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Abstract: In this study, we aimed to determine the stationary distribution of a Susceptible-Vaccine-
Infected-Bacteria (SVIB) Cholera model that incorporates environmental noise and reaction-diffusion.
First, we demonstrated the model’s invariant set. Subsequently, a Lyapunov function was constructed
to prove the existence and uniqueness of the solutions, and the model’s finite-time stability was
demonstrated. Furthermore, we derived the stationary distribution of the stochastic cholera model with
reaction-diffusion. Finally, the theorem’s results were verified through numerical simulation. Notably,
the noise intensity could impact the model’s stationary distribution. When the number of infected
individuals and cholera bacteria decreases with reduced noise intensity, the system is characterized by
a normal distribution. Therefore, appropriate measures should be taken to reduce the interference of
external factors when a disease outbreak occurs.
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1. Introduction

Since 2021, cholera cases have increased worldwide. Globally, cholera cases reported to WHO
in 2022 more than doubled those reported in 2021. In 2023, there were over 700,000 cholera cases
worldwide. In 2024, global cholera cases decreased by 21% compared with the year, while deaths
from cholera increased by 5%. As of 31 December 2024, there have been 49,554 cholera infections in
Sudan, with 1316 fatalities. The WHO data on December 23, 2024, showed that Yemen reported
approximately 250,000 suspected cholera cases, accounting for 35% of the global cholera cases,
with 861 related deaths. From January 1 to May 16, 2025, the Democratic Republic of the Congo
reported 24,395 suspected cholera cases and 513 deaths. From January 1 to May 9, 2025, Angola
reported 17,967 cholera cases, including 937 confirmed cases and 576 deaths. Because of the high
infection and mortality rates of cholera, it is of practical significance to study the pathogenesis and
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dynamic behavior of avian influenza models, respectively.
Apart from helping us understand the epidemic’s dynamic behavior, mathematical models also

provide effective information for controlling outbreaks. By reviewing the literature, we observed that
there were ordinary differential equation models and partial differential equation models, respectively.
First, we listed the research for the ordinary differential equation model. Musundi [1] established
cholera models across and within hosts and explored the model’s dynamic behavior. Yang et al. [2]
proposed a time-delay stochastic cholera model, including media coverage and those driven by Lévy
noise, and revealed how Lévy jumps, time-delays, and media coverage affect the model’s asymptotic
characteristics. Additionally, Ghosh et al. [3] developed a cholera model based on machine learning
data of the epidemic and predicted short-term cholera cases in a certain area. In order to simulate the
impacts of various control strategies, Edward and Nyerere [4] considered a cholera model with four
different control strategies, namely public health education campaigns, vaccination, health, and
treatment. Furthermore, Mustapha et al. [5] introduced personal hygiene as a control strategy into the
cholera model with vaccines to evaluate its impact on the vaccines. Madubueze et al. [6] incorporated
health education information, as well as treatment and vaccination details into the model,
demonstrating the impact of different measures on diseases. Additionally, Mohammad et al. [7]
designed a two-strain cholera model to evaluate the impact of basic control measures, treatment, and
dosages of large-scale vaccination on the cholera outbreak in the population. Many researchers have
considered other models for ordinary differential equations [8–13].

Spatial heterogeneity is crucial in epidemiological models and natural ecosystems. Therefore,
researchers introduced the reaction-diffusion equation to capture the complex influence of
heterogeneity and human mobility on the dynamics of cholera [14–18]. Hu et al. [14] established a
nonlocal delayed reaction-spread cholera model, and discussed the effects of delay and diffusion.
Moreover, Wu et al. [15] proposed a degenerative reaction-spread cholera model. This model
combined various human mobility and behavioral changes in a spatially heterogeneous environment
to study the dynamic behavior of cholera. Bai and Han [16] built a partially degraded reactive spread
cholera model and investigated the effects of spread rate, seasonality, and heterogeneity on the basic
reproduction number. Furthermore, Wang et al. [17] evaluated a reaction-advection-diffusion model
that involved human hosts and Vibrio cholera aquatic hosts. Based on this, they established the global
dynamics of the system. [18] and discussed the effects of nonlocal transmission, spread rate, and
incubation period on the transmission speed and wave pattern in a reaction-diffusion cholera model
with highly contagious Vibrio cholera and spatiotemporal delay. Many researchers have assessed
other partial differential equation models [19–22].

Some researchers have evaluated the stationary distribution of cholera models under ordinary
differential equations [23–28]. However, researchers have not assessed the stationary distribution of
stochastic cholera models with reaction-diffusion due to the cholera models’ strong complexity under
partial differential equations during calculation and analysis. Thus, our objectives of this study were
as follows: (i) Since vaccinations reduce the infection and mortality rates of diseases, incorporating
their effects into epidemic models can help evaluate and design optimal intervention policies.
Therefore, to better consider the cholera model’s dynamic behavior, we introduced vaccination into
the cholera model with reaction-diffusion; (ii) because epidemic models are inevitably affected by
environmental noise, it is necessary to introduce random fluctuations in cholera models. In epidemic
models, diseases are significantly influenced by the transmission rate. Hence, we introduced a random
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term through the transmission rate to establish a stochastic cholera model.
Our innovations were as follows: (1) We first established an SVIB cholera model with stochastic

noise and spatial diffusion; (2) we also proved the well-posedness of the cholera model’s solution and
demonstrated that the model was stable within a finite time; (3) we provided the sufficient conditions
for the stationary distribution of cholera model’s solution and proved the existence and uniqueness of
the stationary distribution of cholera model’s solution. The remainder of this paper has been
organized as follows. In Section 2 introduced the model’s formulation. In Section 3, we proved the
well-posedness of the solution and the finite-time stable. In Section 4, we derived the sufficient
conditions for a stationary distribution. In Section 5 verified the theorem’s results through numerical
simulations. Conclusions are presented in Section 6.

2. Model formulation

Based on the motivation (i) in the introduction, we first built the following model:

∂S
∂t = dS△S + Λ(x) − β1(x)S I − β2(x)S B − µ1S − rV(x)S ,
∂V
∂t = dV△V + rV(x)S − β3(x)b1VI − β4(x)b2VB − µ1(x)V,
∂I
∂t = dI△I + β1(x)S I + β2(x)S B + β3(x)b1VI + β4(x)b2VB − µ1(x)I − d(x)I,
∂B
∂t = dB△B + k(x)I − µ2(x)B,
S (·, 0) = S 0(·),V(·, 0) = V0(·), I(·, 0) = I0(·), B(·, 0) = B0(·),
x ∈ O, t > 0,

(2.1)

with boundary condition
∂S
∂ν
=
∂V
∂ν
=
∂I
∂ν
=
∂B
∂ν
= 0, x ∈ ∂O, t > 0.

Where S , V , and I denote the number of suspected humans, vaccinated humans, and infected humans,
respectively. B represents the concentration of Cholera bacteria in the environment. S := S (x, t),V :=
V(x, t), I := I(x, t), B := B(x, t), S (·, 0) := S (x, 0),V(·, 0) := V(x, 0), I(·, 0) := I(x, 0), B(·, 0) := B(x, 0).
dS , dV , dI , and dB are the diffusion coefficients of S , V , I, and B. The other parameters are in Table 1.

Table 1. Parameters and their description.

Parameter Description of parameter
Λ(x) the recruitment rate of humans
β1(x) the transmission rate from infected to suspected
β2(x) the transmission rate from environment to human
β3(x) the transmission rate from infected to vaccinated
β4(x) the transmission rate from environment to vaccinated
µ1(x) the natural death rate of humans
rV(x) the vaccination rate
d(x) the recovery rate
k(x) the rate of human contribution to bacteria
µ2(x) the natural death rate of bacteria
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Based on the main motivation (ii) in the introduction, stochastic noise is introduced into model (2.1)
through the transmission rate, that is βi = βi + σiηi(t), dWi(t) = ηi(t)dt (i = 1, 2, 3, 4), and ηi (i =
1, 2, 3, 4), denoting the noise intensity, and Wi(t), (i = 1, 2, 3, 4) representing the standard Brownian
motion. Wi(t), (i = 1, 2) defined on (Ω,F , {Ft}t≥0, P), (Ω,F , {Ft}t≥0, P) is a complete probability space.
∥ · ∥ denotes the norm.



dS = {dS△S + Λ(x) − β1(x)S I − β2(x)S B − µ1S − rV(x)S }dt − σ1S IdW1(t) − σ2S BdW2(t),
dV = {dV△V + rV(x)S − β3(x)b1VI − β4(x)b2VB − µ1(x)V}dt − σ3b1VIdW3(t) − σ4b2VBdW4(t),
dI = {dI△I + β1(x)S I + β2(x)S B + β3(x)b1VI + β4(x)b2VB − µ1(x)I − d(x)I}dt + σ1S IdW1(t)
+ σ2S BdW2(t) + σ3b1VIdW3(t) + σ4b2VBdW4(t),

dB = {dB△B + k(x)I − µ2(x)B}dt,

S (·, 0) = S 0(·),V(·, 0) = V0(·), I(·, 0) = I0(·), B(·, 0) = B0(·),
x ∈ O, t > 0,

(2.2)
with boundary condition

∂S
∂ν
=
∂V
∂ν
=
∂I
∂ν
=
∂B
∂ν
= 0, x ∈ ∂O, t > 0.

Where ∂S
∂ν
= ∂V

∂ν
= ∂I

∂ν
= ∂B

∂ν
denote the directional derivative, with the ν being the outer normal direction

on ∂O. Next, we explored the properties of system (2.2). First, we prove the boundedness of solutions,
the existence and uniqueness of positive solutions, and the existence of an attractive set for system (2.2).

3. Well-posedness of the solution

Lemma 3.1. For system (2.2), there exists an invariant set
D1 := {(S ,V, I) ∈ Y+,

∫
O

(S + V + I)dx < Λ̄|O|
µ

1
} and D2 := {B ∈ X+,

∫
O

Bdx < k̄Λ̄|O|2

µ
1
µ

2
},

where µ
1

and µ
2

represent the minimum of µ1(·) and µ2(·), respectively. Λ̄ and k̄ denote the maximum
of Λ(·) and k(·), respectively. |O| indicates the modulus of O.

Proof. By virtue of system (2.2) and formula of integration by parts, we have

∂

∂t

∫
O

(S + V + I)dx =
∫
O

{dS△S + dV△V + dI△I + Λ(x) − µ1(·)S − µ1(·)V − µ1(·)I − d(·)I}dx

=

∫
O

{Λ(x) − µ1(·)S − µ1(·)V − (µ1(·) + d(·))I}dx

≤Λ̄|O| − µ
1

∫
O

{S + V + I}dx,

(3.1)

Integrating both sides of Eq (3.1), we have∫
O

(S + V + I)dx ≤
Λ̄|O|

µ
1

+ (S 0(·) + V0(·) + I0(·) −
Λ̄|O|

µ
1

)e−µ1
t.

Hence, as t → ∞,
∫
O

(S + V + I)dx ≤ Λ̄|O|
µ

1
.
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For the fourth equation of system (2.2), according to formula of integration by parts, we have

∂

∂t

∫
O

Bdx =
∫
O

{dB△B + k(·)I − µ2(·)B}dx

≤

∫
O

{k(·)I − µ2(·)B}dx

≤

∫
O

{k(·)
Λ̄|O|

µ
1

− µ2(·)B}dx.

(3.2)

Therefore, we have
∫
O

B(x, t)dx ≤ k̄Λ̄|O|2

µ
1
µ

2
as t → ∞. The Lemma is proved.

Remark 1. Lemma 3.1 indicated that system (2.2) has an invariant set.
Furthermore, we prove the uniqueness of the positive solution of system (2.2). For the needs of the

following calculation, we first present the following theorem.

Theorem 3.1. (Itô’s formula) [29, Theorem 6.2] Let y(t) be on Itô process on t > 0 with the stochastic
differential

dy(t) = f (t)dt + g(t)dWt,

where f ∈ L1(R+; R) and g ∈ L1(R+; R). Let V ∈ C2,1(R × R+ : R). Then V(y(t), t) is again an Itô
process on t > 0 with the stochastic differential given by

dV(y(t), t) = [Vt(y(t), t) + Vy(y(t), t) f (t) +
1
2

Vyy(y(t), t)g2(t)]dt + Vt(y(t), t)g(t)dWt a.s.

Theorem 3.2. If initial value (S 0(x),V0(x), I0(x), B0(x)) is positive, then system (2.2) has a unique
positive solution (S (x, t),V(x, t), I(x, t), B(x, t)) for t > 0 on O.

Proof. Since the coefficients of system (2.2) satisfy the local Lipschitz condition, there is a unique
local solution on t ∈ [0, τe), where τe is the explosion time. Let l0 > 1 be sufficiently large for

1
l0
≤ min

0<t<τe
∥N∥ ≤ max

0<t<τe
∥N∥ ≤ l0,

where N = (S ,V, I, B). For each integer l > l0, define the stopping time

τl = in f {t ∈ [0, τe] : min(S ,V, I, B) ≤
1
l

or max(S ,V, I, B) ≥ l}.

Let in f∅ = ∞ (∅ represents the empty set). τl is increasing as l→ ∞. Let τ∞ = liml→∞ τl , then τ∞ < τe

a.s. In the following, we need to show τ∞ = ∞ a.s.
Define the Lyapunov function as follows:

L1(S ,V, I, B) = (S − 1 − log S ) + (V − 1 − log V) + (I − 1 − log I) + (P − 1 − log P).
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Therefore, according to Itô’s formula, we have

dL1(S ,V, I, B)

= {(1 −
1
S

)(dS△S + Λ(x) − β1(x)S I − β2(x)S B − µ1S − rV(x)S ) +
1
2

(σ2
1I2 + σ2

2B2)}dt

− (1 −
1
S

)σ1S IdW1(t) − (1 −
1
S

)σ2S BdW2(t) + {(1 −
1
V

)(dV△V + rV(x)S − β3(x)b1VI

− β4(x)b2VB − µ1(x)V) +
1
2

(σ2
3b2

1I2 + σ2
4b2

2B2)}dt − (1 −
1
V

)σ3b1VIdW3(t)

− (1 −
1
V

)σ4b2VBdW4(t) + {(1 −
1
I

)(dI△I + β1(x)S I + β2(x)S B + β3(x)b1VI + β4(x)b2VB

− µ1(x)I − d(x)I) +
1
2

1
I2 (σ2

1S 2I2 + σ2
2S 2B2 + σ2

3b2
1V2I2 + σ2

4b2
2V2B2)}dt + (1 −

1
I

)(σ1S IdW1(t)

+ σ2S BdW2(t) + σ3b1VIdW3(t) + σ4b2VBdW4(t)) + {(1 −
1
B

)(dB△B + k(x)I − µ2(x)B)}.

(3.3)

Moreover, integrating both sides for system (3.3) from 0 to τl ∧ T and taking the expectations

EL1(S (·, τl ∧ T ),V(·, τl ∧ T ), I(·, τl ∧ T ), B(·, τl ∧ T )) − L1(S 0(·) + V0(·) + I0(·) + B0(·))

= E
∫ τl∧T

0
{(1 −

1
S

)(dS△S + Λ(x) − β1(x)S I − β2(x)S B − µ1S − rV(x)S ) +
1
2

(σ2
1I2 + σ2

2B2)

+ (1 −
1
V

)(dV△V + rV(x)S − β3(x)b1VI − β4(x)b2VB − µ1(x)V) +
1
2

(σ2
3b2

1I2 + σ2
4b2

2B2)

+ (1 −
1
I

)(dI△I + β1(x)S I + β2(x)S B + β3(x)b1VI + β4(x)b2VB − µ1(x)I − d(x)I)

+
1
2

1
I2 (σ2

1S 2I2 + σ2
2S 2B2 + σ2

3b2
1V2I2 + σ2

4b2
2V2B2) + (1 −

1
B

)(dB△B + k(x)I − µ2(x)B)}dt

≤ E
∫ τl∧T

0
{4λ0 + (1 −

1
S

)(Λ(x) − β1(x)S I − β2(x)S B − µ1S − rV(x)S ) +
1
2

(σ2
1I2 + σ2

2B2)

+ (1 −
1
V

)(rV(x)S − β3(x)b1VI − β4(x)b2VB − µ1(x)V) +
1
2

(σ2
3b2

1I2 + σ2
4b2

2B2)

+ (1 −
1
I

)(β1(x)S I + β2(x)S B + β3(x)b1VI + β4(x)b2VB − µ1(x)I − d(x)I)

+
1
2

1
I2 (σ2

1S 2I2 + σ2
2S 2B2 + σ2

3b2
1V2I2 + σ2

4b2
2V2B2) + (1 −

1
B

)(k(x)I − µ2(x)B)}dt,

(3.4)

where λ0 = max{λ1, λ2, λ3, λ4}, λi = infu∈H ∥∇ui∥
2/∥ui∥

2. By virtue of Lemma 3.1, we have

(1 −
1
S

)(Λ(x) − β1(x)S I − β2(x)S B − µ1S − rV(x)S ) +
1
2

(σ2
1I2 + σ2

2B2)+

(1 −
1
V

)(rV(x)S − β3(x)b1VI − β4(x)b2VB − µ1(x)V) +
1
2

(σ2
3b2

1I2 + σ2
4b2

2B2)+

(1 −
1
I

)(β1(x)S I + β2(x)S B + β3(x)b1VI + β4(x)b2VB − µ1(x)I − d(x)I)+

1
2

1
I2 (σ2

1S 2I2 + σ2
2S 2B2 + σ2

3b2
1V2I2 + σ2

4b2
2V2B2) + +(1 −

1
B

)(k(x)I − µ2(x)B) ≤ M.
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Hence, Eq (3.4) be equivalent to

EL1(S (·, τl ∧ T ),V(·, τl ∧ T ), I(·, τl ∧ T ), B(·, τl ∧ T ))
≤ L1(S 0(·) + V0(·) + I0(·) + B0(·)) + (4λ0 + M)E(τl ∧ T ).

Let Ωk = {τl ≤ T }, we know that P(Ωl) ≥ ϵ. Note that for any ϖ ∈ Ωl, there is at least one of S (τl, ϖ),
V(τl, ϖ), I(τl, ϖ), P(τl, ϖ) equaling either l or 1

l . Therefore,

L1(S (·, τl ∧ T ),V(·, τl ∧ T ), I(·, τl ∧ T ), B(·, τl ∧ T )) ≥ (l − 1 − log l) ∧ (
1
l
− 1 − log

1
l
).

Furthermore,

L1(S 0(·) + V0(·) + I0(·) + B0(·)) + (4λ0 + M)E(τl ∧ T )
≥ E{1ΩkL(S (·, τl ∧ T ),V(·, τl ∧ T ), I(·, τl ∧ T ), B(·, τl ∧ T ))}

≥ ϵ{(k − 1 − log k) ∧ (
1
k
− 1 − log

1
k

)},

where 1Ωk denotes the indicator function. As l→ ∞, we have

∞ > L1(S 0(·) + V0(·) + I0(·) + B0(·)) + (4λ0 + M)T = ∞.

This is a contradiction. Hence, we have τ∞ = ∞.

Remark 2. By virtue of Theorem 3.2, we prove the existence and uniqueness of the solution for
system (2.2).

Before proving the stationary distribution of the system, we first show that the system is stablity in
finite time.

Theorem 3.3. There exists positive number T , K1, K2(where K2 > K1) such that system (2.2) is finite-
time stability, if S 2(·, 0) + V2(·, 0) + I2(·, 0) + B2(·, 0) ≤ K1, then, for any t ∈ [0,T ], we have

E(S 2 + V2 + I2 + B2) ≤ K2.

Proof. Define
L2 = ∥S ∥2 + ∥V∥2 + ∥I∥2 + ∥B∥2.

By virtue of Itô’s formula, we can obtain

d(∥S ∥2 + ∥V(∥2 + ∥I∥2 + ∥B∥2)
={2⟨S , dS△S + Π(x) − β1(x)S I − β2(x)S B − µ1S − rV(x)S ⟩ + 2⟨V, dV△V + rV(x)S
− β3(x)b1VI − β4(x)b2VB − µ1(x)V⟩ + 2⟨I, dI△I + β1(x)S I + β2(x)S B + β3(x)b1VI

+ β4(x)b2VB − µ1(x)I − d(x)I⟩ + 2⟨B, dB△B + k(x)I − µ2(x)B⟩ + 2σ2
1∥S ∥

2∥I∥2

+ 2σ2
2∥S ∥

2∥B∥2 + 2σ2
3b2

1∥V∥
2∥I∥2 + 2σ2

4b2
2∥V∥

2∥B∥2}dt + 2⟨S ,−σ1S IdW1(t) − σ2S BdW2(t)⟩
+ 2⟨V,−σ3b1VIdW3(t) − σ4b2VBdW4(t)⟩ + 2⟨I, σ1S IdW1(t) + σ2S BdW2(t) + σ3b1VIdW3(t)
+ σ4b2VBdW4(t)⟩.

(3.5)
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Moreover, integrating both sides of system (3.5) and taking expectation for t ∈ [0,T ] leads to

E[∥S (·,T )∥2 + ∥V(·,T )∥2 + ∥I(·,T )∥2 + ∥B(·,T )∥2] − (∥S 0(·)∥2 + ∥V0(·)∥2 + ∥I0(·)∥2 + ∥B0(·)∥2)

≤ E
∫ T

0
{−2⟨∇S (·, t), dS∇S (·, t)⟩ − 2⟨∇V(·, t), dV∇V(·, t)⟩ − 2⟨∇I(·, t), dI∇I(·, t)⟩

− 2⟨∇B(·, t), dB∇B(·, t)⟩ + Π
2
+ ∥S ∥2 − 2µ

1
∥S ∥2 − 2rv∥S ∥

2 + rv∥S ∥2 + rv∥V∥2

− 2µ
1
∥V∥2 + 2(β1 + β3b1)

Λ̄|O|

µ
1

∥I∥2 + 2β2
Λ̄|O|

µ
1

∥S ∥2 + 2(β2 + β4b2)
Λ̄|O|

µ
1

∥B∥2

+ 2β4b2
Λ̄|O|

µ
1

∥V∥2 − 2µ
1
∥I∥2 − 2d∥I∥2 + k∥I∥2 + k∥B∥2 − 2µ

2
∥B∥2 + 2σ2

1
Λ̄|O|

µ
1

∥S ∥2

+ 2σ2
2
Λ̄|O|

µ
1

∥B∥2 + 2σ2
3b2

1
Λ̄|O|

µ
1

∥I∥2 + 2σ2
4b2

2
k̄Λ̄|O|2

µ
1
µ

2

∥V∥2}dt

≤ E
∫ T

0
{Π

2
+ ∥S ∥2 + rv∥S ∥2 + rv∥V∥2 + k∥I∥2 + k∥B∥2 + 2σ2

1
Λ̄|O|

µ
1

∥S ∥2

+ 2σ2
2
Λ̄|O|

µ
1

∥B∥2 + 2σ2
3b2

1
Λ̄|O|

µ
1

∥I∥2 + 2σ2
4b2

2
k̄Λ̄|O|2

µ
1
µ

2

∥V∥2 + 2(β1 + β3b1)
Λ̄|O|

µ
1

∥I∥2

+ 2β2
Λ̄|O|

µ
1

∥S ∥2 + 2(β2 + β4b2)
Λ̄|O|

µ
1

∥B∥2 + 2β4b2
Λ̄|O|

µ
1

∥V∥2}dt.

Next, we can obtain

E[∥S (·,T )∥2 + ∥V(·,T )∥2 + ∥I(·,T )∥2 + ∥B(·,T )∥2]

≤ ∥S 0(·)∥2 + ∥V0(·)∥2 + ∥I0(·)∥2 + ∥B0(·)∥2 + Π
2
T + E

∫ T

0
{(1 + 2σ2

1
Λ̄|O|

µ
1

+ 2β2
Λ̄|O|

µ
1

+ rv)∥S ∥2

+ (rv + 2β4b2
Λ̄|O|

µ
1

+ 2σ2
4b2

2
k̄Λ̄|O|2

µ
1
µ

2

)∥V∥2 + (2(β1 + β3b1)
Λ̄|O|

µ
1

+ 2σ2
3b2

1
Λ̄|O|

µ
1

+ k − 2µ
1
)∥I∥2

+ (2(β2 + β4b2)
Λ̄|O|

µ
1

+ 2σ2
2
Λ̄|O|

µ
1

+ k)∥B∥2}dt.

Hence, we have

E[∥S (·,T )∥2 + ∥V(·,T )∥2 + ∥I(·,T )∥2 + ∥B(·,T )∥2]

≤ A1 + A2E
∫ T

0
{∥S ∥2 + ∥V∥2 + ∥I∥2 + ∥B∥2}dt,

where

A1 =∥S 0(·)∥2 + ∥V0(·)∥2 + ∥I0(·)∥2 + ∥B0(·)∥2 + Π
2
T,

A2 =max{1 + 2σ2
1
Λ̄|O|

µ
1

+ rv + 2β2
Λ̄|O|

µ
1

+ rv, rv + 2β4b2
Λ̄|O|

µ
1

+ 2σ2
4b2

2
k̄Λ̄|O|2

µ
1
µ

2

,

2(β1 + β3b1)
Λ̄|O|

µ
1

+ 2σ2
3b2

1
Λ̄|O|

µ
1

+ k, 2(β2 + β4b2)
Λ̄|O|

µ
1

+ 2σ2
2
Λ̄|O|

µ
1

+ k}.
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By the Gronwall inequality

E[∥S (·,T )∥2 + ∥V(·,T )∥2 + ∥I(·,T )∥2 + ∥B(·,T )∥2] ≤ A1eA2T := K2.

Remark 3. According to Theorem 3.3, we demonstrate that system (2.2) can reach a stable state within
a finite time.

4. Stationary distribution

In this section, we prove that the system admits a stationary distribution.
Definition 4.1. [30–32] A stationary distribution for N , system (2.2) is defined as a probability
measure λ ∈ P(H) satisfying

λ( f ) = λ(Pt f ), t > 0,

here
λ( f ) :=

∫
H

f (ζ)λ(dζ), Pt f (ζ) := E f (N(x, t, ζ)), f ∈ Cb(H).

For λ1, λ2 ∈ P(H), define a metric on P(H) by

d(λ1, λ2) = sup
f∈A
|

∫
H

f (ζ)λ1(dζ) − f (ϱ)λ2(dς)|,

where
A := { f : H → R, | f (ζ) − f (ϱ)| ≤ |ζ − ϱ|H , ζ, ϱ ∈ H and | f (·)| ≤ 1}.

P(H) is complete under the metric d(·, ·).

H = {ϕ | ϕ ∈ L2(Ω),
∂ϕ

∂x
∈ L2(Ω), where

∂ϕ

∂x
are generalized partial derivatives}.

Moreover, we have the following theorem

Theorem 4.1. For any bounded subset B ofH , α ≥ 1, if

(i) lim
t→∞

sup
ψ,φ∈B

E∥N(·, t, ψ) − N(·, t, φ)∥α
H
= 0;

(ii) there is a constant χ > 0, α > 2, such that χ + Q > 0,

then, system (2.2) has a unique stationary distribution.

Proof. First, we define the difference of two mild solutions of system (2.2) with distinct initial data
ζ, ϱ ∈ O

ϑ(·, t) =


ϑ1(·, t, ζ, ϱ)
ϑ2(·, t, ζ, ϱ)
ϑ3(·, t, ζ, ϱ)
ϑ4(·, t, ζ, ϱ)

 =


S (·, t, ζ) − S (·, t, ϱ)
V(·, t, ζ) − V(·, t, ϱ)
I(·, t, ζ) − I(·, t, ϱ)
B(·, t, ζ) − B(·, t, ϱ)

 . (4.1)
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According to the Itô′s formula, we have

d(eχt∥ϑ(·, t, ζ, ϱ)∥α)
=χeχt∥ϑ(·, t, ζ, ϱ)∥αdt + eχt{α∥ϑ1(·, t, ζ, ϱ)∥α−2⟨ϑ1(·, t, ζ, ϱ), dS△ϑ1(·, t, ζ, ϱ) − µ1ϑ1(·, t, ζ, ϱ)
− β1(·)(S (·, t, ζ)I(·, t, ζ) − S (·, t, ϱ)I(·, t, ϱ)) − β2(·)(S (·, t, ζ)B(·, t, ζ) − S (·, t, ϱ)B(·, t, ϱ))
− rV(·)ϑ1(·, t, ζ, ϱ)⟩ + α∥ϑ2(·, t, ζ, ϱ)∥α−2⟨ϑ2(·, t, ζ, ϱ), dV△ϑ2(·, t, ζ, ϱ) + rV(·)ϑ1(·, t, ζ, ϱ)
− β3(·)b1(V(·, t, ζ)I(·, t, ζ) − V(·, t, ϱ)I(·, t, ϱ)) − β4(·)b2(V(·, t, ζ)B(·, t, ζ) − V(·, t, ϱ)B(·, t, ϱ))
− µ1(·)ϑ2(·, t, ζ, ϱ)⟩ + α∥ϑ3(·, t, ζ, ϱ)∥α−2⟨ϑ3(·, t, ζ, ϱ), dI△ϑ3(·, t, ζ, ϱ) − µ1(·)ϑ3(·, t, ζ, ϱ)
− d(·)ϑ3(·, t, ζ, ϱ) + β1(·)(S (·, t, ζ)I(·, t, ζ) − S (·, t, ϱ)I(·, t, ϱ)) + β2(·)(S (·, t, ζ)B(·, t, ζ) − S (·, t, ϱ)B(·, t, ϱ))
+ β3(·)b1(V(·, t, ζ)I(·, t, ζ) − V(·, t, ϱ)I(·, t, ϱ)) + β4(·)b2(V(·, t, ζ)B(·, t, ζ) − V(·, t, ϱ)B(·, t, ϱ))⟩
α∥ϑ4(·, t, ζ, ϱ)∥α−2⟨ϑ4(·, t, ζ, ϱ), dB△B + k(x)I − µ2(x)B⟩

+
1
2
α(α − 1)σ2

1∥ϑ1(·, t, ζ, ϱ)∥α−2(S 2(·, t, ζ)I2(·, t, ζ) − S 2(·, t, ϱ)I2(·, t, ϱ)) +
1
2
α(α − 1)σ2

2×

∥ϑ1(·, t, ζ, ϱ)∥α−2(S 2(·, t, ζ)B2(·, t, ζ) − S 2(·, t, ϱ)B2(·, t, ϱ)) +
1
2
α(α − 1)σ2

3b2
1∥ϑ2(·, t, ζ, ϱ)∥α−2

(V2(·, t, ζ)I2(·, t, ζ) − V2(·, t, ϱ)I2(·, t, ϱ)) +
1
2
α(α − 1)σ2

4b2
2∥ϑ2(·, t, ζ, ϱ)∥α−2(V2(·, t, ζ)B2(·, t, ζ)

− V2(·, t, ϱ)B2(·, t, ϱ)) +
1
2
α(α − 1)σ2

1∥ϑ3(·, t, ζ, ϱ)∥α−2(S 2(·, t, ζ)I2(·, t, ζ) − S 2(·, t, ϱ)I2(·, t, ϱ))

+
1
2
α(α − 1)σ2

2∥ϑ3(·, t, ζ, ϱ)∥α−2(S 2(·, t, ζ)B2(·, t, ζ) − S 2(·, t, ϱ)B2(·, t, ϱ)) +
1
2
α(α − 1)σ2

3b2
1×

∥ϑ3(·, t, ζ, ϱ)∥α−2(V2(·, t, ζ)I2(·, t, ζ) − V2(·, t, ϱ)I2(·, t, ϱ)) +
1
2
α(α − 1)σ2

4b2
2∥ϑ3(·, t, ζ, ϱ)∥α−2

(V2(·, t, ζ)B2(·, t, ζ) − V2(·, t, ϱ)B2(·, t, ϱ))}dt − ασ1∥ϑ1(·, t, ζ, ϱ)∥α−1(S (·, t, ζ)I(·, t, ζ)
− S (·, t, ϱ)I(·, t, ϱ))dW1(t) − ασ2∥ϑ1(·, t, ζ, ϱ)∥α−1(S (·, t, ζ)B(·, t, ζ) − S (·, t, ϱ)B(·, t, ϱ))dW2(t)
− σ3b1α∥ϑ2(·, t, ζ, ϱ)∥α−1(V(·, t, ζ)I(·, t, ζ) − V(·, t, ϱ)I(·, t, ϱ))dW3(t) − σ4b2α∥ϑ2(·, t, ζ, ϱ)∥α−1

× (V(·, t, ζ)B(·, t, ζ) − V(·, t, ϱ)B(·, t, ϱ))dW4(t) + ασ1∥ϑ3(·, t, ζ, ϱ)∥α−1(S (·, t, ζ)I(·, t, ζ)−
S (·, t, ϱ)I(·, t, ϱ))dW1(t) + ασ2∥ϑ3(·, t, ζ, ϱ)∥α−1(S (·, t, ζ)B(·, t, ζ) − S (·, t, ϱ)B(·, t, ϱ))dW2(t)
+ σ3b1α∥ϑ3(·, t, ζ, ϱ)∥α−1(V(·, t, ζ)I(·, t, ζ) − V(·, t, ϱ)I(·, t, ϱ))dW3(t) + σ4b2α∥ϑ3(·, t, ζ, ϱ)∥α−1

× (V(·, t, ζ)B(·, t, ζ) − V(·, t, ϱ)B(·, t, ϱ))dW4(t).

To proceed, the following equation must be considered:

S (·, t, ζ)I(·, t, ζ) − S (·, t, ϱ)I(·, t, ϱ)
= S (·, t, ζ)I(·, t, ζ) − S (·, t, ζ)I(·, t, ϱ) + S (·, t, ζ)I(·, t, ϱ) − S (·, t, ϱ)I(·, t, ϱ)
= S (·, t, ζ)ϑ3(·, t, ζ, ϱ) + I(·, t, ϱ)ϑ1(·, t, ζ, ϱ)

≤
Λ̄|O|

µ
1

(ϑ1(·, t, ζ, ϱ) + ϑ3(·, t, ζ, ϱ)).
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Using the same method, we can obtain

S (·, t, ζ)B(·, t, ζ) − S (·, t, ϱ)B(·, t, ϱ) ≤
Λ̄|O|

µ
1

(ϑ4(·, t, ζ, ϱ) + ϑ1(·, t, ζ, ϱ)),

V(·, t, ζ)I(·, t, ζ) − V(·, t, ϱ)I(·, t, ϱ) ≤
Λ̄|O|

µ
1

(ϑ3(·, t, ζ, ϱ) + ϑ2(·, t, ζ, ϱ)),

V(·, t, ζ)B(·, t, ζ) − V(·, t, ϱ)B(·, t, ϱ) ≤
Λ̄|O|

µ
1

(ϑ4(·, t, ζ, ϱ) + ϑ2(·, t, ζ, ϱ)).

For ⟨ϑ1(·, t, ζ, ϱ), dS△ϑ1(·, t, ζ, ϱ)⟩ = −dSλ0ϑ
2
1(·, t, ζ, ϱ). Integrating on both sides of d(eχt∥ϑ(·, t, ζ, ϱ)∥α)

and taking expectations

E(eχt∥ϑ(·, t, ζ, ϱ)∥α)

≤ ∥ϑ(·, 0, ζ, ϱ)∥α + E
∫ T

0
χeχt∥ϑ(·, t, ζ, ϱ)∥αdt + E

∫ T

0
αeχt{(−dSλ0 − mu1 − rV)∥ϑ1(·, t, ζ, ϱ∥α)

+ (−dVλ0 − µ1)∥ϑ2(·, t, ζ, ϱ)∥α + rV∥ϑ2(·, t, ζ, ϱ)∥α−1∥ϑ1(·, t, ζ, ϱ)∥ + (−dIλ0 − µ1 − d)∥ϑ3(·, t, ζ, ϱ)∥α

+ β1
Λ̄|O|

µ
1

(∥ϑ1(·, t, ζ, ϱ)∥ + ∥ϑ3(·, t, ζ, ϱ)∥)∥ϑ3(·, t, ζ, ϱ)∥α−1

+ β2
Λ̄|O|

µ
1

(∥ϑ4(·, t, ζ, ϱ)∥ + ∥ϑ1(·, t, ζ, ϱ)∥)∥ϑ3(·, t, ζ, ϱ)∥α−1

+ β3
Λ̄|O|

µ
1

(∥ϑ3(·, t, ζ, ϱ)∥ + ∥ϑ2(·, t, ζ, ϱ)∥)∥ϑ3(·, t, ζ, ϱ)∥α−1

+ β4
Λ̄|O|

µ
1

(∥ϑ4(·, t, ζ, ϱ)∥ + ∥ϑ2(·, t, ζ, ϱ)∥)∥ϑ3(·, t, ζ, ϱ)∥α−1

− dBλ0∥ϑ4(·, t, ζ, ϱ)∥α + k∥ϑ4(·, t, ζ, ϱ)∥α−1∥ϑ3(·, t, ζ, ϱ)∥ − µ2∥ϑ4(·, t, ζ, ϱ)∥α

+ (α − 1)σ2
1
Λ̄3|O|3

µ3
1

(∥ϑ1(·, t, ζ, ϱ)∥ + ∥ϑ3(·, t, ζ, ϱ)∥)∥ϑ1(·, t, ζ, ϱ)∥α−2

+ (α − 1)σ2
2
Λ̄3|O|3

µ3
1

(∥ϑ1(·, t, ζ, ϱ)∥ + ∥ϑ4(·, t, ζ, ϱ)∥)∥ϑ1(·, t, ζ, ϱ)∥α−2

+ (α − 1)σ2
3b2

1
Λ̄3|O|3

µ3
1

(∥ϑ3(·, t, ζ, ϱ)∥ + ∥ϑ2(·, t, ζ, ϱ)∥)∥ϑ2(·, t, ζ, ϱ)∥α−2

+ (α − 1)σ2
4b2

2
Λ̄3|O|3

µ3
1

(∥ϑ4(·, t, ζ, ϱ)∥ + ∥ϑ2(·, t, ζ, ϱ)∥)∥ϑ2(·, t, ζ, ϱ)∥α−2

+ (α − 1)σ2
1
Λ̄3|O|3

µ3
1

(∥ϑ1(·, t, ζ, ϱ)∥ + ∥ϑ3(·, t, ζ, ϱ)∥)∥ϑ3(·, t, ζ, ϱ)∥α−2

+ (α − 1)σ2
2
Λ̄3|O|3

µ3
1

(∥ϑ1(·, t, ζ, ϱ)∥ + ∥ϑ4(·, t, ζ, ϱ)∥)∥ϑ3(·, t, ζ, ϱ)∥α−2

+ (α − 1)σ2
3b2

1
Λ̄3|O|3

µ3
1

(∥ϑ3(·, t, ζ, ϱ)∥ + ∥ϑ2(·, t, ζ, ϱ)∥)∥ϑ3(·, t, ζ, ϱ)∥α−2
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+ (α − 1)σ2
4b2

2
Λ̄3|O|3

µ3
1

(∥ϑ4(·, t, ζ, ϱ)∥ + ∥ϑ2(·, t, ζ, ϱ)∥)∥ϑ3(·, t, ζ, ϱ)∥α−2}dt. (4.2)

For Eq (4.2), applying the Young inequality and Basic inequality, we have

E(eχt∥ϑ(·, t, ζ, ϱ)∥α)

≤ ∥ϑ(·, 0, ζ, ϱ)∥α + E
∫ T

0
χeχt∥ϑ(·, t, ζ, ϱ)∥αdt + E

∫ T

0
αeχt{(−dS λ0 − µ1 − rV )∥ϑ1(·, t, ζ, ϱ∥α)

+ (−dVλ0 − µ1)∥ϑ2(·, t, ζ, ϱ)∥α + rV (
α − 1
α
∥ϑ2(·, t, ζ, ϱ)∥α +

1
α
∥ϑ1(·, t, ζ, ϱ)∥α) + (−dIλ0 − µ1 − d)∥ϑ3(·, t, ζ, ϱ)∥α

+ β1
Λ̄|O|

µ
1

(
1
α
∥ϑ1(·, t, ζ, ϱ)∥α +

α − 1
α
∥ϑ3(·, t, ζ, ϱ)∥α + ∥ϑ3(·, t, ζ, ϱ)∥α)

+ β2
Λ̄|O|

µ
1

(
1
α
∥ϑ4(·, t, ζ, ϱ)∥α +

1
α
∥ϑ1(·, t, ζ, ϱ)∥α +

2(α − 1)
α

∥ϑ3(·, t, ζ, ϱ)∥α)

+ β3
Λ̄|O|

µ
1

(∥ϑ3(·, t, ζ, ϱ)∥α +
1
α
∥ϑ2(·, t, ζ, ϱ)∥α +

α − 1
α
∥ϑ3(·, t, ζ, ϱ)∥α)

+ β4
Λ̄|O|

µ
1

(
1
α
∥ϑ4(·, t, ζ, ϱ)∥α +

1
α
∥ϑ1(·, t, ζ, ϱ)∥α +

2(α − 1)
α

∥ϑ3(·, t, ζ, ϱ)∥α)

+ (−dBλ0 − µ2)∥ϑ4(·, t, ζ, ϱ)∥α + k
α − 1
α
∥ϑ4(·, t, ζ, ϱ)∥α +

1
α
∥ϑ3(·, t, ζ, ϱ)∥α

+ (α − 1)σ2
1
Λ̄3|O|3

µ3
1

(
2α − 3
α
∥ϑ1(·, t, ζ, ϱ)∥α +

1
α
∥ϑ3(·, t, ζ, ϱ)∥α +

2
α

)

+ (α − 1)σ2
2
Λ̄3|O|3

µ3
1

(
2α − 3
α
∥ϑ1(·, t, ζ, ϱ)∥α +

1
α
∥ϑ4(·, t, ζ, ϱ)∥α +

2
α

)

+ (α − 1)σ2
3b2

1
Λ̄3|O|3

µ3
1

(
2α − 3
α
∥ϑ2(·, t, ζ, ϱ)∥α +

1
α
∥ϑ3(·, t, ζ, ϱ)∥α +

2
α

)

+ (α − 1)σ2
4b2

2
Λ̄3|O|3

µ3
1

(
2α − 3
α
∥ϑ2(·, t, ζ, ϱ)∥α +

1
α
∥ϑ4(·, t, ζ, ϱ)∥α +

2
α

)

+ (α − 1)σ2
1
Λ̄3|O|3

µ3
1

(
2α − 3
α
∥ϑ3(·, t, ζ, ϱ)∥α +

1
α
∥ϑ1(·, t, ζ, ϱ)∥α +

2
α

)

+ (α − 1)σ2
2
Λ̄3|O|3

µ3
1

(
1
α
∥ϑ1(·, t, ζ, ϱ)∥α +

1
α
∥ϑ4(·, t, ζ, ϱ)∥α +

2α − 4
α
∥ϑ3(·, t, ζ, ϱ)∥α +

2
α

)

+ (α − 1)σ2
3b2

1
Λ̄3|O|3

µ3
1

(
1
α
∥ϑ2(·, t, ζ, ϱ)∥α +

2α − 3
α
∥ϑ3(·, t, ζ, ϱ)∥α +

2
α

)

+ (α − 1)σ2
4b2

2
Λ̄3|O|3

µ3
1

(
1
α
∥ϑ2(·, t, ζ, ϱ)∥α +

1
α
∥ϑ4(·, t, ζ, ϱ)∥α +

2α − 4
α
∥ϑ3(·, t, ζ, ϱ)∥α +

2
α

)}dt.

Due to α > 2, we can get the following result:

E(eχt∥ϑ(·, t, ζ, ϱ)∥α)

≤ ∥ϑ(·, 0, ζ, ϱ)∥α + 2α(α − 1)
Λ̄3|O|3

µ3
1

eχT−1

χ
(σ2

1 + σ
2
2 + σ

2
3 + σ

2
4) + E

∫ T

0
(χ + Q)eχt∥ϑ(·, t, ζ, ϱ)∥αdt,
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where

χ + Q = max{χ + α{3(α − 1)
Λ̄3|O|3

µ3
1

(σ2
1 + σ

2
2) +
Λ̄|O|

µ
1

(β1 + β2 + β4) − dSλ0 − µ1},

χ + α{3(α − 1)b2
1
Λ̄3|O|3

µ3
1

(σ2
3 + σ

2
4) + β3

Λ̄|O|

µ
1

+ rV − dVλ0 − µ1},

χ + α{(α − 1)
Λ̄3|O|3

µ3
1

(3σ2
1 + 2σ2

2 + 3σ2
3b2

1 + 2σ2
4b2

2) + 1

+ 2
Λ̄|O|

µ
1

(β1 + β2 + β3 + β4) − dIλ0 − µ1 − d},

χ + α{2(α − 1)
Λ̄3|O|3

µ3
1

(σ2
2 + σ

2
4b2

2) +
Λ̄|O|

µ
1

(β2 + β4) + k − dBλ0 − µ2}}.

By virtue of the Gronwall inequality, we obtain

eχt∥ϑ(·, t, ζ, ϱ)∥α ≤ ∥ϑ(·, 0, ζ, ϱ)∥α + 2α(α − 1)
Λ̄3|O|3

µ3
1

eχT−1

χ
(σ2

1 + σ
2
2 + σ

2
3 + σ

2
4)e−(χ+Q)t,

moreover
lim
t→∞

E∥ϑ(·, t, ζ, ϱ)∥α = 0.

Remark 4. Theorem 4.1 declares the existence and uniqueness of the stationary distribution of the
solution for system (2.2).

5. Numerical simulations

In this section, the theoretical results are validated by means of numerical simulations. By virtue
of the Milstein’s method [33], the discrete form of system (2.2) is given and the algorithm process is
shown.

S (i, j+1) = S (i, j) + [dS
S (i+1, j) − 2S (i, j) + S (i−1, j)

(△x)2 + Λ − β1S (i, j)I(i, j) − β2S (i, j)B(i, j)

− µ1S (i, j) − rVS (i, j)]△t − σ1S (i, j)I(i, j)ς j
√
△t −

σ2
1

2
S 2

(i, j)I
2
(i, j)(ς

2
j − 1)△t

− σ2S (i, j)B(i, j)ς j
√
△t −

σ2
2

2
S 2

(i, j)B
2
(i, j)(ς

2
j − 1)△t,

V(i, j+1) = V(i, j) + [dV
V(i+1, j) − 2V(i, j) + V(i−1, j)

(△x)2 + rVS (i, j) − β3b1V(i, j)I(i, j) − β4b2V(i, j)B(i, j)

− µ1V(i, j)]△t − σ3b1V(i, j)I(i, j)ς j
√
△t −

σ2
3

2
b2

1V2
(i, j)I

2
(i, j)(ς

2
j − 1)△t

− σ4b2V(i, j)B(i, j)ς j
√
△t −

σ2
4

2
b2

2V2
(i, j)B

2
(i, j)(ς

2
j − 1)△t,
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I(i, j+1) = I(i, j) + [dI
I(i+1, j) − 2I(i, j) + I(i−1, j)

(△x)2 + β1S (i, j)I(i, j) + β2S (i, j)B(i, j) + β3b1V(i, j)I(i, j)

+ β4b2V(i, j)B(i, j) − (µ1 + d)I(i, j)]△t + σ1S (i, j)I(i, j)ς j
√
△t +

σ2
1

2
S 2

(i, j)I
2
(i, j)(ς

2
j − 1)△t

+ σ2S (i, j)B(i, j)ς j
√
△t +

σ2
2

2
S 2

(i, j)B
2
(i, j)(ς

2
j − 1)△t + σ3b1V(i, j)I(i, j)ς j

√
△t

+
σ2

3

2
b2

1V2
(i, j)I

2
(i, j)(ς

2
j − 1)△t + σ4b2V(i, j)B(i, j)ς j

√
△t −

σ2
4

2
b2

2V2
(i, j)B

2
(i, j)(ς

2
j − 1)△t,

B(i, j+1) = B(i, j) + [dB
B(i+1, j) − 2B(i, j) + B(i−1, j)

(△x)2 + kI(i, j) − µ2B(i, j)]△t.

5.1. The influence of noise intensity

For Figures 1 and 2, let Λ = 10, γV = 0.45, µ1 = 0.35, d = 0.35, k = 0.35, µ2 = 0.33, dS = 0.35,
dV = 0.4, dI = 0.25, dB = 0.5, β1 = 0.08, β2 = 0.07, β3 = 0.02, β4 = 0.03, b1 = 0.3, b2 = 0.4,
σ1 = σ2 = σ3 = σ4 = 0.04, △x = 0.4, △t = 0.1. Figure 1 represents the path diagrams of S ,V, I, and B
in time and space. Figure 2 is the corresponding histogram for viewing the stationary distributions of
S ,V, I, and B more intuitively.
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Figure 1. The evolution path of S ,V, I, B for system (2.2) when the noise intensity is 0.04.
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Figure 2. The histograms of S ,V, I, B for system (2.2) when the noise intensity is 0.04.
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Figure 3. The evolution path of S ,V, I, B for system (2.2) when the noise intensity is 0.02.
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Figure 4. The histograms of S ,V, I, B for system (2.2) when the noise intensity is 0.02.
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Figure 5. The evolution path of S ,V, I, B for system (2.2) with different noise intensity.
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To observe the influence of noise intensity on the stationary distribution of the solution, we adjust
the noise intensity. In Figures 3 and 4, other parameters remain unchanged, let σ1 = σ2 = σ3 = σ4 =

0.02, Figure 3 shows the path diagrams of S ,V, I, and B in time and space. Figure 4 is the histogram
corresponding to Figure 3. As the noise intensity increases, the amplitude of the image fluctuation
increases (Figures 1 and 3). Furthermore, a lower noise intensity yields a stationary distribution for the
solution, as evidenced in Figures 2 and 4.

Additionally, to observe the changes of the solutions more intuitively, Figure 5 depicts a
two-dimensional variation graph. Hence, it can be observed that the image with noise fluctuates on
both sides of the image without noise. Furthermore, a greater noise intensity is related to enhanced
fluctuation.

5.2. The influence of the transmission rate

For Figures 6 and 7, let Λ = 10, γV = 0.45, µ1 = 0.35, d = 0.35, k = 0.35, µ2 = 0.33, dS = 0.35,
dV = 0.4, dI = 0.25, dB = 0.5, β1 = 0.25, β2 = 0.21, β3 = 0.09, β4 = 0.12, b1 = 0.3, b2 = 0.4,
σ1 = σ2 = σ3 = σ4 = 0.02. Figure 6 shows the path diagrams of S ,V, I, and B in time and space,
while Figure 7 is the corresponding histogram.
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Figure 6. The evolution path of S ,V, I, B for system (2.2) with β1 = 0.25, β2 = 0.21,
β3 = 0.09, β4 = 0.12.
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Figure 7. The histograms of S ,V, I, B for system (2.2) with β1 = 0.25, β2 = 0.21, β3 = 0.09,
β4 = 0.12.
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Figure 8. The evolution path of S ,V, I, B for system (2.2) with β1 = 0.15, β2 = 0.12,
β3 = 0.06, β4 = 0.09.
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Figure 9. The histograms of S ,V, I, B for system (2.2) with β1 = 0.15, β2 = 0.12, β3 = 0.06,
β4 = 0.09.

To observe the influence of the transmission rate on the stationary distribution of the model’s
solution, we adjust the dimensions of the transmission rate. In Figures 8 and 9, let Λ = 10, γV = 0.45,
µ1 = 0.35, d = 0.35, k = 0.35, µ2 = 0.33, dS = 0.35, dV = 0.4, dI = 0.25, dB = 0.5, β1 = 0.15,
β2 = 0.12, β3 = 0.06, β4 = 0.09, b1 = 0.3, b2 = 0.4, and σ1 = σ2 = σ3 = σ4 = 0.02. Figure 8 shows
the path diagrams of S ,V, I, and B in time and space, while Figure 9 is the corresponding histogram.
Figures 3, 6, and 8 demonstrate how an enhanced transmission rate can weaken the image fluctuation.
From Figures 4, 7, and 9, we can see that as the transmission rate increases, the center points of S and
V migrate to the left, and the center points of I and B shift to the right. Therefore, we can conclude
that the transmission rate can reduce randomness and change the stationary distribution of the model’s
solutions.

6. Conclusions

Cholera is an acute intestinal infectious disease caused by Vibrio cholera. Due to the rapid spread
of cholera and its high incidence and mortality rates during the epidemic period, it is a grave threat.
Therefore, an early, rapid, and correct diagnosis is crucial for the treatment and prevention of cholera.
In this study, we determined the stationary distribution of an SVIB cholera model that incorporated
stochastic noise and reaction-diffusion. Apart from the solution’s well-posedness, we also proved the
model’s finite-time stability. Furthermore, we provided sufficient conditions for the stationary
distribution of the solution of the model and proved the uniqueness of the stationary distribution of the
solution. Finally, the theorem’s results were verified through numerical simulation. For numerical
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results, we simulated the influences of noise intensity and propagation rate on the system. It could be
observed that the noise intensity could impact the model’s stationary distribution. When reducing
noise intensity, the numbers of infected individuals and cholera bacteria also decreased, and the
system tended to show a normal distribution. To conclude, the transmission rate reduces randomness
and changes the stationary distribution of solutions. Therefore, we suggest that appropriate measures
should be taken to reduce the interference of external factors in a disease outbreak. In our next phase
of research, we aim to introduce non-local diffusion, Léyy noise, and Ornstein-Uhlenbeck processes
into the model to explore the dynamic behavior of the disease.
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