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Abstract: Let K be a quadratic field and a be a fixed integral ideal of OK . In this paper, we investigate
the distribution of ideals that divide a using the Selberg-Delange method. This is a natural variation of
a result studied by Deshouillers, Dress, and Tenenbaum (often referred to as the DDT Theorem), and
we find that this distribution converges to the arcsine distribution.
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1. Introduction

For each positive integer n, let τ(n) denote the number of divisors of n. We define the random
variable Dn to take the value (log d)/ log n, where d runs through the set of divisors of n, with each
divisor having a uniform probability of 1/τ(n). The distribution function Fn of Dn is given by the
following:

Fn(t) = P (Dn ≤ t) =
1
τ(n)

∑
d|n,d≤nt

1 (0 ≤ t ≤ 1).

It is evident that the sequence {Fn}
∞
n=1 does not converge pointwise on [0, 1], since

Fp(t) =


1/2, 0 ≤ t < 1,
1, t = 1,

Fp2(t) =


1/3, 0 ≤ t < 1/2,
2/3, 1/2 ≤ t < 1,
1, t = 1.

However Deshouillers, Dress, and Tenenbaum [11] proved that its Cesàro means is uniformly
convergent on [0, 1]. Remarkably, this limit corresponds to the distribution function of a probability

https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.2025089


1922

law well-known to specialists the arcsine law with a density of 1/(π
√

u(1 − u)). More precisely,

1
x

∑
n≤x

Fn(t) =
2
π

arcsin
√

t + O

 1√
log x

 (1.1)

holds uniformly for x ≥ 2 and 0 ≤ t ≤ 1, and the error term in (1.1) is optimal. The main tool is the
Selberg-Delange method, which was developed by Selberg [10] and Delange [2, 3]. This method has
found application in various arithmetic problems, as demonstrated in works such as [4, 5, 7, 8].

Recently, Cui and Wu [1] considered the generalization of (1.1) for short intervals. More
specifically, they proved the following theorem.

Let ε > 0 be an arbitrarily small positive constant. Then,

1
y

∑
x<n6x+y

Fn(t) =
2
π

arcsin
√

t + Oε

 1√
log x


holds uniformly for 0 6 t 6 1, x > 2, and x

62
77 +ε 6 y 6 x, where the implied constant only depends on ε.

In this paper, we consider a similar problem within the context of quadratic fields. Let OK denote
the ring of integers of the quadratic field K, a represent an integral ideal of OK , and N(a) represent the
norm of a. We introduce the following arithmetic function:

τK(a) :=
∑
b|a

1, (1.2)

which is obviously multiplicative.
Let Ωa = {b ∈ OK : b | a}, Sa be the set of all subsets of Ωa, and let µa be the following uniform

probability:

µa =
1

τK(a)
.

It can be readily verified that (Ωa,Sa, µa) forms a probability space. Now, let’s consider the following
random variable Da:

Da : Ωa → R,

b 7→
log N(b)
log N(a)

.

The distribution function of Da is given by the following:

FK,a(t) = P (Da ≤ t) =
1

τK(a)

∑
b|a

log N(b)
log N(a)≤t

1 =
1

τK(a)

∑
b|a

N(b)≤N(a)t

1.

It is evident that the sequence
{
FK,a

}
does not converge pointwise on [0, 1]. However, we shall see that

S (x, y; t) =
1

L (1, χ′) y

∑
x<N(a)≤x+y

P (Da ≤ t)

is uniformly convergent on [0, 1], where L (1, χ′) is a Dirichlet L-function with respect to the real
primitive character modulo |d(K)|, and obtains the following result.
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Theorem 1.1. Let τK(a) be defined in (1.2), and let ε > 0 be an arbitrarily small positive constant. We
have

1
L (1, χ′) y

∑
x<N(a)≤x+y

FK,a(t) =
2
π

arcsin
√

t + O
((

log x
) √2

2 −1
)
,

uniformly for 0 ≤ t ≤ 1, x ≥ 2, and x19/24+ε ≤ y ≤ x, where the implied constant only depends on ε.

Based on the results from the short interval, we can derive the following conclusion.

Theorem 1.2. For a ∈ OK , we have the following:

1
L (1, χ′) x

∑
N(a)≤x

FK,a(t) =
2
π

arcsin
√

t + O
((

log x
) √2

2 −1
)
,

which uniformly holds x ≥ 2 and 0 ≤ t ≤ 1.

2. Preliminaries

Let us fix some notation:
- Γ(s) is the Gamma function;
- ζ(s) is the Riemann ζ-function;
- logk stands for the k-fold logarithm;
- L(s, χ) is the Dirichlet L-function of χ;
- ε is an arbitrarily small positive constant;
- r ∈ N, α > 0, δ > 0, A > 0,M > 0 (constants);
- z := (z1, . . . , zr) ∈ Cr and w := (w1, . . . ,wr) ∈ Cr;
- κ := (κ1, . . . , κr) ∈ (R+∗)r with 1 6 κ1 < · · · < κr 6 2κ1;
- χ := (χ1, . . . , χr) with χi non principal Dirichlet characters;
- B := (B1, . . . , Br) ∈ (R+∗)r and C := (C1, . . . ,Cr) ∈ (R+∗)r;
- The notation |z| 6 B means that |zi| 6 Bi for 1 6 i 6 r.

Let f : N → C be an arithmetic function and its corresponding Dirichlet series is given by the
following:

F (s) :=
∞∑

n=1

f (n)n−s.

A Dirichlet series F (s) is said to be of the type P(κ, z,w,χ, B,C, α, δ, A,M) if the following
conditions are verified:

(a) For any ε > 0 we have the following:

| f (n)| �ε Mnε (n > 1),

where the implied constant depends only on ε;
(b) We have

∞∑
n=1

| f (n)|n−σ 6 M (σ − 1/κ1)−α (σ > 1/κ1) ;
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(c) The Dirichlet series F (s) has the following expression:

F (s) = ζ(κs)zL(κs;χ)wG(s),

where
ζ(κs)z :=

∏
16i6r

ζ (κis)zi ,

L(κs;χ)w :=
∏
16i6r

L (κis, χi)wi ,

and the Dirichlet series G(s) is a holomorphic function in (some open set containing) σ > (2κ1)−1 . In
this region, G(s) satisfies the bound

|G(s)| 6 M(|τ| + 1)max{δ(1−κ1σ),0} logA(|τ| + 3),

uniformly for |z| 6 B and |w| 6 C. In the sequel, we implicitly define the real numbers σ and τ by the
relation s = σ + iτ and choose the principal value of the complex logarithm.

Usually, we remember that N(σ,T ) is the number of zeros of ζ(s) in the region <s > σ and
|=ms| 6 T . It is well known that there are two constants ψ and η such that

N(σ,T ) � Tψ(1−σ)(log T )η

for 1
2 6 σ 6 1 and T > 2. In [6] Huxley showed that ψ = 12

5 and η = 9 are admissible.
The following result is Corollary 1.2 of [12], which constitutes one of the key tools.

Lemma 2.1. Suppose that the Dirchlet F (s) is of the type P(κ, z,w,χ, B,C, α, δ, A,M); for any ε > 0,
we have ∑

x<n6x+x1−1/κ1 y

f (n) = y′(log x)z−1
{
λ0(κ, z,w,χ) + O

(
M

log x

)}
,

uniformly for
x > 2, x(1−1/(ψ+δ))/κ1+ε 6 y 6 x1/κ1 , |z| 6 B, |w| 6 C,

where
y′ := κ1

((
x + x1−1/κ1y

)1/κ1
− x1/κ1

)
,

λ0(κ, z,w,χ) :=
G (1/κ1)
κz1

1 Γ (z1)

∏
26i6r

ζ (κi/κ1)zi
∏
16i6r

L (κi/κ1, χi)wi ,

and the implied constant in the O-term depends only on A, B,C, α, δ and ε.

Lemma 2.2. For any ε > 0, we have∑
x<N(a)≤x+y

1
τK(ca)

=
hy√

(log x)

{
g(c) + Oε

(
(3/4)ω(c)

log x

)}
,

uniformly for N(c) ≥ 1, x ≥ 2 and x7/12+ε ≤ y ≤ x, where ω(c) denotes the number of distinct prime
ideal divisors of c and

h := δ
∏

p|d(K)

p1/2
√

(p − 1) log(1− 1/p)−1
∏

p-d(K)
p≥3,

(
d
p

)
=1

p3/2
√

(p − 1) log2(1− 1/p)
∏

p-d(K)
p≥3,

(
d
p

)
=−1

p3/2
√

(p − 1) log(1− 1/p2)−1.
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δ :=


23/2 log2 2, d ≡ 1(mod8),
23/2 log (4/3)−1 , d ≡ 5(mod8),
1, d ≡ 2, 3(mod8).

g(c) :=
∏
pv‖c

 ∞∑
j=0

N(p)− j

j + v + 1


 ∞∑

j=0

N(p)− j

j + 1


−1

.

Proof. Use the following formula:

τK(ca) =
∏
p

(vp(c) + vp(a) + 1),

where vp(a) denotes the p-adic valuation of a. We write for<s > 1,

Fc(n) :=
∑
n=1

∑
N(a)=n

τK(ca)−1

ns =
∑
a

τK(ca)−1N(a)−s =
∏
p

∞∑
j=0

N(p)− js

j + vp(c) + 1

=
∏
p-c

∞∑
j=0

N(p)− js

j + 1

∏
pv‖c

∞∑
j=0

N(p)− js

j + v + 1
=

∏
p

∞∑
j=0

N(p)− js

j + 1

∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

.

Case 1. d ≡ 1(mod8).

Fc(n) =
∏
p

∞∑
j=0

N(p)− js

j + 1

∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

=
∏

p|d(K)

∞∑
j=0

p− js

j + 1

∏
p-d(K)(

d
p

)
=1

 ∞∑
j=0

p− js

j + 1


2 ∏

p-d(K)(
d
p

)
=−1

∞∑
j=0

p−2 js

j + 1

∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

.

Let χ′ be the real primitive Dirichlet character modulo |d(K)| and L (s, χ′) be the Dirichlet L-function
corresponding to χ′. According to the [9, Theorem 8, p. 194], for<s > 1, we have the following:

L
(
s, χ′

)
=

∏
p-d(K)
( d

p )=1

(
1 −

1
ps

)−1 ∏
p-d(K)

p≥3,( d
p )=−1

(
1 +

1
ps

)−1

.

Thus, we can write the following:

Fc(n) = ζ(s)
1
2 ζ(2s)−

1
6 L(s, χ′)

1
2 L(2s, χ′)−

1
6Gc(s),
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where Gc(s) = G1(s)G2(s)G3(s)G4,c(s) and

G1(s) =
∏

p|d(K)

∞∑
j=0

p− js

j + 1

(
1 −

1
ps

) 1
2
(
1 −

1
p2s

)− 1
6

,

G2(s) =
∏

p-d(K)(
d
p

)
=1

 ∞∑
j=0

p− js

j + 1


2 (

1 −
1
ps

) (
1 −

1
p2s

)− 1
3

,

G3(s) =
∏

p-d(K)
p≥3,

(
d
p

)
=−1

 ∞∑
j=0

p−2 js

j + 1

 (1 − 1
p2s

) 1
2
(
1 −

1
p4s

)− 1
6

,

G4,c(s) =
∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

.

Gc(s) is a Dirichlet series that absolutely converges for<s > 1
3 . For<s ≥ 1

2 , we easily see that∣∣∣∣∣∣∣
∞∑
j=0

N(p)− js

j + 1

∣∣∣∣∣∣∣ =

∣∣∣∣∣ log (1 − N(p)−s)
N(p)−s

∣∣∣∣∣ ≥ log (1 + N(p)−σ)
N(p)−σ

≥
1

1 + N(p)−1/2 .

This implies

|Gc(s)| �
∏
pv‖c

{
1

1 + ν
+ O

(
1

√
N(p)

)}
≤ C

(
3
4

)ω(c)

,

for<s ≥ 1
2 , where C > 0 is an absolute constant.

Consequently, Fc(s) is a Dirichlet series of the type P (κ, z,ω, B,C, 1, 0, 0,M), where κ = (1, 2),
z =

(
1
2 ,−

1
6

)
, ω =

(
1
2 ,−

1
6

)
, B =

(
1
2 ,

1
2

)
, C =

(
1
2 ,

1
2

)
, χ = (χ′, χ′) and M = C

(
3
4

)ω(c)
. The proof for this case

can be concluded by applying Lemma 2.1.
Case 2. d ≡ 5(mod8).

Fc(n)=
∏
p

∞∑
j=0

N(p)− js

j + 1

∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

=22slog
(
1−

1
22s

)−1∏
p|d(K)

∞∑
j=0

p− js

j + 1

∏
p-d(K)

p≥3,
(

d
p

)
=1

 ∞∑
j=0

p− js

j + 1


2 ∏

p-d(K)
p≥3,

(
d
p

)
=−1

∞∑
j=0

p−2 js

j + 1

∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

.

Let χ′ be the real primitive Dirichlet character of modulo |d(K)| and L (s, χ′) be the Dirichlet L-function
corresponding to χ′. For<s > 1, we have the following:

L
(
s, χ′

)
=

(
1 +

1
2s

)−1 ∏
p-d(K)

p≥3,
(

d
p

)
=1

(
1 −

1
ps

)−1 ∏
p-d(K)

p≥3,
(

d
p

)
=−1

(
1 +

1
ps

)−1

.
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Thus, we can write the following:

Fc(n) = ζ(s)
1
2 ζ(2s)−

1
6 L(s, χ′)

1
2 L(2s, χ′)−

1
6Gc(s),

where Gc(s) = G1(s)G2(s)G3(s)G4,c(s), and

G1(s) = 22s log
(
1 −

1
2s

)−1 (
1 −

1
22s

) 1
2
(
1 −

1
24s

)− 1
6 ∏

p|d(K)

∞∑
j=0

p− js

j + 1

(
1 −

1
ps

) 1
2
(
1 −

1
p2s

)− 1
6

,

G2(s) =
∏

p-d(K)
p≥3,

(
d
p

)
=1

 ∞∑
j=0

p− js

j + 1


2 (

1 −
1
ps

) (
1 −

1
p2s

)− 1
3

,

G3(s) =
∏

p-d(K)
p≥3,

(
d
p

)
=−1

 ∞∑
j=0

p−2 js

j + 1

 (1 − 1
p2s

) 1
2
(
1 −

1
p4s

)− 1
6

,

G4,c(s) =
∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

,

Gc(s) is a Dirichlet series that absolutely converges for<s > 1
3 , and

|Gc(s)| �
∏
pv‖c

{
1

1 + ν
+ O

(
1

√
N(p)

)}
≤ C

(
3
4

)ω(c)

,

for<s ≥ 1
2 , where C > 0 is an absolute constant.

Consequently, Fc(s) is a Dirichlet series of the type P (κ, z,ω, B,C, 1, 0, 0,M), where κ = (1, 2),
z =

(
1
2 ,−

1
6

)
, ω =

(
1
2 ,−

1
6

)
, B =

(
1
2 ,

1
2

)
, C =

(
1
2 ,

1
2

)
, χ = (χ′, χ′) and M = C

(
3
4

)ω(c)
. The proof for this case

can be concluded by applying Lemma 2.1.
Case 3. d ≡ 2, 3(mod4).

Fc(n) =
∏
p

∞∑
j=0

N(p)− js

j + 1

∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

=
∏

p|d(K)

∞∑
j=0

p− js

j + 1

∏
p-d(K)

p≥3,
(

d
p

)
=1

 ∞∑
j=0

p− js

j + 1


2 ∏

p-d(K)
p≥3,

(
d
p

)
=−1

∞∑
j=0

p−2 js

j + 1

∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

.

Let χ′ be the real primitive Dirichlet character of modulo |d(K)| and L (s, χ′) be the Dirichlet L-function
corresponding to χ′. For<s > 1, we have the following:

L
(
s, χ′

)
=

∏
p-d(K)

p≥3,
(

d
p

)
=1

(
1 −

1
ps

)−1 ∏
p-d(K)

p≥3,
(

d
p

)
=−1

(
1 +

1
ps

)−1

.
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Thus, we can write the following:

Fc(n) = ζ(s)
1
2 ζ(2s)−

1
6 L(s, χ′)

1
2 L(2s, χ′)−

1
6Gc(s),

where Gc(s) = G1(s)G2(s)G3(s)G4,c(s), and

G1(s) =
∏

p|d(K)

∞∑
j=0

p− js

j + 1

(
1 −

1
ps

) 1
2
(
1 −

1
p2s

)− 1
6

,

G2(s) =
∏

p-d(K)
p≥3,

(
d
p

)
=1

 ∞∑
j=0

p− js

j + 1


2 (

1 −
1
ps

) (
1 −

1
p2s

)− 1
3

,

G3(s) =
∏

p-d(K)
p≥3,

(
d
p

)
=−1

 ∞∑
j=0

p−2 js

j + 1

 (1 − 1
p2s

) 1
2
(
1 −

1
p4s

)− 1
6

,

G4,c(s) =
∏
pv‖c

 ∞∑
j=0

N(p)− js

j + v + 1


 ∞∑

j=0

N(p)− js

j + 1


−1

,

Gc(s) is a Dirichlet series that absolutely converges for<s > 1
3 , and

|Gc(s)| �
∏
pv‖c

{
1

1 + ν
+ O

(
1

√
N(p)

)}
≤ C

(
3
4

)ω(c)

,

for<s ≥ 1
2 , where C > 0 is an absolute constant.

Consequently, Fc(s) is a Dirichlet series of the type P (κ, z,ω, B,C, 1, 0, 0,M), where κ = (1, 2),
z =

(
1
2 ,−

1
6

)
, ω =

(
1
2 ,−

1
6

)
, B =

(
1
2 ,

1
2

)
, C =

(
1
2 ,

1
2

)
, χ = (χ′, χ′). The proof for this case can be concluded

by applying Lemma 2.1. �

Lemma 2.3. Let g(a) be defined as in Lemma 2.2. Then,∑
N(a)≤x

g(a) =
L(1, χ′)x

h
√

(π log x)

{
1 + Oε

(
1

log x

)}
,

uniformly for x ≥ 2, where h is defined as in Lemma 2.2.

Proof. Note that g is the multiplicative function defined by the following:

g (pv) :=

 ∞∑
j=0

N(p)− j

j + v + 1


 ∞∑

j=0

N(p)− j

j + 1


−1

.

We write for<s > 1,

F (n) :=
∑
n=0

∑
N(a)=n

g(a)

ns =
∑
a

g(a)−1N(a)−s =
∏
p

∞∑
v=0

N(p)−vs

 ∞∑
j=0

N(p)− j

j + v + 1


 ∞∑

j=0

N(p)− j

j + 1


−1

.
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Case 1. d ≡ 1(mod8).

F (n) =
∏
p

∞∑
v=0

N(p)−vs

 ∞∑
j=0

N(p)− j

j + v + 1


 ∞∑

j=0

N(p)− j

j + 1


−1

=
∏

p|d(K)

∞∑
v=0

p−vs

 ∞∑
j=0

p− j

j + v + 1


 ∞∑

j=0

p− j

j + 1


−1

∏
p-d(K)(

d
p

)
=1

 ∞∑
v=0

p−vs

 ∞∑
j=0

p− j

j + v + 1


 ∞∑

j=0

p− j

j + 1


−1

2

∏
p-d(K)

p≥3,
(

d
p

)
=−1

∞∑
v=0

p−2vs

 ∞∑
j=0

p−2 j

j + v + 1


 ∞∑

j=0

p−2 j

j + 1


−1

.

Let χ′ be the real primitive Dirichlet character of modulo |d(K)| and L (s, χ′) be the Dirichlet L-function
corresponding to χ′. For<s > 1, we have

L
(
s, χ′

)
=

(
1 −

1
2s

)−1 ∏
p-d(K)

p≥3,( d
p )=1

(
1 −

1
ps

)−1 ∏
p-d(K)

p≥3,( d
p )=−1

(
1 +

1
ps

)−1

,

and
F (n) = ζ(s)

1
2 L(s, χ′)

1
2G(s),

where G(s) absolutely converges for<s > 1/2. The proof for this case can be concluded by applying
the Selberg-Delange theorem [11, Theorem 5.2, p. 281] with N = 0.
Case 2. d ≡ 5(mod8).

F (n) =
∏
p

∞∑
v=0

N(p)−vs

 ∞∑
j=0

N(p)− j

j + v + 1


 ∞∑

j=0

N(p)− j

j + 1


−1

=
∏

p|d(K)

∞∑
v=0

p−vs

 ∞∑
j=0

p− j

j + v + 1


 ∞∑

j=0

p− j

j + 1


−1 ∏

p-d(K)
p≥3,

(
d
p

)
=1

 ∞∑
v=0

p−vs

 ∞∑
j=0

p− j

j + v + 1


 ∞∑

j=0

p− j

j + 1


−1

2

∏
p-d(K)

p≥3,
(

d
p

)
=−1

∞∑
v=0

p−2vs

 ∞∑
j=0

p−2 j

j + v + 1


 ∞∑

j=0

p−2 j

j + 1


−1

×

∞∑
v=0

2−2vs

 ∞∑
j=0

2−2 j

j + v + 1


 ∞∑

j=0

2−2 j

j + 1


−1

.

Let χ′ be the real primitive Dirichlet character modulo |d(K)| and L (s, χ′) be the Dirichlet L-function
corresponding to χ′. For<s > 1, we have

L
(
s, χ′

)
=

(
1 +

1
2s

)−1 ∏
p-d(K)

p≥3,
(

d
p

)
=1

(
1 −

1
ps

)−1 ∏
p-d(K)

p≥3,
(

d
p

)
=−1

(
1 +

1
ps

)−1

,

AIMS Mathematics Volume 10, Issue 1, 1921–1934.



1930

and
F (n) = ζ(s)

1
2 L(s, χ′)

1
2G(s),

where G(s) absolutely converges for<s > 1/2. The proof for this case can be concluded by applying
the Selberg-Delange theorem [11, Theorem 5.2 p.281] with N = 0.
Case 3. d ≡ 2, 3(mod4).

F (n) =
∏
p

∞∑
v=0

N(p)−vs

 ∞∑
j=0

N(p)− j

j + v + 1


 ∞∑

j=0

N(p)− j

j + 1


−1

=
∏

p|d(K)

∞∑
v=0

p−vs

 ∞∑
j=0

p− j

j + v + 1


 ∞∑

j=0

p− j

j + 1


−1

∏
p-d(K)

p≥3,
(

d
p

)
=1

 ∞∑
v=0

p−vs

 ∞∑
j=0

p− j

j + v + 1


 ∞∑

j=0

p− j

j + 1


−1

2

∏
p-d(K)

p≥3,
(

d
p

)
=−1

∞∑
v=0

p−2vs

 ∞∑
j=0

p−2 j

j + v + 1


 ∞∑

j=0

p−2 j

j + 1


−1

.

Let χ′ be the real primitive Dirichlet character modulo |d(K)| and L (s, χ′) be the Dirichlet L-function
corresponding to χ′. For<s > 1, we have

L
(
s, χ′

)
=

∏
p-d(K)

p≥3,
(

d
p

)
=1

(
1 −

1
ps

)−1 ∏
p-d(K)

p≥3,
(

d
p

)
=−1

(
1 +

1
ps

)−1

,

and
F (n) = ζ(s)

1
2 L(s, χ′)

1
2G(s),

where G(s) absolutely converges for<s > 1/2. The proof for this case can be concluded by applying
the Selberg-Delange theorem [11, Theorem 5.2, p. 281] with N = 0. �

3. Proof of Theorems 1.1 and 1.2

Now, we are ready to prove Theorem 1.1.

FK,a(t) = P (Da ≤ t) =
1

τK(a)

∑
b|a

N(b)≤N(a)t

1 =
1

τK(a)

∑
c|a

N(c)≥N(a)1−t

1 = P (Da ≥ 1 − t)

= 1 − P (Da < 1 − t) = 1 − FK,a(1 − t) + O
(
τK(a)−1/2

)
.

Summing over x < N(a) ≤ x + y , we handle the O-term using Lemma 2.1 in a similar manner to the
proof of Lemma 2.2. We find that

S (x, y; t) + S (x, y; 1 − t) = 1 + O
((

log x
) √2

2 −1
)

(0 ≤ t ≤ 1),
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where

S (x, y; t) :=
1

L (1, χ′) y

∑
x<N(a)≤x+y

FK,a(t).

On the other hand, we have the following identity:

2
π

arcsin
√

t +
2
π

arcsin
√

1 − t = 1 (0 ≤ t ≤ 1).

Therefore it is sufficient to prove Theorem 1.1 for 0 ≤ t ≤ 1
2 .

For 0 ≤ t ≤ 1
2 , we can write

S (x, y; t) =
1

L (1, χ′) y

∑
x<N(a)≤x+y

1
τK(a)

∑
b|a,N(b)≤N(a)t

1 =: S 1(x, y; t) − S 2(x, y; t), (3.1)

where

S 1(x, y; t) :=
1

L (1, χ′) y

∑
x<N(a)≤x+y

1
τK(a)

∑
b|a,N(b)≤(x+y)t

1,

S 2(x, y; t) :=
1

L (1, χ′) y

∑
x<N(a)≤x+y

1
τK(a)

∑
b|a,N(a)t<N(b)≤(x+y)t

1.

First, we evaluate S 1(x, y; t). By changing the order of summations, we have the following:

S 1(x, y; t) =
1

L (1, χ′) y

∑
N(b)≤(x+y)t

∑
x/N(b)<N(c)≤(x+y)/N(b)

1
τK(bc)

.

For N(b) ≤ (x + y)t ≤ (2x)1/2 and y ≥ x19/24+ε, it is easy to verify that

(y/N(b)) ≥ (x/N(b))7/12+ε.

Thus we can apply Lemma 2.2 with (x/N(b), y/N(b)) in place of (x, y) to write

S 1(x, y; t) =
h
√
π

L (1, χ′)

∑
N(b)≤(x+y)t

1

N(b)
√

log(x/N(b))

{
g(b) + Oε

(
(3/4)ω(b)

log x

)}
,

uniformly for 0 ≤ t ≤ 1
2 , x ≥ 2 and x ≥ y ≥ x19/24+ε. Bounding (3/4)ω(d) by 1, in the summation over

d, we see that the contribution of the error terms is� 1/
√

log x. The main term is handled by a partial
integration. Let us write the following:

G(t) :=
∑

N(a)≤et

g(a) =

√
πet

4h
√

t

{
1 + O

(
1
t

)}
, (t > 1).
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We have the following:

h
√
π

L (1, χ′)

∑
N(b)≤xu

g(b)

N(b)
√

log x/N(b)
=

h
√
π

L (1, χ′)

∫ u log x

0−

e−t√
log x − t

dG(t)

=
h
√
π

L (1, χ′)

∫ u log x

0
G(t)

e−t√
log x − t

{
1 −

1
2(log x − t)

}
dt + O

 1√
log x


=

1
π

∫ u log x

0

1 + O(1/(t + 1))√
t(log x − t)

dt + O

 1√
log x


=

1
π

∫ u

0

dv
√

v(1 − v)
+ O

 1√
log x

 =
2
π

arcsin
√

u + O

 1√
log x

 ,
which implies that

h
√
π

L (1, χ′)

∑
N(b)≤(x+y)t

g(b)

N(b)
√

log(x/N(b))
=

2
π

arcsin
√

t + O

 1√
log x

 ,
since ∑

xt<N(b)≤(x+y)t

g(b)

N(b)
√

log(x/d)
�

1√
log x

∑
xt<N(b)≤(x+y)t

1
N(b)

�
1√

log x
.

By combining these estimates, we obtain

S 1(x, y; t) =
2
π

arcsin
√

t + O

 1√
log x

 , (3.2)

uniformly for 0 ≤ t ≤ 1
2 , x ≥ 2 and x ≥ y ≥ x19/24+ε. Note that,

S 2(x, y; t) ≤
h

L (1, χ′) y

∑
xt<N(b)≤(x+y)t

∑
x/d<N(c)≤(x+y)/N(b)

1
τK(c)

�
1√

log x

∑
xt<N(b)≤(x+y)t

1
N(b)

�
1√

log x
.

(3.3)

By inserting (3.2) and (3.3) into (3.1), we find that

S (x, y; t) =
2
π

arcsin
√

t + Oε

 1√
log x

 ,
uniformly for 0 ≤ t ≤ 1

2 , x ≥ 2 and x ≥ y ≥ x19/24+ε.
Finally, we prove that Theorem 1.2 follows from Theorem 1.1 with y = x. Since 0 ≤ Fa(t) ≤ 1, we

have the following:∑
N(a)≤x

FK,a(t) =
∑

√
x<N(a)≤x

FK,a(t) + O(
√

x) =
∑

0≤k≤(log x)/(2 log 2)

∑
x/2k+1<N(a)≤x/2k

FK,a(t) + O(
√

x).

AIMS Mathematics Volume 10, Issue 1, 1921–1934.



1933

Applying Lemma 2.2 with y = x to the inner sum, we deduce the following

∑
N(a)≤x

FK,a(t) =

[(log x)/(2 log 2)]∑
k=0

L(1, χ′)
x

2k+1

2
π

arcsin
√

t + O

 x/2k+1(
log

(
x/2k+1))1−

√
2

2


 + O(

√
x)

= L(1, χ′)
2x
π

arcsin
√

t + O
(
x
(
log x

) √2
2 −1

)
.

This completes the proof of Theorem 1.2.
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