6 2.49137660 1.26433536 0.94642110 0.81873075 0.81873075 1.5 × 10−9

0.7 2.75339696 1.39730668 1.04595707 0.90483741 0.90483741 1.5 × 10−9

0.8 3.04297425 1.54426270 1.15596134 0.99999999 1.00000000 1.7 × 10−9

0.9 3.36300665 1.70667423 1.27753485 1.10517091 1.10517091 2 × 10−9

1.0 3.71669714 1.88616672 1.41189437 1.22140275 1.22140275 2 × 10−9

Table 3. The aproximate and exact solutions of w(=, ℘, ϑ) by CLTIM for Example 4.1 at
different values of Φ when ℘ = 1 and ϑ = 0.2.
= Φ = 0.4 Φ = 0.6 Φ = 0.8 Φ = 1 Exact solution |wexact − wCLT IM |

0.1 9.14159986 4.63922155 3.47269979 3.00416601 3.00416602 6 × 10−9

0.2 8.27166161 4.19774125 3.14222871 2.71828182 2.71828182 5 × 10−9

0.3 7.48450894 3.79827335 2.84320611 2.45960310 2.45960311 5 × 10−9

0.4 6.77226374 3.43681985 2.57263928 2.22554092 2.22554092 4 × 10−9

0.5 6.12779764 3.10976320 2.32782028 2.01375270 2.01375270 3 × 10−9

0.6 5.54466059 2.81383011 2.10629889 1.82211879 1.82211880 2 × 10−9

0.7 5.01701638 2.54605877 1.90585805 1.64872126 1.64872127 3 × 10−9

0.8 4.53958414 2.30376924 1.72449168 1.49182469 1.49182469 3 × 10−9

0.9 4.10758559 2.08453661 1.56038460 1.34985880 1.34985880 3 × 10−9

1.0 3.71669714 1.88616672 1.41189437 1.22140275 1.22140275 2 × 10−9
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Table 4. The points-wise error of the approximate and exact solutions of Example 4.1 at
ϑ = 0.2 also shows the comparison with the solution obtained by the HAM [57].

= u(=, ℘, ϑ) HAM [57] v(=, ℘, ϑ) HAM [57] w(=, ℘, ϑ) HAM [57]

0.1 8 × 10−9 2.59 × 10−7 9 × 10−10 6.40 × 10−9 6 × 10−9 2.48 × 10−7

0.2 9 × 10−9 2.86 × 10−7 1 × 10−9 3.71 × 10−8 5 × 10−9 2.03 × 10−7

0.3 1 × 10−8 3.17 × 10−7 1 × 10−9 4.11 × 10−8 5 × 10−9 1.84 × 10−7

0.4 1 × 10−8 3.50 × 10−7 1.1 × 10−9 4.54 × 10−8 4 × 10−9 1.66 × 10−7

0.5 1.1 × 10−8 3.87 × 10−7 1.3 × 10−9 5.02 × 10−8 3 × 10−9 1.50 × 10−7

0.6 1.2 × 10−8 4.27 × 10−7 1.5 × 10−9 5.54 × 10−8 2 × 10−9 1.36 × 10−7

0.7 1.4 × 10−8 4.73 × 10−7 1.5 × 10−9 6.13 × 10−8 3 × 10−9 1.23 × 10−7

0.8 1.5 × 10−8 5.22 × 10−7 1.7 × 10−9 6.77 × 10−8 3 × 10−9 1.11 × 10−7

0.9 1.6 × 10−8 5.77 × 10−7 2 × 10−9 7.49 × 10−8 3 × 10−9 1.01 × 10−7

1.0 1.9 × 10−8 6.38 × 10−7 2 × 10−9 9.14 × 10−8 2 × 10−9 2.6 × 10−7

Example 4.2. Consider the following system of nonlinear temporal-fractional differential
equations [56]:

T Φ
ϑ u(=, ϑ) −

∂

∂=
v(=, ϑ) + v(=, ϑ) + u(=, ϑ) = 0,

T Φ
ϑ v(=, ϑ) −

∂

∂=
u(=, ϑ) + v(=, ϑ) + u(=, ϑ) = 0, 0 < Φ ≤ 1,

(4.9)

with the initial conditions

u(=, 0) = sinh(=), v(=, 0) = cosh(=). (4.10)

Taking CLT on both sides of Eq (4.9),

LΦ

[
T Φ
ϑ u(=, ϑ)

]
= LΦ

[
∂

∂=
v(=, ϑ) − v(=, ϑ) − u(=, ϑ)

]
,

LΦ

[
T Φ
ϑ v(=, ϑ)

]
= LΦ

[
∂

∂=
u(=, ϑ) − v(=, ϑ) − u(=, ϑ)

]
.

(4.11)

Applying the process described in Section 3, we get the following outcome:

LΦ

[
u(=, ϑ)

]
=

1
s

(sinh(=)) +
1
sΦ

LΦ

(
∂

∂=
v(=, ϑ)

)
−

1
sΦ

LΦ

(
v(=, ϑ)

)
−

1
sΦ

LΦ

(
u(=, ϑ)

)
,

LΦ

[
v(=, ϑ)

]
=

1
s

(cosh(=)) +
1
sΦ

LΦ

(
∂

∂=
u(=, ϑ)

)
−

1
sΦ

LΦ

(
v(=, ϑ)

)
−

1
sΦ

LΦ

(
u(=, ϑ)

)
. (4.12)

Now, taking inverse CLT on both sides of Eq (4.12),

u(=, ϑ) = L −1
Φ

[1
s

(sinh(=))
]

+ L −1
Φ

[ 1
sΦ

LΦ

(
∂

∂=
v(=, ϑ)

)]
−L −1

Φ

[ 1
sΦ

LΦ

(
v(=, ϑ)

)]
−L −1

Φ

[ 1
sΦ

LΦ

(
u(=, ϑ)

)]
,
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v(=, ϑ) = L −1
Φ

[1
s

(cosh(=))
]

+ L −1
Φ

[ 1
sΦ

LΦ

(
∂

∂=
u(=, ϑ)

)]
−L −1

Φ

[ 1
sΦ

LΦ

(
v(=, ϑ)

)]
−L −1

Φ

[ 1
sΦ

LΦ

(
u(=, ϑ)

)]
. (4.13)

Using the procedures described in Section 3, we get the following result:

u, v(=, ϑ) =

∞∑
k=0

uk, vk(=, ϑ). (4.14)

Using Eq (4.14) in (4.13),

∞∑
k=0

uk(=, ϑ) = L −1
Φ

[1
s

(sinh(=))
]

+ L −1
Φ

[ 1
sΦ

LΦ

(
∂

∂=

∞∑
k=0

vk(=, ϑ)
)]
−L −1

Φ

[ 1
sΦ

LΦ

( ∞∑
k=0

vk(=, ϑ)
)]
−L −1

Φ

[ 1
sΦ

LΦ

( ∞∑
k=0

uk(=, ϑ)
)]
,

∞∑
k=0

vk(=, ϑ) = L −1
Φ

[1
s

(cosh(=))
]

+ L −1
Φ

[ 1
sΦ

LΦ

(
∂

∂=

∞∑
k=0

uk(=, ϑ)
)]
−L −1

Φ

[ 1
sΦ

LΦ

( ∞∑
k=0

vk(=, ϑ)
)]
−L −1

Φ

[ 1
sΦ

LΦ

( ∞∑
k=0

uk(=, ϑ)
)]
.

(4.15)

The following are the outcomes of Eq (4.15) when the iteration procedure described in Section 3 is
applied:

u0(=, ϑ) = sinh(=), v0(=, ϑ) = cosh(=),

u1(=, ϑ) = −
ϑ1Φ

1!Φ1 cosh(=), v1(=, ϑ) = −
ϑ1Φ

1!Φ1 sinh(=),

u2(=, ϑ) =
ϑ2Φ

2!Φ2 sinh(=), v2(=, ϑ) =
ϑ2Φ

2!Φ2 cosh(=),

u3(=, ϑ) = −
ϑ3Φ

3!Φ3 cosh(=), v3(=, ϑ) = −
ϑ3Φ

3!Φ3 sinh(=),

...

Consequently, we get the following approximate solution to Eq (4.9):

u(=, ϑ) = u0(=, ϑ) + u1(=, ϑ) + u2(=, ϑ) + u3(=, ϑ) + · · · ,

= sinh(=) −
ϑ1Φ

1!Φ1 cosh(=) +
ϑ2Φ

2!Φ2 sinh(=) −
ϑ3Φ

3!Φ3 cosh(=) + · · · ,

v(=, y, ϑ) = v0(=, ϑ) + v1(=, ϑ) + v2(=, ϑ) + v3(=, ϑ) + · · · ,

= cosh(=) −
ϑ1Φ

1!Φ1 sinh(=) +
ϑ2Φ

2!Φ2 cosh(=) −
ϑ3Φ

3!Φ3 sinh(=) + · · · .

(4.16)

At Φ = 1, the exact solutions are u(=, ϑ) = sinh(= − ϑ), v(=, ϑ) = cosh(= − ϑ), respectively. We
examine the numerical and graphical outcomes of the precise and approximate solutions to the models
described in Example 4.2. Using the error function, we investigate the accuracy and capabilities of the
numerical technique. It is crucial to identify the error between the exact and approximate solutions. To
illustrate the proposed method’s efficiency and accuracy, we implemented the absolute error function.
The 2D graphs of the comparison study are shown in Figure 3. They represent various values of Φ =

0.4, 0.6, 0.8, 1 of the approximate and precise solution, respectively, generated by the recommended
approach at ℘ = 1, ϑ = 0.2 in the interval = ∈ [0, 4]. Figure 4 represents the 3D graphs of the exact
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and the approximate solutions attained by the suggested technique at Φ = 1 in the intervals ϑ ∈ [0, 1],
and = ∈ [0, 2] at ℘ = 1 for Example 4.2. These graphs demonstrate how well the suggested method’s
approximative solution works. The close approximation and precise solution demonstrate the accuracy
and efficacy of the proposed technique. Tables 5 and 6 show the approximate and exact solutions and
absolute error at Φ = 0.4, 0.6, 0.8, 1 values. The point-wise error of the approximate and exact
solutions of Example 4.2 at ϑ = 0.2 is shown in Table 7. A comparison with the solution derived using
the HAM is also provided. All the mentioned tables in Example 4.2 show that both types of solutions
are highly comparable, supporting the efficacy of the developed approach.

Figure 3. ( j), (k) are the 2D plots of the proposed method for u(=, ϑ) and v(=, ϑ) at different
values of Φ = 0.4, 0.6, 0.8, 1, respectively, at ϑ = 0.2 for Example 4.2.

Figure 4. (l), (m), (n), (p) are the 3D plots of u(=, ϑ) and v(=, ϑ) of the exact and approximate
solution for the proposed method of Example 4.2 at Φ = 1, respectively.
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Table 5. The approximate and exact solutions of u(=, ϑ) by CLTIM for Example 4.2 at
different values of Φ when ϑ = 0.2.

= Φ = 0.4 Φ = 0.6 Φ = 0.8 Φ = 1 Exact solution |uexact − uCLT IM |

0.0 -1.72330539 -0.67799290 -0.35181302 -0.20133600 -0.20133600 2.5 × 10−9

0.1 -1.53297120 -0.56037592 -0.24738888 -0.10016675 -0.10016675 6.4 × 10−9

0.2 -1.35797951 -0.44836738 −0.14544069 -0.00000001 0.00000000 1.543 × 10−8

0.3 -1.19657893 -0.34084625 −0.04494812 0.10016672 0.10016675 2.44 × 10−8

0.4 -1.04715412 -0.23673642 0.05509458 0.20133596 0.20133600 3.38 × 10−8

0.5 -0.90820958 -0.13499593 0.15568869 0.30452025 0.30452029 4.34 × 10−8

0.6 -0.77835470 -0.03460653 0.25784100 0.41075227 0.41075232 5.36 × 10−8

0.7 -0.65628986 0.06543651 0.36257386 0.52109524 0.52109530 6.45 × 10−8

0.8 -0.54079339 0.16613448 0.47093548 0.63665350 0.63665358 7.55 × 10−8

0.9 -0.43070936 0.26849517 0.58401038 0.75858361 0.75858370 8.73 × 10−8

1.0 -0.32493601 0.37354305 0.70293026 0.88810588 0.88810598 1.003 × 10−7

Table 6. The aproximate and exact solutions of v(=, ϑ) by CLTIM for Example 4.2 at
different values of Φ when ϑ = 0.2.
= Φ = 0.4 Φ = 0.6 Φ = 0.8 Φ = 1 Exact solution |uexact − uCLT IM |

0.0 1.99339175 1.20817382 1.06008135 1.02006675 1.02006675 0.00000000
0.1 1.83074912 1.14630738 1.03014621 1.00500416 1.00500416 1 × 10−9

0.2 1.68642924 1.09591357 1.01052111 1.00000000 1.00000000 1 × 10−9

0.3 1.55898771 1.05648803 1.00100966 1.00500416 1.00500416 1 × 10−9

0.4 1.44714905 1.02763618 1.00151664 1.02006675 1.02006675 0.00000000
0.5 1.34979395 1.00906926 1.01204714 1.04533851 1.04533851 0.00000000
0.6 1.26594803 1.00060144 1.03270655 1.08107237 1.08107237 1 × 10−9

0.7 1.19477216 1.00214797 1.06370163 1.12762596 1.12762596 3 × 10−9

0.8 1.13555396 1.01372434 1.10534259 1.18546522 1.18546521 3 × 10−9

0.9 1.08770077 1.03544641 1.15804620 1.25516900 1.25516900 2 × 10−9

1.0 1.05073365 1.06753157 1.22233992 1.33743494 1.33743494 3 × 10−9

Table 7. The points-wise error of the approximate and exact solutions of Example 4.2 at
different values of ϑ = 0.2 also shows the comparison with the solution obtained by the
HAM [57].

= u(=, ℘, ϑ) HAM [57] v(=, ℘, ϑ) HAM [57]
0.0 2.5 × 10−9 1.21 × 10−8 0.00000000 8.89 × 10−8

0.1 6.4 × 10−9 2.18 × 10−8 1 × 10−9 8.91 × 10−8

0.2 1.54 × 10−8 5.59 × 10−8 1 × 10−9 9.02 × 10−8

0.3 2.44 × 10−8 9.07 × 10−8 1 × 10−9 9.22 × 10−8

0.4 3.38 × 10−8 1.26 × 10−8 0.00000000 9.51 × 10−8

0.5 4.34 × 10−8 1.63 × 10−8 0.00000000 9.89 × 10−8

0.6 5.36 × 10−8 2.01 × 10−7 1 × 10−9 1.03 × 10−7

0.7 6.45 × 10−8 2.42 × 10−7 3 × 10−9 1.09 × 10−7

0.8 7.55 × 10−8 2.85 × 10−7 3 × 10−9 1.16 × 10−7

0.9 8.73 × 10−8 3.31 × 10−7 2 × 10−9 1.24 × 10−7

1.0 1.003 × 10−7 3.80 × 10−7 3 × 10−9 1.34 × 10−7
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Example 4.3. Consider the following system of nonlinear temporal-fractional differential
equations [56]:

T Φ
ϑ u(=, ℘, ϑ) −

∂

∂=
v(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ) = 1,

T Φ
ϑ v(=, ℘, ϑ) −

∂

∂=
w(=, ℘, ϑ)

∂

∂℘
u(=, ℘, ϑ) = 5, 0 < Φ ≤ 1,

T Φ
ϑ w(=, ℘, ϑ) −

∂

∂=
u(=, ℘, ϑ)

∂

∂℘
v(=, ℘, ϑ) = 5,

(4.17)

with the initial conditions

u(=, ℘, 0) = = + 2℘,
v(=, ℘, 0) = = − 2℘,

w(=, ℘, 0) = −= + 2℘.
(4.18)

Taking CLT on both sides of Eq (4.23),

LΦ

[
T Φ
ϑ u(=, ℘, ϑ)

]
= LΦ

[
∂

∂=
v(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ) + 1

]
,

LΦ

[
T Φ
ϑ v(=, ℘, ϑ)

]
= LΦ

[
∂

∂=
w(=, ℘, ϑ)

∂

∂℘
u(=, ℘, ϑ) + 5

]
,

LΦ

[
T Φ
ϑ w(=, ℘, ϑ)

]
= LΦ

[
∂

∂=
u(=, ℘, ϑ)

∂

∂℘
v(=, ℘, ϑ) + 5

]
.

(4.19)

Applying the process described in Section 3, we get the following outcome:

LΦ

[
u(=, ℘, ϑ)

]
=

1
s

(= + 2℘) +
1
sΦ

LΦ

[
∂

∂=
v(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ) + 1

]
,

LΦ

[
v(=, ℘, ϑ)

]
=

1
s

(= − 2℘) +
1
sΦ

LΦ

[
∂

∂=
w(=, ℘, ϑ)

∂

∂℘
u(=, ℘, ϑ) + 5

]
,

LΦ

[
w(=, ℘, ϑ)

]
=

1
s

(−= + 2℘) +
1
sΦ

LΦ

[
∂

∂=
u(=, ℘, ϑ)

∂

∂℘
v(=, ℘, ϑ) + 5

]
.

(4.20)

Now, taking inverse CLT on both sides of Eq (4.20),

u(=, ℘, ϑ) = L −1
Φ

[1
s

(= + 2℘)
]

+ L −1
Φ

[ 1
sΦ

LΦ

(
∂

∂=
v(=, ℘, ϑ)

∂

∂℘
w(=, ℘, ϑ)

)]
,

v(=, ℘, ϑ) = L −1
Φ

[1
s

(= − 2℘)
]

+ L −1
Φ

[ 1
sΦ

LΦ

(
∂

∂=
w(=, ℘, ϑ)

∂

∂℘
u(=, ℘, ϑ)

)]
,

w(=, ℘, ϑ) = L −1
Φ

[1
s

(−x + 2℘)
]

+ L −1
Φ

[ 1
sΦ

LΦ

(
∂

∂=
u(=, ℘, ϑ)

∂

∂℘
v(=, ℘, ϑ)

)]
.

(4.21)

Using the procedures described in Section 3, we get the following result:

u, v,w(=, ℘, ϑ) =

∞∑
k=0

uk, vk,wk(=, ℘, ϑ). (4.22)
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Using Eq (4.22) in (4.21),

∞∑
k=0

uk(=, ℘, ϑ) = L −1
Φ

[1
s

(x + 2℘)
]

+ L −1
Φ

[ 1
sΦ

LΦ

{(
∂

∂=

∞∑
k=0

vk(=, ℘, ϑ)
)(
∂

∂℘

∞∑
k=0

wk(=, ℘, ϑ)
)

+ 1
}]
,

∞∑
k=0

vk(=, ℘, ϑ) = L −1
Φ

[1
s

(x − 2℘)
]

+ L −1
Φ

[ 1
sΦ

LΦ

{(
∂

∂=

∞∑
k=0

wk(=, ℘, ϑ)
)(
∂

∂℘

∞∑
k=0

uk(=, ℘, ϑ)
)

+ 5
}]
,

∞∑
k=0

wk(=, ℘, ϑ) = L −1
Φ

[1
s

(−x + 2℘)
]

+ L −1
Φ

[ 1
sΦ

LΦ

{(
∂

∂=

∞∑
k=0

uk(=, ℘, ϑ)
)(
∂

∂℘

∞∑
k=0

vk(=, ℘, ϑ)
)

+ 5
}]
. (4.23)

The following are the outcomes of Eq (4.23) when the iteration procedure described in Section 3 is
applied:

u0(=, ℘, ϑ) = = + 2℘, v0(=, ℘, ϑ) = = − 2℘, w0(=, ℘, ϑ) = −= + 2℘,

u1(=, ℘, ϑ) =
3ϑ1Φ

1!Φ1 , v1(=, ℘, ϑ) =
3ϑ1Φ

1!Φ1 , w1(=, ℘, ϑ) =
3ϑ1Φ

1!Φ1 ,

u2(=, ℘, ϑ) =
ϑ1Φ

1!Φ1 , v2(=, ℘, ϑ) =
5ϑ1Φ

1!Φ1 , w2(=, ℘, ϑ) =
5ϑ1Φ

1!Φ1 ,

...

Consequently, we get the following approximate solution to Eq (4.17):

u(=, ℘, ϑ) = u0(=, ℘, ϑ) + u1(=, ℘, ϑ) + u2(=, ℘, ϑ) + · · · ,

= = + 2℘ +
3ϑ1Φ

1!Φ1 +
ϑ1Φ

1!Φ1 + · · · ,

v(=, ℘, ϑ) = v0(=, ℘, ϑ) + v1(=, ℘, ϑ) + v2(=, ℘, ϑ) + · · · ,

= = − 2℘ +
3ϑ1Φ

1!Φ1 +
5ϑ1Φ

1!Φ1 + · · · ,

w(=, ℘, ϑ) = w0(=, ℘, ϑ) + w1(=, ℘, ϑ) + w2(=, ℘, ϑ) + · · · ,

= −= + 2℘ +
3ϑ1Φ

1!Φ1 +
5ϑ1Φ

1!Φ1 + · · · .

(4.24)

5. Conclusions

This study has effectively extended the conformable Laplace transform iterative method to compute
approximate solution of the systems of nonlinear temporal-fractional differential equations related
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to the conformable derivative. In addition, the method’s theoretical predictions and error analysis
have been examined. Three distinct examples are provided to show the applicability and efficacy
of the proposed approach. The CLTIM method’s validity and reliability are shown by comparing
the approximate solutions to the exact solutions. To examine the exact and approximate solutions,
we utilized the 2D and 3D graphs, as well as different tables to introduce precise solutions that
demonstrated consistency across a range of fractional-order values. Consequently, this approach is
straightforward and efficient for addressing temporal-fractional differential equations, which has the
potential to be applied in a variety of scientific circumstances. As a result, we may use this method to
solve more fractional-order linear and nonlinear differential equations.
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