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1. Introduction

In this article, we consider the following time-fractional generalized Rosenau-RLW-Burgers
equation:

ut −
C
0Dαt uxx +

C
0Dβt uxxxx + ux − uxx + f (u)x = g(x, t), (x, t) ∈ Ω × J, (1.1)

with boundary conditions
u(x, t) = uxx(x, t) = 0, (x, t) ∈ ∂Ω × J̄, (1.2)

and initial condition
u(x, 0) = u0(x), x ∈ Ω, (1.3)

where Ω = (a, b) is the spatial domain, J = (0,T ] is the time interval with T ∈ (0,∞), and g(x, t)
is a known source term function. The nonlinear term f (u) satisfies the assumption condition | f (u)| ≤
c f (u)|u|, where c f (u) is a positive constant on u. C

0Dαt u and C
0Dβt u are both Caputo fractional derivatives

with 0 < α, β < 1. Since C
0Dγt u = ∂

γ(u−u0)
∂tγ , all of the above Caputo fractional derivatives can be converted
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into the Riemann-Liouville fractional derivative, note that

∂γu
∂tγ
=

1
Γ(1 − γ)

∂

∂t

∫ t

0

u(x, s)
(t − s)γ

ds, 0 < γ < 1. (1.4)

Specifically, when α = 1, β = 1, (1.1) degenerates into the generalized Rosenau-RLW-Burgers
equation which can be seen as the combined system between the generalized Rosenau-RLW equation
and the generalized Rosenau-Burgers equation.

The RLW equation, the Rosenau equation, and their combined systems with other equations are
significant mathematical and physical equations that effectively describe nonlinear wave behaviors.
These equations have become interesting topics in the study of nonlinear dispersion dynamics. Since
obtaining analytical solutions for these equations is challenging, studying their numerical methods
is paramount. Over the years, there has been extensive research on numerical methods for solving
this type of equation. In [1], Atouani and Omrani discussed the numerical solution of the Rosenau-
RLW (RRLW) equation based on the Galerkin finite element method. In [2], He and Pan developed a
three-level, linearly implicit finite difference method for solving the generalized Rosenau-Kawahara-
RLW equation. In [3], Wongsaijai and Poochinapan developed a pseudo-compact finite difference
scheme for solving the generalized Rosenau-RLW-Burgers equation. In [4], Mouktonglang et al.
analyzed a generalized Rosenau-RLW-Burgers equation with periodic initial-boundary value. For
more papers on related equations, please refer to [5–8]. It is worth noting that the literature on the
fractional generalized Rosenau-RLW-Burgers equation is relatively scarce, and its analytical solution
is difficult to obtain. Therefore, we have to consider effective numerical methods such as finite
element methods [9–12], finite difference methods [13–15], finite volume methods [16], spectral
methods [17–19], and mixed finite element methods [20–22]. In addition, the existence of time-
fractional derivatives increases the difficulty of studying numerical methods. Therefore, it is crucial
to choose an appropriate high-order approximation formula for the fractional derivative to establish a
stable numerical scheme for (1.1).

In 1986, Lubich [23] proposed the convolution quadrature (CQ) formula for Riemann Liouville
fractional operators using the discrete convolution. In [24], Chen et al. developed an alternating
direction implicit fractional trapezoidal rule type to solve a two-dimensional fractional evolution
equation. In [25], Jin et al. proposed a corrected approximation formula for high-order BDFs through
appropriate initial modifications to discretize fractional evolution equations. Based on the CQ formula,
in [26], Liu et al. developed the shifted convolution quadrature (SCQ) theory, which extended the CQ
formula at xn−θ and discussed the constraints of parameter θ. In [27], Yin et al. studied the generalized
BDF2-θ with the finite element method for solving the fractional mobile/immobile transport model,
and also developed a correction scheme by adding the starting part to restore convergence order. For
more related papers, please refer to [28–33].

In this article, we develop the generalized BDF2-θ in time combined with the mixed finite element
method in space to solve (1.1). The focuses of this article are as follows:
• It is noted that the time-fractional generalized Rosenau-RLW-Burgers equation containing two

time-fractional operators is studied.
• The stability of the time-fractional generalized Rosenau-RLW-Burgers equation (1.1) based on

the mixed finite element method is given.
• Based on a comprehensive analysis of some numerical examples, the numerical method’s
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feasibility and effectiveness have been extensively validated. Specifically, the issue of decreasing the
convergence rate of nonsmooth solutions is solved by adding correction terms.

The structure of this article is as follows: In Section 2, the generalized BDF2-θ is introduced, and
the fully discrete mixed finite element scheme is provided. In Section 3, the existence and uniqueness
theorem for the fully discrete mixed finite element scheme is given. In Section 4, the stability of the
scheme is proved. In Section 5, some numerical examples with smooth and nonsmooth solutions based
on the discrete scheme are presented. In Section 6, some conclusions are given.

2. Numerical scheme

In this section, we present the fully discrete mixed finite element scheme for (1.1) in space, which
combines the generalized BDF2-θ in time. The generalized BDF2-θ with the starting part is introduced
in [27]. Further, we divide the time interval [0,T ] into 0 = t0 < t1 < · · · < tN−1 < tN = T , and let
tn = nτ (n = 1, 2, · · · ,N), where τ is time step length size and N is a positive integer.

For the convenience of research, set û := u − u0, and assume that û has the following form:

û(x, t) = û1(x, t) + û2(x, t) :=
κ∑

j=1

c jtσ j + tσκ+1ϕ(x, t), (2.1)

where c j = c(x), 1 < σ1 < σ2 < · · · < σκ < σκ+1 and ϕ(x, t) is sufficiently differentiable with respect
to t.

Using û := u − u0, we can write (1.1)–(1.3) as

ût −
∂αûxx

∂tα
+
∂βûxxxx

∂tβ
+ ûx − ûxx + f (û)x = ĝ(x, t), (x, t) ∈ Ω × J, (2.2)

with boundary conditions
û(x, t) = ûxx(x, t) = 0, (x, t) ∈ ∂Ω × J̄, (2.3)

and initial condition
û(x, 0) = 0, x ∈ Ω, (2.4)

where ĝ(x, t) = g(x, t) + (u0)x − (u0)xx.
Now, we introduce an auxiliary variable q = ûxx to obtain the following coupled system:

ût −
∂αûxx

∂tα
+
∂βqxx

∂tβ
+ ûx − ûxx + f (û)x = ĝ(x, t), (2.5)

and
q = ûxx. (2.6)

Multiplying (2.5) and (2.6) by v ∈ H1
0 and w ∈ H1

0 , respectively, integrating the result equations,
and using integration by parts, we obtain the following weak form:

(ût, v) + (
∂αûx

∂tα
, vx) − (

∂βqx

∂tβ
, vx) − (û, vx) + (ûx, vx) − ( f (û), vx) = (ĝ, v), ∀v ∈ H1

0 , (2.7)

and
(q,w) + (ûx,wx) = 0, ∀w ∈ H1

0 . (2.8)
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To provide the fully discrete numerical scheme, we first introduce the relevant formulas and lemmas
for the generalized BDF2-θ.

For smooth functions û and q in [0,T ], we let ûn = û(·, tn), qn = (·, tn). The approximation formula
for the Riemann-Liouville fractional derivative at time tn−θ with the generalized BDF2-θ is

∂γûn−θ

∂tγ
= τ−γ

n∑
j=0

ω
(γ)
j ûn− j + τ−γ

κ∑
j=1

ω
(γ)
n, jû

j + Rn−θ
γ

:= Ψγ,nτ û + S γ,nτ,κ û + Rn−θ
γ ,

(2.9)

where |Rn−θ
γ | ≤ Cτ2.

The discrete convolution part is denoted as

Ψγ,nτ û := τ−γ
n∑

j=0

ω
(γ)
j ûn− j, (2.10)

and the starting part is

S γ,nτ,κ û := τ−γ
κ∑

j=1

ω
(γ)
n, jû

j. (2.11)

The convolution weights {ω(γ)
j }
∞
j=0 in (2.10) are generated by the following generating function:

ω(γ)(ξ) =
(
3γ − 2θ

2γ
−

2γ − 2θ
γ
ξ +
γ − 2θ

2γ
ξ2

)γ
. (2.12)

Lemma 2.1. [27] We give the convolution weights {ω(γ)
j }
∞
j=0 of the generalized BDF2-θ as follows:

ω
(γ)
0 =

(
3γ − 2θ

2γ

)γ
, ω

(γ)
1 = 2(θ − γ)

(
2γ

3γ − 2θ

)1−γ

,

ω
(γ)
j =

2γ
j(3γ − 2θ)

[
2(γ − θ)

(
j − 1
γ
− 1

)
ω

(γ)
j−1 + (γ − 2θ)

(
1 −

j − 2
2γ

)
ω

(γ)
j−2

]
, j ≥ 2.

(2.13)

Lemma 2.2. [27] The starting weights {ω(γ)
n, j}
κ
j=1 of the generalized BDF2-θ are given as the following:

κ∑
j=1

ω
(γ)
n, j jℓ =

Γ(ℓ + 1)
Γ(ℓ − γ + 1)

(n − θ)ℓ−γ −
n∑

j=1

ω
(γ)
n− j jℓ, ℓ = σ1, σ2, · · · , σκ. (2.14)

Lemma 2.3. [12, 15] For û ∈ C4[0, π], the following two approximate formulas at tn−θ hold:

g(tn−θ) = gn−θ + O(τ2),
f (û(tn−θ)) = f (ûn−θ) + O(τ2),

(2.15)

where gn−θ := (1 − θ)gn + θgn−1 and f (ûn−θ) := (2 − θ) f (ûn−1) − (1 − θ) f (ûn−2).

AIMS Mathematics Volume 10, Issue 1, 1757–1778.



1761

Next, we have the following approximate formula:

û(tn−θ) = ûn−θ + S 0,n
τ,κ û + O(τ2)

:= (1 − θ)ûn + θûn−1 + S 0,n
τ,κ û + O(τ2).

(2.16)

Without considering the starting part, we can obtain the weak form of (2.5) and (2.6) at tn−θ:

(Ψ1,n
τ û, v) + (Ψα,nτ ûx, vx) − (Ψβ,nτ qx, vx) − (ûn−θ, vx) + (ûn−θ

x , vx)
=( f (ûn−θ), vx) + (ĝn−θ, v) − (Rn−θ

1 , v),
(2.17)

and
(qn−θ,w) + (ûn−θ

x ,wx) = −(Rn−θ
2 ,w), (2.18)

where Rn−θ
1 = O(τ2) and Rn−θ

2 = O(τ2).
To establish the fully discrete mixed finite element scheme, we introduce the following finite

element space:
Vh = {vh|vh ∈ H1

0 , vh|Ii ∈ Pk(Ii), ∀Ii ∈ Th, k ≥ 1},

whereTh is a subdivision of Ω̄ = [a, b] into M subintervals Ii = [xi−1, xi], with hi = xi−xi−1, h = max
1≤i≤M

hi,

and Pk(Ii) represent the polynomials with a degree less than or equal to k in Ii.
Next, we provide linear basis functions {φi}

M
i=1 of finite element space Vh as follows:

φi(x) =


1 + x−xi

hi
, x ∈ Ii,

1 − x−xi
hi+1
, x ∈ Ii+1,

0, others,
(2.19)

φM(x) =
{

1 + x−xM
hM
, x ∈ IM,

0, others.
(2.20)

Based on the above finite element space, we find {Un−θ,Qn−θ} ∈ Vh × Vh satisfying

(Ψ1,n
τ U,V) + (Ψα,nτ Ux,Vx) − (Ψβ,nτ Qx,Vx) − (Un−θ,Vx) + (Un−θ

x ,Vx)
=( f (Un−θ),Vx) + (ĝn−θ,V), ∀V ∈ Vh,

(2.21)

and
(Qn−θ,W) + (Un−θ

x ,Wx) = 0, ∀W ∈ Vh. (2.22)

3. Existence and uniqueness of numerical solution

Theorem 3.1. The solution of the fully discrete mixed finite element scheme (2.21) and (2.22) is
uniquely solvable.

Proof. Taking basis functions {φi}
M
i=1 of finite element space Vh, we have

Un =

M∑
i=1

un
i φi, Qn =

M∑
i=1

qn
i φi. (3.1)
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Taking V = φ j and W = φ j from (2.21) and (2.22), we have

τ−1ω(1)
0 AUn + τ−αω(α)

0 BUn + (1 − θ)BUn − (1 − θ)CUn − τ−βω
(β)
0 BQn

=Fn−θ +Gn−θ − τ−1
n∑

k=1

ω(1)
k AUn−k − τ−α

n∑
k=1

ω(α)
k BUn−k

− θBUn−1 + θCUn−1 + τ−β
n∑

k=1

ω
(β)
k BQn−k,

(3.2)

and

(1 − θ)BUn + (1 − θ)AQn = −θBUn − θAQn, (3.3)

where

A =
[
(φi, φ j)

]T

1≤i, j≤M
, B =

[
(φix, φ jx)

]T

1≤i, j≤M
, C =

[
(φi, φ jx)

]T

1≤i, j≤M
,

Fn−θ =
[(

f (Un−θ), φ1x

)
, · · · ,

(
f (Un−θ), φMx

)]T
, Gn−θ =

[(
gn−θ, φ1

)
, · · · ,

(
gn−θ, φM

)]T
.

Obviously, A and B are symmetric and positive definite. Further, processing the boundary and
simplifying the right-hand term, we have(

τ−1ω(1)
0 Ã + τ−αω(α)

0 B̃ + (1 − θ)B̃ − (1 − θ)C̃
)

Un − τ−βω
(β)
0 B̃Qn = Hn

1, (3.4)

and
(1 − θ)B̃Un + (1 − θ)ÃQn = Hn

2, (3.5)

where

Hn
1 =Fn−θ +Gn−θ − τ−1

n∑
k=1

ω(1)
k AUn−k − τ−α

n∑
k=1

ω(α)
k BUn−k − θBUn−1

+ θCUn−1 + τ−β
n∑

k=1

ω
(β)
k BQn−k,

Hn
2 = − θBUn − θAQn.

Multiplying (3.4) by τÃ−1, we have(
ω(1)

0 E + τ1−αω(α)
0 Ã−1B̃ + τ(1 − θ)Ã−1B̃ − τ(1 − θ)Ã−1C̃

)
Un − τ1−βω

(β)
0 Ã−1B̃Qn = τÃ−1Hn

1. (3.6)

Further, rewrite (3.5) as

Qn = Hn
3, (3.7)

where Hn
3 = (1 − θ)−1Ã−1Hn

2 − Ã−1B̃Un.
Substitute (3.7) into (3.6) to obtain

KUn = Hn
4, (3.8)
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where
K = ω(1)

0 E + τ1−αω(α)
0 Ã−1B̃ + τ(1 − θ)Ã−1B̃ − τ(1 − θ)Ã−1C̃ + τ1−βω

(β)
0 Ã−1B̃Ã−1B̃,

Hn
4 = τÃ

−1Hn
1 + τ

1−β(1 − θ)−1ω
(β)
0 Ã−1B̃Ã−1Hn

2.

It is easy to see that (3.7) and (3.8) are equivalent to (3.4) and (3.5). Due to τ being small enough and
E being an identity matrix, the matrix K is invertible. Additionally, since Uk (k = 0, 1, · · · , n − 1) is
known, after multiple iterations, (3.7) and (3.8) have a unique solution. □

Remark 3.1. Since we introduce the auxiliary variable q = ûxx to transform (2.2) into a first-order
system (2.5) and (2.6), according to [34, 35], the mixed finite element scheme (2.21) and (2.22) do
not need to satisfy the LBB condition. In [36], the LBB condition is a condition for the problem to
be well posed. From this perspective, typically satisfying the LBB condition is to obtain the existence
and uniqueness of a solution. Although the mixed finite element scheme in this article does not need to
satisfy the LBB condition, it still satisfies the existence and uniqueness of a solution.

4. Stability

Lemma 4.1. [12, 14] For ∀Um ∈ Vh, satisfying Um = 0 (m < 0), we have

(Ψ1,m
t U,Um−θ) ≥

1
4τ

(H[Um] − H[Um−1]), m ≥ 1,

where
H[Um] = (3 − 2θ)∥Um∥2 − (1 − 2θ)∥Um−1∥2 + (2 − θ)(1 − 2θ)∥Um − Um−1∥2,

and
H[Um] ≥

1
1 − θ

∥Um∥2, m ≥ 1.

Lemma 4.2. [27] For any vector (v0, v1, · · · , vn−1) ∈ Rn, defining {ω(γ)
k }
∞
k=0 (0 < γ < 1) be a sequence

of coefficients of the generating function ω(γ)(ξ) in (2.12) and 0 ≤ θ ≤ min{γ, 1
2 }, we have

n−1∑
m=1

vm
m∑

k=1

ω
(γ)
m−kv

k ≥ 0, n ≥ 1.

Theorem 4.1. Let un
h = Un + ū0

h, where ū0
h is an approximation of u0, the following stability of the fully

discrete scheme (2.21) and (2.22) holds:

∥uL
h∥

2 ≤ C

∥ū0
h∥

2 + τ

L∑
n=1

∥gn−θ∥2

 , 1 ≤ L ≤ N, (4.1)

where C is a positive constant independent of h and τ.

Proof. Taking V = Un−θ, W = Ψβ,nτ Q, (2.21) and (2.22) can be written as

(Ψ1,n
τ U,Un−θ) + (Ψα,nτ Ux,Un−θ

x ) − (Ψβ,nτ Qx,Un−θ
x ) + ∥Un−θ

x ∥
2

=(Un−θ,Un−θ
x ) + ( f (Un−θ),Un−θ

x ) + (ĝn−θ,Un−θ),
(4.2)
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and
(Qn−θ,Ψβ,nτ Q) + (Un−θ

x ,Ψ
β,n
τ Qx) = 0. (4.3)

Adding (4.2) and (4.3), we have

(Ψ1,n
τ U,Un−θ) + (Ψα,nτ Ux,Un−θ

x ) + (Qn−θ,Ψβ,nτ Q) + ∥Un−θ
x ∥

2

=(Un−θ,Un−θ
x ) + ( f (Un−θ),Un−θ

x ) + (ĝn−θ,Un−θ).
(4.4)

Using Lemma 4.1, we obtain

1
4τ

(H[Un] − H[Un−1]) + (Ψα,nτ Ux,Un−θ
x ) + (Qn−θ,Ψβ,nτ Q) + ∥Un−θ

x ∥
2

≤(Un−θ,Un−θ
x ) + ( f (Un−θ),Un−θ

x ) + (ĝn−θ,Un−θ).
(4.5)

Multiply (4.5) by 4τ and sum it with respect to n from 1 to L to get

H[UL] − H[U0] + 4τ
L∑

n=1

(Ψα,nt Ux,Un−θ
x ) + 4τ

L∑
n=1

(Qn−θ,Ψβ,nτ Q) + 4τ
L∑

n=1

∥Un−θ
x ∥

2

≤4τ

 L∑
n=1

(Un−θ,Un−θ
x ) +

L∑
n=1

( f (Un−θ),Un−θ
x ) +

L∑
n=1

(ĝn−θ,Un−θ)

 .
(4.6)

By the Hölder inequality and Young inequality, the three terms on the right-hand side of (4.6) can be
expanded to

L∑
n=1

(Un−θ,Un−θ
x ) ≤

1
2

L∑
n=1

∥Un−θ∥2 +
1
2

L∑
n=1

∥Un−θ
x ∥

2, (4.7)

L∑
n=1

( f (Un−θ),Un−θ
x ) ≤

L∑
n=1

∥c f (Un−θ)∥∞∥Un−θ∥∥Un−θ
x ∥

≤C
L∑

n=1

∥Un−θ∥2 +
1
2

L∑
n=1

∥Un−θ
x ∥

2,

(4.8)

L∑
n=1

(ĝn−θ,Un−θ) ≤
1
2

L∑
n=1

∥ĝn−θ∥2 +
1
2

L∑
n=1

∥Un−θ∥2, (4.9)

where we use the bounded condition ∥c f (Un−θ)∥∞ ≤ C.
Substituting (4.7)–(4.9) into (4.6), we arrive at

H[UL] − H[U0] + 4τ
L∑

n=1

(Ψα,nt Ux,Un−θ
x ) + 4τ

L∑
n=1

(Qn−θ,Ψβ,nτ Q)

≤Cτ

 L∑
n=1

∥ĝn−θ∥2 +

L∑
n=1

∥Un−θ∥2

 .
(4.10)

In what follows, using Lemmas 4.1 and 4.2 and the Gronwall inequality, we have

∥UL∥2 − ∥U0∥2 ≤ Cτ
L∑

n=1

∥ĝn−θ∥2. (4.11)
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Since U0 = 0, we obtain

∥UL∥2 ≤ Cτ
L∑

n=1

∥ĝn−θ∥2. (4.12)

Noting that UL = uL
h−ū0

h and using the triangle inequality, the conclusion of this theorem is derived. □

5. Numerical results

In this section, we present numerical simulation results for both smooth and nonsmooth solutions to
verify the effectiveness of the numerical scheme. Next, we set the nonlinear term f (u) = u2, the spatial
domain Ω = (0, 1), and the time interval J = (0, 1].

Example 5.1. The exact solution is u(x, t) = t2 sin(2πx) satisfying u(x, 0) = 0, and the known source
function g(x, t) is given by

g(x, t) = sin(2πx)
(
2t +

8π2t2−α

Γ(3 − α)
+

32π4t2−β

Γ(3 − β)
+ 4π2t2

)
+ 2πt2 cos(2πx) + 2πt4 sin(4πx). (5.1)

In Table 1, fixing τ = 1/1000 and choosing h = 1/10, 1/20, 1/40, 1/80, we provide the L2-errors and
the spatial convergence rates for u and q with different parameters α, β, and θ, where θ ≤ min{α, β, 1

2 }.
Similarly, in Table 2, taking h = 1/1000, we calculate the L2-errors and the time convergence rates
with τ = 1/10, 1/20, 1/40, 1/80. From Tables 1 and 2, one can see that the convergence rates in both
space and time are close to 2 when the exact solution is smooth. In Table 3, if θ > min{α, β, 1

2 },
the convergence accuracy will be unstable, which verifies the range of θ values from a numerical
perspective. To observe the effect of numerical simulation more clearly, we provide the comparison
images between numerical solutions and exact solutions. In Figure 1, we show distinct comparison
images of the numerical solutions of uh and qh and the exact solutions of u and q with τ = 1/1000,
h = 1/80, α = 0.2, β = 0.8, and θ = 0.2.

0 0.2 0.4 0.6 0.8 1

x

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

u

u and u
h
 with =0.2, =0.8, =0.2

t=0

t=0.25

t=0.5

t=0.75

t=1
Numerical solution
Exact solution

0 0.2 0.4 0.6 0.8 1

x

-40

-30

-20

-10

0

10

20

30

40

q

q and q
h
 with =0.2, =0.8, =0.2

t=0

t=0.25

t=0.5

t=0.75

t=1

Numerical solution
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Figure 1. uh, qh and u, q with τ = 1/1000, h = 1/80, α = 0.2, β = 0.8, θ = 0.2
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Table 1. Spatial convergence results with τ = 1/1000.

α β θ h ∥uh − u∥ Rate ∥qh − q∥ Rate
1/10 2.2165E-02 - 2.6449E-02 -

0.2 1/20 5.6375E-03 1.9752 6.1401E-03 2.1069
1/40 1.4151E-03 1.9941 1.5121E-03 2.0217
1/80 3.5399E-04 1.9992 3.8250E-04 1.9830
1/10 2.2165E-02 - 2.6470E-02 -

0.2 0.8 -0.5 1/20 5.6369E-03 1.9753 6.1607E-03 2.1032
1/40 1.4146E-03 1.9945 1.5327E-03 2.0070
1/80 3.5346E-04 2.0008 4.0308E-04 1.9269
1/10 2.2164E-02 - 2.6490E-02 -

-1 1/20 5.6364E-03 1.9754 6.1810E-03 2.0996
1/40 1.4141E-03 1.9949 1.5530E-03 1.9928
1/80 3.5293E-04 2.0024 4.2346E-04 1.8747
1/10 2.1828E-02 - 4.0463E-02 -

0.5 1/20 5.5499E-03 1.9756 9.6844E-03 2.0629
1/40 1.3932E-03 1.9941 2.3964E-03 2.0148
1/80 3.4861E-04 1.9987 5.9910E-04 2.0000
1/10 2.1828E-02 - 4.0465E-02 -

0.5 0.5 0.2 1/20 5.5499E-03 1.9757 9.6868E-03 2.0626
1/40 1.3931E-03 1.9941 2.3988E-03 2.0137
1/80 3.4854E-04 1.9989 6.0151E-04 1.9956
1/10 2.1826E-02 - 4.0523E-02 -

-1 1/20 5.5484E-03 1.9759 9.7445E-03 2.0561
1/40 1.3916E-03 1.9953 2.4564E-03 1.9880
1/80 3.4706E-04 2.0035 6.5921E-04 1.8977
1/10 2.1399E-02 - 5.8275E-02 -

0.2 1/20 5.4386E-03 1.9763 1.4195E-02 2.0375
1/40 1.3651E-03 1.9943 3.5279E-03 2.0085
1/80 3.4156E-04 1.9988 8.8248E-04 1.9992
1/10 2.1399E-02 - 5.8276E-02 -

0.8 0.2 0 1/20 5.4386E-03 1.9763 1.4196E-02 2.0374
1/40 1.3650E-03 1.9943 3.5290E-03 2.0082
1/80 3.4153E-04 1.9989 8.8360E-04 1.9978
1/10 2.1396E-02 - 5.8410E-02 -

-1 1/20 5.4352E-03 1.9769 1.4329E-02 2.0272
1/40 1.3616E-03 1.9970 3.6619E-03 1.9683
1/80 3.3812E-04 2.0097 1.0167E-03 1.8487
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Table 2. Time convergence results with h = 1/1000.

α β θ τ ∥uh − u∥ Rate ∥qh − q∥ Rate
1/10 1.9614E-03 - 7.7510E-02 -

0.2 1/20 5.0017E-04 1.9714 1.9814E-02 1.9679
1/40 1.2703E-04 1.9773 5.0533E-03 1.9712
1/80 3.2128E-05 1.9832 1.2867E-03 1.9736
1/10 7.2565E-03 - 2.8650E-01 -

0.2 0.8 -0.5 1/20 1.8309E-03 1.9867 7.2335E-02 1.9858
1/40 4.6032E-04 1.9919 1.8206E-02 1.9903
1/80 1.1551E-04 1.9946 4.5778E-03 1.9917
1/10 1.2197E-02 - 4.8151E-01 -

-1 1/20 3.1215E-03 1.9662 1.2329E-01 1.9655
1/40 7.8542E-04 1.9907 3.1091E-02 1.9875
1/80 1.9579E-04 2.0042 7.8135E-03 1.9924
1/10 5.3041E-04 - 2.1042E-02 -

0.5 1/20 1.3386E-04 1.9863 5.3622E-03 1.9724
1/40 3.3676E-05 1.9910 1.3637E-03 1.9753
1/80 8.4582E-06 1.9933 3.4761E-04 1.9720
1/10 1.1457E-03 - 4.5326E-02 -

0.5 0.5 0.2 1/20 2.8884E-04 1.9879 1.1461E-02 1.9836
1/40 7.2679E-05 1.9907 2.8911E-03 1.9871
1/80 1.8260E-05 1.9929 7.2972E-04 1.9862
1/10 1.5622E-02 - 6.1668E-01 -

-1 1/20 4.0111E-03 1.9615 1.5838E-01 1.9611
1/40 1.0095E-03 1.9904 3.9868E-02 1.9901
1/80 2.5362E-04 1.9929 1.0017E-02 1.9928
1/10 5.2861E-04 - 2.0885E-02 -

0.5 1/20 1.3465E-04 1.9730 5.3245E-03 1.9717
1/40 3.4107E-05 1.9811 1.3530E-03 1.9765
1/80 8.5857E-06 1.9901 3.4270E-04 1.9812
1/10 2.2763E-03 - 8.9851E-02 -

0.8 0.5 0 1/20 5.7402E-04 1.9875 2.2660E-02 1.9874
1/40 1.4460E-04 1.9890 5.7086E-03 1.9889
1/80 3.6405E-05 1.9899 1.4372E-03 1.9898
1/10 1.5534E-02 - 6.1313E-01 -

-1 1/20 3.9902E-03 1.9609 1.5749E-01 1.9609
1/40 1.0033E-03 1.9917 3.9605E-02 1.9916
1/80 2.5177E-04 1.9946 9.9391E-03 1.9945
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Table 3. Time convergence results with h = 1/1000.

α β θ τ ∥uh − u∥ Rate ∥qh − q∥ Rate
1/10 2.4519E-03 - 9.6803E-02 -

0.1 0.9 0.11 1/20 6.2095E-04 1.9813 2.4519E-02 1.9811
1/40 5.2080E-04 0.2538 2.0647E-02 0.2480
1/80 4.0699E+02 -19.5758 1.6068E+04 -19.5699
1/10 1.8093E-03 - 7.1425E-02 -

0.5 0.5 0.51 1/20 4.5109E-04 2.0039 1.7808E-02 2.0039
1/40 2.0018E-04 1.1721 7.8154E-03 1.1881
1/80 5.1099E-04 -1.3520 2.0090E-02 -1.3621
1/10 4.8552E-04 - 1.9119E-02 -

0.8 0.2 0.21 1/20 1.2438E-04 1.9647 4.8398E-03 1.9820
1/40 5.8298E-05 1.0933 2.2123E-03 1.1294
1/80 2.3759E-02 -8.6708 9.3790E-01 -8.7277

Example 5.2. In this example, we consider the case where the nonsmooth solution is taken as u =
(tα+β + t3) sin(2πx), and the known source term g(x, t) is

g(x, t) = sin(2πx)
[
(α + β)tα+β−1 + 3t2 + 4π2

(
tβΓ(α + β + 1)
Γ(β + 1)

+
6t3−α

Γ(4 − α)

)]
+ sin(2πx)

[
16π4

(
tαΓ(α + β + 1)
Γ(α + 1)

+
6t3−β

Γ(4 − β)

)
+ 4π2(tα+β + t3)

]
+ 2π(tα+β + t3) cos(2πx) + 2π(tα+β + t3)2 sin(4πx).

(5.2)

Table 4 presents the L2-errors and the spatial convergence rates of u and q before and after adding
the starting parts with h = 1/10, 1/20, 1/40, 1/80, τ = 1/2000, where Erroro denotes the error before
adding the starting parts and Errorc denotes the error after adding the starting parts.

Table 4. Spatial convergence results with α = 0.9, β = 0.2, τ = 1/2000.

∥uh − u∥ ∥qh − q∥
θ h Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 4.2694E-02 - 4.2693E-02 - 1.2162E-01 - 1.2163E-01 -
0.2 1/20 1.0850E-02 1.9763 1.0850E-02 1.9763 2.9675E-02 2.0351 2.9679E-02 2.0349

1/40 2.7235E-03 1.9942 2.7234E-03 1.9942 7.3708E-03 2.0094 7.3746E-03 2.0088
1/80 6.8165E-04 1.9984 6.8155E-04 1.9985 1.8361E-03 2.0051 1.8400E-03 2.0029
1/10 4.2693E-02 - 4.2692E-02 - 1.2165E-01 - 1.2168E-01 -

-0.5 1/20 1.0849E-02 1.9764 1.0849E-02 1.9764 2.9706E-02 2.0340 2.9728E-02 2.0331
1/40 2.7227E-03 1.9945 2.7221E-03 1.9947 7.4017E-03 2.0048 7.4237E-03 2.0016
1/80 6.8085E-04 1.9996 6.8028E-04 2.0005 1.8671E-03 1.9871 1.8891E-03 1.9744
1/10 4.2691E-02 - 4.2690E-02 - 1.2172E-01 - 1.2177E-01 -

-1 1/20 1.0848E-02 1.9766 1.0846E-02 1.9767 2.9776E-02 2.0314 2.9822E-02 2.0297
1/40 2.7209E-03 1.9952 2.7197E-03 1.9957 7.4714E-03 1.9947 7.5178E-03 1.9880
1/80 6.7905E-04 2.0025 6.7786E-04 2.0044 1.9368E-03 1.9477 1.9833E-03 1.9224
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The spatial convergence rate is almost unaffected before and after correction, based on a comparison
of the data in Table 5. In Tables 6 and 7, we present the L2-errors and the time convergence rates of
u and q before and after adding the starting parts. Without the addition of the starting parts, the time
convergence rates are unstable and cannot reach the second-order convergence results computed by
the generalized BDF2-θ. After adding the starting parts, the time convergence rates keep around 2,
indicating that the starting part plays a major role in correcting the time convergence rates.

Table 5. Spatial convergence results with α = 0.5, β = 0.7, τ = 1/2000.

∥uh − u∥ ∥qh − q∥
θ h Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 4.3949E-02 - 4.3948E-02 - 6.8838E-02 - 6.8891E-02 -
0.5 1/20 1.1177E-02 1.9753 1.1176E-02 1.9754 1.6266E-02 2.0814 1.6318E-02 2.0778

1/40 2.8070E-03 1.9934 2.8057E-03 1.9940 3.9696E-03 2.0348 4.0219E-03 2.0205
1/80 7.0358E-04 1.9963 7.0222E-04 1.9984 9.4708E-04 2.0674 9.9935E-04 2.0088
1/10 4.3949E-02 - 4.3948E-02 - 6.8842E-02 - 6.8897E-02 -

0.2 1/20 1.1177E-02 1.9753 1.1176E-02 1.9754 1.6270E-02 2.0811 1.6324E-02 2.0774
1/40 2.8069E-03 1.9935 2.8055E-03 1.9940 3.9739E-03 2.0336 4.0279E-03 2.0189
1/80 7.0346E-04 1.9964 7.0206E-04 1.9986 9.5140E-04 2.0624 1.0054E-03 2.0023
1/10 4.3948E-02 - 4.3946E-02 - 6.8877E-02 - 6.8974E-02 -

-1 1/20 1.1176E-02 1.9754 1.1174E-02 1.9756 1.6304E-02 2.0788 1.6401E-02 2.0722
1/40 2.8061E-03 1.9938 2.8035E-03 1.9948 4.0077E-03 2.0244 4.1049E-03 1.9984
1/80 7.0259E-04 1.9978 7.0007E-04 2.0017 9.8520E-04 2.0243 1.0824E-03 1.9231

Table 6. Time convergence results with α = 0.9, β = 0.2, h = 1/2000.

∥uh − u∥ ∥qh − q∥
θ τ Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 2.1916E-03 - 4.2694E-02 - 8.6515E-02 - 1.2162E-01 -
0.2 1/20 1.6194E-03 0.4365 1.0850E-02 1.9763 6.3929E-02 0.4365 2.9675E-02 2.0351

1/40 1.0890E-03 0.5725 2.7235E-03 1.9942 4.2990E-02 0.5725 7.3710E-03 2.0093
1/80 6.8790E-04 0.6627 6.8165E-04 1.9984 2.7157E-02 0.6627 1.8364E-03 2.0050
1/10 2.5540E-03 - 4.2693E-02 - 1.0123E-01 - 1.2164E-01 -

0 1/20 1.1111E-03 1.2007 1.0850E-02 1.9763 4.3864E-02 1.2065 2.9692E-02 2.0345
1/40 7.7616E-04 0.5176 2.7231E-03 1.9944 3.0641E-02 0.5176 7.3878E-03 2.0069
1/80 5.0234E-04 0.6277 6.8122E-04 1.9990 1.9831E-02 0.6277 1.8531E-03 1.9952
1/10 2.4652E-02 - 4.2689E-02 - 9.7312E-01 - 1.2182E-01 -

-0.5 1/20 7.1878E-03 1.7781 1.0845E-02 1.9768 2.8376E-01 1.7779 2.9872E-02 2.0279
1/40 1.9420E-03 1.8880 2.7184E-03 1.9962 7.6702E-02 1.8874 7.5673E-03 1.9809
1/80 5.5906E-04 1.7965 6.7658E-04 2.0064 2.2071E-02 1.7971 2.0329E-03 1.8962
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Table 7. Time convergence results with α = 0.5, β = 0.7, h = 1/2000.

∥uh − u∥ ∥qh − q∥
θ τ Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 1.1456E-02 - 4.3948E-02 - 4.5228E-01 - 6.8880E-02 -
0.5 1/20 5.0680E-03 1.1767 1.1176E-02 1.9754 2.0008E-01 1.1767 1.6307E-02 2.0786

1/40 2.2184E-03 1.1919 2.8060E-03 1.9939 8.7577E-02 1.1919 4.0110E-03 2.0235
1/80 9.6796E-04 1.1965 7.0250E-04 1.9979 3.8213E-02 1.1965 9.8850E-04 2.0207
1/10 5.4375E-03 - 4.3948E-02 - 2.1466E-01 - 6.8904E-02 -

0.2 1/20 2.5220E-03 1.1084 1.1176E-02 1.9754 9.9562E-02 1.1084 1.6332E-02 2.0769
1/40 1.1387E-03 1.1472 2.8053E-03 1.9941 4.4952E-02 1.1472 4.0351E-03 2.0170
1/80 5.0160E-04 1.1828 7.0188E-04 1.9989 1.9802E-02 1.1827 1.0126E-03 1.9946
1/10 2.8636E-02 - 4.3948E-02 - 1.1304E+00 - 6.8904E-02 -

-1 1/20 7.7097E-03 1.8931 1.1176E-02 1.9754 3.0439E-01 1.8929 1.6332E-02 2.0769
1/40 1.9098E-03 2.0133 2.8053E-03 1.9941 7.5437E-02 2.0126 4.0351E-03 2.0170
1/80 6.3574E-04 1.5869 7.0188E-04 1.9989 2.5098E-02 1.5877 1.0126E-03 1.9946

In Figure 2, we obtain the comparison images between the numerical solution and the exact solution
with τ = 1/1000, h = 1/80, α = 0.9, β = 0.2, and θ = 0.2. In Figures 3 and 4, we present the space
and time convergence rate images of uh and qh under different parameters α, β, and θ. From Figure 4,
one can see that the corrected scheme with the starting parts can effectively restore the second-order
convergence rate for the nonsmooth problem.
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Figure 2. uh, qh and u, q with τ = 1/2000, h = 1/80, α = 0.9, β = 0.2, θ = 0.2.
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Figure 3. The spatial convergence rates in L2-errors with different parameters α, β, and θ.
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Figure 4. The time convergence rates in L2-errors with different parameters α, β, and θ.
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Example 5.3. To better investigate the effect of changes of two fractional parameters α and β on the
convergence rates, we introduce the numerical example with two nonsmooth terms. Here, we take the
nonsmooth solution u with

u = (t1+α + t1+β + t3) sin(2πx),

and the known source term

g(x, t) = sin(2πx)
[
(1 + α)tα + (1 + β)tβ + 3t2 + 4π2

(
tΓ(2 + α) +

t1+β−αΓ(2 + β)
Γ(2 + β − α)

+
6t3−α

Γ(4 − α)

)]
+ sin(2πx)

[
16π4

(
t1+α−βΓ(2 + α)
Γ(2 + α − β)

+ tΓ(2 + β) +
6t3−β

Γ(4 − β)

)
+ 4π2(t1+α + t1+β + t3)

]
+ 2π(t1+α + t1+β + t3) cos(2πx) + 2π(t1+α + t1+β + t3)2 sin(4πx).

(5.3)

In Table 8, we provide the errors of ∥uh − u∥ and ∥qh − q∥ and the spatial convergence rates under
different parameters, which indicate that the corrected term hardly affects the spatial convergence rate.

In Tables 9–11, fixing τ = 1/4000, choosing h = 1/10, 1/20, 1/40, 1/80, and changing parameters
α, β, and θ, we provide the L2-errors and the time convergence rates for u and q based on the corrected
scheme and uncorrected scheme. The impact of different fractional parameters on the time convergence
rates of nonsmooth problems is evident from Tables 9–11. Furthermore, one can see that the corrected
scheme with the starting part can effectively restore the second-order convergence rate.

To further validate the performance of the parameter θ in numerical simulations with nonsmooth
solutions, we provide the computing data in Table 12, from which one can see that the parameter θ still
needs to satisfy θ ≤ min{α, β, 1

2 }, whether before or after correction. Notably, when θ is negative, as
long as it is not much less than 0, we can still obtain second-order convergence accuracy.

Table 8. Spatial convergence results with α = 0.5, β = 0.6, τ = 1/2000.

∥uh − u∥ ∥qh − q∥
θ h Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 6.5710E-02 - 6.5710E-02 - 1.1335E-01 - 1.1335E-01 -
0.5 1/20 1.6709E-02 1.9755 1.6709E-02 1.9755 2.7037E-02 2.0678 2.7037E-02 2.0678

1/40 4.1946E-03 1.9940 4.1946E-03 1.9940 6.6773E-03 2.0176 6.6775E-03 2.0175
1/80 1.0498E-03 1.9984 1.0498E-03 1.9984 1.6615E-03 2.0068 1.6617E-03 2.0066
1/10 6.5710E-02 - 6.5710E-02 - 1.1336E-01 - 1.1336E-01 -

0.2 1/20 1.6708E-02 1.9755 1.6708E-02 1.9755 2.7042E-02 2.0676 2.7042E-02 2.0676
1/40 4.1944E-03 1.9940 4.1944E-03 1.9940 6.6826E-03 2.0167 6.6825E-03 2.0167
1/80 1.0497E-03 1.9986 1.0497E-03 1.9985 1.6668E-03 2.0033 1.6667E-03 2.0034
1/10 6.5709E-02 - 6.5709E-02 - 1.1339E-01 - 1.1339E-01 -

-0.5 1/20 1.6708E-02 1.9756 1.6708E-02 1.9756 2.7078E-02 2.0661 2.7077E-02 2.0662
1/40 4.1935E-03 1.9943 4.1935E-03 1.9943 6.7188E-03 2.0109 6.7178E-03 2.0110
1/80 1.0487E-03 1.9995 1.0487E-03 1.9995 1.7031E-03 1.9801 1.7020E-03 1.9808
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Table 9. Time convergence results with α = 0.1, β = 0.9, h = 1/4000.

∥uh − u∥ ∥qh − q∥
θ τ Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 8.9204E-03 - 6.2820E-03 - 3.5216E-01 - 2.4809E-01 -
0.1 1/20 5.2261E-03 0.7714 1.8535E-03 1.7609 2.0632E-01 0.7714 7.3209E-02 1.7608

1/40 2.6562E-03 0.9764 4.9663E-04 1.9001 1.0486E-01 0.9764 1.9628E-02 1.8992
1/80 1.2855E-03 1.0470 1.2782E-04 1.9580 5.0749E-02 1.0470 5.0645E-03 1.9544
1/10 1.1291E-02 - 9.1163E-03 - 4.4575E-01 - 3.5998E-01

0 1/20 6.8182E-03 0.7277 2.7085E-03 1.7510 2.6917E-01 0.7277 1.0696E-01 1.7509
1/40 3.4949E-03 0.9641 7.2773E-04 1.8960 1.3797E-01 0.9641 2.8751E-02 1.8954
1/80 1.6987E-03 1.0408 1.8766E-04 1.9553 6.7062E-02 1.0408 7.4268E-03 1.9528
1/10 2.1457E-02 - 2.6030E-02 - 1.1105E+00 - 1.7696E+00 -

-0.5 1/20 1.4552E-02 0.5603 8.3150E-03 1.6464 8.5207E-01 0.3822 6.2053E-01 1.5118
1/40 7.7887E-03 0.9017 2.2980E-03 1.8554 4.7736E-01 0.8359 1.7762E-01 1.8047
1/80 3.8350E-03 1.0222 6.0067E-04 1.9357 2.3888E-01 0.9988 4.7205E-02 1.9118

Table 10. Time convergence results with α = 0.5, β = 0.6, h = 1/4000

∥uh − u∥ ∥qh − q∥
θ τ Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 4.3621E-03 - 3.6704E-03 - 1.7226E-01 - 1.4498E-01 -
0.5 1/20 1.0876E-03 2.0039 9.5152E-04 1.9476 4.2941E-02 2.0042 3.7576E-02 1.9480

1/40 3.3133E-04 1.7148 2.4178E-04 1.9765 1.3080E-02 1.7150 9.5356E-03 1.9784
1/80 1.1132E-04 1.5735 6.1138E-05 1.9835 4.3948E-03 1.5735 2.3985E-03 1.9912
1/10 1.4643E-03 - 1.0614E-03 - 5.8318E-02 - 4.2803E-02 -

0.2 1/20 4.8956E-04 1.5806 3.0032E-04 1.8214 1.9326E-02 1.5934 1.2126E-02 1.8197
1/40 1.6670E-04 1.5542 7.8625E-05 1.9335 6.5811E-03 1.5541 3.1895E-03 1.9267
1/80 5.7051E-05 1.5470 1.9768E-05 1.9918 2.2523E-03 1.5470 8.1546E-04 1.9676
1/10 8.7609E-03 - 6.8360E-03 - 3.4601E-01 - 2.7011E-01 -

0 1/20 2.2404E-03 1.9673 1.9129E-03 1.8374 8.8510E-02 1.9669 7.5599E-02 1.8371
1/40 5.6418E-04 1.9895 5.0061E-04 1.9340 2.2304E-02 1.9886 1.9798E-02 1.9330
1/80 1.5985E-04 1.8194 1.2738E-04 1.9746 6.3107E-03 1.8214 5.0505E-03 1.9709
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Table 11. Time convergence results with α = 0.9, β = 0.1, h = 1/4000

∥uh − u∥ ∥qh − q∥
θ τ Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 1.2779E-03 - 4.4043E-04 - 5.0452E-02 - 2.5629E-02 -
0.1 1/20 1.0267E-03 0.3157 1.1804E-04 1.8996 4.0534E-02 0.3158 7.0942E-03 1.8531

1/40 7.5884E-04 0.4362 3.0793E-05 1.9386 2.9957E-02 0.4362 1.8662E-03 1.9265
1/80 5.0089E-04 0.5993 8.1141E-06 1.9241 1.9774E-02 0.5993 4.7828E-04 1.9642
1/10 4.3621E-03 - 1.4545E-03 - 7.7482E-02 - 6.1261E-02 -

0 1/20 1.8873E-03 0.6822 3.9496E-04 1.8807 4.6434E-02 0.7387 1.6763E-02 1.8697
1/40 9.2034E-04 0.3539 1.0228E-04 1.9492 3.6333E-02 0.3539 4.3730E-03 1.9386
1/80 6.1337E-04 0.5854 2.5740E-05 1.9904 2.4215E-02 0.5854 1.1169E-03 1.9692
1/10 9.0746E-03 - 6.1035E-03 - 3.5896E-01 - 2.4209E-01 -

-0.1 1/20 2.3761E-03 1.9332 1.7550E-03 1.7982 9.4044E-02 1.9324 6.9621E-02 1.7980
1/40 7.1647E-04 1.7296 4.6664E-04 1.9111 2.8284E-02 1.7333 1.8526E-02 1.9100
1/80 5.9682E-04 0.2636 1.1984E-04 1.9612 2.3561E-02 0.2636 4.7711E-03 1.9572

Table 12. Time convergence results with α = 0.7, β = 0.3, h = 1/4000

∥uh − u∥ ∥qh − q∥
θ τ Erroro Rate Errorc Rate Erroro Rate Errorc Rate

1/10 3.3675E-03 - 2.0604E-03 - 1.3333E-01 - 8.2027E-02 -
0.31 1/20 1.2977E-03 1.3757 5.3018E-04 1.9584 5.1287E-02 1.3783 2.1127E-02 1.9570

1/40 1.9442E-03 -0.5833 1.4145E-04 1.9062 7.6738E-02 -0.5813 5.6232E-03 1.9096
1/80 6.1733E-02 -4.9888 1.3510E-04 0.0663 2.4372E+00 -4.9892 5.3212E-03 0.0797
1/10 4.5472E-02 - 3.0346E-02 - 1.7952E+00 - 1.1983E+00 -

-0.5 1/20 1.2127E-02 1.9067 9.1861E-03 1.7240 4.7880E-01 1.9066 3.6273E-01 1.7240
1/40 3.1344E-03 1.9520 2.4851E-03 1.8861 1.2376E-01 1.9518 9.8141E-02 1.8859
1/80 7.9608E-04 1.9772 6.4304E-04 1.9504 3.1447E-02 1.9766 2.5407E-02 1.9496
1/10 1.1762E+00 - 3.4223E-01 - 4.6430E+01 - 1.3512E+01 -

-5 1/20 3.9521E-01 1.5734 1.9704E-01 0.7964 1.5601E+01 1.5734 7.7788E+00 0.7966
1/40 1.2069E-01 1.7113 7.7857E-02 1.3396 4.7643E+00 1.7113 3.0736E+00 1.3396
1/80 3.3458E-02 1.8509 2.4673E-02 1.6579 1.3208E+00 1.8509 9.7402E-01 1.6579

The time convergence rates of u and q are compared before and after correction with different
parameters α, β, and θ in Figure 5, where the slope of the line segment indicates the convergence rate.
The slope of each line segment in the corrected images is the same regardless of the parameters chosen,
indicating that the introduction of the starting part has a significant effect on the time convergence rates
for the case with nonsmooth solutions.

AIMS Mathematics Volume 10, Issue 1, 1757–1778.



1775

-2 -1.8 -1.6 -1.4 -1.2 -1
lg( )

-4.5

-4

-3.5

-3

-2.5

-2

lg
(|

|u
h-u

||)

=0.1, =0.9, =0.1
=0.1, =0.9, =0
=0.5, =0.6, =0.5
=0.5, =0.6, =0.2

-2 -1.8 -1.6 -1.4 -1.2 -1
lg( )

-3

-2.5

-2

-1.5

-1

-0.5

0

lg
(|

|q
h-q

||)

=0.1, =0.9, =0.1
=0.1, =0.9, =0
=0.5, =0.6, =0.5
=0.5, =0.6, =0.2

(a) The time convergence rates of ∥u − uh∥ and ∥q − qh∥ without starting parts

-2 -1.8 -1.6 -1.4 -1.2 -1
lg( )

-5

-4.5

-4

-3.5

-3

-2.5

-2

lg
(|

|u
h-u

||)

=0.1, =0.9, =0.1
=0.1, =0.9, =0
=0.5, =0.6, =0.5
=0.5, =0.6, =0.2

-2 -1.8 -1.6 -1.4 -1.2 -1
lg( )

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

lg
(|

|q
h-q

||)

=0.1, =0.9, =0.1
=0.1, =0.9, =0
=0.5, =0.6, =0.5
=0.5, =0.6, =0.2

(b) The time convergence rates of ∥u − uh∥ and ∥q − qh∥ with starting parts

Figure 5. The time convergence rates in L2-errors with different parameters α, β, and θ.

6. Conclusions

In this article, the spatial mixed finite element method with the generalized BDF2-θ for solving
the time-fractional generalized Rosenau-RLW-Burgers equation was presented. Detailed proofs of
stability were shown. The numerical scheme’s effectiveness and feasibility were verified by conducting
numerical examples that included both smooth and nonsmooth solutions. The numerical examples
with good regularity indicated that our algorithm with changed parameters α, β, and θ can maintain
second-order convergence in time. Especially, the nonsmooth examples demonstrated that adding the
correction term could effectively solve the problem of reduced order caused by weak singularity.
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