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Abstract: Plant viral infections are primarily propagated by adult insect vectors, which generally
require a maturation period of approximately ten to twelve days. Following ingestion of the virus from
an infected host plant, these vectors become capable of transmitting the pathogen to susceptible plants.
In this study, a stage-structured mathematical model was formulated and analyzed to characterize the
transmission dynamics of plant viral diseases mediated by adult insect vectors. Particular emphasis
was placed on assessing how the maturation period of vectors influences the progression of infection
transmission. To establish the mathematical validity of the model, it was shown to possess non-negative
and bounded solutions, which confirms its well-posedness. We identified all steady states and studied
their stability. The results show how infection rate, maturation rate, and maturation time can cause
stability changes in steady states. Numerical stability and simulations were presented to analyze the
behaviors of the system in different dynamical regimes. The stabilizing effect of the maturation period
can help develop control methods for the management of plant viral diseases.
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1. Introduction

The majority of plant-infecting viruses depend on vectors for transmission to their host plants.
The characteristics of these interactions, including duration and specificity, differ across virus-vector
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systems [1]. Structural proteins encoded in plant viral genomes are critical for transmission, since they
are expressed on the virions’ surface [2]. Viral particles may be linked to specific sites in or on vectors
by non-structural helper proteins, allowing viruses to bind to these sites until they are transmitted to
their plants [3].

Among the known plant vectors, whiteflies are the vectors responsible for the transmission of
around 120 different plant virus species [4—6]. For instance, Trialeurodes vaporariorum and T.
abutilonia are documented to transmit as many as 111 viral species, whereas Bemisia tabaci is linked to
the transmission of just three species. Both B. tabaci and T. vaporariorum are present in the European-
Mediterranean region; however, the distribution of B. tabaci seems to be rather limited. Begomovirus
is the dominant genus among whitefly-transmitted viruses, accounting for nearly 90% of recorded
cases. Crinivirus represents about 6%, while the remaining 4% are distributed among the Closterovirus,
Ipomovirus, and Carlavirus genera [7]. Due to their extensive presence in warm regions and capacity
to infest both herbaceous and woody plants, whiteflies are regarded as not only detrimental agricultural
pests but also pivotal agents in the epidemiology of plant viral diseases [8].

Vectors have a hemimetabolous life cycle consisting of three primary phases: Egg, nymph, and
adult [9, 10]. Fusiform eggs are oviposited on the abaxial surface of the leaf, where they undergo
embryonic development and hatch into nymphs within 3 to 10 days. The motile nymphs of the first
instar settle on a particular plant. They develop a puparium following three molts, and the adult emerges
two to six days later. The disease is constantly spread by motile adults [11]. Mature vectors are
piercing-sucking adults that feed by piercing their stylets into plants like aphids. They multiply easily
in a glasshouse, and as the temperature and plant size increase, the spread of vectors increases. Adults
are the main carriers of the virus due to their mobility and wings, and while they can develop midgut
infections from feeding on sap of infected plants, immature insects cannot spread the virus. Glasshouse
summer conditions and moderate temperatures are ideal for these insects. Whitefly vectors need twelve
to twenty days to mature [7]. When modeling plant disease spread by these vectors, the maturation
time has to be taken into account, as it can affect the rate at which the disease spreads, and it can also
cause stability switches. In fact, including time delays in similar ecological models is known to result
in a plethora of dynamic behaviors, including oscillations and bifurcations of different types, as well
as stability and instability developing [12, 13] or disappearing [14, 15].

Adult whiteflies carry plant viruses during feeding, which can spread the virus to new plants after
a 24-hour acquisition access period. This can result in mosaic diseases, such as cassava mosaic
disease and Jatropha mosaic disease [16, 17]. Understanding the transmission dynamics of these
diseases can be aided by mathematical modeling using ordinary differential equations [18], or using
delay differential equations [19,20]. One of the first-ever delay differential equation models for plant
epidemics was introduced by Van der Planck [21], and a discrete-time approximation of that model
was studied later [22]. The majority of time-delayed models concentrate on determining thresholds for
delay-induced instability and subsequent emergence or disappearance of oscillatory solutions [23,24].
At the same time, it is important to also pay attention to the specific biological mechanism behind time
delays in such models, as they can lead to unexpected and, at times, deceptive conclusions [14, 15].

Al Basir et al. [15] developed a delayed model to capture the impact of whitefly maturation time
on mosaic disease of cassava, while a model for mosaic disease of Jatropha was studied in [25]. Al
Basir [26] studied the role of the maturation period of the whitefly vector in the mosaic disease of
Jatropha c. by including a time delay in the infection transmission term Asv(¢ — 7) to represent the fact
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that only mature vectors can transmit the virus. Adhurya et al. [27] analyzed a stage-structured model
for plant-whitefly vector interactions, in which the population of whiteflies was divided into immature
whiteflies and adults, which were further subdivided into susceptible and infective compartments. The
population of immature vectors was assumed to grow linearly, while in [25] the authors assumed
logistic growth for vector populations, but did not consider different vector stages. In this paper, we
modify the multi-stage model of Adhurya et al. [27] to include logistic growth of immature vectors,
while also accounting for the maturation period that is required for these immature vectors to become
adults. The main focus is on exploring how the maturation period can affect the dynamics and stability
of different steady states.

Here, our consideration has been the logistic-type growth of the immature whitefly vectors to
develop the mathematical model proposed in [27]. Moreover, we have incorporated a time delay due
to the maturation period of immature vectors in the proposed model. It is well known that only mature
vectors can carry the mosaic virus. We have analyzed the proposed delay model using qualitative
theory to understand the dynamics of the system, such as the stability switch of the steady states and
bifurcations. Thus, the main aim of this research is to study the impact of the vector’s maturation
period on the disease transmission, using a stage-structured model where immature vectors follow
logistic growth. We have analyzed the dynamics of the system with and without delay analytically as
well as numerically to study the dynamics of the disease.

The remaining parts of this paper are organized as follows. Section 2 introduces the mathematical
model for plant virus dynamics accounting for vector maturation delay and establishes its well-
posedness. Section 3 presents a rigorous analytical study of the existence and stability of the steady
states, while Section 4 provides the sensitivity analysis of the model parameters. The outcome of the
numerical simulations are presented in Section 5. Concluding remarks and potential avenues for future
investigation are discussed in Section 6.

2. The mathematical model

To analyze the effects of time-delayed dynamics of plant viruses in the presence of multiple stages
in the vector population, we follow an earlier model proposed in [27], subject to some additional
assumptions. The detailed derivation is mentioned below.

We consider the plant population being divided into susceptible, s(¢), and infected plants, w(z). The
virus is not modeled explicitly but rather is taken to be represented by the infective whitefly vectors,
like earlier models of plant virus infections [8, 25, 28].

The total vector population is categorized into immature vectors, denoted by v((¢), and mature
vectors. The mature class is further partitioned into non-infective vectors v,(f) and infective
vectors v3(1).

Mature vectors can produce offspring, resulting in the emergence of new immature vectors, whose
growth is limited, however, by the carrying capacity, which is represented by the total biomass of
plants (both susceptible and infected). The virus cannot be transmitted vertically between vectors,
nor can it be transmitted directly from one vector to another. Furthermore, the virus neither induces
mortality nor triggers disease symptoms in its vector hosts [25,28]. Once infected, a vector remains
capable of transmission throughout its lifespan.

We consider the susceptible plant population, denoted by s(¢), to follow logistic growth
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characterized by a linear growth rate r and a carrying capacity K, which reflects the spatial limitations
of the plantation. Transmission of infection occurs when infected mature vectors v;(f) feed on
susceptible plants, leading to their conversion into infected plants w(z) at a rate A. Conversely, mature
non-infective vectors v,(f) become infective upon feeding on infected plants, acquiring the virus at a
rate 8 and transitioning into the infective class v3(?).

The population of immature vectors v;(¢) is assumed to grow at rate b proportionally to the number
of mature vectors, irrespective of their infection status. The vectors are merely the carriers of disease
to and from plants, but the disease does not directly affect them. We assume that all vector populations
die at a constant rate c. Infected plants have a natural mortality and a disease-induced mortality. We
assume a total mortality rate a.

Under the assumption that plants, both susceptible and infected, can simultaneously support up
to a number of vectors, the overall carrying capacity for vectors, as provided by plants, is given by
a(s + w). Accordingly, the temporal evolution of the immature vector population is governed by the
following equation:

Vi +Vvy+ V3
a(s +w)

=b(vy +13)|1 - - mvy — cvy, (D

dr
where m is the vector maturation rate. Considering 7 € R, to be the maturation time taken by immature
vectors to mature, the influx of new mature vectors at time ¢ is represented by the term me v (t — 1),
where v (t — 7) is the population of immature vectors at time (¢ — 7), and the multiplication factor e™“*
represents the survival probability of inoculum through the period of maturation [# — 7, 7], with ¢ being
the above-mentioned natural death rate of vectors.
Based on the preceding assumptions, the governing mathematical model is formulated as follows:

ds s+w

LN PR R

o rs[ SV3

dw 1

— = Asvy — aw,

dt 3
dVl Vi+Vy+V3
— =bvy + l-——=| - —-cvy, 2
7 (v2 +v3) 2w myvy — cvy ()
dvy et
_ = z-_ — — R

7 me “vi(t — 1) = Pvaw —cv;
dV3 ﬂ
— = Bv,w — cvs,

i 2 3

with initial population sizes

s0)>0, w0)>0, s0O)+w0) <K, v,(00>0, v;3(0) >0,

vi(w) =dw) >0, wel[-1,0], 0<v(0) < abK ,
4(m+ c) 3)
12(0) +12(0) < als(0) + WO, 12(0) + v3(0) < 2 LK,
4c(m + c)

Prior to undertaking the dynamics analysis, we establish the well-posedness of the model.
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Theorem 1. All solutions of model (2) satisfying initial conditions (3) and the condition v,(t) + v3(t) <
als(t) + w(t)] will remain non-negative for all t > 0 and ultimately bounded in the positively
invariant region

G = {(S,W,Vl,V2,V3) eRi 0<s+w<K, 0vigV, 0v+w< V23}, 4)
here V abK qv me “"abK
where Vi = ——— an =—\
! 4(m + c) = de(m + ¢)

Proof. As a first step, we establish non-negativity of all variables in model (2). Evaluating ds/dt
when s = 0 yields ds/dt = 0, indicating that with s(0) > 0, we have s(rf) > O for all + > 0. To

make further progress, rather than considering the entire real half-axis # > 0, we focus on a single time
interval [0, 7]. Considering the equation for v, over this time interval, we find

de

T o = me “vi(t—1)=me “p(t — 1) =0,
V=

where we have used the initial condition for v; over the interval [—7,0]. This shows that v, cannot
become negative for ¢ in [0, 7]. Next, we consider a subsystem of equations for w and vs, for which we

.. ) ) dw
note that the derivatives of w and v at the boundaries w = 0 and v; = 0 are, respectively, 5 heo = Asv;
w=
dv . .
and d—; 0= Bvow. Since we have just shown that s(z) > 0 and v,(¢) > 0, the source terms for w and v;
V3=

are non-negative when evaluated on their respective boundaries. Due to this cooperative structure,
where the inflow to one compartment is positively coupled to the size of the other, the solutions w(t)
and v3(#) remain non-negative for all ¢ in the time interval [0, 7] we are considering.

Having established non-negativity of s(#) and w(f), now we want to show that a stricter condition
holds, namely, that s(¢) + w(¢) > 0, which is essential for the feasibility of the equation for v, that
contains the term a(s + w) in the denominator of the fraction in the logistic term. Introducing a new
variable P(t) = s(t) + w(¢) and adding equations for s and w, we obtain

1——)—aw.
K

Focusing on very small, but positive, values of P, we then have
dP P
— = rs(l — —)—aw > —aw > —aP.
dt K

A comparison principle then suggests that the solution P(7) is bounded below by the solution of
dx/dt = —ax, which is x(f) = P(0)e™™, and hence, P(7) > P(0)e™® > 0 for all finite r > 0. Therefore,
s(t) + w(t) > O for all # > 0, ensuring the denominator a(s + w) is always well-defined.

Finally, we look at the equation for v;, which, when evaluated at v; = 0, reduces to

dv _ (v2 +v3)
E = b(v, +V3)(1 — m)

As we have already established that v,(r) > 0 and v3(f) > 0, while s(¢) + w(z) > 0, in light of the

d
condition v,(f) + v3(f) < a[s(¢) + w(t)] required in the theorem, we obtain % > 0, which shows that
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vi(?) > 0. Now that we have proven non-negativity of all state variables on the interval [0, 7], together
with an extra condition (s(¢) + w(¢)) > 0, the same procedure can be repeated for the interval [7,27]
and others, thus showing that all solutions of model (2) remain non-negative with (s(¢) + w(z)) > 0 for
allr > 0.

The next step is to prove the boundedness of all variables. Considering P(¢) = s(t) + w(t), we have

dpP P
— = rs(l - —)—a/w.
dt K

Given the initial condition P(0) = s(0) + w(0) < K, let us consider a situation when P(¢) = K. In this

case, we have
dP <0
— =—aw <0,
dt
indicating that P(¢) cannot exceed the value of P = K. In other words, s(7) + w(f) < K for all > 0.

Non-negativity of v;(#) and s(¢) + w(t) < K allow one to write

(v2 +v3)
aK

dV] (V] + vy + V3)
oy -T2
(2 +v3) ( a(s +w)

7 )—(m+c)v1 Sb(v2+V3)(1 -

)— (m+ o).

Using the fact that the quadratic function bx (1 - %) has a maximum value of bC/4, we obtain

dv, < abK (m+o)

— < ——=(m+ o),

dt — 4 :
and the comparison principle shows that with the initial condition 0 < v{(0) < V; as in (3), we then
have 0 <vi(t) < V| = 3t o for all > 0.

The dynamics of U(t) = v,(¢) + v3(t) are described by the following equation,

Cil_lt] =me “vi(t—1)—cU. ®))

Using the bound v; < Vi, we now have
<
and hence, with U(0) < V3 = %, we have U(t) = vo(t) + v3(t) < Vo3 for all ¢+ > 0, which
completes the proof. O

3. Steady states and their stability

System (2) may possess at most three steady states, given by:
(i) the vector-free steady state, U (K, 0,0, 0, 0);
(ii) the disease-free steady state, U, (K, 0, V1, V>, 0), with
Vs _aK[bw — c(m + ¢)]

V1 = o » V2 = b(C N w) s (7)
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where @ = me™". U, is biologically feasible only when

bw —c(m+c) > 0; ()
(iii) the endemic steady state, U* = (s*, w*, v}, v, v3), where
aK(r — Av; As™V; c[BAVis* — ac
_W, w28 vi=%’ v;:ﬂ;i*, ©)
and vj is the positive root of the quartic equation
vt + 1V + Ly + Ly + 1 = 0, (10)

with coefficients

Iy = K*bB* 2w (r + Kad),
Iy = K*aB?* 2 (r — KA) - 2K*bB* P wr? — K3apcAm — KbB*cA’r?
+ K*bB%cA*r = 3K3abB* A wr + K*apcA*mr — 2KbBe A’ wr? — K*abBc*wr,
L = b 2P (B + @) + 3K ap* P *r — 2K°bB*c A’ + K*bBA r(wr’ — aacdw)
+ KABe(—=2KaBcAr? — bedr? + bBeAr’ — abBAr* + 3K*aB P mr + KaaBcA®r)
+3K2abB* P wr? — 2K*af?c’mr* + 2KbBcA*@wr® — 2KabBc P wr?
+ KaaB*cPmr + 2K*abBc A’ wr?,
I = K*aB* 2P cA(r — 3K Q) + 2abc* dwr’ + KbBe* °r + K*bB*cA’r + 2abBc*Ar’
— K}abB? Pwr + K*aB2cPmr’ — 3K a2 c Pmr® + KabB*cAr® — 2K aa*c* *r?
— KabB? %r* — K*abBcwr + 2KabBcldwr’ — 2K aaf*cA>mr* + 2K aabBc > @r?,
Iy = &®bBc*r + &*b*wr’ + Ke(K*aB?c’r + KaaBrcar® + K*aB2 > mr® + abBcAr’)
+ Kzaaﬁc/l(m - bw).

Since I, > 0, Eq (10) has at least one positive root if [y < 0.

3.1. Basic reproduction number

The basic reproduction number, denoted as R, refers to the average number of new infections
caused by one infected person in a fully susceptible population. To determine R, for system (2),
we employ the next-generation matrix method, following the framework described in [29]. This
methodology entails defining two vector functions: ¥, representing the rate at which new infections
arise, and V, describing the rate at which individuals exit the infected compartments. For the present
model, these vectors take the form

T:(ﬁsw )’ (V:(aw).
Bvow cv3
As a next step, we define matrices F = 0Fi(U,)/0z; and P = 0Vi(U,)/0zj, where z; are variables

associated with the infected compartments, namely, w and v;. Evaluating these matrices at the disease-
free equilibrium U, one obtains

- 0 AK A a 0
=l o ) V(5 0)
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According to [29], the basic reproduction number Ry is then given by

A o~ —1
RO = p(f(v )7
where p is the spectral radius of the matrix

A A 1 0 AaK
-1 _ 1
Vo= ca( gy, 0 )

Hence, Ry for the system (2) is expressed as

ABKV
Ry = | LE%2
ca

Remark 1. (i) The disease-free equilibrium U, is feasible when bme™" > c(m+-c) holds. (ii) As long as
the condition l4 < 0 is satisfied, the existence of at least one endemic steady state is ensured. Extensive
numerical calculations show that the endemic equilibrium exists for Ry > 1 and BAvys* > ac, and it is
unique when s* < K.

3.2. Linearized system and characteristic equation

To examine the stability of the distinct steady states of system (2), we linearize it near any steady
state U(s, w, vy, V2, v3) to obtain

dX
I =GX(H+ HX(t - 1), (11D
where G = [a;;] and H = [b;;] are 5 X 5 matrices as given below:
[ an - r_Ks 0 0 —As |
Avs - 0 0 As [0 O 0 0 O]
0 0 0 0 0
az;  axp ass a4 ass 0 0 0 0 O
G = [aij] = R Hlj = [blj] = 0 0 me=<* 0 0 ,
0 -pPv, 0 —-PBw+c) O O 0 O 0 O
0 Bva 0 Bw —c
with
2 2
611127‘1— STw —/1V3, a35:bl—w
a(s +w)
b(V2 + V3)(V1 + vy + V3) b(Vz + V3)(V1 + vy + V3)
asp = ) » a3z = > )
a(s +w) a(s +w)
b(Vz + V3) 2\/2 + v +v3
=2 i = plr-2=21"2
33 a(s +w) (m+0), as ( a(s +w) )
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At any equilibrium U(s, w, vy, v, v3), the characteristic equation can be obtained as
Y€1) =1 -G - e H |=0,
which explicitly has the form
W, 1) = (fs + &+ 028 + 038+ ouE 0'5) A (0'653 + 08 + ogé + 0'9) =0, (12

with the coeflicients

o1 = —(ay + axy + ayy + azz + ass),
02 = ajia — adz) + apaszz + axass + apass + axaas + azaag
+ a5asy + aj1dss + dxndss + azzdss + daadss,
03 = Apa21Aa33 — d11d22a33 — A12021044 — A11022044 — A11A33044 — 22033044
— ap1a15asy — aj5a10s52 — A15033052 — A15044052 + A15042054 + A12021055
— a1ddss — A11A33ds5 — ApA33d55 — A11044055 — A2044055 — 33044055,
04 = —Q12021033044 T 411022033044 + A11015033052 + A15021033052 + A11015044052
+ a1502104405> + 415033044057 — A11A 15042054 — A15021 Q42054 — A15033042054
— Q12021033055 + 411022033055 — A12021044055 T A11022044055
+ 411033044055 + A22033044055,
05 = —a11015033044052 — A15021033044052 + A11015033042054
+ a15021033042054 + A12021033044055 — A11022033044055,

06 = —axuby, 07 = anazsbsz — anazbiz + azsbysass,

O3 = apaz asuby — ayjanasubys — ajsazbyzas,
— a15a31bazass + aysaznbazass — ajasabazass — arpaszabazass,
09 = anaisasbyzasy) + anaisazibazasy — aysaz azbazass + ajsaxnazi byzass

— ayaisanbyasy + ajjanazbiass — anaz azbaass + aijsazazbazas;.

3.3. Stability analysis of the vector-free and disease-free steady states

Evaluating the matrices G and H at the vector-free steady state U, we see that the characteristic
equation has three negative roots as —r < 0, —¢ < 0, and —a < 0. The rest of the roots satisfy the
following equation in &:

E+(m+c+cK)E+c(m+c)-bw =0, (13)

where the parameter w = me™“" was introduced earlier. Provided the following condition,
bw < c(m+ c), (14)
the vector-free equilibrium U, is stable. In the case of the disease-free equilibrium point U,, we have
s=K, vi =V, vy =y,
where

_ vy aK[bw — c(m + ¢)]
Vi=— W=
(o) b(c + @)
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This gives the coefficients of matrices G and H as

bV2
ap = -r, ap = —a, ass = —C, a5 = AK, asy = vy, azz = _a_K —(m+ o),

2\_/2 +V;

aqq4 = —C, A34 = b(l — ), b43 =me .

a

Hence, at U,, one eigenvalue is —r < 0, while the following characteristic equation determines the rest
of the eigenvalues:

2 > -
[f — (axn + ass)é — arsasy + azzass] X [f — (as3 + ag)é + azzas — aubye ‘ET] =0,

or explicitly,

[§2+(a+c)§+coz(l —RS)]X[§2+L1§+L2—e‘§TL3] =0, (15)
with ) A
Cc+w Cc+w
L, =bw—(2b+]£)—bw_c(m+c).
() Cc+w

From the first bracket of the above equation, we conclude that the eigenvalues are negative when
Ro < 1, and one of them goes through zero along the real axis at Ry = 1. The second bracket of
Eq (15) is a transcendental equation in &,

E+LiE+L —e¥Ly=0. (16)

Prior to analyzing this equation, we note that for any value of 7 > 0, it immediately follows from the
definitions of L, and L; that
Ly—Iy;=bw—-c(m+c) >0,

which is nothing else but the feasibility criteria of the disease-free equilibrium U,, and hence, it is
always satisfied whenever that steady state is biologically feasible.
Case I. 7 = 0. The Eq (16) is a regular quadratic with two roots, which have negative real
parts, provided

Ly>0, L,-L;>0. 17)

Both of these conditions are automatically satisfied whenever U, is feasible.
Case IL. 7 > 0. If we insert & = i+ ik into Eq (16), and then separate the result into real and imaginary
components, we obtain the following outcomes:

—>+ 17 +nly + Ly = e L3 cos kT,

2nk + kL = e L3 sinkT.
By squaring each of the two equations and then adding them together, we obtain:

(7" + &) + 4 + (Lo + L) + 200 Ly + o) = €L, (18)
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which can only be satisfied when < 0, indicating that Eq (16) can only have roots with negative
real parts.

To establish the result, we proceed by contradiction. Assume there exists a 7 > 0 such that & = ik is
a purely imaginary solution to Eq (16). Under this assumption, Eq (18) simplifies to:

ZHcz+(L5-15)=0, z=«. (19)

Given that L% — Lg > 0, no positive real roots can be found for z. This implies that Eq (16) does not
admit any purely imaginary roots.
These considerations can be summarized in the following result.

Theorem 2. For model (2), if Ry < 1, then the disease-free steady state U, is stable, and it is unstable
for Ry > 1.

Remark 2. The vector-free equilibrium U, is stable if bme™" — c(m + ¢) < 0 holds, while U, exists
provided bme™" — c(m + ¢) > 0. This means that the disease-free equilibrium is feasible only when the
vector-free equilibrium is unstable.

3.4. Stability of the endemic equilibrium

Following the stability of the disease-free equilibrium, we consider two different cases: Case I with
7 =0, and Case II, when 7 > 0.
Case I. When 7 = 0, the characteristic equation associated with the endemic steady state U simplifies
to a quintic form:

E+0E + (02 +060)E + (03 + 01)E + (04 + 0g)é + (05 + 09) = 0.

We introduce new parameters y; = oy, o = 0 + ¢, i3 = 03 + 07, g = 04 + Og, Us = 05 + 09. The
Routh-Hurwitz criterion requires all eigenvalues to be negative, or to possess negative real parts, if the
following constraints are met:

ps >0, pipn —pz > 0, ws(uipn — p3) — pi(uipg — ps) > 0,
(20)

(H1p2 — H3)(Hapts — popts) + (pipa — ps) (s — i) > 0.

Given that the steady state U is contingent upon several model parameters, we use 6 € R as a general
bifurcation parameter to assess the potential for Hopf bifurcation, leading to the following conclusion.

Theorem 3. The endemic steady state U™ stays stable if the Routh—Hurwitz criteria (20) are satisfied.
When 6 = 6%, the steady state U* may become unstable and induce a Hopf bifurcation, contingent
upon the fulfillment of one of the set criteria:

d¢

i. $(0")=0and —

70 losr # 0, where

GO = (uz — o) (Uspta — papha) — (s — Hia)°,
with

_ M5 T HiH4
H3 — M2

>0, pz—pig#0;

AIMS Mathematics Volume 10, Issue 10, 24779-24803.



24790

ii. s = pipa, f3 = papo, pa <0, s # 0;

[ﬂ'12 + (Uipty — 3 — (it — ﬂ’s)” £ 0,

6=06*

where i, i = 1,...,5, denote the derivatives of u; with respect to the bifurcation parameter 6,

and |
¢=5 (uz + 15 —4;14) > 0.

The proof of this theorem follows from some earlier work [5,30]. In the next section, we will conduct
numerical simulations to examine the impact of varying parameters on the stability of the endemic
steady state.

Case II. For 7 > 0, the corresponding characteristic equation takes the form

W, 1) = (55 + 0'1§4 + 0'2§3 + 0'362 + o4&+ 0'5) +e ¢ (0'653 + 0'7‘;32 + ogé + 0'9) =0. 21

The roots of (21) are contingent upon 7, and a Hopf bifurcation may take place, provided these roots can
move along the imaginary axis with non-zero speed, leading to a stability transition for the endemic
stable state. To investigate the potential for Hopf bifurcation, we examine a scenario in which the
characteristic Eq (21) has a pair of purely imaginary roots, +in, where n > 0. Substituting this into
Eq (21) and separating real and imaginary parts gives
ot -t o5 = — (—0'7772 + 0'9) cosnt — (—0'6173 + 0'877) sin 7T, (22)
N — o + o = — (—0'6773 + 0'817) cosnT + (0'4774 — oo + 0'9) sin .

These equations are combined by adding their squares together, which results in the next algebraic
equation for 7:

1710 + mmg + m2776 + m3774 + mmz +ms =0, (23)

where
— 42 _ 2 2
my =0y —20,, my=0;—0¢— 2003+ 204,

ms = (T% - 0'% + 20608 — 20,074 + 201105, 24)

my = k%k% — 20305 + 20709, m5 = 0‘% - 0'3.

Introducing an auxiliary variable z = n?, this equation can be rewritten in the form
h(Z) = ZS + le4 + m2z3 + I’I’l322 + myz +ms = 0. (25)

Differentiating the function A(z) gives

dh
e = 57" + 4m 2 + 3mrz® + 2msz + my. (26)
Z

Lemma 1. If ms < 0, then Eq (25) will have at least one real positive root.
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Proof. Since h(0) = ms and lim,_,, h(z) = oo, due to A(z) being a continuous function, if ms < 0,
then the intermediate value theorem shows that there exists at least one positive root zo € (0, c0)
of h(z) = 0. O

For any such positive root zy, the characteristic Eq (21) will have a pair of purely imaginary
roots +ify, = +i/zo for that particular value 7y of the time delay 7, as determined by system (22).
Assuming no loss of generality, consider that Eq (25) possesses five distinct, real, and positive roots,

denoted by z;,22,23,24, and zs. In this case, Eq (23) possesses positive roots, namely, 7, = +/z;
i = 1,...,5, and for each particular value of 7; that corresponds to 1;, Eq (21) has a pair of purely
imaginary roots, namely, +in;.

For every ni, k = 1,...,5, the corresponding critical value of time delay is

8 6 4
oell, + (0g — 07071 + T602), + (09071 — 03072 + 0703 — T604)1,

- 1
7/ = —|arccos( —
g Uk[ ( (=091 + 09)? + (=061, + T511)>

2
(=093 + 0304 — 070°5)1, + 0905

- +2rjl, 7=0,1,2,.... 27
(=071, + 09)? + (—06I, + T51i)? ) J] / @7

Let, 79 = min{r,?o}, Mo = Mk,» ko € {1,...,5}. Differentiating (21) with respect to 7 gives

dE\" (58 + 4018 + 308 + 2038 + 7)) + Boe + 2096+ o) T (28)
dr) 065> + 0787 + 085 + 07 3
and hence, we find
d¢ PP+ 0,0,
Ro (% _ DRt 0 29
© (dT T:To) (P2)2 + (Q2)2 ( )

where

P, = 5173 sin(noto) + [—401 cos(neTy) + 0'67'0]17(3)

— 3021y sin(noTo) + [2077 + 2073 cos(moTo) — osTolmo + 074 sin(mTo),
Q1 = [-5 cos(o7o) g — 401 sin(o70) + [07770 + 3072 cos(oT0) g

+ 207310 sin(10Ty) — 074 cOS(1oT) — Og + 09Ty,

3 4 2
Py = —oqmy + o9ng, Q2 = =06l + 031

-1
Now, if the condition PP, + Q10> # 0 holds, then the transversality condition Re(j—fhzm) # 01is
satisfied. Consequently, in light of the aforementioned findings and the Hopf bifurcation theorems
about functional differential equations [31,32], we provide the following result.

Theorem 4. If conditions Ry > 1 and u; > 0 are satisfied for all i = 1,2, ..., 5, then for the endemic
steady state U™ of model (2), the following conclusions are true:

(i) U* remains locally asymptotically stable for all T > 0 if m; > 0, wherei =1,....,5.

(ii) If ms < 0 and PP, + Q10> # 0, then U* is locally asymptotically stable for T € [0, 1) and
unstable for T > 1. When t = 19, U* undergoes Hopf bifurcation.

Remark 3. Theorem 4 holds true provided that Eq (23) admits at least one positive real root, a
condition that guarantees this is when ms < 0.
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4. Sensitivity analysis
Here, we analyze the local and global sensitivities of the parameters.

4.1. Sensitivity analysis using Ry

To investigate the effect of individual parameters on the basic reproduction number (Ry), we first
conducted a local sensitivity analysis. Using the normalized forward sensitivity index, we derived
explicit expressions for the impact of each parameter ¢ on R, using the relation y, = Rio . %, and

we get

B l c(im+c)
© 2bme= —c(m+c)’
1 ((bme‘” —c(m+o)+c*+ me‘”c) c

#, =05, g =1, x

Hm =3 (c + me=7)(bme=" —c(m+c)) (30)
leme(ct+ D m+b+c)+ePm+c + (c+me™ ) (bme™™ — c(m + ¢))
¢ 2 (¢ + me=<7) (bme=<7 — ¢ (m + ¢)) ’
1 (m+ b + c)e "mc3t 1 1
He = = %ﬁ =2, %y = T3,
2 2

" 2(c +me=<7) (bme=* — ¢ (m + ¢))’ *a

where bme ™" — c¢(m + ¢) > 0. Equation (30) shows that parameters a, K, b, m, A, and 8 have a positive
influence, while ¢, 7, and @ have a negative influence. These findings indicate that reducing a, K, b, m, A,
and S or enhancing c, 7, and « significantly reduce infection transmission.

For the purpose of numerical simulation, we use the values of the parameters as in Table 1 and
pick 7 = 5. The sensitivity indices of the model parameters are illustrated in Figure 1, with a
detailed summary provided in Table 2. A 10% alteration in the carrying capacity K produces an
approximate 10% change in the basic reproduction number Ry. In contrast, a 10% increase in the
vector maturation period 7 yields an estimated 2.51% decrease in Ry. The remaining parameters display
consistent patterns of influence and can be analyzed in the same manner as K and 7 to determine their
respective effects on Ry.

Table 1. Parameters of model (2) and their baseline values [27,28].

Parameter Brief description Value (unit)
r susceptible plant growth rate 0.03 day™!
K carrying capacity of a plantation 1 m™2
Pl rate of infection transmission in plants 0.0025 vector™! day™!
b the rate at which the vector population reproduces 0.5 day™!
a the plant mortality rate 0.03 day™!
B the vector-mediated infection transmission rate 0.032 plant~'day~!
a vector abundance on a plant 300 plant™!
c mortality rate of vector 0.06 day™!
m maturation rate of vector 0.03 day™!
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K
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a b 8 p
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Forward sensitivity indices

Parameters

Figure 1. Forward sensitivity analysis using Rp.

Table 2. Sensitivity indices of the parameters with respect to R, of system (2).

Parameter Sensitivity Parameter Sensitivity Parameter Sensitivity

a 0.5 m 0.67997 a4 0.5
K 1 c -1.90389 B 0.5
b 0.47267 T -0.25126 a -0.5

4.2. Sensitivity of parameters using a model population

In this section, we conduct a sensitivity analysis of the parameters that regulate system (2), following
the methodological framework proposed by Saltelli et al. [33,34]. This technique facilitates the
identification of the most influential parameters affecting the system dynamics. Assessing how the
model reacts to small variations in these parameters is crucial for validating its robustness and ensuring
dependable predictive performance.

Figure 2 presents the results of the sensitivity analysis, showcasing how the partial derivatives
of each population variable evolve over time in response to changes in their respective parameters.
To assess the forward or direct sensitivity of a given parameter ¢ with respect to a population
variable w, we examine the time-dependent behavior of dw/d{. This analysis is implemented
computationally using the ode45 solver in MATLAB R2016a (OS: Windows 10 Pro, 64-bit Intel(R)
Core(TM) i5-3570 CPU @ 3.40GHz, 8GB RAM; Relative Tolerance (RelTol) = 107, Absolute
Tolerance (AbsTol) = 107%), which streamlines the process by extending the original system of
ordinary differential equations (ODEs) with a set of auxiliary equations. These equations are obtained
by differentiating the original system with respect to each parameter, allowing for the concurrent
integration of both the system dynamics and their associated sensitivities.

Certain parameters, such as the infection rate A and maturation rate m, exhibit positive sensitivity
with respect to the population of infected plants. This shows that increases in the values of these
parameters enhance the level of infection. In contrast, parameters like plant mortality rate & and vector
mortality rate ¢ demonstrate negative sensitivity, suggesting that higher values contribute to a reduction
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in the infected plant population.
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Figure 2. Sensitivity of the parameters of model (2) with respect to the infected plant
population w for 7 = 0.

5. Numerical stability and simulations

Numerical stability, bifurcation analyses, and simulations are conducted in this section to investigate
the impact of various parameters on the dynamics of the system and to illustrate the different regimes
that can be observed in the model. The baseline values of the parameters are provided in Table 1.

Figure 3 demonstrates how the basic reproduction number R, varies in response to changes in
the vector maturation period 7, the reproduction rate b, and the transmission rate S from infected
plants to susceptible mature vectors. When R, falls below 1, the system gradually eliminates
infected plants and vectors, ultimately settling at the disease-free equilibrium U,. However, when
the basic reproduction number R, approaches unity, this equilibrium becomes unstable due to forward
transcritical bifurcation, leading to the emergence of an endemic equilibrium ¢*. For values of R,
exceeding 1, the disease-free state becomes unstable. The figure further reveals that when the
transmission rate 3 is sufficiently low, the disease-free state remains stable regardless of the maturation
period 7. In such cases, the infection is eliminated more rapidly than it can propagate, irrespective
of how quickly vectors mature. However, as § increases, stability of the disease-free state is only
maintained if 7 is large enough to delay the maturation and reproduction of vectors, thereby slowing
the spread of infection. There exists a threshold value of T beyond which the disease-free equilibrium
becomes biologically unfeasible. This occurs because the rate at which new immature vectors
are produced fails to compensate for vector mortality. A similar outcome is observed when the
reproduction rate b is too low under these conditions, the vector population cannot sustain itself, and
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the disease-free state ceases to exist for any value of 7. For intermediate values of 7, the disease-free
equilibrium remains stable only when both 8 and b are relatively low; otherwise, the system transitions
to an endemic situation.

(b)

()
20 I 3 30 T 3
. 2 20 - 2
10 Ry, T Ro
1 10 1
0 0.1 0 0.1
0 0.02
B

0.04 0 04 0.8
b

Figure 3. Areas of stability for the disease-free steady state U,. The stability of U, is
observed when R, < 1, whereas it becomes unstable when R, > 1. The values of the
parameters are derived from Table 1. In the white region, the steady state U, is infeasible,
while the vector-free steady state U/; demonstrates stability.

In the scenario where maturation occurs instantaneously (7 = 0), Figure 4 illustrates the emergence
of a stable endemic equilibrium U* as the basic reproduction number R, reaches unity. With an
increase in the maturation rate m, the endemic equilibrium U* undergoes a Hopf bifurcation, resulting
in the emergence of persistent periodic oscillations around this state.

(@ )

0.2 : : ‘ 8
- ///’
w vy
0.1 4
0 0
0.5 1 1.5 2 2.5 0.5 1 1.5 2 25
Ry Ry

Figure 4. Bifurcation diagram with R, as the bifurcation parameter plotted by varying the
maturation rate, m. The values of the parameters are derived from Table 1, and 7 = 0.
Disease-free equilibrium U, is stable when R, < 1 (blue lines) and unstable otherwise (red
lines). At Ry = 1, endemic equilibrium U* becomes feasible, and for sufficiently small
values of Ry > 1, it is stable (black solid lines), but then loses stability as the value of R,
increases (red dashed lines).
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Figure 5 captures the dynamics associated with this transition. For lower values of m, the system
exhibits damped oscillations that converge to the steady state U*, consistent with the result stated
in Theorem 3. Beyond the bifurcation point, the system shifts to a regime of persistent oscillatory
behavior. Further insights are provided in Figure 6, which displays how the amplitude—represented
by the minima and maxima of these periodic solutions—varies as the maturation rate m changes.

AIMS Mathematics
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Figure 5. Numerical solutions of system (2) with parameter values from Table 1,
when 7 = 0, for different values of m: m = 0.012 (solid lines), m = 0.015 (dashed lines),
and m = 0.02 (dotted lines).
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Figure 6. Bifurcation diagram using the maturation rate m as the bifurcation parameter,
with all other parameters taken from Table 1 and delay T = 0. The dotted lines represent
the maximum and minimum values of periodic trajectories surrounding the endemic steady
state U™.
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Continuing with the scenario of instantaneous maturation (r = 0), Figure 7 depicts the stability
regions of various steady states as influenced by the vector maturation rate m, the transmission
rate A from infected vectors to susceptible plants, and the transmission rate S from infected plants to
uninfected adult vectors. The stability patterns for A and g are notably similar. When m is sufficiently
low, the system consistently stabilizes at the vector-free equilibrium U, regardless of the values of A
or 3.

As m increases, a transition occurs with the appearance of the disease-free equilibrium U,, which
remains stable under lower values of A or 5. However, as either transmission rate rises, U, loses
stability, giving way to a stable endemic equilibrium U*. At high values of both m and the transmission
rates, the system further evolves into a regime characterized by stable periodic oscillations around U*.

. (@ 0.05 b
A B
25 0.025
00 0.025 0.05 0
m 2 . 0 m 0.025 0.05

Figure 7. Stability zones for various steady states of system (2) are illustrated using the
parameters listed in Table 1, with 7 = 0. The sky-blue area indicates where the axial vector-
free equilibrium U, remains stable. The red region corresponds to the stability of the disease-
free state U,. The endemic equilibrium " is stable within the violet zone and becomes
unstable in the yellow region.

The influence of the vector maturation period 7 on system dynamics is depicted in Figure 8, which
presents numerical simulations across various 7 values. In the case of instantaneous maturation (7 = 0),
the system demonstrates stable, recurring oscillations surrounding the endemic equilibrium U*.
However, as 7 increases, these oscillations vanish through an inverse supercritical Hopf bifurcation,
leading to the stabilization of U*. Further increases in 7 result in damped oscillatory behavior, with
solutions gradually settling into the endemic steady state.

Figure 9 offers additional insight by tracking the peaks and troughs of the periodic solutions
around U, when present. As 7 increases, the equilibrium levels of all state variables generally decrease
in a monotonic fashion, with the exception of the susceptible plant population, which consistently rises.

Figure 10 illustrates how the system evolves toward different long-term states based on variations
in the vector maturation period 7, the disease transmission rate from vectors to plants A, and the vector
maturation rate m. For sufficiently large values of 7, the system gravitates toward the stable vector-
free equilibrium U, since delayed maturation and reproduction hinder the formation of a viable
vector population. If all parameters are held constant except for A, there exists a threshold value
of 7, independent of A, beyond which the system consistently converges to the vector-free state U,.
However, when 7 falls below this threshold, increasing A triggers a progression of dynamic shifts: first
from the disease-free equilibrium U, to an endemic steady state U/*, and then to oscillatory behavior
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around U".

A similar pattern emerges when the maturation rate m is increased. For any fixed value of A or m,
raising T causes the periodic oscillations around U* to vanish, leading the system to stabilize at U",
then transition to a disease-free equilibrium U, and ultimately return to the vector-free state U .
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Figure 8. Numerical solution of system (2) with m = 0.03 and other parameters from Table 1,
as well as 7 = 0 (solid line), 7 = 5 (dashed line), T = 10 (dotted line).
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Figure 9. Bifurcation diagram illustrating the role of 7 (maturation time) as the bifurcation
parameter, with all other parameters set according to Table 1. The plotted dots represent the
minima and maxima of periodic solutions surrounding the endemic steady state U™.
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Figure 10. Stability regions of system (2) based on parameter values from Table 1. The
sky-blue area indicates stability of the axial vector-free equilibrium U, while the red region
corresponds to the stable disease-free state U,. The endemic equilibrium " is stable within
the violet region and becomes unstable in the yellow zone.

6. Conclusions

To investigate the behavior of plant viral infections transmitted by vectors, this study introduces
a stage-structured mathematical model that incorporates stages of the vector and a time delay
representing the maturation period of the vector. A key focus is the basic reproduction number, denoted
as Ry, which determines whether the infection will die out, leading to a stable disease-free equilibrium
when Ry < 1, or persist, resulting in an endemic steady state. In the endemic system, the infection
either stabilizes at a constant level when the endemic equilibrium U* is stable or fluctuates periodically
around U".

This study reveals that extending the vector maturation delay 7 tends to lower Ry, thereby promoting
the eradication of the infection. When both the maturation delay and the maturation rate m are relatively
small, increasing the maturation rate m can push the system past the critical threshold Ry = 1, leading
to the establishment of a stable endemic state U*. Nevertheless, this stable state can be disrupted via
a Hopf bifurcation, leading to persistent oscillatory dynamics in the population levels. Conversely, if
the value of m is not too low, the system may exhibit persistent oscillations around U* even when
the maturation delay 7 is negligible. In such cases, increasing T can suppress these oscillations via an
inverse supercritical Hopf bifurcation, ultimately stabilizing the endemic equilibrium U™.

The findings of this study indicate that the time delay associated with vector maturation does
not necessarily result in destabilization of the system’s steady states. On the contrary, under
certain conditions, particularly when smaller delays correspond to periodic fluctuations, increasing
the maturation period can actually suppress oscillations in both vector and plant populations and
stabilize the endemic equilibrium. This phenomenon is similar to a situation we analyzed earlier
in a model of vector-plant disease without a stage structure, where increasing the period of latency
was also associated with the stabilization of the endemic equilibrium [14]. Possible intuition behind
this is an observation that while infected plants are causing new infections in mature vectors, it is
mature infected vectors that cause new infections in susceptible plants, but to facilitate this cycle of
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exchange of infection between plant and vector populations, there is a need for all processes to take
place on a certain timescale. In this respect, a longer maturation period effectively slows down the
cycle for vectors of going through being susceptible, then maturing, then acquiring infection from
infected plants, becoming themselves infected, and causing new infections in plants. Hence, by virtue
of this slowdown in vector dynamics, the continuous cycle of mutual infection stops, and both vector
and plant populations instead settle on some steady levels. Interestingly, our numerical bifurcation
analysis showed that increasing the value of the maturation period 7 corresponds to lower values of all
state variables at the steady state U™ except for the susceptible plant population, suggesting that while
longer maturation is detrimental to vectors, it is actually beneficial to plants.

The alteration of the maturation period in vectors presents significant challenges due to its basis
in natural developmental biology. This period is typically influenced by genetic and environmental
factors, making direct manipulation complex. However, in practical applications, such as vector
control programs and laboratory-based genetic studies, finding ways to adjust this period is highly
beneficial [35]. Our results could help biologists and pest control managers to explore methods such
as environmental modulation (which involves adjusting temperature, humidity, or light cycles), gene
editing, and chemical or hormonal treatments to either shorten or lengthen the maturation period of
vectors [36]. Although these approaches are largely experimental, they, along with our findings, could
be valuable for optimizing laboratory rearing protocols and reducing disease transmission windows in
the field. Overall, our results not only provide a theoretical framework but also open new avenues for
biologists and pest control managers to explore.
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