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Abstract: In this work, an ultra-local model-based predefined-time assist-as-needed controller
(UPTAC) is presented for a upper limb patient-exoskeleton system (ULPES) under input and
performance constraints. The designed UPTAC has a dual-loop control architecture. The outer
impedance sub-control loop includes task performance function and impedance controller, which
dynamically adjust the speed of rehabilitation exercises and obtain the desired assistive torque. Next,
under the ultra-local model-based control framework, an inner torque sub-control loop was designed by
combining barrier Lyapunov function and performance constraints, thereby achieving predefined time
convergence and reducing the complexity of controller design. Finally, the effectiveness of UPTAC
was verified through simulation.
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1. Introduction

The global demographic shift toward aging populations has elevated stroke to a predominant
neurological disorder, frequently resulting in persistent motor dysfunction [1, 2]. Contemporary
rehabilitation paradigms increasingly incorporate robotic exoskeletons, yet critical challenges persist
in the control of upper limb patient-exoskeleton systems (ULPES), particularly regarding (i)
precision implementation of assist-as-needed (AAN) control, and (ii) resolving time-varying parameter
identification.

Early rehabilitation exoskeletons mainly utilize position control strategies, but this approach often
overlooks the patient’s involvement during the training process [3]. To address this limitation,
AAN control methods have been developed, which operate by adjusting torque, being fundamentally
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different from traditional position control [4]. The AAN approach dynamically adjusts assistive
torque based on real-time assessment of the patient’s movement capability, thereby maintaining
therapeutic efficacy while actively promoting neuromuscular recovery through preserved volitional
movement participation [5]. In [6], an AAN control via a novel stiffness-based mapping framework
was implement, which can dynamically adapt both the rehabilitation trajectory and assistive force of
the robotic system based on real-time assessment of the affected limb’s movement capability. In [7], a
trained machine learning model was employed to characterize patient muscle strength, enabling real-
time adaptation of exoskeleton drive velocity based on continuous muscular capability assessment.
These advancements collectively demonstrate the transition from rigid position control to adaptive,
patient-centered AAN strategies in rehabilitation exoskeletons.

The exoskeleton system must maintain high control precision while achieving AAN to deliver
accurate assistive torque for optimal rehabilitation training. Barrier Lyapunov function (BLF) can
constrain variables in the system, such as tracking errors [8], outputs [9], and states [10], within
certain boundaries. Therefore, BLF-based control strategies can limit tracking errors to small intervals,
achieving high-precision control. In order to address constraint problems in different situations, BLF
has evolved from the initial symmetric log-type BLF [11] to tan-type BLF [12], asymmetric BLF [13],
time-varying BLF [14], and integral BLF [15], among others. In [16], a novel asymmetric BLF is
designed based on translation transformation, which is smooth and has a high-order derivative with
fixed-time convergence. In [17], a recursively constructed adaptive control scheme was presented by
combining BLF and funnel control techniques, with the BLF component designed to mitigate effects
of unmodeled dynamics and improve transient performance. Due to these advantageous properties,
BLF has been widely adopted in robotic systems [18], multi-agent systems [19], and marine surface
vessels [20] to ensure both operational safety and control precision. However, the existence of random
initial values may cause the constrained variables to exceed the preset boundaries, which can have
adverse effects on control performance. To solve the problem of random initial values, shifting function
is used to convert tracking errors into shifting errors [21], thereby reducing the impact of random initial
values. In [22], the influence of initial conditions on predefined-time convergence was eliminated by
introducing auxiliary functions and K1-sliding surfaces. In addition, infinite initial value performance
functions have been proposed in [23], which have infinite initial values, allowing them to remain within
the performance function even if the initial values are random. Most existing BLF-based control
methods rely on model-dependent designs. For human-exoskeleton rehabilitation systems involving
active patient participation, accurate parameter identification becomes particularly challenging. This
necessitates the development of BLF-based controllers that do not rely on precise models.

In addition to BLF-based control methods, both predefined-time control [24] and prescribed
performance control [25] can improve control accuracy. For predefined-time control, this method
can ensure that the system convergence time has a fixed upper limit of a constant, which can
be explicitly determined by the user [24]. Predefined-time control generally forces the system to
converge within a predefined time by constructing Lyapunov functions on specific forms [26] or
sliding mode control laws [27]. Steady-state error is also an important indicator, and prescribed
performance control can achieve quantifiable transient and steady-state performance [25]. Its essence
is to transform error constraints into core indicators of controller design, requiring errors to satisfy
prescribed dynamic boundaries. In the controller design process, constrained errors are generally
converted into unconstrained variables through an error conversion function, and the controller design
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ensures that the conversion error is bounded, thereby achieving prescribed performance control [28].
In addition, prescribed performance control can also be achieved through BLF [29]. However, most
predefined-time control and prescribed performance control are model-based control methods, and
when an accurate model cannot be obtained or model parameter identification is inaccurate, the control
effect will be affected.

Ultra-local model-based model-free control effectively overcomes the limitations of conventional
control methods that require precise mathematical models. This approach simplifies the original system
into a second-order ultra-local model (ULM) [30]. All subsequent controller design and stability
analysis are then performed based on this simplified ULM representation. Owing to its parsimonious
mathematical structure, the ULM demonstrates remarkable compatibility with various advanced
control strategies, including PID control [31], sliding mode control [32], prescribed performance
control [33], and prescribed time control [34]. This versatility has led to successful deployments
across multiple engineering systems, particularly in exoskeletons [35], manipulators [34], car active
suspension systems [36], UAV [37], etc.

Building upon these research challenges, an ULM-based predefined-time assist-as-needed
controller (UPTAC) is proposed for ULPES, explicitly addressing both input and performance
constraints. The key advancements beyond existing approaches include:

(i) Compared with our previous work [38], this study incorporates a task performance function
that dynamically adjusts rehabilitation training intensity based on the patient’s recovery status. For
patients with limited movement capability, the duration of each training cycle is extended to reduce
exercise speed; as the patient’s movement capability improves, the circulation time is shortened to
gradually increase the speed. This ensures the safety of patients and can stimulate their enthusiasm for
rehabilitation training.

(ii) BLF is introduced, and special performance constraints are designed to indirectly achieve
predefined-time convergence, allowing the tracking error to converge to a small interval within a
predefined time. The constraints employ an exponential term that simultaneously enables predefined-
time convergence and achieves a smooth transition of performance constraints.

(iii) Unlike conventional BLF-based controllers, the proposed UPTAC method is designed and
analyzed using the ULM framework, which significantly reduces both dependence on precise
mathematical modeling and controller design complexity.

This paper is structured into five main sections. Section 2 formulates the dynamic model of
the ULPES and gives the control objectives. The detailed development of the UPTAC controller is
presented in Section 3. Sections 4 and 5 discuss the simulation results and conclusions, respectively.

2. Dynamic modeling of ULPES and preliminaries

To achieve effective assist-as-needed control while satisfying both input and performance
constraints, establishing a dynamic model of the ULPES becomes essential. Figure 1 illustrates the 2-
DOF mechanical configuration of this rehabilitation system.
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Figure 1. Schematic diagram of ULPES.

As shown in Figure 1, the 2-DOF exoskeleton comprises a shoulder joint and an elbow joint, with
their angles denoted as θe,1 and θe,2, respectively. The patient’s shoulder and elbow joint angles are
represented by θp,1 and θp,2. The patient’s upper limb is connected to the exoskeleton via elastic straps,
whose tension provides assistive force to the user.

Applying Hamilton’s principle [39] through systematic energy analysis yields the dynamic model
for the 2-DOF ULPES:

Mp(θp)θ̈p + Cp(θp, θ̇p)θ̇p +Gp(θp) = τs + τp, (2.1)

Me(θe)θ̈e + Ce(θe, θ̇e)θ̇e +Ge(θe) + τs = τm, (2.2)

τs = Ks(θe − θp) + Bs(θ̇e − θ̇p), (2.3)

where τs ∈ R
2 is the torque generated by straps, τp ∈ R

2 denotes the torque generated by patient,
θe = [θe,1; θe,2] ∈ R2 is the angle of the exoskeleton, θp = [θp,1; θp,2] ∈ R2 is the angle of the patient’s
joint, τm = [τm,1; τm,2] ∈ R2 denotes the torque of the exoskeleton, Ks = diag{ks,1, ks,2} ∈ R

2×2 and
Bs = diag{bs,1, bs,2} ∈ R

2×2 demonstrate the stiffness and damping of the straps, and the matrix elements
are given in our previous work [38].

Addressing both patient safety concerns and the physical torque limits of the motors, input
constraints are considered as follows:

τm,i =


− µτ,i τc,i < −µτ,i,

τc,i −µτ,i ≤ τc,i ≤ µτ,i,

µτ,i µτ,i < τc,i,

(2.4)

where τc,i denotes the original control signal obtained by the controller, without accounting for input
constraints, and µτ,i > 0 is a positive constant representing the boundary of input constraints.

Remark 2.1. In control systems, input constraints are a critical consideration, especially in
rehabilitation exoskeleton systems. This necessity stems from two basic requirements: (i) physical
torque limitation of the driving motor, and (ii) the need for patient safety. The selection of input
constraints cannot be too small, and the input torque of the driving motor needs to meet the actual
rehabilitation task requirements. If the input constraints are selected too small, it is likely that the
required rehabilitation task cannot be completed, and the stability of the system will also be affected
when disturbances occur. Therefore, the setting of input constraints cannot be too small and needs to
be adjusted according to the actual needs of the task.
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This study focuses on the ULPES under input constraints, proposing a ULM-based predefined-
time assist-as-needed controller (UPTAC) to achieve the following control objectives: (i) calculate the
required assistive torque based on the patient’s joint angles and angular velocities, and dynamically
adjust the cycle duration of rehabilitation movements according to the assistive torque; (ii) ensure that
the patient’s upper limb Pp = (JT (θp))−1θp ∈ R

2 tracks the desired rehabilitation trajectory Pd ∈ R
2

within a predefined time interval, where JT (θp) ∈ R2×2 is the Jacobian matrix.

3. UPTAC design and stability analysis

To address the control challenges of the ULPES under input and performance constraints, an
UPTAC method is proposed with dual-loop architecture (Figure 2). Section 3.1 presents the outer
impedance loop design. The inner torque loop synthesis combining admittance control and ultra-local
modeling is provided in Section 3.2. The complete stability proof is established in Section 3.3. The
design process of the proposed UPTAC method is shown in Figure 2.

Figure 2. The control structure of the UPTAC.

3.1. Outer impedance sub-control loop design

To determine the desired assistive torque to be provided by the exoskeleton and to enable its accurate
delivery, the outer-loop force control framework is designed as follows: First, the rehabilitation
trajectory of the patient’s upper limb is defined. Subsequently, to actively engage the patient during
training, a task performance function is established to dynamically adjust the rehabilitation speed
according to the patient’s recovery progress. Then, an impedance controller is designed to compute the
desired assistive torque for the patient’s upper limb.

3.1.1. Desired trajectory and task performance function design

For the desired trajectory Pd = [Pd,X; Pd,Y] ∈ R2, this study adopts a circular rehabilitation path,
formulated as follows: {

Pd,X = pox + rd cos(2πt/kd),
Pd,Y = poy + rd sin(2πt/kd),

(3.1)
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where (pox, poy) denotes the center position of the circular trajectory in Cartesian coordinate system, rd

represents the trajectory radius, and parameter kd is a time-scaling factor for cycle duration.
In rehabilitation training, increasing movement speed can enhance patient motivation. However,

speed adjustment must be carefully regulated based on the patient’s recovery progress. Excessive
speed may cause injury if the patient’s movement capability is insufficient. Therefore, this study
adopts the following adaptive speed control strategy: For patients with limited movement capability,
the duration of each training cycle should be extended to reduce movement speed; as the patient’s
movement capability improves, the cycle duration should be shortened to progressively increase speed.

In this study, one complete revolution of the circular trajectory constitutes a rehabilitation cycle for
the patient. Thus, the movement speed can be regulated by adjusting parameter kd, with the following
adaptive strategy:

kd = kmax − (kmax − kmin)(1 − tanh(ς1(τ̄a − ς2))), (3.2)

where kmin and kmax denote the minimum and maximum bounds of kd, respectively, τ̄a represents the
average assistive torque from the previous cycle, and ς1 and ς2 are positive constant parameters.

3.1.2. Desired assistive torque and impedance controller design

Based on established physiological models [40], the torque of patient’s upper limb is given as
follows

τp = km(Kp(θd − θp) + Bp(θ̇d − θ̇p)), (3.3)

where Bp = diag{bp,1, bp,2} ∈ R
2×2 and Kp = diag{kp,1, kp,2} ∈ R

2×2 are the damping and stiffness
parameters of patient, parameter km ∈ (0, 1] quantifies the patient’s movement capability, where
decreasing values indicate progressively weaker muscular capability, km = 1 corresponds to unimpaired
physiological movement capability, θd = [θd,1; θd,2] = JT (θp)Pd ∈ R

2 is the desired trajectory of patient,
and JT (θp) ∈ R2×2 is the Jacobian matrix.

Patients’ diminished movement capacity necessitates exoskeleton-delivered assistive torque.
Following the impedance control methodology in [41], the desired assistive torque τda = [τda,1; τda,2] ∈
R2 can be derived as:

τda = Ka(θd − θp) + Ba(θ̇d − θ̇p), (3.4)

where Ba and Ka are the damping and stiffness parameters.
Thus, based on the desired trajectory θd and the patient’s actual trajectory θp, the desired assistive

torque τda is derived through the impedance control algorithm (3.4). Furthermore, an adaptation
strategy (3.2) is incorporated to adjust the rehabilitation movement speed according to the patient’s
recovery progress, thereby enhancing patient motivation. The implementation of τda for precise
tracking of Pd will be detailed in the next subsection.

3.2. Inner torque sub-control loop design

To ensure the exoskeleton delivers the necessary assistive torque to the patient, the control
framework proceeds as follows: First, a reference trajectory θr = [θr,1; θr,2] ∈ R2 for the exoskeleton
is generated through an admittance control approach, incorporating both the patient’s trajectory θp and
the desired assistive torque τda. Subsequently, an ULM-based predefined-time controller is developed
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based on ULM, integrating BLF with backstepping techniques to ensure that the patient’s upper-limb
motion can precisely track the desired rehabilitation trajectory Pd.

3.2.1. Admittance controller design

The admittance control algorithm determines the exoskeleton’s reference trajectory. Subsequent
assistive torque application occurs via strap mechanisms, where the resulting assistive torque profile
follows the dynamics described in Eq (2.3).

The exoskeleton’s reference trajectory θr is generated through admittance control principles
according to the following formulation:

θr = θp + ∆θ, (3.5) ∆θ1(s) = 1
Bs,1 s+Ks,1

τda,1(s),
∆θ2(s) = 1

Bs,2 s+Ks,2
τda,2(s),

(3.6)

with τda = [τda,1; τda,2] ∈ R2 and ∆θ = [∆θ1;∆θ2] ∈ R2.

3.2.2. Ultra-local model (ULM) design

While backstepping-based controllers traditionally depend on precise system parameters, practical
identification inaccuracies frequently compromise their performance. To overcome this limitation,
ULM is developed to approximate the system (2.3) [30, 42]:

θ̈e = F + ατm, (3.7)

where F = [F1; F2] ∈ R2 indicates an unknown lumped term that encompasses all the dynamics
characteristics, and α ∈ R expresses a constant input gain.

Remark 3.1. Compared to first-order ULM, second-order ULM can fully capture the dynamic
characteristics (including position and velocity) of the upper limb exoskeleton system. Second,
compared to higher-order ULM, second-order models achieve a good balance between computational
complexity and model accuracy. Moreover, second-order ULM has been proven to be sufficient to
describe the exoskeleton patient interaction dynamics in experimental applications [1, 35].

There is an assumption to be made for the ULM (3.7).

Assumption 3.1. Physical limitations of the exoskeleton system impose strict bounds on joint
kinematics (angular displacement, velocity, acceleration) and actuator torque outputs. Consequently,
the dynamic term F that encapsulates all unmodeled system properties must be bounded.

Remark 3.2. In this work, the input constraints ensure that the input torque of the exoskeleton is
limited. Then, in the upper limb patient-exoskeleton system (ULPES), the joint torque of the patient
is also limited, so the displacement, velocity, and acceleration values of the exoskeleton and patient
joints are bounded. The unknown variable F can be expressed as

F =Me
−1(τm − Ceθ̇e −Ks(θe − θp) + Bs(θ̇e − θ̇p)) − ατm.

It can be seen that the value of F is also bounded, so Assumption 3.1 is reasonable.

AIMS Mathematics Volume 10, Issue 10, 23738–23772.



23745

Based on the time-delay estimator (TDE) [43], F can be approximated by:

F̂(t) = F(t − ∆) = θ̈e(t − ∆) − ατm(t − ∆), (3.8)

where ∆ is a small time delay, and F̂ is the estimation of F.

Assumption 3.2. Since Fi is bounded, as F̂i(t) = Fi(t − ∆), the estimation error F̃i = Fi − F̂i satisfies
that |Fi| ≤ ζi, ζi is a positive constant, i = 1, 2.

3.2.3. ULM-based predefined-time controller design

The tracking error of the exoskeleton e = [e1; e2] ∈ R2 can be rewritten as follows:

e = θe − θr. (3.9)

To achieve predefined-time convergence and better control accuracy, and inspired by [29], the
prescribed constraints for tracking errors are given as follows:

−µel,i(t) < ei < µeu,i(t), (3.10)

µel,i(t) =

 (µ0l,i −
t

Td
)e1− Td

Td−t + µ∞l,i 0 ≤ t ≤ Td,

µ∞l,i t > Td,
(3.11)

µeu,i(t) =

 (µ0u,i −
t

Td
)e1− Td

Td−t + µ∞u,i 0 ≤ t ≤ Td,

µ∞u,i t > Td,
(3.12)

where µ0l,i > µ∞l,i > 0, µ0u,i > µ∞u,i > 0, Td is the predefined time, e is the natural constant, i = 1, 2.

Assumption 3.3. The prescribed constraints µel,i(t) and µeu,i(t) have lower bounds and are continuously
derivable, and their absolute values of the derivatives have upper bounds, that is, µel,i ≥ µ∞l,i, µeu,i ≥

µ∞u,i,
∣∣∣µ̇el,i

∣∣∣ ≤ µMl,i and
∣∣∣µ̇eu,i

∣∣∣ ≤ µMu,i, where µMl,i and µMu,i are positive constants, i = 1, 2.

Remark 3.3. The prescribed constraints on exoskeleton tracking errors, as defined in Eqs (14)
and (15), guarantee predefined-time convergence. This property arises because the constraint
boundaries µeu,i and µel,i are designed to contract to a very small range [−µ∞l,i, µ∞u,i] precisely at
the predefined time Td, thereby enforcing error convergence within the specified time frame.

Remark 3.4. Due to the consideration of input constraints in this work, the predefined convergence
time Td cannot be set too small in practical applications. Moreover, an excessively small Td value
would cause large initial displacements of the exoskeleton, potentially creating harmful impacts on
patients. Therefore, for safety considerations, Td must be carefully selected within appropriate bounds.

To deal with the input constraints, the auxiliary system [44] is introduced as follows:

q̇i = ∆τi − ϕiqi, (3.13)

where ∆τi = τm,i − τv,i, ϕi > 1, i = 1, 2.
Since the patient’s upper limb may not initially lie on the desired rehabilitation trajectory, the

exoskeleton’s initial position typically deviates from the reference path, potentially causing the initial
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tracking error e to exceed the prescribed constraint boundaries. However, the subsequent controller
design employs BLF techniques, which would diverge if the initial error exceeds the constraints [45].
To resolve this issue, a shifting function [21] is introduced, which transforms the tracking error into a
shifting error. The shifting function is defined as follows:

gs(t) =
{

1 − Ts−t
Ts
+ c 0 ≤ t < Ts,

1 t ≥ Ts,
(3.14)

where c is a small constant, and 0 < Ts ≤ Td is the shifting time.
Then, the shifting error can be defined as:{

z1,i = gsei,

z2,i = gsėi,
(3.15)

with i = 1, 2.
The ULM (3.7) can be rewritten as follows:ż1,i = z2,i + ġse1,i + αgsqi,

ż2,i = gs(Fi − θ̈r,i + ατv,i + αϕiqi) + ġse2,i,
(3.16)

where e1,i = ei, e2,i = ėi, i = 1, 2.
The following mathematical lemmas provide the foundation for the subsequent controller design

and stability proof.

Lemma 3.1. [46] For any x1, x2 ∈ R, if there are two constants y1 > 0 and 0 < y2 ≤ 1, then

|⌊x1⌋
y1y2 − ⌊x2⌋

y1y2 | ≤ 21−y2 |⌊x1⌋
y1 − ⌊x2⌋

y1 |
y2 ,

with ⌊x1⌋
y1 = |x1|

y1 sgn(x1).

Lemma 3.2. [47] For any x1, x2 ∈ R, if there is a function F(x1, x2) > 0, then

|x1|
y1 |x2|

y2 ≤
y1

y1 + y2
L|x1|

y1+y2 +
y2

y1 + y2
L−

y1
y2 |x2|

y1+y2 .

Lemma 3.3. [47] For any xi ∈ R, if there is a constant 0 < y < 1, then

(|x1| + |x2| + ... + |xk|)y
≤ |x1|

y + |x2|
y + ... + |xk|

y,

with i = 1, 2, ..., k.

Lemma 3.4. [48] For any x ∈ [0, 1),

tan
(
πx
2

)
≤
πx
2

sec2
(
πx
2

)
.

The design of the ULM-based predefined-time controller will now be presented. Utilizing the
backstepping technique, the controller development proceeds in two stages, corresponding to the
second-order ULM approximation of the original system.
Step 1: A BLF is employed to satisfy performance constraints on the exoskeleton’s angular tracking
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error, thereby indirectly achieving predefined-time convergence;
Step 2: A Lyapunov function is introduced to derive the final control law τv,i.

For simplicity, the analysis focuses on the i-th joint, i = 1, 2.
Step 1: To satisfy performance constraints on the exoskeleton’s angular tracking error, a BLF is

considered on the region Ω1 = {z1,i : −µel,i(t) < z1,i < µeu,i(t)}:

VBLF,i(z1,i, µel,i, µeh,i) = a
2µel,i

2p+ε
r1

2p+ε
r1
π

tan

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µel,i
2p+ε

r1

 + (1 − a)
2µeh,i

2p+ε
r1

2p+ε
r1
π

tan

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µeh,i
2p+ε

r1

 , (3.17)

where p ≥ r1 > r2 > r3 > ε > 0, r2 = r1 − ε, r3 = r2 − ε, a =
{

1 z1,i ≤ 0
0 z1,i > 0

.

Differentiating the BLF (3.17), one obtains:

V̇BLF,i =
∂VBLF,i

∂z1,i
ż1,i +

∂VBLF,i

∂µel,i
µ̇el,i +

∂VBLF,i

∂µeh,i
µ̇eh,i. (3.18)

Considering the first term of (3.18), one has:

∂VBLF,i

∂z1,i
ż1,i =asec2

 π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µzl,i(t)
2p+ε

r1

 ⌊z1,i
⌋ 2p+ε−r1

r1 (z2,i + ġre1,i + αgrqi)

+ (1 − a)sec2

 π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µzh,i(t)
2p+ε

r1

 ⌊z1,i
⌋ 2p+ε−r1

r1 (z2,i + ġre1,i + αgrqi)

=Ξ(z1,i)
(⌊

s1,i
⌋ 2p+ε−r1

σ z2,i +
⌊
s1,i

⌋ 2p+ε−r1
σ (ġre1,i + αgrqi)

)
,

(3.19)

where Ξ(z1,i) = aΨ1(z1,i) + (1 − a)Ψ2(z1,i), Ψ1(z1,i) = sec2

π|z1,i|
2p+ε

r1

2µel,i

2p+ε
r1

, Ψ2(z1,i) = sec2

π|z1,i|
2p+ε

r1

2µeh,i

2p+ε
r1

, s1,i =⌊
z1,i

⌋ σ
r1 , p ≥ σ ≥ r1, ⌊x⌋a = |x|a sgn(x).

Then, consider the second term of Eq (3.18), and one has:

∂VBLF,i

∂µel,i
µ̇el,i =

2a
π
µel,i

2p+ε−r1
r1 tan

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µel,i
2p+ε

r1

 µ̇el,i −
a
µel,i

sec2

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µel,i
2p+ε

r1

 ∣∣∣z1,i

∣∣∣ 2p+ε
r1 µ̇el,i. (3.20)

For the first term of (3.20), using Lemma 3.4 and Assumption 3.3, one has:

2aµel,i
2p+ε
γ1
−1

π
tan

π
∣∣∣z1,i

∣∣∣ 2p+ε
γ1

2µel,i
2p+ε
γ1

 µ̇el,i ≤
2aµel,i

2p+ε
γ1
−1

π

π
∣∣∣z1,i

∣∣∣ 2p+ε
γ1

2µel,i
2p+ε
γ1

sec2

π
∣∣∣z1,i

∣∣∣ 2p+ε
γ1

2µel,i
2p+ε
γ1

 µ̇el,i

≤
a
µml,i
Ψ1(z1,i)

∣∣∣s1,i

∣∣∣ 2p+ε
σ µMl,i.

(3.21)

And for the second term of (3.20), considering the Assumption 3.3, and one has:

−
a
µel,i

sec2

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µzl,i
2p+ε

r1

 ∣∣∣z1,i

∣∣∣ 2p+ε
r1 µ̇el,i ≤

a
µml,i
Ψ1(z1,i)

∣∣∣s1,i

∣∣∣ 2p+ε
σ µMl,i. (3.22)
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Substitute Eqs (3.21) and (3.22) into (3.20), and one has:

∂VBLF,i

∂µel,i
µ̇el,i ≤

2a
µml,i
Ψ1(z1,i)

∣∣∣s1,i

∣∣∣ 2p+ε
σ µMl,i. (3.23)

Similarly, the third term of Eq (3.18) can be rewritten as follows:

∂VBLF,i

∂µeh,i
µ̇eh,i ≤

2(1 − a)
µmh,i

Ψ2(z1,i)
∣∣∣s1,i

∣∣∣ 2p+ε
σ µMh,i. (3.24)

Substitute Eqs (3.19), (3.23), and (3.24) into (3.18), and one has:

V̇BLF,i ≤Ξ(z1,i)
⌊
s1,i

⌋ 2p+ε−r1
σ (z2,i − z∗2,i) + Ξ(z1,i)

⌊
s1,i

⌋ 2p+ε−r1
σ (ġse1,i + αgsqi)

+ Ξ(z1,i)
⌊
s1,i

⌋ 2p+ε−r1
σ z∗2,i +

2a
µml,i
Ψl(z1,i)

∣∣∣s1,i

∣∣∣ 2p+ε
σ µMl,i +

2(1 − a)
µmh,i

Ψh(z1,i)
∣∣∣s1,i

∣∣∣ 2p+ε
σ µMh,i,

(3.25)

where z∗2,i = −λ1(z1,i)
⌊
s1,i

⌋ r2
σ , λ1(z1,i) =

(
2µMl,ia
µml,i

∣∣∣s1,i

∣∣∣ εσ + 2µMh,i(1−a)
µmh,i

∣∣∣s1,i

∣∣∣ εσ + λ0

)
, λ0 > 0 is a constant.

Taking into account the definition of z∗2,i, Eq (3.25) can be rewritten as follows:

V̇BLF,i ≤ Ξ(z1,i)
(⌊

s1,i
⌋ 2p−r2
σ (z2,i − z∗2,i) +

⌊
s1,i

⌋ 2p−r2
σ (ġse1,i + αgsqi) − λ0

∣∣∣s1,i

∣∣∣ 2p
σ

)
. (3.26)

Step 2: A Lyapunov function that includes the BLF, a power integrator, and the estimation of ζi is
considered.

Consider the candidate Lyapunov function defined as:

Vi(z1,i, z2,i) = VBLF,i(z1,i, µel,i, µeh,i) + V f ,i(z1,i, z2,i) +
η

2
ζ̃T

i ζ̃i, (3.27)

V f ,i(z1,i, z2,i) =
∫ z2,i

z∗2,i

⌊
⌊υ⌋

σ
r2 −

⌊
z∗2,i

⌋ σ
r2

⌋ 2p−r3
σ

dυ, (3.28)

where ζi is added to compensate the TDE estimation error, ζ̃i = ζ̂i − ζi is the estimation error of ζi, ζ̂i is
the estimation of ζi and η > 0 is a constant.

By differentiating the Lyapunov function (3.27), one obtains:

V̇i =V̇BLF,i +
∂V f ,i

∂z1,i
ż1,i +

∂V f ,i

∂z2,i
ż2,i + ηζ̃i

˙̃ζ i

≤Ξ(z1,i)
⌊
s1,i

⌋ 2p−r2
σ (z2,i − z∗2,i) + Ξ(z1,i)

⌊
s1,i

⌋ 2p−r2
σ (ġse1,i + αgsqi) − λ0Ξ(z1,i)

∣∣∣s1,i

∣∣∣ 2p
σ

+
∂V f ,i

∂z1,i
ż1,i +

∂V f ,i

∂z2,i
ż2,i − ηζ̃

T
i

˙̃ζ i.

(3.29)

Define that s2,i =
⌊
z2,i

⌋ σ
r2 −

⌊
z∗2,i

⌋ σ
r2 , and using Lemma 3.1 and the first term of Eq (3.29), one obtains:

Ξ(z1,i)
⌊
s1,i

⌋ 2p−r2
σ (z2,i − z∗2,i) ≤ 21− r2

σ Ξ(z1,i)
∣∣∣s1,i

∣∣∣ 2p−r2
σ

∣∣∣s2,i

∣∣∣ r2
σ . (3.30)
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Using Lemma 3.2, one has:∣∣∣s1,i

∣∣∣ 2p−r2
σ

∣∣∣s2,i

∣∣∣ r2
σ ≤

2p − r2

2p
φ
∣∣∣s1,i

∣∣∣ 2p
σ +

r2

2p
φ
−

2p−r2
r2

∣∣∣s2,i

∣∣∣ 2p
σ , (3.31)

where φ =
(

(2p−r2)22−
r2
σ

pλ0

)−1

.
Consider Eq (3.31) and (3.30) can be rewritten as follows:

Ξ(z1,i)
⌊
s1,i

⌋ 2p−r2
σ (z2,i − z∗2,i) ≤

λ0

4
Ξ(z1,i)

∣∣∣s1,i

∣∣∣ 2p
σ + c1(λ0)Ξ(z1,i)

∣∣∣s2,i

∣∣∣ 2p
σ , (3.32)

where c1(λ0) = 2−
r2
σ

r2
p

(
(2p−r2)22−

r2
σ

pλ0

) 2p−r2
r2

.
Proceeding to analyze the fourth component of (3.29) and through Lemma 3.1, one obtains:

∣∣∣∣∣∣∂V f ,i

∂z1,i
ż1,i

∣∣∣∣∣∣ ≤ 2p − r3

σ

∣∣∣z2,i − z∗2,i
∣∣∣ ∣∣∣s2,i

∣∣∣ 2p−r3
σ −1

∣∣∣∣∣∣∣∣∣
∂
⌊
z∗2,i

⌋ σ
r2

∂z1,i
ż1,i

∣∣∣∣∣∣∣∣∣
≤

2p − r3

σ
21− r2

σ

∣∣∣s2,i

∣∣∣ r2
σ +

2p−r3
σ −1

∣∣∣∣∣∣∣∣∣
∂
⌊
z∗2,i

⌋ σ
r2

∂z1,i
ż1,i

∣∣∣∣∣∣∣∣∣ .
(3.33)

For the last term of Eq (3.33), and considering the definition of z∗2,i, it follows that:∣∣∣∣∣∣∣∣∣
∂
⌊
z∗2,i

⌋ σ
r2

∂z1,i

∣∣∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∂λ1

σ
r2 (z1,i)
∂z1,i

s1,i

∣∣∣∣∣∣∣ ≤ c2(z1,i)
∣∣∣s1,i

∣∣∣1− r1
σ , (3.34)

where c2(z1,i) =
∣∣∣∣∣∂λ1

σ
r2 (z1,i)
∂z1,i

z1,i

∣∣∣∣∣.
Consider the definitions of s2,i and z∗2,i, and by applying Lemma 3.3, one obtains:∣∣∣z2,i

∣∣∣ ≤ ∣∣∣s2,i

∣∣∣ r2
σ + λ1(z1,i)

∣∣∣s1,i

∣∣∣ r2
σ . (3.35)

Based on Eqs (3.16), (3.34), and (3.35), it yields that∣∣∣∣∣∣∣∣∣
∂
⌊
z∗2,i

⌋ σ
r2

∂z1,i
ż1,i

∣∣∣∣∣∣∣∣∣ ≤
(
c2(z1,i)

∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣s2,i

∣∣∣ r2
σ + c2(z1,i)λ1(z1,i)

∣∣∣s1,i

∣∣∣1− εσ )
+ c2(z1,i)

∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣ġse1,i + αgsqi

∣∣∣ .
(3.36)

Define that b1(z1,i) = c2(z1,i) and b2(z1,i) = c2(z1,i)λ1(z1,i), and Eq (3.36) becomes:∣∣∣∣∣∣∣∣∣
∂
⌊
z∗2,i

⌋ σ
r2

∂z1,i
ż1,i

∣∣∣∣∣∣∣∣∣ ≤ b1(z1,i)
∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣s2,i

∣∣∣ r2
σ + b2(z1,i)

∣∣∣s1,i

∣∣∣1− εσ + b1(z1,i)
∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣ġse1,i + αgsqi

∣∣∣ . (3.37)
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Bearing in mind the first term of Eq (3.37), and using Lemma 3.2, it yields:

b1(z1,i)
∣∣∣s1,i

∣∣∣σ−r1
σ

∣∣∣s2,i

∣∣∣ r2
σ ≤

∣∣∣s1,i

∣∣∣1− εσ + c3(z1,i)
∣∣∣s2,i

∣∣∣1− εσ , (3.38)

with c3(z1,i) = b1(z1,i) r2
σ−ε

(
b1(z1,i)σ−r1

σ−ε

)σ−r2
r2 .

Substituting Eq (3.38) into (3.37) yields:∣∣∣∣∣∣∣∣∣
∂
⌊
z∗2,i

⌋ σ
r2

∂z1,i
ż1,i

∣∣∣∣∣∣∣∣∣ ≤ c4(z1,i)
∣∣∣s1,i

∣∣∣1− εσ + c3(z1,i)
∣∣∣s2,i

∣∣∣1− εσ + b1(z1,i)
∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣ġse1,i + αgsqi

∣∣∣ , (3.39)

with c4(z1,i) = b2(z1,i) + 1.
By substituting Eq (3.39) into (3.33), it can be deduced that∣∣∣∣∣∣∂V f ,i

∂z1,i
ż1,i

∣∣∣∣∣∣ ≤2p − r3

σ
21− r2

σ

∣∣∣s2,i

∣∣∣ r2
σ +

2p−r3
σ −1

(
c4(z1,i)

∣∣∣s1,i

∣∣∣1− εσ + c3(z1,i)
∣∣∣s2,i

∣∣∣1− εσ )
+

2p − r3

σ
21− r2

σ

∣∣∣s2,i

∣∣∣ r2
σ +

2p−r3
σ −1

b1(z1,i)
∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣ġse1,i + αgsqi

∣∣∣ . (3.40)

For the first term of Eq (3.40), Lemma 3.2 yields:

2p − r3

σ
c4(z1,i)21− r2

σ

∣∣∣s2,i

∣∣∣ r2
σ +

2p−r3
σ −1∣∣∣s1,i

∣∣∣1− εσ ≤ λ0

4

∣∣∣s1,i

∣∣∣ 2p
σ + c5(z1,i)

∣∣∣s2,i

∣∣∣ 2p
σ , (3.41)

where c5(z1,i) = 21− r2
σ

2p−r3
σ

c4(z1,i)
2p+ε−σ

2p

(
22−

r2
σ

λ0

(2p−r3)(σ−ε)
σp c4(z1,i)

) σ−ε
2p+ε−σ

.
Substituting Eq (3.41) into (3.40), one gets:∣∣∣∣∣∣∂V f ,i

∂z1,i
ż1,i

∣∣∣∣∣∣ ≤λ0

4

∣∣∣s1,i

∣∣∣ 2p
σ + c6(z1,i)

∣∣∣s2,i

∣∣∣ 2p
σ

+
2p − r3

σ
21− r2

σ

∣∣∣s2,i

∣∣∣ 2p+ε−σ
σ b1(z1,i)

∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣ġse1,i + αgsqi

∣∣∣ , (3.42)

where c6(z1,i) = c5(z1,i) +
2p−r3
σ

21− r2
σ c3(z1,i).

Consider the fifth term of Eq (3.29), it yields:

∂V f ,i

∂z2,i
ż2,i =

⌊
s2,i

⌋ 2p−r3
σ (gs(Fi − θ̈r,i + ατv,i + αϕiqi) + ġse2,i). (3.43)

Substituting Eqs (3.32), (3.42), and (3.43) into (3.29), and considering Ξ(z1,i) > 1, it yields:

V̇i ≤ −
λ0,i

2
Ξ(z1,i)

∣∣∣s1,i

∣∣∣ 2p
σ + (c1(λ0,i) + c6(z1,i))Ξ(z1,i)

∣∣∣s2,i

∣∣∣ 2p
σ

+ Ξ(z1,i)
(
2p − r3

σ
21− r2

σ c2(z1,i)
∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣s2,i

∣∣∣ 2p+ε−σ
σ +

∣∣∣s1,i

∣∣∣ 2p−r2
σ

) ∣∣∣ġse1,i + gsqi

∣∣∣
+ Ξ(z1,i)

⌊
s2,i

⌋ 2p−r3
σ (gs(Fi − θ̈r,i + ατv,i + αϕiqi) + ġse2,i) − ηζ̃T

i
˙̂ζ i.

(3.44)
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With the backstepping method, the control law τv,i can be given as follows:

τv,i = −
1
α

(
F̂i − θ̈r,i + αϕiqi + ζ̂i +

1
gs

(
λ2(z1,i)

⌊
s2,i

⌋ γ3
σ + ġsz2,i

)
+

1
gs

((
2p − r3

σ
21− r2

σ c2(z1,i)
∣∣∣s1,i

∣∣∣1− r1
σ
∣∣∣s2,i

∣∣∣ r2
σ −1
+

∣∣∣s1,i

∣∣∣ 2p−r2
σ

∣∣∣s2,i

∣∣∣ r3−2p
σ

) ∣∣∣ġsz1,i + gsqi

∣∣∣)) , (3.45)

where λ2(ς1,i) = c1(λ0) + c6(ς1,i) + 1
2λ0.

Substituting the control law τv,i into Eq (3.44), it holds that:

V̇i ≤ −
λ0,i

2
Ξ(z1,i)

∣∣∣s1,i

∣∣∣ 2p
σ −
λ0,i

2
Ξ(z1,i)

∣∣∣s2,i

∣∣∣ 2p
σ + Ξ(z1,i)

⌊
s2,i

⌋ 2p−r3
σ gsζ̃i − ηζ̃i

˙̂ζi. (3.46)

With the backstepping method, the adaptive estimation law of ζi can be given as follows:

˙̂ζi =
1
η

gsΞ(z1,i)
⌊
s2,i

⌋ 2p−r3
σ . (3.47)

In summary, the proposed UPTAC can be composed based on impedance controller (3.4), adaptive
strategy (3.2), admittance controller (3.5)–(3.6), ULM-based predefined-time controller (3.45), and
adaptive estimation law (3.47).

Remark 3.5. As illustrated in Figure 3, the outer impedance sub-control loop governs the
rehabilitation strategy. Through the impedance controller, circular rehabilitation path, and task
performance function, the desired assistive torque and trajectory is generated according to the patient’s
movement capability. The inner torque sub-control loop achieves precise regulation of the assistive
torque. The admittance controller transforms the desired assistive torque and trajectory provided by
the outer loop into the exoskeleton’s reference trajectory. Subsequently, a predefined-time controller
is designed under the ultra-local model framework to enable the exoskeleton to accurately track this
reference trajectory, ultimately realizing assist-as-needed control.
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Figure 3. The design process of the controller.

Furthermore, as also illustrated in Figure 2, the patient’s upper limb position and the exoskeleton’s
assistive torque information—obtained through inner loop—also influence the desired assistive torque
and trajectory generated by the outer loop.

3.3. Stability analysis

Lemma 3.5. [49] Consider the system ẏ = f (y, u). Suppose that there is a continuous function V(x)
and scalars a > 0, 0 < b < 1, and 0 < c < ∞ such that

V̇ ≤ −aVb + c.

Then, the system is practical finite-time stable.

The stability theorem of the closed-loop 2-DOF ULPES (2.1)–(2.3) under input constraints using
the proposed UPTAC is stated and analyzed as follows:

Theorem 3.1. Considering the 2-DOF ULPES (2.1)–(2.3) under input constraints, applying the
proposed UPTHC, there are parameters p ≥ σ ≥ r1, r2 = r1 − ε, r3 = r2 − ε, η > 0 such that
the following properties can be guaranteed:
(i) The system can be stable;
(ii) The tracking error ei satisfies the performance constraints;
(iii) The tracking error ei can converge to a small bounded interval before the predefined time Td;
(iv) The patient’s upper limb can track the desired rehabilitation trajectory Pd.
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Proof. (i) Substituting the estimation of ζi into Eq (3.46), it holds that:

V̇i ≤ −
λ0,i

2
Ξ(z1,i)

∣∣∣s1,i

∣∣∣ 2p
σ −
λ0,i

2
Ξ(z1,i)

∣∣∣s2,i

∣∣∣ 2p
σ ≤ 0. (3.48)

From the definition of the BLF VBLF,i and using Lemma 3.4, it can be deduced that

VBLF,i ≤ a
2r1

2p + ε
sec2

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µel,i
2p+ε

r1

 ∣∣∣z1,i

∣∣∣ 2p+ε
r1 + (1 − a)

2r1

2p + ε
sec2

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µzh,i
2p+ε

r1

 ∣∣∣z1,i

∣∣∣ 2p+ε
r1

≤
2r1

2p + ε
Ξ(z1,i)

∣∣∣z1,i

∣∣∣ 2p+ε
r1 .

(3.49)

Then, in view of the definition of V f ,i and using Lemma 3.1, one has:∫ z2,i

z∗2,i

⌊
⌊υ⌋

σ
r2 −

⌊
z∗2,i

⌋ σ
r2

⌋ 2p−r3
σ

dυ ≤
∣∣∣z2,i − z∗2,i

∣∣∣ ∣∣∣s2,i

∣∣∣ 2p−r3
σ ≤ 21− r2

σ

∣∣∣s2,i

∣∣∣ 2p+ε
σ . (3.50)

Substituting Eqs (3.49) and (3.50) into Vi, it yields:

Vi ≤
2r1

2p + ε
Ξ(z1,i)

∣∣∣s1,i

∣∣∣ 2p+ε
σ + 21− r2

σ

∣∣∣s2,i

∣∣∣ 2p+ε
σ +

η

2
ζ̃2

i . (3.51)

Define that χ = max
{

2r1
2p+εΞ(z1,i), 21− r2

σ

}
, one obtains:

Vi ≤ χ
(∣∣∣s1,i

∣∣∣ 2p+ε
σ +

∣∣∣s2,i

∣∣∣ 2p+ε
σ

)
+
η

2
ζ̃2

i . (3.52)

Consider Eq (3.48), it yields:

V̇i ≤ −cV
2p

2p+ε

i + c
(
η

2
ζ̃2

i

) 2p
2p+ε
, (3.53)

with c = β0Ξ(z1,i)

2χ
2p

2p+ε
.

Noting that c > 0, 0 < 2p
2p+ε < 1, and 0 < c

(
η

2 ζ̃
2
i

) 2p
2p+ε
< ∞, system stability can be achieved through

Lemma 3.5.
(ii) Since the BLF VBLF,i and Lyapunov function Vi are positive defined, and considering V̇i < 0, it

yields:
VBLF,i ≤ Vi ≤ Vi(z1,i(0), z2,i(0)). (3.54)

In view of the definition of VBLF,i, one has:

a
2µel,i

2p+ε
r1

2p+ε
r1
π

tan

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µzl,i
2p+ε

r1

 + (1 − a)
2µeh,i

2p+ε
r1

2p+ε
r1
π

tan

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µeh,i
2p+ε

r1

 ≤ Vi(z1,i(0), z2,i(0)). (3.55)

When z1,i ≤ 0, Eq (3.55) becomes:

π
∣∣∣z1,i

∣∣∣ 2p+ε
r1

2µel,i
2p+ε

r1

≤ arctan

 2p+ε
r1
π

2µel,i
2p+ε

r1

Vi(z1,i(0), z2,i(0))

 < π2 . (3.56)
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Then, from Eq (3.56), one has
−µel,i < z1,i ≤ 0. (3.57)

Similarly, it can be proven that 0 < z1,i < µeh,i.
Accordingly, one can get that the tracking error ei satisfies the performance constraints.
(iii) Since the tracking error e is guaranteed to remain within the prescribed performance constraints,

that is −µel,i < z1,i < µeh,i, and considering the asymptotic properties of the constraint boundaries
(lim
t→Ts
µel,i = µ∞l,i, lim

t→Ts
µeh,i = µ∞h,i), one can conclude that ei converges to a small interval [µ∞l,i, µ∞h,i]

prior to the predefined time Td.
(iv) The second part of the proof demonstrates that the exoskeleton’s angular tracking error e

satisfies the performance constraints. Consequently, the generated assistive torque τa accurately tracks
the desired assistive torque τda. The impedance controller (3.4), which exhibits a PD-type structure
(with convergence guarantees established in [50]), ensures asymptotic convergence of the patient’s
upper limb to the target rehabilitation trajectory Pd. □

4. UPTAC application and simulation results

The ULPES model, developed in SolidWorks, is imported into MATLAB/SimMechanics for co-
simulation to validate the proposed UPTAC. The parameters of the ULPES model are given in Tables 1
and 2.

Table 1. Parameters of ULPES model.

Part name Mass (kg) Center of mass position (m)
Exoskeleton upper arm 2.357 (-0.439, -0.403, 0.604)
Exoskeleton forearm 1.177 (-0.689, -0.434, 0.665)
Patient upper arm 1.530 (-0.199, 0.096, 0.974)
Patient forearm 1.084 (-0.951, -0.591, 0.646)

Table 2. Parameters of ULPES model.

Part name Moment of inertia (kg·mm2) Products of inertia (kg·mm2)
Exoskeleton upper arm (2054.30, 17954.81, 17625.12) (0.000077, -2762.28, 0.077)
Exoskeleton forearm (2686.60, 14117.72, 14474.28) (1000.85, 3015.29, -3037.84)
Patient upper arm (11897.13, 1423.72, 12059.21) (-186.88, -14.95, -1013.00)
Patient forearm (583.10, 10046.14, 10145.05) (10.64, -352.71, 12.47)

4.1. Case 1: Comparison of results between TDE-SMC and BLF-SMC

TDE-sliding mode control (TDE-SMC) [51] and BLF-based sliding mode control (BLF-SMC) [48]
are applied to illustrate the performance of UPTAC.

The referred TDE-SMC [51] is given as follows:{
s = ė + r1e + r2ρ (e) ,
u = m̂(ÿd +Ω + µ1s + µ2sgn(s)β) + m̂k (σ) |Ω| sgn (s) + ut−∆t − m̂ÿt−∆t.

(4.1)
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Then, the BLF-SMC [48] is given as follows:

ui = − β2(s1,i)Φ(s1,i)
⌊⌊

s2,i
⌋ a

r2 + β
a
r2
1 (s1,i)

⌊
s1,i

⌋ a
r1

⌋ r3
a

−
G(x)

H
· sgn

(⌊
s2,i

⌋ a
r2 + β

a
r2
1 (s1,i)

⌊
s1,i

⌋ a
r1

)
.

(4.2)

For rehabilitation task specification, the end-effector trajectory Pd in Cartesian space follows a
circular path centered at [0.35 m, 0] with 0.15 m radius. The parameters of the patient’s upper limb are
selected as kp,1 = kp,2 = 85, bp,1 = bp,2 = 15.5. Assuming that the patient’s movement capability will
gradually recover through rehabilitation training, the parameter km is selected as follows:

km =


0.1 0 ≤ t ≤ 6,
0.1 + 0.05(t − 6) 6 < t ≤ 24,
1 t > 24.

The input constraints of each joint are set as µτ,1 = 20, µτ,2 = 10.
The predefined time is set as Td = 0.5s. Then, to guarantee predefined-time convergence while

maintaining good tracking precision after the predefined time Td, the prescribed constraints for tracking
errors are set as follows:

µel,1(t) =
{

(2 × 10−3 − t
0.5 )e1− 0.5

0.5−t + 7.5 × 10−4 0 ≤ t ≤ 0.5,
7.5 × 10−4 t > 0.5,

µel,2(t) =
{

(3 × 10−3 − t
0.5 )e1− 0.5

0.5−t + 5 × 10−4 0 ≤ t ≤ 0.5,
5 × 10−4 t > 0.5,

µeu,1(t) =
{

(3 × 10−3 − t
0.5 )e1− 0.5

0.5−t + 5 × 10−4 0 ≤ t ≤ 0.5,
5 × 10−4 t > 0.5,

µeu,2(t) =
{

(2 × 10−3 − t
0.5 )e1− 0.5

0.5−t + 5 × 10−4 0 ≤ t ≤ 0.5,
5 × 10−4 t > 0.5.

Other parameters of UPTAC are selected as kmax = 6, kmin = 3, ς1 = 1/13, ς2 = 55, Ts = 0.5s,
α = 1, ∆ = 0.001, ϕi = 100, p = 1, σ = 1, r1 = 1, ϵ = 1/9, λ0 = 10, η = 1. The parameters of
TDE-iPD are set as α = 1, kd = 10, kp = 100. The parameters of TDE-SMC are chosen as r1 = 50,
r2 = 1, σ = 0.25, µ1 = 100, µ2 = 10, β = 0.8. And the parameters of BLF-SMC are chosen as r1 = 1,
r2 = 8/9, r3 = 7/9, a = 1, H = 1, G(x) = 10.

Remark 4.1. The parameter selection for the proposed UPTAC control method is given as follows.
For the task performance function, kmin and kmax, representing the minimum and maximum duration
of each rehabilitation movement, are set to 3 and 6, respectively. Then, ς1 is the slope coefficient
used to control the rate of change of kd between kmax and kmin. The smaller ς1, the smoother it is. To
increase patient comfort, ς1 = 1/13 is chosen. And ς2 is a threshold parameter that determines the
critical torque value for triggering speed adjustment. Increasing ς2 will delay the triggering timing for
speed increase, and ς2 = 55 is selected through trial-and-error method. For the parameter selection of
ULM-based predefined-time controller, α will affect the convergence speed and overshoot. Therefore,
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in this simulation, α = 1 is selected to ensure tracking performance. Parameters p, σ, r1, and η are
commonly assigned a value of 1. Parameter ϵ is selected as 1/9 through trial-and-error. Each element
in parameter λ0 is generally selected as an integer between intervals [1, 10]. To improve convergence
speed, but also to avoid excessive overshoot, the predefined time Td = 0.5 is selected. The shifting
time Ts needs to satisfy 0 < Ts ≤ Td, so Ts = 0.5 is selected. For the parameter ϕi in the auxiliary
system, ϕi = 100 is selected through trial-and-error. The time delay ∆ = 0.001 s is implemented via
MATLAB/SimMechanics co-simulation with 1 kHz sampling frequency.

Remark 4.2. The selection of TDE-SMC and BLF-SMC as comparative methods is reasonable.
Regarding TDE-SMC, this method represents a classical model-free control method, similar to
the proposed UPTAC, and it is also an ultra-local model-based controller that utilizes time-delay
estimation techniques. Moreover, this method has been successfully applied in robotic systems [51].
The reason for choosing BLF-SMC as the comparison method is that it also uses BLF, which can form
a comparison in the performance constraints section. Additionally, since this method does not account
for the impact of random initial errors, it serves as an effective contrast to UPTAC, which incorporates
a shifting function to address this issue.

Under the specified simulation conditions and controller configurations, the obtained results are
illustrated in Figures 4–9 and Table 3. Figure 4 illustrates the progression of movement capability
parameter km and the adaptive training time per cycle. As evidenced in subfigure 4a, the patient’s
movement capability (quantified by km) exhibits improvement. Correspondingly, subfigure 4b
demonstrates that the proposed algorithm dynamically adjusts the cycle duration based on assistive
force feedback from prior cycles—reducing the time per training session from 6.0 to 3.14 s as motor
function enhances. This progressive adaptation not only optimizes rehabilitation efficiency but also
sustains patient engagement.

(a) (b)

Figure 4. (a): The value of parameter km; (b): The time required for each training in case 1.

AIMS Mathematics Volume 10, Issue 10, 23738–23772.



23757

Figure 5. The tracking curves of θr of each method in case 1.

As evidenced in Figure 5, by applying the UPTAC, exoskeleton joints (red dashed lines) can
accurately track the reference trajectory θr while satisfying performance constraints on tracking error.
Steady-state errors converge to (−7.5 × 10−4, 5 × 10−4) (shoulder joint) and (−5 × 10−4, 5 × 10−4)
(elbow joint). And, despite initial error violations of the performance constraints, the incorporation
of a shifting function enables the proposed UPTAC to achieve rapid convergence. Furthermore, the
proposed UPTAC guarantees predefined-time convergence since the tracking error remains within the
performance constraints, and the definition of performance constraints indicates that the tracking error
converges to a minimal interval within 0.5 seconds.

The comparative TDE-SMC method lacks error constraint mechanisms, resulting in significant
steady-state error fluctuations, indirectly leading to fluctuations in assistive torque and causing impact
on patients, resulting in decreased safety. Moreover, this method can only achieve finite time
convergence, and in the case where the initial position of the patient’s upper limb is random, its
convergence time is relatively longer than the proposed method.

For the compared BLF-SMC, the poor initial performance can be attributed to the fact that
BLF-based controllers require the initial error to be maintained within the prescribed performance
constraints. However, the initial position of the patient’s upper limb is often randomized and cannot
guarantee such a condition. Furthermore, BLF-SMC lacks effective mechanisms—such as the shifting
function—to compensate for these random initial errors, resulting in its poor control performance
initially. Then, as shown in Table 3, the average error of the proposed UPTAC is only 70% of that of
TDE-SMC and 30.4% of that of BLF-SMC.

Figure 6 compares the assistive torque tracking performance of three methods across shoulder
and elbow joints. By comparing with Figure 4a, it can be seen that as the patient’s movement
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capability recovers, the required assistive torque gradually decreases. The proposed UPTAC method
can accurately provide the required assistive torque, with fast convergence speed and small overshoot.
However, the TDE-SMC may have some impact and pose a risk to patient safety. Although the BLF-
SMC can stably provide the required auxiliary torque after 3 s, its convergence speed is slow. In
addition, as shown in Table 3, the average tracking error of the proposed UPTAC on the expected assist
torque is only 16.4% of TDE-SMC and 24.1% of BLF-SMC.

The simulation results of the patient’s upper limb endpoint trajectory are shown in Figures 7 and 8.
It is evident that the proposed UPTAC outperforms other methods in both overshoot and convergence
speed. Moreover, as shown in Table 3, UPTAC achieves only 17.8% of TDE-SMC and 11.8% of
BLF-SMC average tracking error in the x-axis trajectory, while its y-axis average tracking error is
merely 62.9% of TDE-SMC and 25.2% of BLF-SMC.

Figure 9 gives the control input signals of the three methods, confirming that all methods are limited
within the input constraints. Notably, the proposed UPTAC method has the smoothest control signals.

Table 3. The average absolute value of tracking error for each method in case 1.

TDE-SMC BLF-SMC UPTAC
Reference trajectory θr,1 tracking error 2.60E-4 5.98E-4 1.82E-4
Reference trajectory θr,2 tracking error 4.38E-4 4.99E-4 5.11E-5
Assistive torque error in shoulder joint 1.25E-1 8.52E-2 2.05E-2
Assistive torque error in elbow joint 1.78E-1 1.02E-1 1.03E-2
Position error in x axis 8.77E-4 1.32E-3 1.56E-4
Position error in y axis 1.28E-3 3.19E-3 8.05E-4

Figure 6. The assistive torque tracking curves of each method in case 1.

AIMS Mathematics Volume 10, Issue 10, 23738–23772.



23759

Figure 7. The trajectory tracking curves of the endpoint of patient’s upper limb of each
method in case 1.

Figure 8. The motion trajectory of the patient’s upper limb endpoint of each method in case
1.
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Figure 9. The control input signal of each method in case 1.

4.2. Case 2: Comparison results with iPD

In this case, a comparative analysis between the proposed UPTAC and the iPD method is conducted.
The UPTAC controller is designed based on the ultra-local modeling approach, which was originally
developed in conjunction with the iPD method [30]. The iPD method has the characteristic of simple
structure, significantly reducing complexity in stability analysis and parameter tuning, making it an
efficient and reliable control solution.

The referred iPD [52] is given as follows:

u =
F̂ − θ̈r + Kpe + Kdė

α
. (4.3)

(i) The input constraints of each joint are set as: µτ,1 = 20, µτ,2 = 10.
The settings of the desired trajectory Pd, parameters of patient’s upper limb, input constraints, and

parameters of the proposed UPTAC are same as the Case 1. The parameters of iPD are chosen as
α = 1, Kp = 4000, Kd = 50.

Under the specified simulation conditions and controller configurations, the results are illustrated
in Figures 10 and 11. From Figure 10, the compared iPD can only converge to a smaller interval after
the 25th second, and there will be significant oscillations at the beginning of operation. By analyzing
the control input signals in Figure 11, it can be concluded that the reason for the above situation is most
likely due to the small input constraints. Therefore, in the presence of input constraints, the control
effect of the proposed UPTAC is better than that of the iPD controller. Next, to further compare the
control effects of the iPD method and the proposed UPTAC, the input constraints will be amplified.
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Figure 10. The tracking curves of θr of each method in case 2 (i).

Figure 11. The control input signal of each method in case 2 (i).

(ii) The input constraints of each joint are set as: µτ,1 = 40, µτ,2 = 20.
In this case, the parameter selection for iPD and UPTAC is the same as (i).
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Under the specified simulation conditions and controller configurations, the results are illustrated in
Figures 12 and 13. As shown in Figure 12, after the input constraints are amplified, the convergence
speed of the iPD controller is significantly improved, reaching a small error range within two seconds.
However, there will be fluctuations between every two rehabilitation cycles, that is, between two
circular movements of the patient’s upper limb, which may pose potential safety risks. In contrast,
although the proposed UPTAC also exhibits fluctuations between cycles, their amplitude is very
small and its impact on patients is minimal. Therefore, the proposed UPTAC is more suitable for
rehabilitation training compared to the iPD controller.

Figure 12. The tracking curves of θr of each method in case 2 (ii).
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Figure 13. The control input signal of each method in case 2 (ii).

Considering that the proposed UPTAC involves many parameters and its stability proof is complex,
the iPD controller will be incorporated in subsequent work to simplify the controller structure and
reduce the complexity of the proof process.

4.3. Case 3: Simulation results with uncertainties

In actual rehabilitation training, there may be uncertain factors such as model parameter
uncertainties, patient’s muscle shaking, and exoskeleton measurement noise. The uncertainty of model
parameters is set to account for the uncertainty in the mass of the patient’s and exoskeleton’s upper
limbs, as detailed in Table 4. The torque caused by the patient’s muscle shaking is set as 0.075 sin(8πt),
and the measurement noise is set as white noise between the intervals [−1 × 10−4, 1 × 10−4].

Table 4. The model parameter uncertainties of ULPES model.

Part name Mass (kg)
Exoskeleton upper arm 2.357 × (1 + 0.2 × (rand(1) − 0.5))
Exoskeleton forearm 1.177 × (1 + 0.2 × (rand(1) − 0.5))
Patient upper arm 1.530 × (1 + 0.2 × (rand(1) − 0.5))
Patient forearm 1.084 × (1 + 0.2 × (rand(1) − 0.5))

In this case, more complex upper limb movement trajectories are considered to better simulate real
rehabilitation movements. The trajectory is set as follows:

b = 0.15 sin(4πt/kd),
Pd,X = 0.35 + b sin(2πt/kd),
Pd,Y = b cos(2πt/kd).
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Due to the complexity of the trajectory, the prescribed constraints for tracking errors are set as
follows:

µel,1(t) =
{

(3 × 10−3 − t
0.5 )e1− 0.5

0.5−t + 1 × 10−3 0 ≤ t ≤ 0.5,
1 × 10−3 t > 0.5,

µel,2(t) =
{

(3 × 10−3 − t
0.5 )e1− 0.5

0.5−t + 1 × 10−3 0 ≤ t ≤ 0.5,
1 × 10−3 t > 0.5,

µeu,1(t) =
{

(3 × 10−3 − t
0.5 )e1− 0.5

0.5−t + 5 × 10−4 0 ≤ t ≤ 0.5,
5 × 10−4 t > 0.5,

µeu,2(t) =
{

(2 × 10−3 − t
0.5 )e1− 0.5

0.5−t + 5 × 10−4 0 ≤ t ≤ 0.5,
5 × 10−4 t > 0.5.

The parameters of UPTAC are selected as ς2 = 60. The selection of other parameters is the same as
in case 1.

Under the above simulation conditions, the corresponding simulation results are demonstrated in
Figures 14–19. As demonstrated in Figure 14, the proposed UPTAC dynamically adjusts the cycle
duration based on assistive torque feedback from previous rehabilitation cycles. Notably, the designed
task performance function maintains effectiveness in optimizing rehabilitation efficiency despite the
presence of uncertain factors.

(a) (b)

Figure 14. (a): The value of parameter km; (b): The time required for each training.
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Figure 15. The tracking curves of θr by UPTAC in case 3.

Figure 16. The assistive torque tracking curves by UPTAC in case 3.
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Figure 17. The trajectory tracking curves of the endpoint of patient’s upper limb by UPTAC
in case 3.

Figure 18. The motion trajectory of the patient’s upper limb endpoint by UPTAC in case 3.
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Figure 19. The control input signal by UPTAC in case 3.

As illustrated in Figure 15, the proposed UPTAC enables the exoskeleton joints (red dashed lines) to
accurately track the reference trajectory θr while satisfying performance constraints on tracking errors,
despite the presence of uncertainties. The steady-state errors converge to (−1 × 10−3, 5 × 10−4) within
the predefined time Td.

A transient fluctuation occurs at t = 29.25s when the patient initiates a new rehabilitation cycle,
caused by the significant variation in kd between consecutive training sessions. Since kd directly affects
the desired trajectory and its second derivative is utilized in the controller, this parameter change
induces momentary disturbances. Future work will focus on smoothing the transition between two
rehabilitation cycles through kd adaptation.

Figure 16 demonstrates the assistive torque tracking performance for both shoulder and elbow
joints. The proposed UPTAC method can maintain precise assistive torque transmission even in
the presence of muscle shaking, ensuring the exoskeleton provides the required assistive torque.
Furthermore, as evidenced in Figures 17-18, the endpoint trajectory of the patient’s upper limb can
track the desired rehabilitation path even in the presence of uncertainties, enabled by the accurate
assistive torque from the exoskeleton.

5. Conclusions

In this paper, an UPTAC method is proposed for the ULPES under input and performance
constraints. The developed UPTAC implements assist-as-needed control via an impedance control
approach, incorporating a task performance function that dynamically adjusts rehabilitation movement
speed based on the patient’s recovery progress. The inner torque sub-control loop of UPTAC is
designed based on the ultra-local model, which reduces both dependency on precise system modeling
and controller complexity. Furthermore, by employing BLF with specific designed performance
constraints, the system guarantees predefined-time convergence. Comparative co-simulations with
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TDE-SMC and BLF-SMC demonstrate that UPTAC not only realizes predefined-time convergence
but also exhibits minimal overshoot and faster convergence time. Quantitatively, UPTAC achieves
average tracking errors of only 16.4% of TDE-SMC and 24.1% of BLF-SMC, confirming its superior
performance.

There are still some limitations in this paper. Considering that the proposed UPTAC involves many
parameters and its stability proof is complex, subsequent work will incorporate iPD control [52] for
simplification. Additionally, the command-filtered backstepping technique [53,54] will be employed to
further mitigate complexity in the control design, ensuring robustness while maintaining performance.
Then, to address random initial errors from uncertain limb positioning, while shifting function offers
a solution, it increases controller complexity. Fixed-time control [55] enables initial-state-independent
convergence, which can better handle the above problems, motivating its adoption in future designs.
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