AIMS Mathematics, 10(10): 23547-23563.
DOI: 10.3934/math.20251046
AIMS Mathematics Received: 04 July 2025

Revised: 19 September 2025

Accepted: 25 September 2025
https://www.aimspress.com/journal/Math Published: 16 October 2025

Research article

Novel insights into the precise boundedness and Lipschitz continuity of
Hardy-type operators within central Morrey spaces

Muhammad Asim'* and Ghada AINemer?

! Department of NUSASH, National University of Technology (NUTECH), Islamabad 44000,
Pakistan

2 Department of Mathematical Sciences, College of Science, Princess Nourah bint Abdulrahman
University, Riyadh 11671, Saudi Arabia

* Correspondence: Email: masim@math.qau.edu.pk, gnnemer @pnu.edu.sa.

Abstract: In this study, precise evaluations of the optimal constants associated with weighted
weak-type Hardy inequalities are established. The analysis extends to the computation of the weak-
type operator norm of the fractional Hardy operator within the framework of weighted central
Morrey spaces. Furthermore, it is demonstrated that the commutators of the Hardy operator exhibit
boundedness on these weighted central Morrey spaces when the symbol functions reside in the
weighted Lipschitz space.

Keywords: Hardy-type operators; sharp constants; Lipschitz space; weights
Mathematics Subject Classification: 42B35, 26D10, 47B38, 47G10

1. Introduction

Averaging operators play a vital role in harmonic analysis, with the Hardy operator standing out
as one of the most important among them. This operator has captured the interest of a wide range of
researchers. In [1] the Hardy operator is defined as follows:

1
He@ = [ ety 2RO
2" Jiyi<r

its adjoint operator is denoted as H* and can be defined as:

H'g(2) = f 80) 4y e R\ (0.
pizlel Y]
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In the seminal contribution [2], Christ and Grafakos not only extended the classical Hardy inequality
to its full n-dimensional counterpart but also furnished the precise determination of the best possible
constants associated with these inequalities. The pursuit of Hardy-type inequalities, particularly the
ascertainment of their sharp bounds, has historically constituted a central and challenging theme
in the analytical landscape, with complete resolution achieved in only a restricted set of scenarios.
The enduring vitality of this domain is attested by a substantial body of contemporary investigations,
including but not limited to [3,4]. Moreover, the determination of optimal constants for Hardy-type
inequalities within the framework of product spaces of function classes has been addressed in a number
of refined analyses, as evidenced by [5-10].

The study of the continuity properties of commutator operators has made significant contributions
to the theory of partial differential equations (PDEs). Specifically, estimating commutators is closely
linked to understanding the regularity properties of solutions to certain PDEs. These insights have
motivated numerous authors to investigate the boundedness of commutator operators. In this context,
Coifman, Rochberg, and Weiss [11] derived estimates for the commutators of the Calderén-Zygmund
singular operator on L”(R"), where 1 < p < oo, establishing that such estimates hold if and only if b €
BMO(R"). Many results discussing the boundedness properties of such commutators are available in
the literature. Song and Wang [12] examined the one-dimensional Hardy operator and its commutator
on Lebesgue spaces. For a locally integrable function b, the commutator of the Hardy operator and its
adjoint operator is defined as follows:

Hyf = b(Hf) - H(bf),

and
H,f = bH f)— H (b))

Furthermore, Fu et al. [13] rigorously established the boundedness of these operators within the
framework of classical Lebesgue spaces. In parallel, it has been substantiated that the commutators
associated with Hardy operators possess significant utility in characterizing certain nuanced function
spaces, as elucidated in [14, 15]. In a related vein, Gao and Wang [16] obtained weighted norm
estimates for the commutator forms H, and Hj acting on weighted Lebesgue spaces. This line of
inquiry was further advanced in [17], wherein the authors extended such weighted continuity results
to encompass the commutators of rough Hardy operators. Subsequently, two-weight norm inequalities
pertaining to these commutator-type operators were meticulously derived in [18], thereby broadening
the scope of weighted theory in this context.

This manuscript advances the trajectory of inquiry delineated in the aforementioned references by
establishing weak-type operator norm estimates for the fractional Hardy operator within the framework
of power-weighted central Morrey spaces. In pursuit of this objective, we shall first delineate the
requisite definitions and notational conventions that underpin the analytical apparatus necessary for the
derivation of our principal results. The discourse proceeds with a detailed investigation of the weak-
type sharp boundedness properties of the Hardy operator in the setting of weighted central Morrey
spaces, wherein particular attention is devoted to notable special cases. Furthermore, we rigorously
derive a sufficiency criterion ensuring the boundedness of commutators generated by Hardy operators
when the associated symbol functions are drawn from the weighted Lipschitz class, thereby extending
the functional analytic scope of these operators within this weighted Morrey framework. The principal
contributions of this work are concisely encapsulated in the following formulations:
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Theorem 1.1. Let 1 < p < 00,1 < g< 00,0 <a<mip—-1),m>—-p,0<B< 1% < %+,3<
m, max{—1,8—m} < u(m+p) < B — p%], and —% <A< _—(p—l)(fera)' If v(x) = |x° and u(x) = |x|* are

power weight functions, and (m + a@)Ad + B = (m + p)u, then

1
H 142 »
Wl e = v (=] () [
P> pIH — .
Pl —wB] " m+p m+a m— %

p-1

Theorem 1.2. Ler 1 < p < 00,1 S g <,0<a <mp-1),m+p>0,-25 < ’"T“’ < m, —é <
u(m+ p) < —I%, and —% <A< If u(x) = |x|* and v(x) = |x|° are power weight functions

and (m + a)d = (m + p)u, then

@
(p=D(m+a)*

€
7

-, 1
auf M Heoom \otd m P
”H”Bp,/l_)qu,u =V, s .
u v m+p m+a m— -

Theorem 1.3. Letw € Ay, b € Lipg, where 0 < < 1, 1 < g < 0o, and the parameters A and p satisfy
—é < A < u < 0 with the relation u = A+ /;f Under these conditions, the commutator operators H;, and

H,;, are bounded from the homogeneous weighted central Morrey space M%(w) into MP*(w'™9).

Now, we will provide several definitions and notations.
2. Preliminaries

The Morrey space M%*(R") was introduced in [15] for a set of locally integrable functions f that
satisfy the inequality:

1/q
1
I/ lmeaeny = sup (_I Bl f|f (x)l"dx) < o0,
B B

where 1 < g < o0, —p~! < 1 <0, and B(x, R) designates the Euclidean ball in R” centered at the point
x with radius R. Additionally, |B| denotes the Lebesgue measure of the ball B(x, R). Recently, in [19],
the authors introduced the central Morrey space M?4(R"), which is defined as:

1/q
| f 1l a2y =SUP(IB(O,R)I‘1‘M f If(x)l"dX) < co.
R>0 B(0,R)

Function spaces with weighted norms also play a significant role in various branches of
mathematical analysis. The theory of A, weights began in 1972 with Muckenhoupt’s work [20] and
has been further developed by several mathematicians [21]. The weighted measure is denoted by w(B),
i.e., w(B) = fB w(x)dx, and p’ is the conjugate index of p, which must satisfy 1/p+1/p’ = 1. A weight
w is known to be of class A, if it satisfies the following condition:

1 1 ~(p-1" &
ﬁ fB w(z)dz ﬁ ‘fB w(z) dz <C.

For every Euclidean ball B, there exists a constant C, independent of B, such that the inequality holds
whenever w € A, that is, for all w belonging to the Muckenhoupt class A; characterized by the

condition |
(ﬁ Lw(z)dz) < Ceszsegnf w(2).
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Furthermore, it is true that A, C A, for all p < g. In [22], Komori utilized the weighted Morrey space
and discussed estimates for classical operators.

Definition 2.1. [23] Let 1 € R and 1 < ¢ < oo. The weighted central Morrey space M%*(w) can be
characterized by the condition:

1/q
IIfllm,A(w)=iulg(w(B(O,R))‘M‘1 f If(X)Iqw(X)dx) < 0.

B(0,R)

Definition 2.2. [24] f belongs to the weighted Lipschitz class if it satisfies the following condition:

1 1/q
iy, = sup W( 5 ) F@ = St qu) <C<w,

Berr W(B

wherein the supremum is taken over the entire ensemble of Euclidean balls B € R”", the symbol fB
signifies the normalized mean oscillation of the function f upon the domain B, and the governing
parameters are constrained by the inequalities 0 < 8 < 1 and 1 < p < oo. It is a matter of elementary
discernment that, in the particular instance when w = 1, the generalized Lipschitz-type space Li pz’w
collapses into its classical counterpart Li pg namely, the traditional Lipschitz space.

Definition 2.3. Let 1 < p < 0o, 4 € R, and w be a locally integrable and positive function on R". Then,
the weighted weak central Morrey space wB{’;}(R") is defined as

WBL R = {f I flygpcen < o),

where

||f||wBM RM) — SUP —||f||wL§,(B(0,R))’
R0 w(B(O, R)7

and
1 lorz 0.2 = SUp tw({x € BO,R) : |f(x)] > 1})7.
>0

If w = 1, we recover the weak central Morrey spaces as introduced in [25,26], which are defined by
BEAR™) = {f + | fllgrageny < o0},

where

1
1Al gr ey = SUP —”fHL”(B(OR))’
>0 (B(0,R))"**

and
Iflliz o = suptw(lx € BOR) : |f (0] > .
>

Additionally, in the case A = —p~!, we obtain the weighted weak Lebesgue space WL, (R") = LI (R").
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3. Analytical Elucidation of the fundamental results

In the present section, we embark upon the rigorous demonstration of the principal results
previously articulated in Section 1. To this end, it is imperative to first establish a collection of auxiliary
lemmas that will serve as essential instruments in the ensuing analysis.

Lemma 3.1. (/27]) Let w € A,. Then there exist positive constants Cy, and C, and a real number &
with 0 < 6 < 1 such that, for every measurable subset S of a ball B, the following inequality is fulfilled:

S| w(S) 151\’
ClﬁémSC2(ﬁ) .

Lemma 3.2. ([28]) If b € Lipg,, and w € Ay, then there exist a constant C such that for all i,k € Z
withi >k,
w(B)
Bl
Lemma 3.3. (/28]) Suppose w belongs to A,. Then, for any 1 < p < oo,

lbg, — bp,| < C(i - k)||b||Lipﬁ,mw(Bi)ﬁ/n

fw(z)l_”’dz < CIBI" w(B)'™"".

B

Now, let us proceed to examine our results.
Proof of Theorem 1.1. Since

|Hy (0] <IBO, x])|» " f |f(@)ldz

B(0,]x)
1 €
ot opes) V7
<V lxl If@I|z"dz |zl "7 dz
B(0,|x]) B(0,]x1)
1
ﬁ-#/l m 4 m %+/l
=Vm ( o J ( ) 111 g | 4 (3.1)
m— - m+a u
p-1
Next, the conditions 8 < p%l and 4 < —m ensure that (m + @)4 + B < 0 and validate the
equation:
(m+ )+ =(m+ p)u. (3.2)
Let

1
B m Tm \pth
A:m”( Q)( ) 1101,
m a u
then from (3.1) and (3.2), we have
|Hp f(x)] < Alx|"P*.

Now, by the definition of weighted weak central Morrey space:

1Hg flloo = sup sup tv(B(O, R)) v ({x € B(O.R) : [Hpf(x)] > 1})*

R>0 >0

1
< sup sup v(B(0.R)) "« v ({x € BO.R) : A" > 1})7.
R>0 >0
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Since m + p > 0 and u < 0, we can establish that

1
r._1 )\«
1 fll, 0 < sup sup tv(B(O, R))—é—”v( {x € BO.R) : |x| < (Z)www}) . (3.3)

R>0 >0

To approximate the right-hand side of the inequality (3.3), one needs to compare R and (z/A)"/™*.
Therefore, if R < (¢/A)Y""PH then, given that u < 0, we obtain:

1Hp f1], g2

1 . 1 5
<supr  sup  w(BO, R))‘q‘“v( {x € BO.R) : x| < (Z)ww})

>0 0<R<(t/A)!/ (o)

M

my

= Sup Sllp t( m ) R_(m+p)f‘
>0 O<R§(I/A)l/(m+p)p m + p

1

Bipp[ m s m m \ptd
< _ ( ) 1L,
m+p m— - m+ u

p-1

~|—

and if R > (t/A)"""* | then, for —1/g < u, we have

1 Hp |04

1 I 1\ \i

>0 R>(t/A)Y/ (mip)u

—u i

my L 1

=sup t  sup ( - ) ( ) R0
>0 R>(t/A) /et \ML + O

|~

1

borul m \* m Y om \iH
< vy m Lf 1l goa-
m+p m— 1 m+ « u

Hence, in either case, we obtain

B - m H m m 1ia
gl gy < vir ™" ”( ) ( Q ) ( ) : (3.4)

m+p m—pT] m+ «

~|—

To prove that the constant appearing in the inequality (3.4) is sharp, we will consider

" x < 1,

Jo(x) = {O > 1,

and compute the norm:

i _ L, »
| foll gra = iu]g u(B(O,R))"» A(f ™7 Ty s ] < 1}(X)dx) :
> B

(0.R)
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The value of this norm depends on whether R < 1 or R > 1. If R < 1, then for A < —(p_l)‘m, it is
evident that
1
1 ?
m m o
Il foll yra = sup fo( ) g _ R~ Amra)
u R<1 m+ « m— =1
(o )—<:,+ﬂ>( m );,
T \m+a m— -]’
p—1
and if R > 1, then for —% < A, it is not difficult to observe that
] 1
1.3 P
Il foll g4 = sup v;f( m ) » m _ R+
u R>1 m+«a m — pTl
1
B _A( m )‘;‘/’( m ]"
" \m+a m— %
p-1
Hofo) = € T < 1,
X) =
P WA > 1,
where C = mvf{ "(m — p%l). Once again, using Definition 2.3, one can conclude:
1Hg foll i = sup sup tv(B(O, R)) s v ({x € B(O, R) : |H fy(x)| > 1))
R>0 >0
=C, sup sup tR™""G*y ((x € BO,R) : [Hfy(x)| > £})7, (3.5)
R>0 >0
l/q—#.

where C| = [mv,,/(m + p)|” Since Hpgfy(x) is piecewise defined, its norm will be calculated by
the necessary division of the domain B(0, R). Guided by this consideration, we proceed to categorize
the remainder of the analysis into the ensuing distinct scenarios:

Case-1. When R < 1:

In the present configuration, under the condition 8 < a/(p — 1), the inequality labeled as (3.5) yields
the following estimate:

1Hp foll e,
1
= Cysup sup tR""PGy ({x € BO,R) : Clxf 77 > 1))’
>0 0<R<l
i C. =)\’
= C; sup sup tR_(’"+p)(q+“)v( x € B(O,R) : |x] < (—) Pl'ﬁ}) ) (3.6)
>0 0<R<I1 !

Here, C and ¢ are positive real numbers, so either r < C or t > C.
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Case-1(a): If t < C, then (3.6) gives us:

1

mv,, \¢
[1E.follsg :Cl( - ) sup sup tR™"PH
m+ P 0<t<C 0<R<1

By m ks m
=Vm @
m+p m— 1
1

() () |
=y pDA
" m+p m+ m— - OB

p-1

Case-1(b): If # > C, then (3.6) suggests the following two subcases:

(i) When R and C/t satisfy R < (C/f)!/+@/(=1) "then from (3.6), we get

1
mvy, \? i
|Hp foll,pze =C 1( ) sup ¢ sup RHmp)
! m+p

t2C 0<R<(C/t)!/(-B+a/(p=1)

C mPsupt 17, (3.7)

—H
( my,, ) _ H(m+p) 1 +;l(;ﬂ+p)
>C

m+p

Since, (m + p)u < B — p%], therefore

B_ m \" m
m ll
lHp follwae =vin "
m + p m — 1
P

B_yaf m ( m )p” m )
=vm . 3.8
v (m +p) T | Wl (3.8)

a
p—1

(ii) When R and C/t satisfy 0 < (C/f)"/F+@/(=D) < R_then from (3.6), we obtain

1 Hp follo,ze#
m+p

1
mvy \* C\i5» o

= Cl ( m ) sup [(_)‘1 -1 sup R (,u+q)(m+p)
m+ (€ Bralp-D) <R

H Hm+p) Hmtp)
mvy, -5 1+57+
:( ) C m7Psupt 17,

m+p >C

which is the same as (3.7). By an argument similar to Case-1(b), the part (i) above, we obtain (3.8).
Case-2. When R > 1:
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In this case, we infer from (3.5) that

1 Hp foll i

= C| sup sup (R0
R>1 >0

xv({x e BO,1): [Hfy(x)| > U{l < |x] <R : [Hfo(x)] > £})7

= C, sup sup R~
R>1 >0

Xv({x e BO, 1) : x| < (%ﬁ} o{t < <R:< (%)ﬁ}) |

(3.9)

Again, we have to resolve the comparison between R and C/t by considering the relationship
between ¢ and C.
Case-2(a): If t < C, then (3.9) suggests the following two subcases:

(1) When R and C/t satisfy 1 < R < C/t, then from (3.9), we get

_ 1 1
|Hg follyson = Ci sup ¢ sup R™" PG y({x 1 0 < |x| < R})s
0<t<C 1<R<C/t

-
my
:( z ) sup ¢ sup R™"PM

m+p 0<t<C 1<R<C/t
—u
_ ( mv,, ) C_(m+p)ﬂ sup tl+(m+p)/1' (3.10)
m+p 0<t<C

By virtue of the condition —1 < (m + p)u < 0, we have

E_ m \" m
mH
15 follser =vim ( ) [ = ]
m+p m-—-=
p

1
by m \* om ot om )
v /l+( ) ( ) [ a] 1oll . 3.11)
m+p m+a m—-= u
p

(ii) When R and C/t satisfy 1 < (C/t)"/™P < R, then from (3.9), we get

|Hg foll

1

- 1 C. 1))\«
=Csupt sup R PG, ({x :0<|x < (—)mﬁ})
1<C  R>(C/p)l/m=B) t

m+p

1 1 mtp
( My, )" C\ GG (C\anm
=C supt(—) (—)

t<C t

—H
- ( MVm ) CHG sup G|
m+p <C

which is the same as (3.10). Therefore, considering the condition 8 — m < u(m + p), we obtain (3.11).
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Case-2(b): If t > C, then (3.9) gives us:

| H foll oy
)40 Ciz7 )

= Cysuptsup Ry x 1 0 < |x] < (=) 7

>C R>1 !

1 m+p

(2 ) e (€)F

m+p) p»c \I

—H m+p 1— m+p
Y LN e sups TP
m+p =C

L
N ( m )‘l’” " s
= ollapa.
" m+p m+ m— - By

Combining the results of each case, we obtain

1
%+/1—,u m s m v m %+/1
”H/j”Bf:,A_)ngw ZVm (m +p) (m @ ) ( ) . (312)

Finally, combining (3.4) and (3.12), we arrive at

1
—H » 14
B
Wl = v [ |y
> ) - m .
B 0Bl m+p m— —pﬁl m+«a

If welet A = —1/p and u = —1/gq, then we obtain the following corollary.

Corollary 34. Let 1l < p< oo, 1 <g<o0,0<a<m(p-1),m+p>0,0<p< p%l.lfu(x) = |x|*
and v(x) = |x|° are power weight functions and

m+a m+p
-B= ,
p q
then 1
1 -
By mvy, [ mv, |
||Hﬁ||L5_>wLZ =Vm 2 .
m+p m — Iﬁ

Proof of Theorem 1.2. The proof is very similar to the proof of Theorem 1.1. If @ = p = 0, then in this
case u = A and p = g, so for these parameter values, we obtain one of the main results of [25] in the
form of the following corollary.

Corollary 3.5. For p € [1, ), and —% <A <0, we have:

H | grasopra = 1.
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Proof of Theorem 1.3. Let B; = {t € R" : |t| < 2!}, C; = B/\B,_,. Without loss of generality, we assume

B(0,R) = By, for kg € Z. Here, we need to establish the following two inequalities:

1/q

W[lef(t)l"w(t)l idt < ClIbl|Lipg 1 791

1/q

w(B—Wbef(f)Ww(f)l 1dt < ClIBILipg 1S | p79.1¢)-

To construct (3.13), we begin by considering

q

f H,, f(Ol (1) ~dr = f % f (b(1) = b(2)) f()dz| w(n)'~dr

o By Jzl<lt]
ko .
: kZi,f ﬁ f (b(1) - b(2)) f@)da| w(t) dt
Cr B
2 1 & q
] Ckzz‘“’f I i:Z_oo f |b(t) B ka| |f()ldz| w(®)'dt
Cr &
S 1 <& q
’ Ck;”f [ ,-:Z_;o f |b(Z) B ka| |f(Dldz| w(r)'™dt
Cr &
= Il + 12.

Taking into account the fact that A; C A, Lemma 3.3, and Holder’s inequality, we have

1/q (@-D/q
f |f(2)ldz < { f |f (Z)Iqw(z)dz} ( f w™V (q”(z)dz}
C; B;

B;
< Ca)(B,-)/l|Bi|||f||MW(w)‘

(3.13)

(3.14)

(3.15)
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Therefore, using Lemma 3.1 and inequality (3.15), we can estimate /; as:

ko
L<C ) 27 f |b(@) = by, |" w(t)'~d f |f(@)ldt
k=—00 Cy

1——00

ko
< CIBIL,, MGy D (B Z 27k Bl_)ﬂ

k=—0c0 j=—00
ko k .
1 i—k)(1+1
< ClBIE, M, D (B | S 2D
k=—0c0 i=—00

ko
1 G(k—ko)(1
< ClBIE,,, M 0, @Br) Z noll—ko)(1+119)

k=—0c0

< ClBIG I @ Brp) .

Here, we have used the condition A + 8/n = u, along with the fact that —1/g <A < u < 0.
Next, we approximate I, by decomposing it as follows:
q

ko
necy ot [ 3 f IbG2) — b | £ ] wio)'~“dr
k=—c0 Cy l——OO
ko 1
+C Y 2k f Z f |bs, — b | 1f(2ldz| w(t)“dt
k=—00 Cy z_—oo
=1 +1In

Now we will address each of I,; and I, separately. First, we need to establish an inequality similar
to (3.15). By applying Holder’s inequality, it is easy to observe that

[ 160~ bz < CoxB) Bl Mo .16
Ci
With the aid of inequality (3.16) and Lemmas 3.1 and 3.3, I5; reduces to:

k

D wB)

i=—00

q

Ly < ClBIE,,, I, Z 2 [ i 1dr

Cy

k q

D wB)'

[=—00

k

Z nd(i=k)(1+p1)

i=—0o

ko
< ClIbE, Ny D, @B

k=—0c0

q

ko
1
< CIBIL,, W D @B

k=—0c0

ko
1 S(k—ko)(1
< C”b”LlPﬁw”f”MLI/l(w)w(Bko) am Z protk=ko)(1+qu)

k=—oc0

1
< ClBIG,, I By .
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The convergence of the above series is ensured by the fact that —1/g < u < 0.

Estimates for I, are still in progress. To accomplish this, we again rely on Lemmas 3.1-3.3 and
inequality (3.15), leading to:

q

k
D = eo(B)'

i=—0c0

k
Z (k — l-)zms(i—k)(ml)

[=—00

ko
g q 1-g+qB/n
I < C”b“Lip/},w”f”Mq*’{(w) Z w(By)

k=—00

q

ko
1
< ClIBIL,, 1, D @B

k=—00

ko
1 6(k—ko)(1
< CUBIL, N, 0 (Big) Y 2otk ota

Lipgw M9 (w)

k=—o00

< ClbNT,,, W, @ (Big) .

Lipgw MaY(w)

By combining the estimates for I}, I, and I5,, we arrive at the inequality (3.13).

Now, let us proceed to establish (3.14). For this purpose, we consider:

q

[ sorona= [| [ COFD 0 o'

By By k=1
q
SCf f Wf(z)dz w®)'dt

By B0 >[z|>t|
q

+Cf f Wf(z)dz w(®)'dt

By, ]>2m*0

=J+J.

The approximation of J can be executed similarly to that of (3.13). However, estimating J’ requires
more computational effort. An analysis analogous to H, implies

q
/= Cf % f (b(2) = b)) f (2)ldz| w(t)'~dt
By, |z]<20
q
ko | & .
=c k_z_;ocf I i:Z—;o cf 1b(1) = b(2) f(2)ldz| w(®)*dt

< ClbNT,,, Wy, @(Big) .

Lipg . M (w)
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To estimate the term J’, we proceed to demonstrate that

q
b(t
7= Cf ) f P02 o] v
k= k()
e ) q
f Zf 2l o] oy
k= k()
=: J{ + J5.

We employ inequality (3.15) and Lemma 3.1 for the analysis of J7, resulting in

q

f (Z|
|2 I”

00 q

Z w(By)'

k=ko

Z nd(k—ko)

k=ko

J<C f b() = by, () d Z

By,

1
< ClBIG,, I @ (Bip) "

1
< ClBIL,, I @ Big)

1
< ClBIG I By .

To establish the boundedness of JJ, we require the following decomposition:

q
= b(z) — bp,
n=c |3 [P e vo'
By [,
| q
we | Zf B0 2ol o] iy aar
k= k()
ko
= J + ).

Let’s start by computing J},. To accomplish this, we employ Lemmas 3.1 and 3.3 and inequality (3.16),
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yielding:
q
J5, SCf ZZ‘k”flb(z)—kallf(Z)ldz w(t)' ™ dt
k=kg

q

Z 2—knw(Bk)l+p

k=ko

< ClIblLipg 1 124 f w(1)'~dt

By,

q

Z 2—knw(Bk)l+/1

k=ko

Z ynlk—ko)u

k=ko

< ClBl|ipg |1 11310200y | Bio|* (B )~

q
i
< ClllLipg 1l yg0 ¢y @ (Brg) ™

1
< ClIBlILipg 1 a0t @(Bry) ™.

Now, let’s analyze the integral J),. To achieve this, we utilize Lemmas 3.1-3.3 and the
inequality (3.15), yielding

q

sy =€ [[att Y 20y by f Q2

By, k=ko

q
Z(k koo B,y i k)

1
< C”b”Llpﬁw”f”M‘“(a))lBkolqw(Bko - |B |
k=ko ko

q

D = ko) (B

k=ko

< ClIBl Lipy o |1 1040y @( By )

q

Z(k _ k0)2"6(k_k°)“

k=ko

1
< ClIBlLipg 1 staa @ (Bry) ™

1
< CllbllLipy 1 701y @ (Brg) ™.

Here, we have utilized the fact that 4 < 0. By combining the estimates for J, J{, J;,, and J},, we
establish (3.14). Thus, the proof of Theorem 1.3 is complete.

4. Conclusions

In this article, we have discussed both weak and strong Hardy inequalities. We assumed that w”") €
A, to obtain the sharp constants for H and Hgz on weak weighted central Morrey space. Additionally, we
have explored Lipschitz estimates of Hardy operators on weighted central Morrey space. The results
of this article will open new avenues for research in the fields of differential equations and quantum
mechanics.
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