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Abstract: There are many opinions about multiplication and division formulas in interval numbers, 

but there is a common weakness in these formulas: That the division between two equal interval 

numbers does not produce the identity. Similar to the interval number sequence, many concepts about 

the convergence of the interval sequence are offered by various authors but they cannot prove that the 

basic properties of the convergence of the real number sequence can be generalized to the properties 

of convergence of the interval number sequence. Here, we used the algebra for interval numbers from 

the author, as contained in Mashadi et al. (2023), that is, the algebra for interval numbers using 

midpoints, which guarantees the existence of the inverse of any interval number. In this article, we 

showed that some basic properties of the sequence of real numbers can be generalized to the sequence 

of interval numbers. In addition to the convergence properties of the interval number sequence, the 

convergence of the interval number sequence with positive, negative, and fractional powers were also 

shown. Based on the definition of convergence of interval sequences given along with various basic 

theorems for convergence given in this paper, it was expected that all theorems related to the 

convergence of real number sequences can be generalized to interval number sequences; for example, 

the properties of tail sequences, the Monotone Convergence Theorem, the Existence of Monotone 

Subsequences, Subsequences and the Bolzano-Weierstrass Theorem, and the Cauchy criterion for the 

convergence of interval number sequences. 
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1. Introduction  

The development of interval numbers is not as fast as the development of fuzzy numbers. In 

particular, the development of interval numbers in the form of convergence of interval numbers can be 

seen in [1–3]. However, interval numbers in their application in various fields also experienced 

developments, as seen in [4–6]. There are several opinions regarding the arithmetic operations that 

apply to interval numbers, especially regarding multiplication and division operations. In [7–9], 

minimum, maximum, and constant are used in multiplication between two interval numbers, whereas 

in [10–12], multiplication between two interval numbers was defined only by using maximum and 

minimum. It is stated in [13–15] that, suppose there is an interval number 𝑎̃𝐼 = [𝑎, 𝑎], then the inverse 

of 𝑎̃𝐼  cannot be determined if 𝑎 < 0  and 𝑎 = 0 . Based on [16], state that division between two 

interval numbers is undefined if 𝑎 = 0 and 𝑎 = 0 for any interval number 𝑎̃𝐼 = [𝑎, 𝑎], while [17, 18] 

division between two interval numbers is undefined if 0 ∈ 𝑎̃𝐼. Another opinion on the formula for 

interval number division is given in [19], but the result of division between two equal interval numbers 

does not produce an identity 𝑖̃𝐼 = [1,1]. To address this problem, another formula is used. This formula, 

which is based on a study in [20–22], introduces a new multiplication, and together with the general 

inverse form of an interval number shown in [23], we have that the division between two equal interval 

numbers is the identity. 

Next, the researchers in [24] introduce interval number series and convergence of interval number 

series, showing the form of interval numbers with positive integer powers and convergence of the 

number series. This is continued in [25], showing that the set of all interval numbers is a metric space 

and defines the sequence of null spaces and the sequence of finite interval numbers. The researchers 

in [26] showed the convergence of interval number line using H-difference. In the study, some 

properties that apply to the interval number sequence have been shown, such as the addition property 

of two interval number sequences and the multiplication property between a constant and interval 

number sequence. Seeing that many properties apply to the sequence of real numbers, we are interested 

in further research to show whether these properties also apply to the sequence of interval numbers. 

These properties include the difference between two interval number lines and the multiplication and 

division between two interval number lines. The convergence of interval number series with positive, 

negative, and fractional integer powers will also be shown. In [23], the general form given for interval 

numbers with positive integer powers has shortcomings, namely that the general properties of 

exponents of interval numbers do not apply. Thus, in this case, a new formula for interval numbers 

with positive integer powers will be given using the multiplication formula shown in [27]. In order to 

show that these properties hold, some other properties are needed such as the properties of the sequence 

of real numbers shown in [28], the properties of midpoints, and the properties of interval numbers with 

powers of positive integers and fractions. 

2. Preliminaries 

There are many ways given by authors to determine the algebraic operations of an interval number. 
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For example, for two interval numbers 𝑎̃𝐼 = [𝑎, 𝑎] and 𝑏̃𝐼 = [𝑏, 𝑏] with each of  𝑎  ≤ 𝑎 and 𝑏  ≤

 𝑏  and defined    𝐈𝐑 =  {𝑎̃𝐼 = [𝑎, 𝑎] with 𝑎𝑙  ≤ 𝑎𝑟  and 𝑎, 𝑎  𝐑}  one form of algebraic operation that 

is quite widely used by writers [29, 30] is defined as follows: 

i. 𝑎̃𝐼 ⊕ 𝑏̃𝐼 =  [𝑎 + 𝑏,  𝑎 + 𝑏], 

ii. 𝑎̃𝐼 Θ 𝑏̃𝐼 =  [𝑎 − 𝑏,  𝑎 − 𝑏], 

iii. 𝑎̃𝐼⊗ 𝑏̃𝐼 =   [𝑚𝑖𝑛{𝑎. 𝑏,  𝑎. 𝑏, 𝑎. 𝑏,  𝑎. 𝑏} ,  𝑚𝑎𝑥{𝑎. 𝑏, 𝑎. 𝑏, 𝑎. 𝑏,  𝑎. 𝑏}], 

iv. 𝛼𝑎̃𝐼 = {
[𝛼𝑎,  𝛼𝑎],       𝑖𝑓 𝛼 ≥ 0

[𝛼𝑎𝑟 ,  𝛼𝑎],      𝑖𝑓 𝛼 < 0
, 

v. 
𝑎̃𝐼

𝑏̃𝐼
=  [𝑎, 𝑎] ⊗ [

1

𝑏
,  
1

𝑏
]. 

(1) 

 

While [7] defines division by 

(v*) 
𝑎̃𝐼

𝑏̃𝐼
=  [𝑚𝑖𝑛 {

𝑎

𝑏
,
𝑎

𝑏
,

 𝑎

𝑏
,

 𝑎

𝑏
} ,𝑚𝑎𝑥 {

𝑎

𝑏
,
𝑎

𝑏
,

 𝑎

𝑏
,

 𝑎

𝑏
}]. 

 

(2) 

 

In the algebraic definitions, if 0 ∈  𝑎̃𝐼 = [𝑎, 𝑎] in the sense 𝑎, ≤ 0 ≤  𝑎, then 
1

𝑎̃𝐼
= [

1

 𝑎
,
1

𝑎𝑙
] is not 

necessarily 
1

𝑎̃𝐼
 ∈  𝐼𝐑.  Thus, 

𝑎̃𝐼

𝑎̃𝐼
 is also not the same as 𝑖̃𝐼 = [1,1]. As for defining division by using (vi),  

𝑎̃𝐼

𝑎̃𝐼
 is not the same as 𝑖̃𝐼 = [1,1]. 

Then, for 𝑎̃𝐼 = [𝑎, 𝑎], other authors [4–6] define midpoint and width (or half-width) from 

𝑎̃𝐼  by   𝑚(𝑎̃𝐼) =  
𝑎,+𝑎

2
 , 𝑤(𝑎̃𝐼) =  

𝑎− 𝑎

2
  and 𝑑𝑢𝑎𝑙(𝑎̃𝐼) = 𝑑𝑢𝑎𝑙 [𝑎, 𝑎]  so that we get 𝑎̃𝐼 −

𝑑𝑢𝑎𝑙 (𝑎̃𝐼) = 0̃𝐼 = [0,0] , but this not applicable since 𝑎̃𝐼 − 𝑎̃𝐼 = 0̃𝐼 . They also claim that 

𝑎̃𝐼 ⨂
1

𝑑𝑢𝑎𝑙(𝑎̃𝐼)
= [𝑎, 𝑎] ⨂

1

[𝑎,𝑎]
= [1,1] , but this does not apply to 𝑎 = 0  or  𝑎 = 0.  On the other 

hand, they also stated that two intervals 𝑎̃𝐼 = [𝑎, 𝑎] and 𝑏̃𝐼 = [𝑏, 𝑏] is equal if 𝑚(𝑎̃𝐼) =  𝑚(𝑏̃𝐼). 

If this concept is used, it means that 𝑎̃𝐼 = [−𝑘, 𝑘] and 𝑏̃𝐼 = [−𝑙, 𝑙] are two equal interval numbers, 

even though 𝑘 ≠ 𝑙. The form of algebraic operations they offer is: 

i. 𝑎̃𝐼 ⨁ 𝑏̃𝐼  = [𝑚(𝑎̃𝐼) + 𝑚(𝑏̃𝐼) − 𝑘,𝑚(𝑎̃𝐼) +  𝑚(𝑏̃𝐼) + 𝑘].  

ii.  𝑎̃𝐼⊝ 𝑏̃𝐼 = [𝑚(𝑎̃𝐼) − 𝑚(𝑏̃𝐼) − 𝑘,𝑚(𝑎̃𝐼) −  𝑚(𝑏̃𝐼) + 𝑘], 

with 𝑘 =  {
( 𝑎+ 𝑏)−(𝑎+𝑏)

2
}. 

iii. 𝑎̃𝐼 ⨂ 𝑏̃𝐼 = [𝑚(𝑎̃𝐼)𝑚(𝑏̃𝐼) − 𝑘,𝑚(𝑎̃𝐼) 𝑚(𝑏̃𝐼) + 𝑘],  

(3) 
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with 𝑘 = 𝑚𝑖𝑛{𝑚(𝑎̃𝐼)𝑚(𝑏̃𝐼) − , −𝑚(𝑎̃𝐼) 𝑚(𝑏̃𝐼)} , and  

     =  min{𝑎. 𝑏, 𝑎 𝑏, 𝑎. 𝑏, 𝑎. 𝑏},   = max{𝑎. 𝑏, 𝑎 . 𝑏, 𝑎. 𝑏, 𝑎 . 𝑏}.  

iv. 1: 𝑎̃𝐼 = 
1

𝑎̃𝐼
= 

1

[𝑎,𝑎]
= [

1

𝑚(𝑎̃𝐼)
− ,

1

𝑚(𝑎̃)
+ ], 

with  = min {
1

𝑎𝑟
(
 𝑎−𝑎

𝑎+ 𝑎
) ,

1

𝑎
(
 𝑎−𝑎

𝑎+ 𝑎
)} and 0  𝑎̃𝐼 . 

It is clear from the formulas they offer that they will not be able to calculate 
1

𝑎̃𝐼
  if 0 ∈  𝑎̃𝐼 = [𝑎, 𝑎], 

meaning we must look for some alternatives to determine 
1

𝑎̃𝐼
 for any 𝑎̃𝐼 0̃𝐼 = [0,0]. On the other hand, the 

formula (i′) from [4–6] is the same as formula (i). Likewise, the formula in (ii′) is also the same as (ii). It 

is mathematically certain that the application of interval numbers and interval matrices is used only 

for linear programming problems or solving systems of linear equations in the form of interval numbers, 

whose values are positive. Then, mathematical problems, as mentioned above, do not arise but will 

arise if used in applications that use interval matrices whose values are negative. 

Especially for the convergence of interval number lines, there are also many definitions given by 

authors, which is quite interesting. For instance, the researchers in [26,28] indicate that the 

convergence of interval number lines uses the concept of H-difference, that is for 𝑎̃𝐼 ⊕ 𝑏̃𝐼  ∈ 𝑰𝑹, if 

there is  𝑐̃𝐼 ∈ 𝑰𝑹  such that 𝑎̃𝐼 = 𝑏̃𝐼⊕ 𝑐̃𝐼  , we say that 𝑐̃𝐼  is the H-difference of 𝑎̃𝐼  and 𝑏̃𝐼 , 

denoted 𝑐̃𝐼 = 𝑎̃𝐼−𝐻𝑏̃𝐼 . Based on this definition, the researchers in [26,28] define convergent for 

interval sequence as follows: 

Definition 2.1. Given an interval number sequence (𝑎̃𝐼)𝑛 = [𝑎𝑛, 𝑎𝑛]  ∈ 𝑹, 𝑛 = 1, 2, 3,⋯   and 

𝑎̃𝐼 = [𝑎, 𝑎]  ∈ 𝑹. We say that interval number 𝑎̃𝐼 is the limit of interval number sequencer {(𝑎̃𝐼)𝑛}, 

denoted by lim
𝑛→∞

(𝑎̃𝐼)𝑛 = 𝑎̃𝐼, if there is a positive integer 𝑁 such that (𝑎̃𝐼)𝑛−𝐻𝑎̃𝐼 , 𝑎̃𝐼−𝐻(𝑎̃𝐼)𝑛 exist 

and |(𝑎̃𝐼)𝑛−𝐻𝑎̃𝐼|  ≤ 𝜀 for any 𝑛 > 𝑁. 

 Based on the concept of limit above, the researchers in [26] also show the convergence of the 

interval sequence, but the algebra used is the concept of min-max, which is as follows: 

Theorem 2.2. Suppose there is an interval number ãI = [a, a]  and (ãI)n = [an, an]  with n ∈ ℕ . 

Then, the interval number sequence {(ãI)n}  converges to ãI  or  lim (ãI)n = ãI  if and only if  

lim (an) = a and lim (an) = a. Then, there is a positive integer K such that  (ãI)n − ãI, ãI − (ãI)n 

for every n ≥ K. 

Proof. (⇒)  Because lim (𝑎̃𝐼)𝑛 = 𝑎̃𝐼  then for every 𝜀𝐼̃ = [𝜀, 𝜀] ≥ 0  there is a positive integer K 

such that (𝑎̃𝐼)𝑛 − 𝑎̃𝐼 , 𝑎̃𝐼 − (𝑎̃𝐼)𝑛 exists for every 𝑛 ≥ 𝐾. Next, applies |(𝑎̃𝐼)𝑛 − 𝑎̃𝐼| = [𝑚𝑖𝑛{|𝑎𝑛 −

𝑎|, |𝑎𝑛 − 𝑎|}, 𝑚𝑎𝑥{|𝑎𝑛 − 𝑎|, |𝑎𝑛 − 𝑎|}] ≤ [𝜀, 𝜀]  for every 𝑛 ≥ 𝐾 . Then, |𝑎𝑛 − 𝑎| ≤ 𝜀  dan |𝑎𝑛 −

𝑎| ≤ 𝜀, so lim(𝑎𝑛) = 𝑎 and lim(𝑎𝑛) = 𝑎. 

 Based on Definition 2.1 and Theorem 2.2, there would still be a problem in algebraic properties 

of the sequence of real numbers. For example, if (𝑎̃𝐼)𝑛  converges to 𝑎̃𝐼 ,  it is still undetermined 

whether √(𝑎̃𝐼)𝑛  coverges to √𝑎̃𝐼 . This condition will also be problematic if we use the various 

concepts of interval sequence convergence given [4,21,31]. 

On the other hand, referring to Definition 2.1, the author proves only that 

lim
𝑛→∞

{(𝑎̃𝐼)𝑛} ± lim
𝑛→∞

{(𝑏̃𝐼)𝑛} and the uniqueness of the limit as well as the property of lim
𝑛→∞

{(𝑘. 𝑎̃𝐼)𝑛} =
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𝑘. 𝑎̃𝐼 . The author does not show any other traits. Thus, if this concept is applied, and if 

lim
𝑛→∞

{(𝑎̃𝐼)𝑛} = 𝑎̃𝐼 , it does not necessarily imply lim
𝑛→∞

{√(𝑎̃𝐼)𝑛} = √𝑎̃𝐼  or lim
𝑛→∞

{(𝑎̃𝐼)𝑛} = |𝑎̃𝐼| . The 

general concept for interval number sequences that is given by [1,2] is as follows: 

Definition 2.3. A sequence {(𝑎̃𝐼)𝑛} of interval numbers is said to be convergent to the interval 𝑎̃𝐼 if 

for each 𝜀 > 0 there exists a positive interger 𝑘𝑜 such that 𝑑((𝑎̃𝐼)𝑛, 𝑎̃𝐼) <  𝜀 for all 𝑛 ≥ 𝑘𝑜  and 

we denote it by lim
𝑛→∞

{(𝑎̃𝐼)𝑛} = 𝑎̃𝐼. 

However, since the algebra for multiplication, division, and inverse used by [1,2] also does not 

express  
𝑎̃𝐼

𝑎̃𝐼
= 𝑖̃𝐼, then they also cannot prove that if lim

𝑛→∞
{(𝑎̃𝐼)𝑛} = 𝑎̃𝐼 and lim

𝑛→∞
{(𝑏̃𝐼)𝑛} = 𝑏̃𝐼 ≠ 0̃𝑖 

then lim
𝑛→∞

{
(𝑎̃𝐼)𝑛

(𝑏̃𝐼)𝑛
} =

𝑎̃𝐼

𝑏̃𝐼
 , since they use max-min algebra. They mostly discuss superior limits and 

inferior limits, and based on Definitions 2.1 and 2.3 if lim
𝑛→∞

{(𝑎̃𝐼)𝑛} = 𝑎̃𝐼 and lim
𝑛→∞

{(𝑏̃𝐼)𝑛} = 𝑏̃𝐼 ≠ 0̃𝑖 

does not necessarily imply lim
𝑛→∞

{
(𝑎̃𝐼)𝑛

(𝑏̃𝐼)𝑛
} =

𝑎̃𝐼

𝑏̃𝐼
, and lim

𝑛→∞
{(𝑎̃𝐼)𝑛} × {(𝑏̃𝐼)𝑛} =  lim𝑛→∞

{(𝑎̃𝐼)𝑛} × lim
𝑛→∞

{(𝑏̃𝐼)𝑛}.  

Based on the above conditions, we feel the need to determine a concept of algebraic 

operations for interval numbers, especially for multiplication and division, so that it applies 

𝑎̃𝐼 
1

𝑎̃𝐼
= 𝑖̃𝐼 = [1,1] and other properties of an interval number operation. The methodology used 

is to adopt the pattern of defining the case of the membership of fuzzy triangular number and 

trapezoidal fuzzy number as in [24,32,33], which is applied to define the membership of an interval 

number. Thus, 𝑎̃𝐼 = [𝑎, 𝑎] based on the value of 𝑚(𝑎̃𝐼). 

3. Material and methods 

3.1. Arithmetic operations of interval numbers 

The main point that makes the accuracy and correctness of the basic properties of interval sequence 

is the arithmetic of interval numbers used. Thus, in this paper, the algebra of interval numbers that will be 

used is the arithmetic of interval numbers from the author , as contained in [23,25]. That is: 

The general form of interval numbers is 𝑎̃𝐼 = [𝑎, 𝑎] ∈ 𝐼𝑅  with 𝐼𝑅 = {𝑎̃𝐼 = [𝑎, 𝑎] | 𝑎, 𝑎 ∈

ℝ, 𝑎 ≤ 𝑎} . Suppose there are two interval numbers 𝑎̃𝐼 = [𝑎, 𝑎]  and 𝑏̃𝐼 = [𝑏, 𝑏]  with 𝑎̃𝐼 , 𝑏̃𝐼 ∈ 𝐼𝑅
∗ 

and defined 𝐼𝑅∗ = {𝑎̃𝐼 = [𝑎, 𝑎] | 𝑎, 𝑎 ∈ ℝ }. In [23, 25], the operations that apply to numbers in an 

interval are as follows: 

i. 𝑎̃𝐼⊕ 𝑏̃𝐼 = [𝑎 + 𝑏, 𝑎 + 𝑏], 

ii. 𝑎̃𝐼⊖ 𝑏̃𝐼 = [𝑎 − 𝑏, 𝑎 − 𝑏], 

iii. 𝑘𝑎̃𝐼 = {
[𝑘𝑎, 𝑘𝑎],    𝑘 ≥ 0,

[𝑘𝑎, 𝑘𝑎],    𝑘 < 0,
 

iv. 𝑎̃𝐼⊗ 𝑏̃𝐼 = [𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅ 𝑚(𝑎̃𝐼) − 𝑚(𝑎̃𝐼).𝑚(𝑏̃𝐼), 𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅ 𝑚(𝑎̃𝐼) −

(4) 
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 𝑚(𝑎̃𝐼).𝑚(𝑏̃𝐼)], 

with 𝑚(𝑎̃𝐼) =
𝑎+𝑎

2
. 

v. 
𝑎̃𝐼

𝑏̃𝐼
= 𝑎̃𝐼⊗

1

𝑏̃𝐼
, 

with  
1

𝑏̃𝐼
= [

2⋅𝑚(𝑏̃𝐼)−𝑏

𝑚(𝑏̃𝐼)
2 ,

2⋅𝑚(𝑏̃𝐼)−𝑏

𝑚(𝑏̃𝐼)
2 ]. 

Based on the arithmetic (iv) and (v) above, then for every non-degenerate interval 

𝑎̃𝐼 = [𝑎, 𝑎] with 𝑎 < 𝑎, it is obtained that: 

𝑎̃𝐼
𝑎̃𝐼
=
[𝑎, 𝑎]

[𝑎, 𝑎]
= [1,1] ⊗ (

[𝑎, 𝑎]

[𝑎, 𝑎]
) = [1,1] ⊗ ([𝑎, 𝑎] ⊗

1

[𝑎, 𝑎]
) 

                                                  =
[1,1] ⊗ [𝑎, 𝑎]

[𝑎, 𝑎]
= [1,1]. 

3.2. Power of interval number 

The second part that determines the validity of the properties of the interval sequence is how the power 

of the interval numbers is defined (a topic that arguably has never been discussed by other authors). In this 

paper, the power process to be used is as presented in [25], which is as follows. 

Theorem 3.1. Suppose there is an interval number 𝑎̃𝑖  with 𝑛  be a positive integer, then the 

following applies 

(𝑎̃𝐼)
𝑛 = [(𝑛𝑎) ⋅ 𝑚((𝑎̃𝐼)

𝑛−1) − (𝑛 − 1) ⋅ 𝑚((𝑎̃𝐼)
𝑛), (𝑛𝑎) ⋅ 𝑚((𝑎̃𝐼)

𝑛−1) − (𝑛 − 1) ⋅ 𝑚((𝑎̃𝐼)
𝑛)]. (5) 

Proof . We use the induction method. Let there be a set where 𝑃(𝑛) is true for 𝑛 ∈ ℕ. If 𝑛 = 1, then 

𝑎̃ = [(1 ⋅ 𝑎) ⋅ 𝑚(𝑎̃)1−1 − (1 − 1) ⋅ 𝑚(𝑎̃)1−1, (1 ⋅ 𝑎) ⋅ 𝑚(𝑎̃)1−1 − (1 − 1) ⋅ 𝑚(𝑎̃)1−1] = [𝑎, 𝑎]. (6) 

Therefore, 𝑃(1) is true and 1 ∈ 𝑆. Next, we assume that 𝑃(𝑘) is true and wish to infer from this 

assumption that 𝑃(𝑘 + 1) is also true. If 𝑘 ∈ 𝑆 then 

𝑎̃𝑘 = [(𝑘𝑎) ⋅ 𝑚(𝑎̃𝑘−1) − (𝑘 − 1) ⋅ 𝑚(𝑎̃𝑘), (𝑘𝑎) ⋅ 𝑚(𝑎̃𝑘−1) − (𝑘 − 1) ⋅ 𝑚(𝑎̃𝑘)]. (7) 

If we multiply to both sides, then 

𝑎̃𝑘⊗ 𝑎̃ = [(𝑘𝑎) ⋅ 𝑚(𝑎̃𝑘−1) − (𝑘 − 1) ⋅ 𝑚(𝑎̃𝑘), (𝑘𝑎) ⋅ 𝑚(𝑎̃𝑘−1) − (𝑘 − 1) ⋅ 𝑚(𝑎̃𝑘)] ⊗ 𝑎̃ 

= [((𝑘𝑎) ⋅ 𝑚(𝑎̃𝑘−1) − (𝑘 − 1) ⋅ 𝑚(𝑎̃𝑘))𝑚(𝑎̃) + 𝑎 ⋅ 𝑚(𝑎̃𝑘) − 𝑚(𝑎̃𝑘) ⋅ 𝑚(𝑎̃), 

(8) 
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  ((𝑘𝑎) ⋅ 𝑚(𝑎̃𝑘−1) − (𝑘 − 1) ⋅ 𝑚(𝑎̃𝑘))𝑚(𝑎̃) + 𝑎 ⋅ 𝑚(𝑎̃𝑘) − 𝑚(𝑎̃𝑘) ⋅ 𝑚(𝑎̃)] 

= [(𝑘𝑎) ⋅ 𝑚(𝑎̃)𝑘 − (𝑘 − 1) ⋅ 𝑚(𝑎̃)𝑘+1 + 𝑎 ⋅ 𝑚(𝑎̃)𝑘 −𝑚(𝑎̃)𝑘+1, (𝑘𝑎) ⋅ 𝑚(𝑎̃)𝑘

− (𝑘 − 1) ⋅ 𝑚(𝑎̃)𝑘+1 + 𝑎 ⋅ 𝑚(𝑎̃)𝑘 −𝑚(𝑎̃)𝑘+1] 

= [(𝑎 ⋅ 𝑚(𝑎̃)𝑘)(𝑘 + 1) − 𝑚(𝑎̃)𝑘+1(𝑘 − 1 + 1), (𝑎 ⋅ 𝑚(𝑎̃)𝑘)(𝑘 + 1)

−𝑚(𝑎̃)𝑘+1(𝑘 − 1 + 1)] 

= [(𝑘 + 1)(𝑎 ⋅ 𝑚(𝑎̃)𝑘) − ((𝑘 + 1) − 1)𝑚(𝑎̃)𝑘+1, (𝑘 + 1)(𝑎 ⋅ 𝑚(𝑎̃)𝑘)

− ((𝑘 + 1) − 1)𝑚(𝑎̃)𝑘+1] 

= 𝑎̃𝑘+1. 

Therefore, 𝑃(𝑘 + 1) is true and (𝑘 + 1) ∈ 𝑆. Based on the principle of mathematical induction, 

this formula holds for all 𝑛 ∈ ℕ. 

Theorem 3.2. Suppose there is an interval number 𝑥̃𝐼 with 𝑎 and 𝑏 as positive integers, then the 

following applies 

(𝑥̃𝐼)
𝑎
𝑏 = [

𝑎𝑥 + (𝑏 − 𝑎)𝑚(𝑥̃𝐼)

𝑏 ⋅ 𝑚(𝑥̃𝐼)
1−
𝑎
𝑏

,
𝑎𝑥 + (𝑏 − 𝑎)𝑚(𝑥̃𝐼)

𝑏 ⋅ 𝑚(𝑥̃𝐼)
1−
𝑎
𝑏

]. (9) 

Proof. We use the induction method. Let 𝑆 be a set where 𝑃(𝑛) is true for 𝑛 ∈ ℚ+. If 𝑛 = 1, then 

𝑥̃ = [
1 ⋅ 𝑥 + (1 − 1)𝑚(𝑥̃)

1 ⋅ 𝑚(𝑥̃)1−1
,
1 ⋅ 𝑥 + (1 − 1)𝑚(𝑥̃)

1 ⋅ 𝑚(𝑥̃)1−1
] 

𝑥̃ = [𝑥, 𝑥]. 

(10) 

Therefore, 𝑃(1) is true and 1 ∈ 𝑆. Next, we assume that 𝑃(𝑘) is true and wish to infer from 

this assumption that 𝑃(𝑘 + 1) and 𝑃(𝑘 − 1) are also true. If 𝑘 ∈ 𝑆 where 𝑘 =
𝑐

𝑑
, then 

𝑥̃
𝑐
𝑑 = [

𝑐𝑥 + (𝑑 − 𝑐)𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

,
𝑐𝑥 + (𝑑 − 𝑐)𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

], 

𝑥̃ = [𝑥, 𝑥]. 

(11) 

If we multiply 𝑥̃ to both sides, then 
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𝑥̃
𝑐
𝑑⊗ 𝑥̃ = [

𝑐𝑥 + (𝑑 − 𝑐)𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

,
𝑐𝑥 + (𝑑 − 𝑐)𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

] ⊗ 𝑥̃ 

= [(
𝑐𝑥 + (𝑑 − 𝑐)𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

)𝑚(𝑥̃) + 𝑥 ⋅ 𝑚 (𝑥̃
𝑐
𝑑) − 𝑚(𝑥̃

𝑐
𝑑) ⋅ 𝑚(𝑥̃),

(
𝑐𝑥 + (𝑑 − 𝑐)𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

)𝑚(𝑥̃) + 𝑥 ⋅ 𝑚 (𝑥̃
𝑐
𝑑) − 𝑚(𝑥̃

𝑐
𝑑) ⋅ 𝑚(𝑥̃)] 

= [(
1

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

) 𝑐𝑥𝑚(𝑥̃) + (𝑑 − 𝑐)𝑚(𝑥̃)2 + 𝑥𝑑 ⋅ 𝑚(𝑥̃)
𝑐
𝑑𝑚(𝑥̃)1−

𝑐
𝑑 − 𝑑

⋅ 𝑚(𝑥̃)
𝑐
𝑑
+1𝑚(𝑥̃)1−

𝑐
𝑑, (

1

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

) 𝑐𝑥𝑚(𝑥̃) + (𝑑 − 𝑐)𝑚(𝑥̃)2 + 𝑥𝑑

⋅ 𝑚(𝑥̃)
𝑐
𝑑𝑚(𝑥̃)1−

𝑐
𝑑 − 𝑑 ⋅ 𝑚(𝑥̃)

𝑐
𝑑
+1𝑚(𝑥̃)1−

𝑐
𝑑  ] 

= [(
1

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

) 𝑐𝑥𝑚(𝑥̃) + (𝑑 − 𝑐)𝑚(𝑥̃)2 + 𝑥𝑑 ⋅ 𝑚(𝑥̃) − 𝑑 ⋅ 𝑚(𝑥̃)2,

(
1

𝑑 ⋅ 𝑚(𝑥̃)1−
𝑐
𝑑

)𝑐𝑥𝑚(𝑥̃) + (𝑑 − 𝑐)𝑚(𝑥̃)2 + 𝑥𝑑 ⋅ 𝑚(𝑥̃) − 𝑑 ⋅ 𝑚(𝑥̃)2 ] 

= [(
(𝑐 + 𝑑) ⋅ 𝑥 + (𝑑 − (𝑐 + 𝑑))𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)−
𝑐
𝑑

) , (
(𝑐 + 𝑑) ⋅ 𝑥 + (𝑑 − (𝑐 + 𝑑))𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)−
𝑐
𝑑

)] 

= [(
(𝑐 + 𝑑) ⋅ 𝑥 + (𝑑 − (𝑐 + 𝑑))𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)1−(
𝑐+𝑑
𝑑
)

) ,(
(𝑐 + 𝑑) ⋅ 𝑥 + (𝑑 − (𝑐 + 𝑑))𝑚(𝑥̃)

𝑑 ⋅ 𝑚(𝑥̃)1−(
𝑐+𝑑
𝑑
)

)] 

= 𝑥̃
𝑐+𝑑
𝑑  

= 𝑥̃
𝑐
𝑑
+1. 

(12) 

Therefore, 𝑃(𝑘 + 1) is true and (𝑘 + 1) ∈ 𝑆. Based on the principle of mathematical induction, 

this formula holds for all 𝑛 ∈ ℕ. 

Theorem 3.3. Suppose there is an interval number 𝑥̃𝐼 with 𝑎, 𝑏, 𝑐 , and 𝑑 being a positive integer, 

then the following hold : 

1. (𝑎̃𝐼)
𝑝⨂(𝑎̃𝐼)

𝑞 = (𝑎̃𝐼)
𝑝+𝑞, (13) 
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2. (𝑎̃𝐼)
𝑝

𝑞⊗ (𝑎̃𝐼)
𝑟

𝑠 = (𝑎̃𝐼)
𝑝

𝑞
+
𝑟

𝑠 , 

3. ((𝑎̃𝐼)
𝑝)

1

𝑝 = 𝑎̃𝐼, 

4. ((𝑎̃𝐼)
𝑝

𝑞)

𝑞

𝑞

= 𝑎̃𝐼 , 

5. ((𝑎̃𝐼)
𝑝

𝑞)

𝑟

𝑟

= ((𝑎̃𝐼)
𝑝

𝑞)

𝑟

𝑠

. 

Proof. 

1.  (𝑎̃𝐼)
𝑝⨂(𝑎̃𝐼)

𝑞 = [(𝑝𝑎).𝑚((𝑎̃𝐼)
𝑝−1) − (𝑝 − 1).𝑚((𝑎̃𝐼)

𝑝), (𝑝𝑎), 

𝑚((𝑎̃𝐼)
𝑝−1) − (𝑝 − 1).𝑚((𝑎̃𝐼)

𝑝)] ⊗ 

[(𝑞𝑎).𝑚((𝑎̃𝐼)
𝑞−1) − (𝑞 − 1).𝑚((𝑎̃𝐼)

𝑞), 

  (𝑞𝑎).𝑚((𝑎̃𝐼)
𝑞−1) − (𝑞 − 1).𝑚((𝑎̃𝐼)

𝑞)] 

= [((𝑝𝑎) ⋅ 𝑚((𝑎̃𝐼)
𝑝−1) − (𝑝 − 1) ⋅ 𝑚((𝑎̃𝐼)

𝑝))𝑚((𝑎̃𝐼)
𝑞) + 

((𝑞𝑎).𝑚((𝑎̃𝐼)
𝑞−1) − (𝑞 − 1).𝑚((𝑎̃𝐼)

𝑞))𝑚((𝑎̃𝐼)
𝑝) −  

𝑚((𝑎̃𝐼)
𝑝).𝑚((𝑎̃𝐼)

𝑞),   

((𝑝𝑎) ⋅ 𝑚((𝑎̃𝐼)
𝑝−1) − (𝑝 − 1) ⋅ 𝑚((𝑎̃𝐼)

𝑝))𝑚((𝑎̃𝐼)
𝑞) + 

((𝑞𝑎).𝑚((𝑎̃𝐼)
𝑞−1) − (𝑞 − 1) ⋅ 𝑚((𝑎̃𝐼)

𝑞))𝑚((𝑎̃𝐼)
𝑝) − 

𝑚((𝑎̃𝐼)
𝑝)𝑚((𝑎̃𝐼)

𝑞)] 

  = [(𝑝𝑎) ⋅ 𝑚((𝑎̃𝐼)
𝑝−1) ⋅ 𝑚((𝑎̃𝐼)

𝑞) − (𝑝 − 1) ⋅ 𝑚((𝑎̃𝐼)
𝑝) ⋅ 𝑚((𝑎̃𝐼)

𝑞) + 

(𝑞𝑎) ⋅ 𝑚((𝑎̃𝐼)
𝑞−1) ⋅ 𝑚((𝑎̃𝐼)

𝑝) − (𝑞 − 1) ⋅ 𝑚((𝑎̃𝐼)
𝑞) ∙ 𝑚((𝑎̃𝐼)

𝑝) − 

𝑚((𝑎̃𝐼)
𝑝)𝑚((𝑎̃𝐼)

𝑞), (𝑝𝑎).𝑚((𝑎̃𝐼)
𝑝−1).𝑚((𝑎̃𝐼)

𝑞) − 

(𝑝 − 1).𝑚((𝑎̃𝐼)
𝑝) ⋅ 𝑚((𝑎̃𝐼)

𝑞) + (𝑞𝑎) ⋅ 𝑚((𝑎̃𝐼)
𝑞−1) ⋅ 𝑚((𝑎̃𝐼)

𝑝) − 

(𝑞 − 1) ⋅ 𝑚((𝑎̃𝐼)
𝑞) ∙ 𝑚((𝑎̃𝐼)

𝑝) − 𝑚((𝑎̃𝐼)
𝑝)𝑚((𝑎̃𝐼)

𝑞)] 

(14) 
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= [(𝑝𝑎) ⋅ 𝑚((𝑎̃𝐼))
𝑝−1+𝑞

− (𝑝 − 1) ⋅ 𝑚((𝑎̃𝐼))
𝑝+𝑞

+ (𝑞𝑎) ⋅ 𝑚((𝑎̃𝐼))
𝑝−1+𝑞

 

−(𝑞 − 1) ⋅ 𝑚((𝑎̃𝐼))
𝑝+𝑞

−𝑚((𝑎̃𝐼))
𝑝+𝑞
,  

(𝑝𝑎) ⋅ 𝑚((𝑎̃𝐼))
𝑝−1+𝑞

− (𝑝 − 1) ⋅ 𝑚((𝑎̃𝐼))
𝑝+𝑞

+ 

(𝑞𝑎) ⋅ 𝑚((𝑎̃𝐼))
𝑝−1+𝑞

− (𝑞 − 1) ⋅ 𝑚((𝑎̃𝐼))
𝑝+𝑞

−𝑚((𝑎̃𝐼))
𝑝+𝑞
] 

= [(𝑝 + 𝑞) ⋅ 𝑎𝑚((𝑎̃𝐼))
𝑝−1+𝑞

− (𝑝 + 𝑞 − 1) ⋅ 𝑚((𝑎̃𝐼))
𝑝+𝑞
, 

(𝑝 + 𝑞) ⋅ 𝑎𝑚((𝑎̃𝐼))
𝑝−1+𝑞

− (𝑝 + 𝑞 − 1) ⋅ 𝑚((𝑎̃𝐼))
𝑝+𝑞
] 

= 𝑎̃𝑝+𝑞. 

2.  (𝑎̃𝐼)
𝑝
𝑞⊗ (𝑎̃𝐼)

𝑟
𝑠 = [

𝑝. 𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼)

𝑞 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

,
𝑝. 𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼)

𝑞 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

] 

⊗[
𝑟. 𝑎 + (𝑠 − 𝑑)𝑚(𝑎̃𝐼)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

,
𝑟. 𝑎 + (𝑟 − 𝑠)𝑚(𝑎̃𝐼)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

] 

= [(
𝑝. 𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼)

𝑞 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

)𝑚((𝑎̃𝐼)
𝑟
𝑠) + 

(
𝑟. 𝑎 + (𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

)𝑚 ((𝑎̃𝐼)
𝑝
𝑞) − 𝑚((𝑎̃𝐼)

𝑝
𝑞)𝑚 ((𝑎̃𝐼)

𝑟
𝑠), 

(
𝑝. 𝑎 + (𝑝 − 𝑞)𝑚(𝑎̃𝐼)

𝑏 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

)𝑚((𝑎̃𝐼)
𝑟
𝑠) + 

(
𝑟. 𝑎 + (𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

) .𝑚 ((𝑎̃𝐼)
𝑝
𝑞)−𝑚 ((𝑎̃𝐼)

𝑝
𝑞)𝑚 ((𝑎̃𝐼)

𝑟
𝑠)] 

 

[
𝑝. 𝑎 ⋅ 𝑚((𝑎̃𝐼))

𝑝
𝑞
+
𝑟
𝑠

𝑞 ⋅ 𝑚(𝑎̃𝐼)
+
(𝑞 − 𝑝)𝑚((𝑎̃𝐼))

𝑝
𝑞
+
𝑟
𝑠

𝑞
+
𝑟. 𝑎 ⋅ 𝑚((𝑎̃𝐼))

𝑝
𝑞
+
𝑟
𝑠

𝑠 ⋅ 𝑚(𝑎̃𝐼)
+ 

(15) 
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(𝑠 − 𝑟)𝑚((𝑎̃𝐼))
𝑝
𝑞
+
𝑟
𝑠

𝑠
− 𝑚((𝑎̃𝐼))

𝑝
𝑞
+
𝑟
𝑠 ,

𝑝. 𝑎 ⋅ 𝑚((𝑎̃𝐼))
𝑝
𝑞
+
𝑟
𝑠

𝑞 ⋅ 𝑚(𝑎̃𝐼)
+ 

(𝑞 − 𝑝)𝑚((𝑎̃𝐼))
𝑝
𝑞
+
𝑟
𝑠

𝑞
+
𝑟. 𝑎 ⋅ 𝑚((𝑎̃𝐼))

𝑝
𝑞
+
𝑟
𝑠

𝑠 ⋅ 𝑚(𝑎̃𝐼)
+ 

(𝑠 − 𝑟)𝑚((𝑎̃𝐼))
𝑝
𝑞
+
𝑟
𝑠

𝑠
− 𝑚((𝑎̃𝐼))

𝑝
𝑞
+
𝑟
𝑠] 

= [𝑚((𝑎̃𝐼))
𝑝
𝑞+
𝑟
𝑠 (

𝑝. 𝑎

𝑞 ⋅ 𝑚(𝑎̃𝐼)
+
(𝑞− 𝑝)

𝑞
+

𝑟.𝑎

𝑠 ⋅ 𝑚(𝑎̃𝐼)
+
(𝑠 − 𝑟)

𝑠
− 1) 

 

  𝑚((𝑎̃𝐼))
𝑝
𝑞
+
𝑟
𝑠 (

𝑝. 𝑎

𝑞 ⋅ 𝑚(𝑎̃𝐼)
+
(𝑞 − 𝑝)

𝑞
+

𝑠. 𝑎

𝑠 ⋅ 𝑚(𝑎̃𝐼)
+
(𝑠 − 𝑟)

𝑠
− 1)

+
(𝑠 − 𝑟)

𝑠
− 1] 

= [𝑚(𝑎̃𝐼)
𝑝𝑠+𝑞𝑟
𝑞𝑠 (

𝑎

𝑚(𝑎̃𝐼)
(
𝑝

𝑞
+
𝑟

𝑠
) +

𝑞𝑠 − 𝑝𝑠 − 𝑞𝑟

𝑞𝑠
) , 

  𝑚(𝑎̃𝐼)
𝑝𝑠+𝑞𝑟
𝑞𝑠 (

𝑎

𝑚(𝑎̃𝐼)
(
𝑝

𝑞
+
𝑟

𝑠
) +

𝑞𝑠 − 𝑝𝑠 − 𝑞𝑟

𝑞𝑠
)] 

= [𝑚(𝑎̃𝐼)
𝑝𝑠+𝑞𝑟
𝑞𝑠 (

𝑎

𝑚(𝑎̃𝐼)
(
𝑝𝑠 + 𝑞𝑟

𝑞𝑠
) +

(𝑞𝑠 − 𝑝𝑠 − 𝑞𝑟)𝑚(𝑎̃𝐼)

𝑏𝑑 ⋅ 𝑚(𝑎̃𝐼)
) , 

𝑚((𝑎̃𝐼))
𝑝𝑠+𝑞𝑟
𝑞𝑠 (

𝑎

𝑚(𝑎̃𝐼)
(
𝑝𝑠 + 𝑞𝑟

𝑞𝑠
) +

(𝑞𝑠 − 𝑝𝑠 − 𝑞𝑟)𝑚(𝑎̃𝐼)

𝑞𝑠 ⋅ 𝑚(𝑎̃𝐼)
)] 

             = [
𝑎(𝑝𝑠 + 𝑞𝑟) + (𝑞𝑠 − 𝑝𝑠 − 𝑞𝑟)𝑚(𝑥̃)

𝑞𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑝𝑠+𝑞𝑟
𝑞𝑠

,
𝑎(𝑝𝑠 + 𝑞𝑟) + (𝑞𝑠 − 𝑝𝑠 − 𝑞𝑟)𝑚(𝑎̃𝐼)

𝑞𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑝𝑠+𝑞𝑟
𝑞𝑠

] 

= (𝑎̃𝐼)
𝑝𝑠+𝑞𝑟
𝑞𝑠  

= (𝑎̃𝐼)
𝑝

𝑞
+
𝑟

𝑠. 

3.  ((𝑎̃𝐼)
𝑛)
1
𝑛 = ((𝑛𝑎).𝑚((𝑎̃𝐼)

𝑛−1) − (𝑛 − 1).𝑚((𝑎̃𝐼)
𝑛), (𝑛𝑎).𝑚((𝑎̃𝐼)

𝑛−1)

− (𝑛 − 1).𝑚((𝑎̃𝐼)
𝑛))

1
𝑛
 

(16) 
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= [
1

𝑛 ⋅ 𝑚((𝑎̃𝐼)𝑛)
1−
1
𝑛

((𝑛𝑎) ⋅ 𝑚((𝑎̃𝐼)
𝑛−1) − (𝑛 − 1) ⋅ 𝑚((𝑎̃𝐼)

𝑛) + 

(𝑛 − 1) ⋅ 𝑚((𝑎̃𝐼)
𝑛)),

1

𝑛⋅𝑚((𝑎̃𝐼)𝑛)
1−
1
𝑛

((𝑛𝑎) ⋅ 𝑚((𝑎̃𝐼)
𝑛−1) − (𝑛 − 1) ⋅

𝑚((𝑎̃𝐼)
𝑛) + ((𝑛 − 1) ⋅ 𝑚((𝑎̃𝐼)

𝑛))]  

= [
𝑛𝑎 ⋅ 𝑚((𝑎̃𝐼))

𝑛−1

𝑛 ⋅ 𝑚((𝑎̃𝐼))
𝑛(1−

1
𝑛
)
,
𝑛𝑎 ⋅ 𝑚((𝑎̃𝐼))

𝑛−1

𝑛 ⋅ 𝑚((𝑎̃𝐼))
𝑛(1−

1
𝑛
)
] 

= [𝑎, 𝑎]. 

4. ((𝑎̃𝐼)
𝑝

𝑞)

𝑞

𝑝

= [
𝑝.𝑎+(𝑞−𝑝).𝑚(𝑎̃𝐼)

𝑞⋅𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

,
𝑝.𝑎+(𝑞−𝑝)𝑚(𝑎̃𝐼)

𝑞⋅𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

]

𝑞

𝑝

 

[
1

𝑝 ⋅ 𝑚((𝑎̃𝐼))
𝑝
𝑞
(1−

𝑞
𝑝
)
(
𝑞 (𝑝. 𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼))

𝑞 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

+ (𝑝 − 𝑞)𝑚((𝑎̃𝐼))
𝑝
𝑞) , 

1

𝑝 ⋅ 𝑚((𝑎̃𝐼))
𝑝
𝑞
(1−

𝑞
𝑝
)
(
𝑞. (𝑝𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼))

𝑞 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

+ (𝑝 − 𝑞)𝑚((𝑎̃𝐼))
𝑝
𝑞)] 

= [
1

𝑝 ⋅ 𝑚((𝑎̃𝐼))
𝑝
𝑞
−1
(
𝑝. 𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼)

𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

−
(𝑞 − 𝑝)𝑚((𝑎̃𝐼))

𝑝
𝑞 ⋅ 𝑚((𝑎̃𝐼))

1−
𝑝
𝑞

𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

) , 

1

𝑝 ⋅ 𝑚((𝑎̃𝐼))
𝑝
𝑞
−1
(
𝑝. 𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼)

𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

−
(𝑞 − 𝑝)𝑚((𝑎̃𝐼))

𝑝
𝑞 ⋅ 𝑚((𝑎̃𝐼))

1−
𝑝
𝑞

𝑚((𝑎̃𝐼))
1−
𝑝
𝑞

)] 

= [(
𝑝𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼)

𝑝.𝑚((𝑎̃𝐼))
𝑝
𝑞
−1+1−

𝑝
𝑞

−
(𝑐 − 𝑏)𝑚(𝑎̃)

𝑏
𝑐
+1−

𝑏
𝑐

𝑝.𝑚((𝑎̃𝐼))
𝑝
𝑞
−1+1−

𝑝
𝑞

) , 

(17) 
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(
𝑝. 𝑎 + (𝑞 − 𝑝)𝑚(𝑎̃𝐼)

𝑝.𝑚((𝑎̃𝐼))
𝑝
𝑞
−1+1−

𝑝
𝑞

−
(𝑐 − 𝑏)𝑚(𝑎̃)

𝑏
𝑐
+1−

𝑏
𝑐

𝑝.𝑚((𝑎̃𝐼))
𝑝
𝑞
−1+1−

𝑝
𝑞

)] 

= [𝑎, 𝑎]. 

5.  ((𝑎̃𝐼)
𝑟
𝑠)

𝑡
𝑢
= [
𝑟. 𝑎 + (𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

,
𝑟. 𝑎 + (𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

]

𝑡
𝑢

 

= [
1

𝑢 ⋅ 𝑚((𝑎̃𝐼))
𝑟
𝑠
(1−

𝑡
𝑢
)
(
𝑡. 𝑟. 𝑎 + 𝑡(𝑠 − 𝑟).𝑚(𝑎̃𝐼)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

+ 

(𝑢 − 𝑡)𝑚((𝑎̃𝐼))
𝑟
𝑠 (𝑠 ⋅ 𝑚((𝑎̃𝐼))

1−
𝑟
𝑠)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

 , 

1

𝑢 ⋅ 𝑚((𝑎̃𝐼))
𝑟
𝑠
(1−

𝑡
𝑢
)
(
𝑡. 𝑟. 𝑎 + 𝑡(𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

+ 

(𝑢 − 𝑡)𝑚((𝑎̃𝐼))
𝑟
𝑠 (𝑠 ⋅ 𝑚((𝑎̃𝐼))

1−
𝑟
𝑠)

𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑟
𝑠

)] 

= [(
𝑡. 𝑟. 𝑎 + 𝑡(𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

+
𝑠(𝑢 − 𝑡)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

) , 

(
𝑡. 𝑟. 𝑎 + 𝑡(𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

+
𝑠(𝑢 − 𝑡)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

)] 

           

= [(
𝑡. 𝑟. 𝑎 + 𝑚(𝑎̃)(𝑡. 𝑠 − 𝑡. 𝑟 + 𝑢. 𝑠 − 𝑡. 𝑠)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

) , (
𝑡. 𝑟. 𝑎 + 𝑚(𝑎̃𝐼)(𝑡. 𝑠 − 𝑡. 𝑟 + 𝑢. 𝑠 − 𝑡. 𝑠)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

)] 

           

= [(
𝑡. 𝑟. 𝑎 + 𝑚(𝑎̃𝐼)(𝑟. 𝑢 − 𝑡. 𝑟 + 𝑠. 𝑢 − 𝑟. 𝑢)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

) , (
𝑡. 𝑟. 𝑎 + 𝑚(𝑎̃𝐼)(𝑟. 𝑢 − 𝑡. 𝑟 + 𝑠. 𝑢 − 𝑟. 𝑢)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

)] 

(18) 
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           = [(
𝑡. 𝑟. 𝑎 + 𝑟(𝑢 − 𝑡)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

+
𝑢(𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

) , 

(
𝑡. 𝑟. 𝑎 + 𝑟(𝑢 − 𝑡)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

+
𝑢(𝑠 − 𝑟)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑠 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡𝑟
𝑢𝑠

)] 

 = [
1

𝑠 ⋅ 𝑚((𝑎̃𝐼))
𝑡
𝑢
(1−

𝑟
𝑠
)
(
𝑡. 𝑟. 𝑎 + 𝑟(𝑢 − 𝑡)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑚(𝑎̃)1−
𝑡
𝑢

+ 
(𝑠 − 𝑟)𝑚((𝑎̃𝐼))

𝑡
𝑢 (𝑢 ⋅ 𝑚((𝑎̃𝐼))

1−
𝑡
𝑢)

𝑢 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡
𝑢

) , 

1

𝑠 ⋅ 𝑚((𝑎̃𝐼))
𝑡
𝑢
(1−

𝑟
𝑠
)
(
𝑡. 𝑟. 𝑎 + 𝑟(𝑢 − 𝑡)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑚(𝑎̃)1−
𝑡
𝑢

+
(𝑠 − 𝑟)𝑚((𝑎̃𝐼))

𝑡
𝑢 (𝑢 ⋅ 𝑚((𝑎̃𝐼))

1−
𝑡
𝑢)

𝑢 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡
𝑢

)] 

            = [
𝑡. 𝑎 + (𝑢 − 𝑡)𝑚(𝑎̃𝐼)

𝑢 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡
𝑢

,
𝑡. 𝑎 + (𝑢 − 𝑡)𝑚((𝑎̃𝐼))

𝑢 ⋅ 𝑚((𝑎̃𝐼))
1−
𝑡
𝑢

]

𝑟
𝑠

 

            = ((𝑎̃𝐼)
𝑡
𝑢)

𝑟
𝑠
. 

4. Result and discussions 

4.1. Midpoint 

Referring to the process of proving various area sizes in [20,32,33] and the concept of the 

midpoint in [23,25], it is necessary to first prove properties of the midpoint of these intervals. Before 

that, the definition of the concept of convergence of a sequence of intervals is be presented as follows: 

Definition 4.1. The sequence of intervals (𝑎̃𝐼)𝑛 = [𝑎𝑛, 𝑎𝑛] is said to converge to the interval number 

𝑎̃𝐼 = [𝑎, 𝑎] if for every ̃𝐼 = [0, 𝜀], 𝜀 > 0 there are 𝑘(𝜀)  ∈  𝚴, such that for every 𝑛 ≥  𝑘(𝜀), the 

condition |[𝑎𝑛, 𝑎𝑛] ⊖ [𝑎, 𝑎]| ≤ ̃𝐼.  

If a sequence of interval numbers (𝑎̃𝐼)𝑛 = [𝑎𝑛, 𝑎𝑛] converges to the interval number 𝑎̃𝐼 = [𝑎, 𝑎], 

denoted by lim  
𝑛→∞

{(𝑎̃𝐼)𝑛} =  𝑎̃𝐼  or lim  
𝑛→∞

[𝑎𝑛, 𝑎𝑛] = [𝑎, 𝑎] , it can be shown that lim
𝑛→∞

𝑎𝑛 = 𝑎  and 

lim
𝑛→∞

𝑎𝑛 = 𝑎. Observe that lim
𝑛→∞

𝑎𝑛 = 𝑎 and lim
𝑛→∞

𝑎𝑛 = 𝑎 aligns exactly with the concept of limits in 

real numbers, with |𝑎̃𝐼| = |[𝑎, 𝑎]| = 𝑚𝑎𝑥 {|𝑎|, |𝑎|} and based on the Definition 4.1 above, it is clear 

that the limit of convergent interval number sequence is unique. Futhermore, based on Definition 4.1, 



24769 
 

AIMS Mathematics  Volume 10, Issue 10, 24755–24778. 

the following theorem can also be proven: 

Theorem 4.2. For any interval numbers 𝑎̃𝐼 = [𝑎, 𝑎] and 𝑏̃𝐼 = [𝑏, 𝑏] the following hold: 

a. 𝑚(𝑎̃𝐼⨂𝑏̃𝐼) = 𝑚(𝑎̃𝐼) ⋅ 𝑚(𝑏̃𝐼), 

b. 𝑚(
1

𝑎̃𝐼
) =

1

𝑚(𝑎̃𝐼)
, 

c. 𝑚((𝑎̃𝐼)
𝑛) = (𝑚(𝑎̃𝐼))

𝑛
, 

d. 𝑚((𝑎̃𝐼)
𝑝

𝑞) = (𝑚(𝑎̃𝐼))
𝑝

𝑞, 

e. lim(𝑚((𝑎̃𝑖)𝑛)) = 𝑚(𝑎̃𝑖), 

f. lim (
1

𝑚(𝑎̃𝐼)𝑛
) =

1

𝑚(𝑎̃𝐼)
. 

(19) 

Proof. 

a. 𝑚(𝑎̃𝐼⨂𝑏̃𝐼) =  
𝑎⋅𝑚(𝑏̃𝐼)+𝑏⋅𝑚(𝑎̃𝐼)−𝑚(𝑎̃𝐼).𝑚(𝑏̃𝐼)

2
+ 

𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅ 𝑚(𝑎̃𝐼) − 𝑚(𝑎̃𝐼).𝑚(𝑏̃𝐼)

2
 

= 
𝑚(𝑏̃𝐼)(𝑎 + 𝑎) + 𝑚(𝑎̃𝐼)(𝑏 + 𝑏) − 2𝑚(𝑎̃𝐼)𝑚(𝑏̃𝐼)

2
 

= 𝑚(𝑏̃𝐼).𝑚(𝑎̃𝐼) + 𝑚(𝑎̃𝐼)𝑚(𝑏̃𝐼) − 𝑚(𝑎̃𝐼).𝑚(𝑏̃𝐼) 

= 𝑚(𝑎̃𝐼)𝑚(𝑏̃𝐼). 

b. 𝑚(
1

𝑎̃𝐼
) =

1

2
(
2⋅𝑚(𝑎̃𝐼)−𝑎

𝑚(𝑎̃𝐼)2
+
2⋅𝑚(𝑎̃𝐼)−𝑎

𝑚(𝑎̃𝐼)2
) 

=
2𝑚(𝑎̃𝐼)

2𝑚(𝑎̃𝐼)2
−

𝑎

2𝑚(𝑎̃𝐼)2
+
2𝑚(𝑎̃𝐼)

2𝑚(𝑎̃𝐼)2
−

𝑎

2𝑚(𝑎̃𝐼)2
 

=
2

𝑚(𝑎̃𝐼)
−
𝑚(𝑎̃𝐼)

𝑚(𝑎̃𝐼)2
 

=
1

𝑚(𝑎̃𝐼)
. 

(20) 



24770 
 

AIMS Mathematics  Volume 10, Issue 10, 24755–24778. 

c. 𝑚((𝑎̃𝐼)
𝑛) =  

𝑚(𝑎̃𝐼⋅𝑎̃𝐼∙∙∙(𝑎̃𝐼)

𝑛 𝑓𝑎𝑐𝑡𝑜𝑟
, based on (1) we have 

=
𝑚(𝑎̃𝐼) ⋅ 𝑚(𝑎̃𝐼) ∙∙∙ 𝑚(𝑎̃𝐼)⏟              

𝑛 𝑓𝑎𝑐𝑡𝑜𝑟
 

 = (𝑚(𝑎̃𝐼))
𝑛
. 

d. 𝑚((𝑎̃𝐼)
𝑝

𝑞) =
𝑝.𝑎+(𝑝−𝑞)𝑚(𝑎̃𝐼)+(𝑞−𝑝)𝑚(𝑎̃𝐼)

2𝑞⋅𝑚(𝑎̃𝐼)
1−
𝑝
𝑞

 

=
𝑝(𝑎 + 𝑎) + 2(𝑝 − 𝑞)𝑚((𝑎̃𝐼))

2𝑝 ⋅ 𝑚(𝑎̃𝐼)
1−
𝑝
𝑞

 

=
𝑝.𝑚(𝑎̃𝐼)

𝑞 ⋅ (𝑚(𝑎̃𝐼))
1−
𝑝
𝑞

+
2𝑞.𝑚(𝑎̃𝐼)

2𝑞 ⋅ (𝑚(𝑎̃𝐼))
1−
𝑝
𝑞

−
2𝑝.𝑚(𝑎̃𝐼)

2𝑞 ⋅ (𝑚(𝑎̃𝐼))
1−
𝑝
𝑞

 

=
𝑝

𝑞
𝑚(𝑎̃𝐼)

𝑝
𝑞 +𝑚(𝑎̃𝐼)

𝑝
𝑞 −

𝑝

𝑞
𝑚(𝑎̃𝐼)

𝑝
𝑞 

= (𝑚(𝑎̃𝐼))
𝑝

𝑞. 

e. lim(𝑚(𝑎̃𝑛)) = lim (
𝑎𝑛+𝑎𝑛

2
) = lim(

1

2
) lim(𝑎𝑛 + 𝑎𝑛) =

𝑎+𝑎

2
= 𝑚(𝑎̃𝐼). 

f. lim (
1

𝑚(𝑎̃𝑛)
) = lim (

2

𝑎𝑛+𝑎𝑛
) = lim (

1

𝑎𝑛+𝑎𝑛
) lim(2) =

2

𝑎+𝑎
=

1

𝑚(𝑎̃𝐼)
. 

4.2.  Convergence of interval sequence 

By using Definition 4.1 and Theorem 4.2, the convergence of the following sequence of intervals 

can be proven. 

Theorem 4.3. Let lim{ (𝑎̃𝐼)𝑛} and lim {(𝑏̃𝐼)𝑛} exist, then the following applies: 

lim {(𝑎̃𝐼)𝑛⊝(𝑏̃𝐼)𝑛} = lim
{(𝑎̃𝐼)𝑛} ⊝ lim {(𝑏̃𝐼)𝑛}, 

lim {(𝑎̃𝐼)𝑛⊝(𝑏̃𝐼)𝑛} = lim
{(𝑎̃𝐼)𝑛} ⊝ lim {(𝑏̃𝐼)𝑛}. 

(21) 

Proof. b). Here, we provide the proof for part b), while part a) can be done in a similar way. Let 

lim{(𝑎̃𝐼)𝑛} = 𝑎̃𝐼 and lim {(𝑏̃𝐼)𝑛} = 𝑏̃𝐼, thus 
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lim 𝑎𝑛 = 𝑎 and lim𝑎𝑛 = 𝑎, 

lim 𝑏𝑛 = 𝑏 and lim𝑏𝑛 = 𝑏. 
(22) 

Then, note that 

(𝑎̃𝐼)𝑛⊝(𝑏̃𝐼)𝑛=[𝑎𝑛⊝𝑏𝑛, 𝑎𝑛⊝𝑏𝑛] = [𝑎𝑛, 𝑎𝑛] ⊝ [𝑏𝑛, 𝑏𝑛] = [𝑎𝑛 − 𝑏𝑛, 𝑎𝑛 − 𝑏𝑛] 

𝑎̃𝐼⊝ 𝑏̃𝐼 = [𝑎 ⊝ 𝑏, 𝑎 ⊝ 𝑏] = [𝑎, 𝑎] ⊝ [𝑏, 𝑏] = [𝑎 − 𝑏, 𝑎 − 𝑏]. 

(23) 

Furthermore, because 

lim (𝑎𝑛⊝𝑏𝑛) = lim(𝑎𝑛 − 𝑏𝑛) = lim(𝑎𝑛) − lim(𝑏𝑛) = 𝑎 − 𝑏 = 𝑎 ⊝ 𝑏, 

lim(𝑎𝑛⊝𝑏𝑛) = lim(𝑎𝑛 − 𝑏𝑛) = lim(𝑎𝑛) − lim(𝑏𝑛) = 𝑎 − 𝑏 =𝑎 ⊝ 𝑏. 

(24) 

So, based on the theorem, it is obtained that 

lim((𝑎̃𝐼)𝑛⊝(𝑏̃𝐼)𝑛) = [𝑎 ⊝ 𝑏, 𝑎 ⊝ 𝑏] = 𝑎̃ ⊝ 𝑏̃ = lim ((𝑎̃𝐼)𝑛) ⊝ lim ((𝑏̃𝐼)𝑛).               (25) 

For lim((𝑎̃𝐼)𝑛⨁(𝑏̃𝐼)𝑛) = lim ((𝑎̃𝐼)𝑛)⨁ lim ((𝑏̃𝐼)𝑛) can be proven similarly. 

Theorem 4.4.  Let lim {(𝑎̃𝐼)𝑛} and lim {𝑏̃𝐼𝑛} exist, then the following hold  

lim {(𝑎̃𝐼)𝑛⊗(𝑏̃𝐼)𝑛} = lim
{(𝑎̃𝐼)𝑛} ⊗ lim {(𝑏̃𝐼)𝑛}. (26) 

Proof. Let lim{(𝑎̃𝐼)𝑛} = 𝑎̃𝐼 and lim{(𝑏̃𝐼)𝑛} = 𝑏̃𝐼, then  

lim 𝑎𝑛 = 𝑎 and lim𝑎𝑛 = 𝑎, 

lim 𝑏𝑛 = 𝑏 and lim𝑏𝑛 = 𝑏. 
(27) 

Then, note that 

(𝑎̃𝐼)𝑛⊗(𝑏̃𝐼)𝑛 = [𝑎𝑛 ⋅ 𝑚(𝑏̃𝑛) + 𝑏𝑛 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑚((𝑎̃𝐼)𝑛)𝑚 ((𝑏̃𝐼)𝑛) 

 𝑎𝑛 ⋅ 𝑚 ((𝑏̃𝐼)𝑛) + 𝑏𝑛 ⋅ 𝑚
((𝑎̃𝐼)𝑛) − 𝑚((𝑎̃𝐼)𝑛).𝑚((𝑏̃𝐼)𝑛)], 

(28) 
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𝑎̃𝐼⊗𝑏̃𝐼 = [𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅ 𝑚(𝑎̃𝐼) − 𝑚(𝑎̃𝐼).𝑚(𝑏̃𝐼), 𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅ 𝑚(𝑎̃𝐼)

− 𝑚(𝑎̃𝐼).𝑚(𝑏̃𝐼)]. 

Furthermore, 

lim (𝑎𝑛 ⋅ 𝑚((𝑏̃𝐼)𝑛) + 𝑏𝑛 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑚((𝑎̃𝐼)𝑛)𝑚((𝑏̃𝐼)𝑛)) =𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅ 𝑚(𝑎̃𝐼)

− 𝑚(𝑎̃𝐼)𝑚(𝑏̃𝐼), 

lim (𝑎𝑛 ⋅ 𝑚((𝑏̃𝐼)𝑛) + 𝑏𝑛 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑚((𝑎̃𝐼)𝑛).𝑚((𝑏̃𝐼)𝑛)) =𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅ 𝑚(𝑎̃𝐼)

− 𝑚(𝑎̃𝐼)𝑚(𝑏̃𝐼). 

(29) 

Thus, it is obtained that 

lim((𝑎̃𝐼)𝑛⊗(𝑏̃𝐼)𝑛) = [𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅ 𝑚(𝑎̃𝐼) − 𝑚(𝑎̃𝐼).𝑚(𝑏̃𝐼), 𝑎 ⋅ 𝑚(𝑏̃𝐼) + 𝑏 ⋅

𝑚(𝑎̃𝐼) − 𝑚(𝑎̃𝐼)𝑚(𝑏̃𝐼)] = 𝑎̃𝐼⊗𝑏̃𝐼 = lim (𝑎̃𝑛) ⊗ lim ((𝑏̃𝐼)𝑛). 

(30) 

Interval number sequences (𝑎̃𝐼)𝑛 = [𝑎𝑛, 𝑎𝑛] are called bounded if there is a real number 𝑀 ∈  ℝ 

such that |(𝑎̃𝐼)𝑛| = |[𝑎𝑛, 𝑎𝑛]| = 𝑚𝑎𝑘𝑠 {|𝑎𝑛, |, |𝑎𝑛|} ≤ 𝑀,  for all 𝑛 ∈  ℕ . Thus, we have the same 

property as in the real number sequence, namely every convergent interval number sequence is 

bounded. Apart from that, it will also be straightforward to show that if lim(𝑎̃𝐼)𝑛 = 𝑎̃𝐼 , then 

lim|(𝑎̃𝐼)𝑛| = |𝑎̃𝐼| and if (𝑎̃𝐼)𝑛 ≥ 0 for all 𝑛,  then lim√(ãI)n = √𝑎̃𝐼. This means that if (𝑎̃𝐼)𝑛 to 

𝑎̃𝐼, then the sequence |(𝑎̃𝐼)𝑛| converges to |𝑎̃𝐼| and the sequence √(𝑎̃𝐼)𝑛 converges to √𝑎̃𝐼. We 

also have that if (𝑎̃𝐼)𝑛 ≥ 0 for all 𝑛  and there is 𝑙𝐼 = [𝑙𝑛, 𝑙𝑛]  with |𝑙𝐼| ≤ 1 , such that 

lim |
(𝑎̃𝐼)𝑛+1

(𝑎̃𝐼)𝑛
| = 𝑙𝐼, then (𝑎̃𝐼)𝑛 converges and lim (𝑎̃𝐼)𝑛 = 0̃𝐼 = [0,0].  

Definition 4.6. An interval number sequence {(𝑎̃𝐼)𝑛} is said to be a Cauchy sequence if for every 

𝜀 > 0 there exists a natural number 𝑁(𝜀), such that for all natural numbers 𝑛,𝑚 ≥ 𝑁(𝜀), the 

terms (𝑎̃𝐼)𝑛, (𝑎̃𝐼)𝑚 satisfy  |(𝑎̃𝐼)𝑛 − (𝑎̃𝐼)𝑚| <  𝜀. 

It should be noted that |(𝑎̃𝐼)𝑛 − (𝑎̃𝐼)𝑚| =  |[𝑎𝑛 − 𝑎𝑚, 𝑎𝑛 − 𝑎𝑚]| = 𝑚𝑎𝑘𝑠 〈|𝑎𝑛 − 𝑎𝑚|, |𝑎𝑛 −

𝑎𝑚|〉 . Thus, based on Definition 4.6, this will imply that if {(𝑎̃𝐼)𝑛}  is a convergent sequence of real 

numbers, then {(𝑎̃𝐼)𝑛} is a Cauchy sequence of interval number, so that a Cauchy sequence of interval 

number is bounded. The 𝑚-tail sequence for the interval number sequence is defined by {(𝑎̃𝐼)𝑚+𝑛;  𝑛 ∈
ℕ} =  {(𝑎̃𝐼)𝑚+1, (𝑎̃𝐼)𝑚+2, (𝑎̃𝐼)𝑚+3, ⋯ }, so the 𝑚-tail {(𝑎̃𝐼)𝑚+𝑛; 𝑛 ∈ ℕ} of {(𝑎̃𝐼)𝑛}  converges  if 

and only if {(𝑎̃𝐼)𝑛} converges. Moreover, it will also be true that lim {(𝑎̃𝐼)𝑚+𝑛; 𝑛 ∈ ℕ} = lim {(𝑎̃𝐼)𝑛}. 
Theorem 4.7. Let lim{(𝑎̃𝐼)𝑛} = 𝑎̃𝐼, then  

lim (
1

(𝑎̃𝐼)𝑛
) =

1

𝑎̃𝐼
. (31) 

Proof. 



24773 
 

AIMS Mathematics  Volume 10, Issue 10, 24755–24778. 

lim (
1

(𝑎̃𝐼)𝑛
) = lim([

2 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑎𝑛
𝑚((𝑎̃𝐼)𝑛)2

,
2 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑎𝑛

𝑚((𝑎̃𝐼)𝑛)2
]). (32) 

Furthermore, 

lim(
2 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑎𝑛

𝑚((𝑎̃𝐼)𝑛)2
) = lim (

1

𝑚((𝑎̃𝐼)𝑛)2
) lim(2 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑎𝑛) 

= (
1

𝑚((𝑎̃𝐼))
2) (2 ⋅ 𝑚((𝑎̃𝐼)) − 𝑎). 

lim(
2 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑎𝑛

𝑚((𝑎̃𝐼)𝑛)2
) = lim (

1

𝑚((𝑎̃𝐼)𝑛)2
) lim(2 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑎𝑛) 

= (
1

𝑚((𝑎̃𝐼))
2) (2 ⋅ 𝑚(𝑎̃𝐼) − 𝑎). 

(33) 

Thus, it is obtained that 

lim (
1

(𝑎̃𝐼)𝑛
) = lim([

2 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑎𝑛
𝑚((𝑎̃𝐼)𝑛)2

,
2 ⋅ 𝑚((𝑎̃𝐼)𝑛) − 𝑎𝑛

𝑚((𝑎̃𝐼)𝑛)2
]) (34) 

= [
2 ⋅ 𝑚(𝑎̃𝐼) − 𝑎

𝑚(𝑎̃𝐼)2
,
2 ⋅ 𝑚(𝑎̃𝐼) − 𝑎

𝑚(𝑎̃𝐼)2
] =

1

𝑎̃𝐼
. 

Theorem 4.8. Given lim {(𝑎̃𝐼)𝑛} and lim {(𝑏̃𝐼)𝑛}, then 

lim(
(𝑎̃𝐼)𝑛

(𝑏̃𝐼)𝑛

) =  
lim ((𝑎̃𝐼)𝑛)

lim ((𝑏̃𝐼)𝑛)
. (35) 

Proof. It is clear from the following relation that 

lim(
(𝑎̃𝐼)𝑛

(𝑏̃𝐼)𝑛
) = lim((𝑎̃𝐼)𝑛⨂

1

(𝑏̃𝐼)𝑛
) = lim((𝑎̃𝐼)𝑛) ⊗ lim(

1

(𝑏̃𝐼)𝑛
) = 𝑎̃𝐼⊗

1

𝑏̃𝐼
=
lim ((𝑎̃𝐼)𝑛)

lim ((𝑏̃𝐼)𝑛)
. (36) 

Theorem 4.9. If lim{(𝑎̃𝐼)𝑛} exist with 𝑘 ∈ ℚ and 𝑘 ≠ 0, then we have 

lim(((𝑎̃𝐼)𝑛)
𝑘) = (lim (𝑎̃𝐼)𝑛)

𝑘. (37) 

Proof. 

Case 1. Let 𝑘 be a positive integer. Suppose lim(𝑎̃𝐼)𝑛 = 𝑎̃𝐼, then using Theorem 4.2, we have 



24774 
 

AIMS Mathematics  Volume 10, Issue 10, 24755–24778. 

lim((𝑎̃𝐼)𝑛
𝑘
) = lim ([(𝑘𝑎𝑛) ⋅ 𝑚(((𝑎̃𝐼)𝑛)

𝑘−1) − (𝑘 − 1) ⋅ 𝑚(((𝑎̃𝐼)𝑛)
𝑘), (𝑘𝑎𝑛)

⋅ 𝑚(((𝑎̃𝐼)𝑛)
𝑘−1) − (𝑘 − 1) ⋅ 𝑚(((𝑎̃𝐼)𝑛)

𝑘)]) 

= [lim ((𝑘𝑎𝑛) ⋅ 𝑚((𝑎̃𝐼)𝑛)
𝑘−1 − (𝑘 − 1) ⋅ 𝑚((𝑎̃𝐼)𝑛)

𝑘) , lim ((𝑘𝑎𝑛)

⋅ 𝑚((𝑎̃𝐼)𝑛)
𝑘−1 − (𝑘 − 1) ⋅ 𝑚((𝑎̃𝐼)𝑛)

𝑘)] 

= [lim ((𝑘𝑎𝑛) ⋅ 𝑚((𝑎̃𝐼)𝑛)
𝑘−1)

− lim((𝑘 − 1) ⋅ 𝑚((𝑎̃𝐼)𝑛)
𝑘) , lim((𝑘𝑎𝑛) ⋅ 𝑚(𝑎̃𝑛)

𝑘−1)

− lim ((𝑘 − 1) ⋅ 𝑚((𝑎̃𝐼)𝑛)
𝑘)] 

= [(𝑘𝑎) ⋅ 𝑚(𝑎̃𝐼)
𝑘−1 − (𝑘 − 1) ⋅ 𝑚(𝑎̃𝐼)

𝑘, (𝑘𝑎) ⋅ 𝑚(𝑎̃𝐼)
𝑘−1 − (𝑘 − 1)

⋅ 𝑚(𝑎̃𝐼)
𝑘] 

= (𝑎̃𝐼)
𝑘 

= (lim {(𝑎̃𝐼)𝑛})
𝑘. 

(38) 

Case 2. Let 𝑘 be a negative integer, suppose 𝑘 = −𝑚. Using Theorem 4.2, we have 

lim(((𝑎̃𝐼)𝑛)
𝑘) = lim(((𝑎̃𝐼)𝑛)

−𝑚) 

= lim (
1

((𝑎̃𝐼)𝑛)𝑚
) 

=
 1

lim (((𝑎̃𝐼)𝑛)𝑚)
 

=
1

(lim (𝑎̃𝐼)𝑛)𝑚
 

= (lim ((𝑎̃𝐼)𝑛))
−𝑚 

= (lim (𝑎̃𝐼)𝑛)
𝑘. 

(39) 

Case 3. Let 𝑘 be a negative integer, suppose 𝑘 =
𝑥

𝑦
, we have 

lim (((𝑎̃𝐼)𝑛)
𝑥
𝑦) = lim ([

𝑥𝑎𝑛 + (𝑦 − 𝑥)𝑚((𝑎̃𝐼)𝑛)

𝑦 ⋅ 𝑚((𝑎̃𝐼)𝑛)
1−
𝑥
𝑦

,
𝑥𝑎𝑛 + (𝑦 − 𝑥)𝑚((𝑎̃𝐼)𝑛)

𝑦 ⋅ 𝑚((𝑎̃𝐼)𝑛)
1−
𝑥
𝑦

]). (40) 

Let lim(𝑎̃𝐼)𝑛 = 𝑎̃𝐼, then 
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lim(
𝑥𝑎𝑛 + (𝑦 − 𝑥)𝑚((𝑎̃𝐼)𝑛)

𝑦 ⋅ (𝑚(𝑎̃𝐼)𝑛)
1−
𝑥
𝑦

) =
lim (𝑥𝑎𝑛 + (𝑦 − 𝑥)𝑚((𝑎̃𝐼)𝑛))

lim (𝑦 ⋅ (𝑚(𝑎̃𝐼)𝑛)
1−
𝑥
𝑦)

 

=
𝑥𝑎 + (𝑦 − 𝑥)𝑚((𝑎̃𝐼))

𝑦 ⋅ (𝑚(𝑎̃𝐼))
1−
𝑥
𝑦

. 

lim(
𝑥𝑎𝑛 + (𝑦 − 𝑥)𝑚((𝑎̃𝐼)𝑛)

𝑦 ⋅ (𝑚(𝑎̃𝐼)𝑛)
1−
𝑥
𝑦

) =
lim(𝑥𝑎𝑛 + (𝑦 − 𝑥)𝑚(𝑎̃𝑛))

lim (𝑦 ⋅ (𝑚(𝑎̃𝐼)𝑛)
1−
𝑥
𝑦)

 

=
𝑥𝑎 + (𝑦 − 𝑥)𝑚(𝑎̃𝐼)

𝑦 ⋅ (𝑚(𝑎̃𝐼))
1−
𝑥
𝑦

. 

Thus, it is obtained that 

lim ((𝑎̃𝐼)𝑛
𝑥
𝑦) = [

𝑥𝑎 + (𝑦 − 𝑥)𝑚(𝑎̃𝐼)

𝑦 ⋅ (𝑚(𝑎̃𝐼))
1−
𝑥
𝑦

,
𝑥𝑎 + (𝑦 − 𝑥)𝑚(𝑎̃𝐼)

𝑦 ⋅ (𝑚(𝑎̃𝐼))
1−
𝑥
𝑦

] 

= (𝑎̃𝐼)
𝑥

𝑦 = (lim (𝑎̃𝐼)𝑛)
𝑥

𝑦. 

(41) 

om the various theorems in Subsections 4.1 and 4.2, it is evident that by using the algebra offered, 

we can prove various fundamental properties of the limit of interval sequences, making it a 

fundamental basis for the application of the concept of interval number sequences in various conditions 

or other properties. Furthermore, by proving the existence of the convergence of this interval number 

sequence with its various basic properties, all numerical analysis problems, dynamic systems, and 

various other applications that use interval sequences can be solved validly. 

5. Conclusions 

Some properties of the sequence of real numbers also apply to the sequence of interval numbers, 

including operations like addition, subtraction, multiplication, and division between two interval 

number sequences. Another property that applies is the sequence of interval numbers with positive, 

negative, and fractional exponents. Due to the numerous differences in opinion regarding some 

operations in interval numbers, certain properties such as multiplication, division, and the sequence of 

interval numbers raised to a power apply only when using specific formulas. To demonstrate that these 

properties of the interval number sequence hold, the properties of the midpoint have also been shown 

in this article. 
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