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Abstract: The parameterized local fractional singular integral operator T is defined on the space
LY®RD) as T 1 LFRD) — LYPRD, T(£)0) = o2 2[E45 f(0].y € R.. By employing
the weight function method and analysis techniques on the fractal real line number set RT, a
general Hilbert-type local fractional integral inequality has been established, thereby demonstrating the
boundedness of the defined integral operator. Through optimization of parameters, it was determined
that the necessary and sufficient condition for the constant factor in this general Hilbert-type local
fractional inequality to be the best possible is that the power parameters o and o, satisfy o +o0; = f—«a.

Consequently, the formula for calculating the operator norm has been derived.
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1. Introduction

Let (p,q)(p > 1,11) + é = 1) be a conjugate exponential pair, and let f(x) and g(y) be two non-

negative real functions, satisfying 0 < f0+00 fP(x)dx < +00,0 < me fi(y)dy < +oco. We have the
famous Hardy-Hilbert integral inequality as follows [1]:

T f(08() p oo Lo s
\fo X+y dxdy < sjn(%){ﬁ f"(x)dx} {fo gq(y)dy} , (1)
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where the constant factor o
sin(Z

is the best possible. We define the singular integral operator 7(f)(y) =

fom ﬁ f(x)dx, then (1) can be represented by this operator and its norm as [1]
(Tf, g < 1Tl

It is precisely because of the deep connection between (1) and the operator that it has important
applications in the field of analysis and partial differential equations [1, 2], so the in-depth study
of (1) has attracted wide attention and achieved rich research results. This includes these works [3-6],
which comprehensively and systematically summarized and elaborated on some research results. In
addition, in recent years, Liu [7-9] has achieved some new research results on mixed kernel Hilbert-
type integral inequalities; Rassias [10] and Huang [11] established some inverse Hilbert-type integral
inequalities in the whole plane or involving the derivative function of a higher order; Yang [12]
obtained a Hardy Hilbert-type integral inequality involving a multiple upper bound function and a
high-order derivative function; and the equivalent conditions for the optimal matching parameters of
the generalized homogeneous kernel multiple integration operator obtained by Hong [13], as well as
some new half-discrete Hilbert-type inequalities [14, 15].

In 2011, Yang [16] established the fractal real line number set R with a fractal dimension 7(0 <
7 < 1) based on the real number set R; the local fractional derivative and local fractional integral
were defined on the real number set R™. Subsequently, a relatively complete theory of Young’s Local
Fractional Calculus (YLFC) was developed [17-19]. YLFC has been applied as a mathematical tool
in fields such as physics, materials science, etc. [20-22]. In 2017, Liu et al. [23, 24] incorporated
Hilbert-type integral inequalities into the fractal set R™ and extended several basic Hilbert-type integral
inequalities. In 2021, they [25] established the Yang-Hardy-Hilbert local fractional integral inequality.
They also studied the Hilbert-type local fractional integral inequalities with integral kernels of Mittag-
Leffler function [26], hyperbolic cotangent function [27], and the abstract homogeneous function [28],
respectively. During this period, Baleanu et al. [29-31] obtained a class of local fractional Hilbert-type
inequalities via Cantor-type spherical coordinates and Hilbert-type local fractional integral inequalities
of some other integral kernels.

In this paper, we introduced multiple parameters, «,f,0,0;, and constructed the following
parameterized integral kernel function:
_ =y
ETR
Firstly, we established a general Hilbert-type local fractional integral inequality with the above integral
kernel using the weight function method. This general Hilbert-type integral inequality helps us prove
the boundedness of the defined operator. Still, its constant factor may not be the best possible, and
we cannot obtain the formula for calculating the operator norm. Then, by optimizing the parameter
conditions, we provide the necessary and sufficient condition for the existence of a Hilbert-type local
fractional integral inequality with the best constant factor, which is that the parameters satisty o+ o0 =
B — a, and the formula for calculating the norm of the defined operator is obtained.

ko(x,y) :

2. Preliminary knowledge

Some of the operational properties and axioms of the elements in the fractal real number set R", as
well as the theory of YLFC on R7, can be found in references [16, 17,27].
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Definition 1. [16, 17,25] Suppose that [a, b] is a finite interval of the real line R, f;(x) € C.[a, b](local
fractional continuous function in [a,b]), we define the local fractional integral of f; by

1 b |
T f fr(0)(dx)T = ltgg;ﬁ(x,-)(Axi),

T (folx) =

I(r T+ 1)

with Ax; = x;—x;_(i=1,---N)and t = 1maX{Ax,'}, anda = xp < x; <--- < xy_1 < Xy = b is partition
<i<N

of interval [a, b]. Here, it follows that .2, (f,(x)) = 07 if @ = b, & " (f,(x)) = =% " (f:(x)) if @ < b.
If b = oo, the generalized integral is defined by

1
I'l+1)

(o) = f Fi@@" = Jim (Z7(f ().

If [a,b] and [c,d] are finite or infinite intervals of R, F.(x,y) is a local fractional continuous
function on the rectangle domains Q = {(x, y)la < x < b,c <y < d}, the double local fractional integral
of F.(x,y) is marked as

1
ag};/b(r)[c%(f)(pf(x,y))] = mLFT(x,y)(dx)T(dy)T.

Definition 2. [32] We define some generalized special functions on Young’s fractal set.
(). If u, v > 0, the generalized beta function is defined as
tT(u—l)

B.(u,v) := o%@[m}

(i1). If Re(y3) > Re(y,) > 0, |arg(1 — z)| < =, the generalized hypergeometric function is defined as

Og;/1<7>[lr(n—l)(1 — 1T (] - zt)_”‘]

Fr(y1,72,73,2) = B 0nrr 70 . (2)

Definition 3. Let 0 < 7 < 1 be a fractal dimension. We construct the normed Lebesgue fractal space
and a specific integral kernel function k.(x, y) as follows:

LY(RY) := {ﬁ(x) fellp = {oZL 2L £OI]) < +oo},

Ly®) = {gxy) el = {02018 0} < +oo},

ko(x,y) =

Definition 4. Assume that f; € L(R]),g. € LY(R]), we define the Hilbert-type local fractional
integral operator by

T L*R}) — LYP(RY),
|x —yI™

TOU0) = o2 ke ) f(0)| = oL [W

£y e R, 3)
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The formal inner product of 7 £, and g, is

|TO./

lx—y

7) - () (1)
(T s g‘r) = o%m{o%m[—(x " y)TBfT(x)gT(y)]}. (4)
The norm of T is -
r 1T fellprvii-
1T = sup  —endep) )
feonerr@ny  fellpa

Lemma 1. If 0 > 0, > —1,0 < 8 — @, defining the following local fractional integral:

|1 _ t|7atr(0'—l)

%‘r(a”ﬂ’ O-) = 0%(;)[ (1 N [)TIB 5

then, we have
My(a,B,0) = B(o, 1 +a)F.(B,0, 1 +a+0,-1)+B,(B—-a-0o, 1 +a)F.(B,—a—0, 1 +B—0,—1). (6)

Proof. By (2), we obtain

| 1-— tlrat'r(O'— 1)

— (1)
%T(a’ﬁﬂ O-) - 0%00[ (1 I Z‘)Tﬁ ]
(‘r)[(l _ t)‘mt‘r((r—l)] 1 (T)[(t _ 1)1'(1t‘r(0'—1)]
N ST N TITE
setting %:u for the second integral @ [ (1 _ l.)T(x[T(G'—l) ] . @(7) [ (1 _ u)‘rau‘r(ﬁ—af—a'— 1) ]
P A n® o (1 +uy®

=B.(o,1+)F,B,0,1+a+o0,-1)+B.-a-o,1 +a)F.(B,—a—-0,1+B—-0,—1).

Lemma 2. If 0 < 0(0y) < 8 — @, > —1, defining the following weight functions:

T0,7(0r1—1)

. @) lx — y[x™y
wa, B, 0,01, x) = o X2 ,x €R,,
(@, B, 0,01, %) = o Z3)| 7 | xer,
_ . |.X _yITaxT(O'—l)yT(n
wT(a/9ﬁ9 O-’ 0'1,)’) :: 0%—(00)[ ay e IR+7

(x +y)®

we have
w(a,B, 0,01, x) = XD g (a, B, 071),

o, B,0,01,y) =y e g (a, B, o).

Proof. Setting = = 1, we find that

(7

|x _ ylmx‘ra'y‘r(o-.—l)

(x+y)*
|1 — frrerD
T
= XD (0, By,

|

w-(a,B,0,071, x)

+00

— x‘r(0'+0'1+oz—ﬁ) . @(T)[

Similarly, we have w.(a, B8, 0, o1, y) = Y1) g (a,B,0). O
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Lemma 3. If p > 1, ﬁ + 5 =1, fr. 8- 2 07, f; € L}'(RY), g- € LY(RY), k(x,y) > 07, and there exists a
positive fractal real number M7, such that the Hilbert-type local fractional integral inequality

Te = o2 o LMke(x, 1) (080} < M follpllgellg o ®)

holds, then we have the following equivalent inequality:

H, = [ B[P Bk D EOY ) < Ml ©)
where J;, H; € RT.
Proof. We set the following a local fractional continuous function as

) =y P B e )]y € R
“(8) = (9)”. Letting (8) be holds, then we have
0 < llgell?,, = 0ZR[y™ g4(y)]

A N O A S ROVACH
oD D[y P (W Dk, ) £:()) | (= HE)
AR A O AU SCRVAES) | PR AU SCROVAC] |
oD o HDMhe ) (D& (= )
M| fellprullgellgry = MO follpmye - HE ™,

by the above expression, we obtain (9).
“9) = (8)”. Letting (9) be holds, by Holder local fractional integral inequality [19] and (9), we
find that

IA

T = o WD ke(x,3) £:(2)8:0)1)
wv(1-p)

= o2y L |5 0]

1
< He - { o2 20710} = Hellgellg.e
< MU follpllgellg -

The above expression is (8). In summary, (8) is equivalent to (9).
3. Main results

Theorem 1. If p > 1,1—17 +-=1lLa>-1,0<0(0)) <B-a, fr(x),g(y) = 0, satisfying

1
q

fr(x) € L;[p(l—a')—l+0'+a'1+a—ﬁ](R‘:)’ g‘r(y) e L;[q(l—a'l)—l+a'+o'1+(1—,B](R:)’
Then we have the following pair of equivalent inequalities:

|x — y[™
(x +y)P

% {o%:?[ ﬁ(x)gT(y)]}

AIMS Mathematics Volume 10, Issue 1, 1779-1791.
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1 1
< %‘rp (a, ﬁ’ (o] )'%Tq (a’ﬁ’ O-)l|f:r||p,‘r[p(1—0')—1+0'+0'1+a—ﬁ] ||g‘r| |q,T[q(l—0'1 )=1+o0+o1+a—pB]> (10)

@[, 7lple1-D+(p-1)(B—a—o—0+1)] (1) |X y| P’
{Og-l—oo[y P +p + ( %m(( " )rﬁfT(x))) ]}

1 1
< %‘rp (aaﬁa 0-1)%‘;1 (a/’ﬁ’ O-)||ﬁ'||p,’r[p(l—0’)—1+0’+0’1+(l—,3] . (1 1)

Proof. Using the weight function method based on the Hardy interpolation problem and the Holder
double local fractional integral inequality with weighted [28], by Lemma 2, we have

AL A P o7 )Tﬁm)gT(y)]}
@(T){ @(T)[ (|x y|)Tﬁ [xr(l;myr((r;—l)][xr(z—wyr(l;m) ]fr(x)gf(y)]}
FT(p=DU-0)y(@1=Dy _ |7 1
< e 2 )

xT(O‘—l)yT(q— D(o1-1) |x _ yl‘ra
(x +y)®

— (e ., 9PN ()| s B, O gt )]

@, By )M (B, ) DI 0o |V

(022] 2 g’

1
1-01)-1 - q
{Og/_'_(g [yT[q( o)-l+o+o +a ﬁ]gz(y)]}q
1 1
= %‘rp (Q, ﬁ’ 01 )%‘[’q (Q,ﬁ, 0-)||f:r||p,T[p(1—0')—1+0'+0'1+0z—ﬁ] ”g‘r”q,r[q(l—m)—l+(r+0'| +a—pB]- (12)

Assume that the “ < ” in (12) takes the form of the equality for a y € R, then according to the
conclusion of the weighted Holder local fractional inequality, there are constants A™ and BT that are not
all zero, such that

AT)CT(p_l)(l_O-)yT(O-l_1)ﬁp(X) — BTxT(O'—l)yT(q—l)(I—G'I)gz(y) a.e. in Ri
is valid. let us assume that A™ # 07, then there is a yy € R, such that
KFlp(=o)-1+o+ai+a-p]] ff(x) — [AT ygq(l o1) (Vo)] KIHB-a=0=01) g4 & in R,
is valid, which contradicts 07 < O%Q{xﬂw ~o)-l+oror+a—f] f,”(x)} < +00. So, (12) takes the strict
unequal form. According to Lemma 3, (10) is equivalent to (11). O
Theorem 2. If p > 1,2 +1 = 1,a > -1,0 < o(00) < B-a, fix) € LR, g (y) €

L1907 RTY, If and only if o + o7 = 8 — a, the following pair of equivalent inequalities

|x —y[™

() ()
O%—oo { O@-i—oo [( )Tﬂ

fr(x)gr(y)]} < M(a,p, U)”f‘r“p,r[p(l—o‘)—l]”gT”q,T[q(l—(rl)—l]’ (13)

fT(-x))) ]}p < %T(a’ﬁ’ O-)Hf‘r”p,‘r[p(l—a)—]] (14)

| T

o[ rlpori- o=y
{amelymn 2

hold.
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Proof. By 0 + 0y = f — @ and Lemma 1, we have

11— frege=n

BT

=B.(oc,1 +o)F. (B, 01,1 +a+o0,-1)+B.B—a—-o,1 +a)F.(B,—a—-oc,l +B—01,—1)
=B.B-a-o,1+a)F.B,—a—-0c,1+B-0,-1)+B.(0, 1 +a)F.(B,0,1 +a+0,-1)

= Ma,p,0),

M@, B, o) = o)

hence we have ///” (a,p, 0'1)/// (a,B,0) = M(a,B,0). Substituting o + oy + @ — @ = 0 and

// (a, B, 0'1)/// (a,B,0) = M-(a,B,0) into (10) and (11) respectively, we obtain (13) and (14)
accordingly.
On the other hand, hypotheses (13) and (14) are valid and let ¢ = o + 0y + @ — 8. When ¢ > 0, for
0 < & < g, setting
T(oc-1-%) T(o1—1-%)
_)x r, x €[, +00) _ )y @, y€[l, +c0)
Jin) = { o, xeon &V ‘{ or, ye@.)

we have
”fT”p,T[p(l—o‘)—l]||gT||q,T[q(1—0'|)—1]
— {O%(;)[x‘r[p(l—cf)—llff(x)]}%{ ()@Jr(;))[yf[q(l—o'l)—I]f‘lp(x)]}é
— { 1%(2[{7(1%)]}%{ 1%(2[))—7(“5)]}5
= E (15)

8T

Setting 2 = u, and noting the fact that x € [1, +0c0), we obtain

Je= o0 o@f;)[ )Tﬁfx 0g:0)|}

e X — TQ (01—1—2)
O o1 @(T>[| Iy ]}
(x +y)®

1)'rauT(0'1—§—1)

{
{
= e g/(r)[(”‘
{x
{

(1 +u)? |
T(or1—-£-1)
> YOyt @(ﬂ[(”—l)m” T I
I (1 +u)®?
_ A\t TB-a—o+£-1)
A Pl @(n[(l n™t ‘
(1+0)>
by (2)

B(B-a-01+ o 1+ QFBA-a—oi+ =1 +B -0+ 2, ~1), ZD[x19)]
q q q
£ (M) AL ).
Based on the above expression, by (13) and (15), we find that

M) L <

AIMS Mathematics Volume 10, Issue 1, 1779-1791.
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M, B, 0)

< '%T(a’ﬁa O-)”f;'”p,‘l’[p(l—()')—l]||gT||q,T[q(1—0'|)—]] = e

In view of ¢ — & > 0, we get | %0 [x‘T(”s‘g)] = co. Hence, we arrived at a contradictory conclusion,
which is that +oo < J, < +00.
When ¢ < 0, for 0 < € < —g, setting

T(o-1+%) T(o1—1+%)
X », xe (0,1 @, € (0,1
f=1% (0, 1] L g0 = yT y€(0,1] ’
0 x € (1, +00) 07, y€(l,+0)

we have

”ﬁ'”p,‘r[p(l—o‘)—l]“gT”q,T[q(l—O'l)—l]
@[ p(-c)-1 5 oy @ rla(i-or)-1 :
= {2 Q[P oo |} {02 Ly o ||

{ 0@1(7) [x—r(l—a)]}% { 0@/1(7) [y—‘r(l—a):l}é

_ (16)

8‘[’

Setting )XC = u, and noting the fact that x € (0, 1], we obtain

Jr = 0¥, (;){0%(;)“)6 yl)w £ (x)gf(y)]}
= @1 ){x‘r(O' 1+2) @/(T)[lx 2;';1 :;;_H;) }
—1(l—g— - (1_ ) (o1+£-1)

= ){ (1-&-¢) g,I/U[ ztl +MM)TB : }
eI

by (2)

B (o + _’ 1+ Q)F‘r(ﬂ’ ot f, 1 +[+0+ E, _1)0%(7)[)6—7(1—5_9)]
2 (M) Ogl(r) [ x—‘r(l—s—s‘)]'
Based on the above expression, by (13) and (16), we find that

(M;)T Ogl(T) [x—r(l—s—g)] <J,
M(a,B,0)

< M, B, Ol fellpip-o-nllgllgriga-o-11 = pe

In view of ¢ + £ < 0, we get 0@1(7) [x‘T(l‘g‘g)] = o0. So, we also arrived at a contradictory conclusion
that +00 < J; < +co. In summary, we have ¢ = 0, thatisoc+o0;=-a. O
Theorem 3. If p > 1,1 +1 = 1,a > -1,0 < o(00) < B-a, fix) € LR, g (y) €

LT[q(1 on- 1J(RT) If and only 1f o + o = B — a, the constant factor .#,(«, 3, 0) of (13) and (14) is the
best possible.

AIMS Mathematics Volume 10, Issue 1, 1779-1791.
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Proof. According to Theorem 2, inequalities (13) and (14) are only valid when the condition o +
o1 = B — a. Therefore, we only need to prove that the constant .#;(«a,,0) of (13) and (14) is
the best possible. Assuming this proposition is incorrect, there exists a positive fractal real number
K'(< #(a,B,0), and when K" is used instead of the constant factor .Z;(a, 3, o) of (13), (13) still
holds. Letting &, 6 be two sufficiently small positive numbers, we define the following expression:

T(o-1-%) T(o1-1-%)

—~ _ , X€]l,+00) — |y , Y €E[d,+00)
fT(S’ x) - { OT, = (O, 1) ’ gr(&Y) - { OT, y c (0’ 6) )

we can easily obtain a expression, which is
—_ —_ 1 ~ 1 17 1
HED - = &7 {0 N e o | Dy igle ) = ()" am)

In addition, noting o + 0y + @ — 8 = 0 and x € [1, +00), by Fubini’s theorem [33], we have,

|x —y[™

T o = 5 2
X+ y)"

(e, 08, )|}

T(01_1_§)|X _ yl‘ra

(x+y)» ]}

=& FQ R

setting ‘; =u

uT(0'1—1—§)|1 _ ”lm]}

P @(;) 19 é@(;)[
kA R (1+u)P

uT((Tl—l—g)ll —ul™

(1+u)”
T(O'l—l—g)ll — ul™@

(1+u)® ]

2

=1

e

Based on the inequality above and (17), we obtain
T(Ul—l—§)|1 _

a4
2 (1 + )™

Performing limit operations on both sides of the above expression, by Fatou’s Lemma [33], we have

T(Gl—l—§)|1 — ul™@

M@, B,0) = M(a.B,o) = lim ( Tim ;2 2[

e—0"

<K',

(1+u)™® -

which contradicts the previous assumption that K™ < .#;(«,,0). Therefore, the constant factor
M(a,B,0) of (13) is the best possible. According to the equivalence property, it is known that
AM(a, B, 0) is also the best constant factor for (14). O

Theorem 4. If p > 1,2 +1 = 1o > -1,0 < o(0) < B — o, fo(x) € LM77 PR go(y) €

LT[q(l —o1)—-1+0+o+a—p]

q (R?), the operator T is defined according to Definition 4, we have

(i) T is a bounded operator of L[T,[’7 (mo-trorateflpry L;[” (@1 =Drp=bE-emr=n+Di Ry 1n other

words, there exists a fractal constant M~, such that
||T(T)ﬁ||p,r[p(01—1)+(p—1)(/3—a/—0'—0'1+1)] < MT”fr”p,T[p(a'l—1)+(p—1)(ﬂ—a/—a'—0'1+l)]- (18)

AIMS Mathematics Volume 10, Issue 1, 1779-1791.
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(i) If and only if o + 0} = 8 — a, the norm of the fractal operator T is
ITON = Mo, B, 0). (19)
(i11)) We have the following pair of operator-equivalent inequalities with norm
(T fer 80) < IT M fellprtp1-or-1llgellgtatt-orn -1 (20)

”T(T)(fT)”p,T(pal—l) < ”T{T)”Hf:r”p,rlp(l—a)—ly (21)

1 1
Proof. (i). Based on Definitions 4 and (11), for any fractal constant M™ > ;" («, B8, 071). 4 (a, B, o),
the inequality

{ 0%(;) [yT[P(m—1)+(P—1)(5‘“_‘7_(r' +1)]( 0%(;)( (lx n yl)rﬁ Jelx ))) ]}

< MT||fr||p,T[p(1—a)—1+a+crl+a—ﬁ]

holds, it is equivalent to (18) being valid.

(ii). Because the constant factor .Z;(a, 8, o) of (14) is the best possible, by (5) and o + 0} = 8 — «a,
we obtain ||T7|| = #(a, B, 7).

(ii1). From (13) and (14), and in conjunction with Definition 4, we derive (20) and (21). O

4. Applications
We choose suitable parameter values in (13) and compute the operator norm using (19) to derive

some simple Hilbert-type fractional integral inequalities.
Example 1. By setting a=0,=1,0= 1 ,0 = l in (13), based on Definitions 3, (19), and (6), we

obtain k.(x,y) = xr+y and ||T®|| = B (1 l)F (1 1 + é, -1) + BT(%, DHF.(1, %, 1+ 11—7, —1). Hence, we
further have
. o[ fo(0)g()
o2 { o] LR

1 1 1 1 1
< {BT(—, DF(L, =1+~ =) + B(—, DF(1, —, 1 + —, —1)} Ifllpllgzllg- (22)
q a 9 p p . p

Continuing to take 7 = 1 in (22), we derive (1). So, (22) is a generalization of (1) on the real fractal set

RT

Example 2. By settlnga =-1.B8=3.0 —}I o =1 in(13) based on Deﬁnitions3 (19), and (6), we
obtain k.(x,y) = and||rf>||_ T(l DF:(3, o +- =)+ B(5, DF(3, ,-+- —1). Hence,

m ik
we further have
T T T X T
0%3{0%3[ f0g:0) ]}
x2'r _ yZT

11 1 1
{ 55 E 1)+B‘r( ) «(
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L "1y Hence, we obtain a Hilbert-type

Continuing to take T = 1, p = ¢ = 2 in (23), we have ||T”|| = B(3, 5

integral inequality on the set R, which is

11
S)gdxdy < B(7, SfIII8ll-
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