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Abstract: Let K be a quadratic field and a be a fixed integral ideal of Ok. In this paper, we investigate
the distribution of ideals that divide a using the Selberg-Delange method. This is a natural variation of
a result studied by Deshouillers, Dress, and Tenenbaum (often referred to as the DDT Theorem), and
we find that this distribution converges to the arcsine distribution.

Keywords: Selberg-Delange method; the distribution; quadratic field; the arcsine distribution
Mathematics Subject Classification: 11M06, 111N99, 11R04

1. Introduction

For each positive integer n, let 7(n) denote the number of divisors of n. We define the random
variable D, to take the value (logd)/logn, where d runs through the set of divisors of n, with each
divisor having a uniform probability of 1/7(n). The distribution function F, of D, is given by the
following:

Fn(t):P(D,,gt):L Z 1 O<t<).

T(n) d|n,d<n’

It is evident that the sequence {F},., does not converge pointwise on [0, 1], since

1/3, 0<t<1/2,
Fp()=142/3, 1/2<t<]1,
1, r=1.

1/2, 0<t<l1,

FxO=y 1 o1

However Deshouillers, Dress, and Tenenbaum [11] proved that its Cesaro means is uniformly
convergent on [0, 1]. Remarkably, this limit corresponds to the distribution function of a probability
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law well-known to specialists the arcsine law with a density of 1/(r Vu(1 — u)). More precisely,

1 2
- Y F,(H=7= in Vit + O
xZ () ﬂarcs1n\/_+ [

n<x

1
1.1
vlog x) (b

holds uniformly for x > 2 and 0 < 7 < 1, and the error term in (1.1) is optimal. The main tool is the
Selberg-Delange method, which was developed by Selberg [10] and Delange [2, 3]. This method has
found application in various arithmetic problems, as demonstrated in works such as [4,5,7, 8].
Recently, Cui and Wu [1] considered the generalization of (1.1) for short intervals. More
specifically, they proved the following theorem.
Let £ > 0 be an arbitrarily small positive constant. Then,

1 2
- Z F,(t) = — arcsin Vi + 08(

1
T v]og x]
holds uniformly forO <7< 1,x > 2, and X7t < y < x, where the implied constant only depends on €.
In this paper, we consider a similar problem within the context of quadratic fields. Let O denote
the ring of integers of the quadratic field K, a represent an integral ideal of Ok, and N(a) represent the
norm of a. We introduce the following arithmetic function:

T = ) 1, (12)

Dla

x<n<x+y

which is obviously multiplicative.
Let Q, = {b € O : b | a}, S, be the set of all subsets of €2,, and let u, be the following uniform
probability:

3 1
Moo= k@)

It can be readily verified that (€Q,, S,, u,) forms a probability space. Now, let’s consider the following
random variable D,:

D.:Q, >R,
log N(b)
- .
log N(a)
The distribution function of D, is given by the following:

1 1

Fgot) =P(D, <1) = 1= 1.
K Tx(a) % Tk () %
log N(b) ., N()<N(a)’

log N(a) =
It is evident that the sequence {Fg,} does not converge pointwise on [0, 1]. However, we shall see that

1
SCD= Ty 2 P®esn

x<N(a)<x+y

is uniformly convergent on [0, 1], where L(1,y’) is a Dirichlet L-function with respect to the real
primitive character modulo |d(K)|, and obtains the following result.
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Theorem 1.1. Let ¢ (a) be defined in (1.2), and let € > 0 be an arbitrarily small positive constant. We

have
1

2 N2
71 v Z Fxo(f) = = arcsin Vi + O ((10g E 1),
L(1x")y n

x<N(a)<x+y

uniformly for 0 < t < 1, x > 2, and x'9/***¢ <y < x, where the implied constant only depends on &.
Based on the results from the short interval, we can derive the following conclusion.

Theorem 1.2. For a € Ok, we have the following:

2 v
Z Fxo(f) = = arcsin Vi + O ((10g X)Tz_l)’
T

L(,x)x N

which uniformly holds x > 2 and 0 <t < 1.
2. Preliminaries

Let us fix some notation:
- I'(s) is the Gamma function;
- {(s) is the Riemann -function;
- log, stands for the k-fold logarithm;
- L(s, y) is the Dirichlet L-function of y;
- £1s an arbitrarily small positive constant;
-reN,a>0,6>0,A>0,M >0 (constants);
-z2:=(z1,...,z)€C andw := (wy,...,w,) € C";
-k:=(Ky,...,k) € (R™) with 1 <k < -+ <k, <215
-x := (x1,---»xr) with y; non principal Dirichlet characters;
-B:=(B,....,B)e®™*) and C := (Cy,...,C,) € (R™);
- The notation |z| < B means that |z;| < B; for 1 <i<r.

Let f : N — C be an arithmetic function and its corresponding Dirichlet series is given by the
following:

F(s) =y ™,
n=1

A Dirichlet series ¥ (s) is said to be of the type P(k,z,w,x,B,C,a,0,A, M) if the following
conditions are verified:
(a) For any £ > 0 we have the following:

lf()l < Mn® (n>1),

where the implied constant depends only on &;
(b) We have

DI <M (o= 1/k)™ (o> 1/K);

n=1
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(c) The Dirichlet series 7 (s) has the following expression:

F(s) = {(ks) Lks; )" G(s),

where

(o) o= | | cas,

I<i<r

L(ks; )" = rl L(kis, x)"",

1<isr
and the Dirichlet series G(s) is a holomorphic function in (some open set containing) o > 2k)! . In
this region, G(s) satisfies the bound
G| < M(|z| + Dm0 T ogh (7] + 3),

uniformly for |z| < B and [w| < C. In the sequel, we implicitly define the real numbers o and 7 by the
relation s = o + it and choose the principal value of the complex logarithm.

Usually, we remember that N(o, T) is the number of zeros of {(s) in the region Rs > o and
|Ims| < T. It is well known that there are two constants i and n such that

N(o, T) < T " (log T)"

for % <o <landT > 2. In [6] Huxley showed that ¢ = 15—2 and 7 = 9 are admissible.
The following result is Corollary 1.2 of [12], which constitutes one of the key tools.

Lemma 2.1. Suppose that the Dirchlet F (s) is of the type P(k,z,w, X, B,C,a,0,A, M); for any € > 0,

we have
M
Z f(n) =y (log xy*"! {/lo(lc, W, x) + 0( )} ;
L log x
xX<n<x+x ly
uniformly for
x32, Akt <yl < B jw| < C,

where

_ 1/k
y =k (()c+)c1 ]/K'y) 1—x”’“),

1
G T 2w [ Lt

71
ki F(ZI) 2<ir 1<igr

and the implied constant in the O-term depends only on A, B,C, a, 6 and &.

Aok, Z, W, x) =

Lemma 2.2. For any € > 0, we have

§ 1 hy { ((3/4)w(c) )}
= 08 (3/4)~ |
ceNrarry TK() (log x) g(o) + -

uniformly for N(¢) > 1,x > 2 and x"/'*** < y < x, where w(c) denotes the number of distinct prime
ideal divisors of ¢ and

hi=6[ [PV =Diogt = 1/p)' | | P2 Vp = Dlog’(1 = 1/p) | | PP Vp = Dlog1 = 1/p*)".

pld(K) pd(K) ptd(K)
P23(%)=1 p23{%):—1
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23210g’2, d = 1(mod8),
§:=1{ 2°2log(4/3)"", d=5(mod8),
1, d=2,3(mod8).

N7 o -1
__ o N N~
o157 5)

pYlle

Proof. Use the following formula:

7x(ca) = | [p(0) + vo(@ + 1),
P

where v,(a) denotes the p-adic valuation of a. We write for Rs > 1,

Y Tx(ea)”!
N(a)=n - N(D)J
-1
NG NG N )-ff N [ N
IS M5 A 115, o 1[5 2[5 2]
pre =0 wic =0 Sy e J = J

Case 1. d = 1(mod8).

-1
N(p)™” - N [ N
ron =1 5 15 7 [ 5

p j=0 e
-1

22T 1nE P (S M | ver
sl pEns

(¢ (4)--

Let y’ be the real primitive Dirichlet character modulo |d(K)| and L (s, ") be the Dirichlet L-function
corresponding to y’. According to the [9, Theorem 8, p. 194], for Rs > 1, we have the following:

1\ 1\
o= [1(1=5) TT (1+5] -
pld(K) p pl(K) p
(=1 p23,(5)=-1

Thus, we can write the following:

Fu(n) = £(5)2L(25) S L(s, x' )2 L(2s5,x') s Ge(5),
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where G(s) = G1(5)G2(5)G3(5)Ga.(s) and

o= [ 553 05) (-52)

pld(K) j=0
S WA 1\
r” ’
G=1]1>" ] (1 —7)(1 - 2) :
praco\ 70 1 p p
(3=
*® -2js 1\2 1 ‘%
p
G = ] (Z. J(I_T) ( m) ,
ptd(K) Jj=0 A p p
(2
, oo \-1
_ o N N
Gid$) = 1—[ Zj+v+1](z j+1 ]
plle \ j=0 Jj=0
G.(s) is a Dirichlet series that absolutely converges for Rs > 3. For Rs > 2, we easily see that
3N _jlogl —N(p)ﬂ)' log(1+N®™) 1
Lo j+1 NG N TN

This implies

1 3\
'g(s)'«n{lw 0(«/N<p))}sc(1) ’

pYlle

for Rs > é, where C > 0 is an absolute constant.

Consequently, 7.(s) is a Dirichlet series of the type # (x, z, w, B,C, 1,0,0, M), where k = (1,2),
z= (%, —é), W= (%, —é), B = (%, %), C = (%, %),X =(,x)and M = C(%)w((). The proof for this case
can be concluded by applying Lemma 2.1.

Case 2. d = 5(mod3).

-1
N(p)™” o N [ N
ron=l |5 T35 (2 e

pYlle j=0

oo . o0 oo s oo g -1
o (1__) P ) [ N/ ][ NG )
> pL_(I[OJO p’ﬂél—(%) jz=(;] pl(d_(%()zo lp—[ZOJ-HH_l JZO ]+1
p=3, % =1 p>3

Let y’ be the real primitive Dirichlet character of modulo |d(K)| and L (s, x”) be the Dirichlet L-function
corresponding to y’. For Rs > 1, we have the following:

1\ 1\! 1\
Lisx)=[1+— 1- — 1+—] .
(5:) ( * 2S) I_I ( ps) I_I ( * ps)
ptd(K) ptd(K)
p23(§)=1 p23,§)=-1
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Thus, we can write the following:

Fu(n) = £(5)2L(25) S L(s, x' )2 L(2s,x') s Ge(5),
where G.(s) = G1(5)G(5)G3(5)Ga.(s), and

1

1 1 1
1\ 1) 1V o p 1) 1\

=2%log(l-=| [1-==] [1-= l——] (1-—;
Gi(s) Og( 2&) ( 22s) ( 245) Z]+ 1( ps) ( pZS) ’

pld(K) =0
= s Y 1\73
p S 3
Ga(s) = ( . ](l—j)(l——s) )
2 pl;!() JZ=(; AR p r?
p23(4)=1
_ N p‘zfs)( 1)5( | )‘é
Gs(s) = . 1-—) [1-—] .
r23(5)=-1
-1
_ o N | N(p) ™
64’((S)_1,—[ ZJ+V+1 Z j+1 |
pYlle \ j=0 j=0

G.(s) is a Dirichlet series that absolutely converges for Rs >3 , and

1 1 3\
G(s)| < { +0( )}SC(—) ,
’ E[ L+v  \VN® 4

for Rs > é, where C > 0 is an absolute constant.

Consequently, 7.(s) is a Dirichlet series of the type # (x, z, w, B,C, 1,0,0, M), where k = (1,2),
z= (%, —é), W= (%, —é), B= (%, %), C= (%, %),X =(,x)and M = C(%)w(c). The proof for this case
can be concluded by applying Lemma 2.1.

Case 3. d = 2,3(mod4).

-1
N(p)™* o N [ N
=135 n[z—j:;l][z ;;1]

poj=0 pYlle \j=0 Jj=0

o —js 0o _is 00 0 s 0o g -1
rl ZP’ l—[ Z Z N(p)™/ ZN(D)’
j+1 +1 j+v+1 j+1
d(K) =0 7 ptd(K) \ j=0 pra®) =0 J plle \ j=0 Jj=0
m(%)ﬂ p2(3)-1

Let y’ be the real primitive Dirichlet character of modulo |d(K)| and L (s, ¥") be the Dirichlet L-function
corresponding to y’. For Rs > 1, we have the following:

1\ 1\
L) = [] (1_7) I (1+_S) |
pl(K) p p
(91 A
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Thus, we can write the following:

Fu(n) = £(5)2L(25) 5 L(s, ') L(2s,x') s Ge(s),
where G.(s) = G1(5)G(5)G3(5)Ga(s), and

o [ S0-21-2)'

pld(K) j=0

. \2 _1
TR
Ga(s) = : -=)(1-—=] .

p2a (2)e

=2js 1 % 1 _é
s
praky =0 / p p

s 2)

-1
o N | N(p) ™
g4’°(s):n(zj+v+l](; j+1 ] ’

pYlle \ j=0

G.(s) is a Dirichlet series that absolutely converges for R s > 3, and
1 3\
IG(s)] < { ( )} < C(—) ,
1_[ VN(p) 4
for Rs > 2, where C > 0 is an absolute constant.

plle
Consequently, F.(s) is a Dirichlet series of the type P (k, z,w, B,C, 1,0,0, M), where k = (1,2),

z= (%, —é), W= (%, —é), B = (%, %), C = (2, 5) x = (¥'»x"). The proof for this case can be concluded
by applying Lemma 2.1. O

Lemma 2.3. Let g(a) be defined as in Lemma 2.2. Then,

L(1 1
D, 8= ALY {1 08(—)},
N(@=x h+/(mrlog x) log x
uniformly for x > 2, where h is defined as in Lemma 2.2.

Proof. Note that g is the multiplicative function defined by the following:

-1
n_ [ N7 | N
e ey

We write for Rs > 1,

> g() o o N/ e R
ro- T o[]S { £ £42)
n= P v= j= Jj=
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Case 1. d = 1(mod8).

F(n)

I
-]
[
=
~~~
N—'
2
——
[
~.
kS
=z
tld
— .
—
—_—
[
< |z
+ | =
=13
I

I
NgE
~
3
—_—
8
~
+
< ’.B|
+ -
—
N
—_—
NgE
~
+1
| =
|

ptd(K)  v=0
pad)-

Let y’ be the real primitive Dirichlet character of modulo |d(K)| and L (s, ") be the Dirichlet L-function
corresponding to y’. For Rs > 1, we have

1\ 1\7! 1\
v =(-3) T1 (-5) ] ()
2 pd(K) p Prd(K) p
P23(5)=1 p23.(4=-1

and
F(n) = {(5)>L(s, x)* G(5),
where G(s) absolutely converges for Rs > 1/2. The proof for this case can be concluded by applying

the Selberg-Delange theorem [11, Theorem 5.2, p. 281] with N = 0.
Case 2. d = 5(mod3).

o0

-1
N s NOERIERRIOE
ron =13 ver |5 A 5 )
p v=0 j=0 j=0

i [} S\ ) ) 00 AN | 2
p_./ p_J p / p_J
SO PR /poF = I ) DOV PRy Do
pld(K) v=0 J+V+1 0]+1 ptd(K) \ v=0 J+V+1 j:0]+1
p23 (1)1
—~1 -1
) 0 -2j 00 -2 o o 2—2j [« 2—2j
—2vs P p —2vs
4 - ; X 2 - -
p23)--

Let y’ be the real primitive Dirichlet character modulo |d(K)| and L (s, ") be the Dirichlet L-function
corresponding to y’. For Rs > 1, we have

ven=(z) I1 03 1 03]
p23(4)1 p23(8)=1
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and
1 N
F(n) = L()2L(s, x )2 G(9),
where G(s) absolutely converges for Rs > 1/2. The proof for this case can be concluded by applying

the Selberg-Delange theorem [11, Theorem 5.2 p.281] with N = 0.
Case 3. d = 2,3(mod4).

-1
had s hnd N(p)~/ > N(p)~/
Fo=[ [N [;ﬁ)[z jil]

p v=0 j=0
o !
N p~’
B o0 ]+v+1 j:O]+1
o) o) . o0 -1 2
—vs P’ ] p~’ ] ]
P ;
pld_Jo [vzzc; [j:0]+v+1 ;JJFI
p23(8)1

. o 5\l
l_[ Zp—sz 2] Z P 2
k) o0 ]+V+1 j:0j+1
p23(d)-1

Let y’ be the real primitive Dirichlet character modulo |d(K)| and L (s, ") be the Dirichlet L-function
corresponding to y’. For Rs > 1, we have

1! 1\

Lisx)= || (1‘7) [ (“—s) ’
pl(K) p prd(K) p
p=3(4)=1 p=3(4)=-

and 1 1
F(n) = {(s)2L(s, ") G(s),

where G(s) absolutely converges for Rs > 1/2. The proof for this case can be concluded by applying
the Selberg-Delange theorem [11, Theorem 5.2, p. 281] with N = 0. O

3. Proof of Theorems 1.1 and 1.2

Now, we are ready to prove Theorem 1.1.

|
Fro) = P(D,<1) = K(a) > = S 1=P@.z1-9

bla cla
N(b)<N(a) N()=N(a)! !

=1=P(@<1-0=1=Fg,(1-0+0 (k@)

Summing over x < N(a) < x +y, we handle the O-term using Lemma 2.1 in a similar manner to the
proof of Lemma 2.2. We find that

Sy + Sy 1 —f)=1+ 0((logx)\25_1) O<r<),
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where

1
S(x,y;0) 1:m Z Fio(D).

X<N(a)<x+y

On the other hand, we have the following identity:

2 2
Zarcsin Vi+ Zarcsin Vi—r=1 0<r<1).

v/ T

Therefore it is sufficient to prove Theorem 1.1 for 0 <7 < %
For 0 <t < 1, we can write

<3
1 1
Syt = ———— I =:8:1(x,y0)—S2x,y;0), 3.1
L(.x)y x<N%;x+y 7x(a) bla,N(D)<N(a)'
where
1 1
S1(x i) = ———— — L,
L (1’)( )y x<N(aZ)§x+y TK(a) bla,N(b)Zs()H—y)’

1 1
Sg(x,y,t) = m Z m Z 1.

x<N(a)<x+y bla,N(a)! <N(D)<(x+y)!
First, we evaluate S |(x, y; ). By changing the order of summations, we have the following:

1

Si1(x,y;1) = .
!
LX) vty unvwenioztesnme 7K

For N(b) < (x +y)" < (2x)"/? and y > x'9/?**¢ it is easy to verify that
(y/N(D)) = (x/N(b))""2*.
Thus we can apply Lemma 2.2 with (x/N(b), y/N(b)) in place of (x, y) to write

h\m

Sy ) = —————

Z 1 {g(b) Lo ((3/4)@([)))}
LLX) oty N() ylog(x/N(D)) “\ logx )J°

uniformly for 0 < 7 < 1,x > 2 and x > y > x'%***, Bounding (3/4)“’ by 1, in the summation over
d, we see that the contribution of the error terms is < 1/ 4/log x. The main term is handled by a partial
integration. Let us write the following:

- _ \ne' 1
G '_N%;‘efg(a)_%\ﬁ{HO(f)}’ (t>1).
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We have the following:

hr D g(b) _ hymo e
L(l,x’)N(w N®)logx/N®) LLx)Jo-  flogx—1

dg (1)

ulogx e! 1 1
l-———dr+ O
L(l ')f logx—t{ 2(10gx—t)} (\/logx)
1

_1 ”]ng1+0(1/(t+l))dt+0[ 1 ]
T Jo Vt(log x — 1) vlog x
' ! ):zarcsin\/ﬁ+0[ ! ],

1 dv
= — ——+0
ﬂvg Vvl —=v) * ( Viogx) T vlog x

which implies that

hr g(b) 2 [ 1 ]
Zarcsin Vi + O ,
L(,x") N(b;;ﬂ), N@®) Vlog(x/N(®) 7 Viog x

since
g(b) 1 1 1

< .
XI<N(;<(x+y)t N(b) AY; lOg(X/d \/log X X’<N(b)z<(x+y)’ b) /log x

By combining these estimates, we obtain

2 1
S1(x,y;f) = = arcsin Vr + 0( ] (3.2)
n V9og x

uniformly for 0 <7< 1,x>2and x > y > x'%***_ Note that,

h 1
S0 S T35 s e 00

(B)<(x+y)! x/d<N(c)<(x+y)/N(b)
1 1 1 (3.3)

< .
ylog x x,<Ng:S(x+y), N(b) vlog x

By inserting (3.2) and (3.3) into (3.1), we find that

<

2 1
S(x,y;tf) = = arcsin Vi + O, (—) ,
T vlog x

uniformly for 0 < ¢ < %, x>2and x >y > x!9/%
Finally, we prove that Theorem 1.2 follows from Theorem 1.1 with y = x. Since 0 < F,(¢) < 1, we

have the following:

D Fradn= ) Frad+0(Vm= > D Fra®+0(Vx).

N(a)<x Vx<N(a)<x 0<k<(log x)/(21og 2) x/2k+!1 <N(a)<x/2k
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Applying Lemma 2.2 with y = x to the inner sum, we deduce the following

[(log x)/(2log2)] ‘2 X2k
PRITCENEDY L(1,y")=— = arcsin Vt + O + O(Vx)

k+1 V2
N(a)<x k=0 2 n

(log (x/2++1)) =
, 2x . 2y
= L(1,x")== arcsin Vr + O(x(logx) 2 )
T

This completes the proof of Theorem 1.2.
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