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1. Introduction

In this paper, we consider the following nonlinear sub-elliptic systems with the drift term 7'u under
sub-quadratic natural growth conditions in the Heisenberg group H"

2n

- ZX,A?(S, u,Xu)—Tu = B*(¢£,u, Xu), a=1,2,---,N, (L.1)

i=1
where Q is a bounded domain, and the horizontal gradient X = {Xi,---,X5,} with the horizontal
vector fields X; (i = 1,---,2n) and the vertical vector fields T is defined (2.1) in the next section, u =

- u) Q> RN, A%E u, Xu) 1 QXRVXR>™ N — RN and B*(&, u, Xu) : QXRVXR*™ N — RV,

As is well known, operators with drift terms possess significant importance for research and
application. For instance, the Kolmogorov—Fokker—Planck operator frequently arises in transport
diffusion equations within physical science, natural science, and statistical models. Following the
publication of Lanconelli and Polidoro’s fundamental work [25], this type of operator has garnered
increasing attention. For a comprehensive understanding of the Kolmogorov—Fokker—Planck operator,
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the readers may refer to [26], which reviews the class of Kolmogorov operators with constant
coeflicients. Within the family of Kolmogorov operators, homogeneous ones occupy a central role.
Indeed, any Kolmogorov operator can be approximated, in an appropriate sense, by a homogeneous
operator. For more regularity results concerning operators with drift terms, the readers may refer
to previous studies [5, 14,20, 21, 24] and the references therein. In particular, Austin and Tyson [1]
achieved C*-smoothness by the geometric analysis method for the following operator

1 2n )
L=—7 ) Xj= V3T (1.2)

=1

in the Heisenberg groups. Recently, Zhang and Niu [35] treated a quasi-linear sub-elliptic equation
with drift in the Heisenberg group. For nonlinear discontinuous sub-elliptic systems with drift, Zhang
and Wang [36,37] proved the partial C%(0 < y < 1) Hélder regularity of weak solutions.

The findings in the study of weak solutions for sub-elliptic equations and systems without the
drift term include several notable regularity results. These results are significant because they provide
insights into the behavior of solutions under various conditions. For a comprehensive understanding,
the readers are encouraged to consult the works of Domokos [17]; Capogna [6, 7]; Manfredi and
Mingione [27]; Mingione, Zatorska-Goldstein, and Zhong [29]; Mukherjee and Zhong [28]; and Citti
and Mukherjee [9] for sub-elliptic equations, as well as the studies [8, 19, 30, 33, 34] for sub-elliptic
systems. Among these contributions, a particularly noteworthy development is the extension of the ‘A-
harmonic approximation technique to noncommutative nil-potent Lie groups. This technique involves
constructing approximate solutions that satisfy certain harmonic-like properties, which can then be
used to deduce the regularity properties of the original solutions. By applying this method in the context
of noncommutative nil-potent Lie groups, researchers have been able to establish optimal partial
regularity for nonlinear sub-elliptic systems, involving different growth rates and variant structure
coeflicients. It is worth pointing out that the A-harmonic approximation method was introduced by
Simon [31], and developed by Duzaar and Steffen [18] in the Euclidean space, and we refer the readers
to [3,4,11,15,16] and the references therein for more results concerning nonlinear elliptic and parabolic
systems.

Therefore, we examine the technique of A-harmonic approximation to achieve C! regularity for
nonlinear sub-elliptic systems with the drift term Tu in the Heisenberg group. The primary novel
aspect of this paper is our capacity to tackle the systems (1.1) that incorporate the drift term Tu,
featuring a sub-quadratic growth rate, while relaxing the assumption on the principal coefficients to
Dini continuity. We note that the first new challenge emerges due to the presence of the drift term 7T'u
without any assumption of integrability. Then, we adopt a clever approach to avoid the requirement of
integrability. In fact, we subtly employ the relationship

T =X X, — X,eiX;, 1=1,2,---,n,

and introduce a horizontal affine function / defined in (2.6) to derive a suitable estimate for the drift term

Tu. In contrast to the sub-quadratic sub-elliptic systems without any drift term, as examined in [33] for
the range 1 < m < 2, our scenario requires more stringent constraints % < m < 2. This is primarily

attributed to the fact that the estimates stemming from the drift term 7« cannot be incorporated into
the existing estimates during the formulation of Caccioppoli-type inequalities; see Lemma 3.2. The
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second challenge arises from the sub-quadratic growth rate, which prevents us from utilizing L2-theory
for functions in the horizontal Sobolev space HW!" with % < m < 2. For this reason, we choose the
following excess functional

O(o, 0, X1) = JC IV(Xu) - V(XDIdE,
B, (o)

with 3 u(é)dé = |Bp(§0) 1;111 pr @) u(&)dé and V(A) = (1 + |A]2)7=, and establish decay estimates for
@ by a generalization of the A-harmonic approximation (Lemma 3.1) with the auxiliary function V in
the Heisenberg groups.

Now we are in the position to introduce the following structural assumptions for the coefficients A¢
and B“ that are essential for our analysis throughout the paper.

(H1) The leading coefficient A¢(&, u, p) is differentiable in p, and there exists a constant C such that

a 2\ 2 N 2nxN
Ai’pé(g,u,p) <C(1+IpP) 7, (&up)e QxRY xR™, ge3 <M< 2, (1.3)
where A” ,(&,u, p) = —‘M?(E’j”’p )
i.pg 6p,3
(H2) The term A{(£, u, p) satisfies the following ellipticity condition
m=2
ATy, 2 A(1+1pP) T P, g e RN, (1.4)
B

where A is a positive constant.
(H3) There exists a modulus of continuity u : (0, c0) — [0, co0) such that

A&, u, p) - AYE 7 p)| < K(ubp ((d"(€.8) + lu = a")7) (1 + p])¥, (1.5)

where K(-) : [0,00) — [0, 0c0) is monotonously nondecreasing. Without loss of generality, it is
convenient to take K(-) > 1.
(HN) (Natural growth condition) For |u| < M = sup ||, the nonhomogeneous term B*(&, u, p)
Q

satisfies the following growth condition
|B(&, u, p)| < alpl” + b, (1.6)

where the positive constants a = a(M) and b = b(M) possibly depend on M > 0.
Without loss of generality, we can assume that
(u1) @ is nondecreasing with u(0+) = 0, u(1) = 1;
(u2) u is concave, and r — r~7u(r) is nonincreasing for some exponent y € (0, 1);
(u3) Dini’s condition M(r) = for “T(p)dp < oo holds for some r > 0.
Furthermore, (H1) implies that

m=2
A7 (& 1, p) = AZE,u, p)| < C) (1+1pP +15P) * Ip = Bl.

In addition, there exists a continuously non-negative and bounded function w(s,?) : [0, 00) X
[0, 00) — [0, o0), satisfying w(s,0) = O for all s. Furthermore w(s, ) is monotonously nondecreasing
in s for a fixed r and monotonously nondecreasing in ¢ for a fixed s such that

2

<C(1+1pP+1pP) " w(IplIp - BP). (1.7)

A{y _/(é:’ u, p) - Aa j(é‘:a uaﬁ)
i.pg L.pg
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By the method of A-harmonic approximation to establish C! regularity, the key point is to establish
a certain excess decay estimate for the excess functional @. In the case where m > 2, this functional is
given by

D&, p, XI) = f [lXu — X1 + | Xu - Xll’"] dé. (1.8)
By(é0)
However, in the case of the sub-quadratic % < m < 2, one should establish the excess decay estimate

for the following functional:

(&, p, XI) = f [V(Xu) — V(XD)*dé.
By (&0)

It is shown that if ® (&, p, XI) is small enough on a ball B,(&), then for some fixed 6 € (0, 1), one has
the excess improvement

D (&0, Op, (Xudgy ) < 67T O(Eo, 0, (Xidgy o) + K (ltgy s (X1t D> (07,

where oo = min{(2 — m)(m — 1)/m, (m — 1)/2} and K*(s, 1) = C;H¥™*@=m(s M + 1) with positive
constants C;. Iteration of this result leads to the excess decay estimate, which implies the regularity
result.

The main result in this paper is as follows:

Theorem 1.1. Assume that the coefficients A} and B® satisfy (HI)-(H3) and (HN) with (ul) —
(u3). Let u € HW'" (Q, RN) N L> (Q, RN) be a weak solution to the system (1.1) with 2a(l +
3M)/[3"2C(M,m,n)] < A and the constant C(M,m,n) in line with Lemma 2.2, i.e., for Yo €
Cy (QRY),

fA?(fau,XM)' Xi()oad‘f_in”'XnH‘Padf"'anHM'XiQDad‘f:fBa(é:au’X”)"Padf- (1.9)
o o o o

Then, there exists an open subset Q, C Q, such that u € C! (Qo, RV ) Moreover, Q\Qy = X; U X, and
the Haar measure (Q\Q,) = 0, where

X = {fo e lir(IJl+ sup (|(Xu)§0,,

)=o)

5, = {go € Q: lim inf JC |V(Xu) -V ((Xwg,.)
=07 B, (é0) ‘

2
d§>0}.

In addition, for 7 € [y, 1) and &, € Qy, the derivative Xu has the modulus of continuity r — r* + M(r)
in the neighborhood of &.

It is worth pointing out that the Haar measure in the Heisenberg groups with the underlying manifold
R is just the Lebesgue measure in R*"*!. Our result is optimal in the sense that when u(p) = p?,0 <
y < 1, we have M(r) = for ‘%dp = y~ ', and we obtain C! optimal Holder regularity of weak
solutions in that case; see [32] by Wang, Liao, and Yu.
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Remark 1.1. When we replace the condition in (1.6) with

|B*(&,u, p)l < alp"™* + b

with & > 0 and omit the requirement 2a(1 + 3M)/[3"2C(M, m,n)] < A in Theorem 1.1, the conclusion
of Theorem 1.1 remains valid.

2. Preliminaries

In this section, we introduce the Heisenberg group H", some definitions of function spaces, and
several elementary estimates which will be used later.
The Heisenberg group H" is defined as R>**! with the following group multiplication:

c H'xH' - H"

- o 1L
@, 0-E . §1+f%t+r+5;(x&i—x,~y» :

forall ¢ = (€1, = (X1, X2, , X, Yo Y2s 5 Y 1), € = (ELD) = (X1, %y, % F1, V20 w0 5 P D). Its
neutral element is 0, and its inverse of (£',¢) is given by (=&', —f). In particular, the mapping (£, &) —
& - &1 is smooth; therefore (H", -) is a Lie group.

The basic vector fields corresponding to its Lie algebra can be explicitly calculated, given by

0 Yi 6 6 Xi (9 8 .
==, Xyi=—+=-—, T=—,i=1,2,---,n. 2.1
ox, 200 TMT oy 2o o " @1
The special structure of the commutators is
T = [Xi, Xpsil = = [Xo1is Xi] = XiXosi — Xo1iXi, €lse [Xian] =0, and [T,T]=1[T,X;] =0,
that is, (H", -) is a nil-potent Lie group of step 2. X = (Xi,---, X»,) is called the horizontal gradient,
and T is the vertical derivative. e
The homogeneous norm is defined by H(gl,t)HHn = (|§1 |4 + tz) , and the metric induced by this

homogeneous norm is given by

dE ¢ =|¢"-& (2.2)

The measure used on H” is the Haar measure (the Lebesgue measure in R**!), and the volume of the
homogeneous ball Bg(&)) = {£ € H" : d(&), &) < R} is given by

H* *

|Br(&)le = R |B1(&0)lgn 2 w,RC, (2.3)
where the number
0=2n+2 24)

is called the homogeneous dimension of H", and the quantity w, is the volume of the homogeneous
ball of radius 1.
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Definition 2.1. Let Q C H" be an open set, where the horizontal Sobolev space HW'"(Q) (1 < m < o)

is defined as:

HW'"(Q) = {u e L"(Q)|Xiu € L"(Q),i = 1,2, ,2n},

which is a Banach space under the norm

2n

ldllawncey = ldllzncey + D IXitlloen,
i=1

and the spaces H WS""(Q) is the completion of C’(Q2) under the norm (2.5).

Definition 2.2. (Horizontal affine function). Let u € L? (Bp(fo), RN ), & €

horizontal components as &' = (xl, cee, Xy e y”) and &, = (x(l),

call
Ly p(E") = lgy o (&) + Xl (&' — &)

the horizontal affine function.
If the horizontal affine function /g (& 1) is a minimizer of the functional

] —> f lu — I1°d¢,
Bp(é‘O)

we then have

lfO’P(é:(l)) = Ugp = J[ udg,

Bp(f())
and

_0-20+2 1 gl
Xy = or 0 Jip(&)) u® (€' - £)de.

Lemma 2.1. (from [2]) For every 1 < m < 2, it holds that

1
~ m=2
[avrso-ptFes
1< <
(1+1pP? +|pP)5 m =1

b

for any p, p € R*™V,

(2.5)

R and denote the

7x6l7 y(1)7 "',yg). We

(2.6)

(2.7)

From the fact that y is nondecreasing, we conclude that su(f) < su(s) for all 0 < ¢t < s. We also
note that su(?) < tu(s) < tfor0 < s <rand 0 < s < 1 by the nonincreasing property of r +— ’“@ and

u(1) < 1. Combining both cases, we get
su(t) < su(s) +t, s€[0,1], t > 0.

From (u2), we deduce for 6 € (0,1),7 > 0, and j € N that

2 ) 92J ¢ 1/2¢02j 02t 12
(1 - e = f RV S Cal f W@,
Y (7

G20+1); (92jt)7/2 - 20j+1);
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which implies

- 12, 2] Y t/ll/z(T) . Y
]Z:(;p (M)Szu—m)fo —dr = S HO). (2.8)

This shows particularly that u(f) < 74—2H2(t) for all t < 0, and t — 7Y H(¥) is also nonincreasing.
Throughout the paper, we use the functions V = V,,, W = W, : R" — R" defined by

V) = /A + DT, W@ =2/ + 1P

foreach e R" and m > 1.

The purpose of introducing W is the fact that in contrast to IVI%, the function IWI% is convex. In fact,
direct computation shows that Wi () = t%(l + tz"")‘fl? is a convex and monotone increasing function
on [0, o) with W (0) = 0. Moreover, we have

‘W(fl +§2) " W(|§1 erézl)’" < W(|§1I er Ié“zl)'"

2
- WaaD™ + WAgGhr _ W@ + W)l
-~ 2 2 2

for any 1, € R™.
The following lemma includes some useful properties of the function V, as outlined in Lemma 2.1
from [22].

Lemma 2.2. Let m € (1,2) and V,W : R" — R" be the functions defined above. Then, the following
statements hold true for any {,,{, e R" andt > 0 :

(1) L min (1411, 141%) < VI < min (i1, 13#):

@) V()] < max (£, 13) [V(E)l:

3) V(&1 + &) < Cm)(IVEDI + IV(L)D; i

@) 215 = Ll < V) = VI + 4P + 16 < Com,n)ld - 4l

(5) V(&) = V(&) < Cm,n)[V(&1 — &)I;

0) V(&1 — &)l < C(m, M)IV(G) — V() for all &y with |{] < M.
The inequalities (1)—(3) also hold if V is replaced by W.

For later purposes, we state the following two simple estimates, which can be easily deduced from
Lemma 2.2 (1) and (6). For {1, € R, |{5| < M, and for |} — & < 1,

&1 = &I < Clm, MIV(G) = V(G (2.9)
When |} — {| > 1, it yields
1 = &I < Cm, MV = VL) (2.10)

We introduce a Sobolev—Poincaré type inequality and a prior estimate specifically for the case of
sub-quadratic growth of the Heisenberg groups. Detailed proofs for these assertions can be found in
the work by Wang, Liao, and Yu [32].
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Lemma 2.3. (Sobolev—Poincaré type inequality) Let m € (1,2) and u € H Wl’m(Bp(fo),RN ) with
B,(&) C Q; then

.

[Jf w(w)mdf) scp(f |W<Xu>|2df)2, 2.11)
By(é0) P By(&)

0

where m* = g’TQm is the Sobolev critical exponent of m. Furthermore, the analogous inequality is valid
with W being replaced by V, as defined in (2.11). In particular, the inequality also holds if we substitute
2 for 22°

Lemma 2.4. Let u € HW'Y(Q,RY) be a weak solution of
fg A;fijuﬂX@“dg =0

for any ¢ € Cj(Q,R"), where Af‘/ﬁ is a constant matrix satisfying the strong Legendre—Hadamard
condition:

AZ}-BUQWBM,U,’ > c|77|2|,u|2, ne RN,’u e R

Then u is smooth. Cy > 1 exists such that for any B,(&) C Q

sup (1= s, + 92X + pHCu) < Cop? £ XuPe 2.12)
Bp(‘fO)

Bp/2(§0)

We will conclude this section with the following lemma from [23], which will be used to establish
Caccioppoli-type inequality.

Lemma 2.5. Let f(t) be a non-negative bounded function defined for 0 < Ty < t < T,. Suppose that
forTo <t < s <Ti, wehave

)<A=+ B(s— )P+ C + 0f(s),

where A, B, @, B, and 0 are non-negative constants and 6 < 1. Then there exists a constant
C = C(8, «, B) such that for every p,R : Ty < p < R < T}, we have

f)< ClAGs =D +B(s—1y” +C|.
3. Partial C! regularity
In this section, we mainly prove the Caccioppoli-type inequality for weak solutions of the systems
(1.1) with drift. First, we state the result of the A-harmonic approximation lemma, specifically
addressing the case of sub-quadratic growth in the Heisenberg group, as exemplified in [10] for more

general Carnot groups. The proof is similar to that in the Euclidean space [13].
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3.1. Caccioppoli-type inequality for sub-elliptic systems

Let Bil(R*>N) denote the collection of bilinear forms defined in R*™", and suppose A €
Bil(R*™N). We say that a function h € HW'(Q,R") is A-harmonic if & satisfies:

f AXh, Xp)dé = 0, Yo € Co(Q,RY). (3.1
Q

Lemma 3.1. Let A and L be fixed positive numbers 1 < m < 2, and n,N € N with n > 2. If, for any
given € > 0, there exists 6 = 6(n, N, A, L, ) € (0, 1] with the following properties:

(I) For any A € Bil(R*N) satisfying:
AW, v) = AP, AW, V) < Ly, v,v € R¥N, (3.2)

(I1) For any g € HW'"™(B, (&), RY) satisfying:

f | V(Xg) P dé <2 < 1, (3.3)
By (é0)

A(Xg, Xp)dE| < Y6 sup [Xgl, Yo € Co(B,(&),RY). (3.4)
By (é0) By (é0)

There then exists an A-harmonic function 4

heH = {h e HW""(B,(&),R")|

2

- Th

.5
By(é0) P

We point out that Foglein, in [19], gave another version of the A-harmonic approximation lemma,
which developed the case of quadratic growth in the Euclidean space [11] to super-quadratic growth in
the Heisenberg group.

In what follows, we assume that p;(s,f) = (1+s+)"'K(s+1)7!, and K (s, 1) = (1 +1)*"K*(s + 1) for
s,t > 0, and note that p; < 1 and that s — p(s, ), t — p;(s, ) are nonincreasing functions, where
K(-) comes from (H3).

To show Theorem 1.1, our first aim is to establish a suitable Caccioppoli-type inequality.

| V(Xh) |> d¢ < 1},
By (&0)

such that

(3.5)

Lemma 3.2. (Caccioppoli-type inequality) Let u € HW"(Q,RY) N L*(Q,RY) be a weak solution
to the system in (1.1) under the conditions (HI)-(H3) and (HN) and (ul) — (u3) with 2a(1 +

3M)/[3"2C(M, m,n)] < A. Then, for every & € Q, and 0 < p < pi™™" " (luol, X)), it holds that

o 1 12
JC | V(Xu— XI) P dé scc( J[ V(” uo — XU 50))
By2(é0) B, (&) P

f lh%—m@ eH
By (o)

AIMS Mathematics Volume 10, Issue 1, 1407-1437.
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with

F = K()(1 + [XIP0=Dy2 (pC-m=Dmy L (14 2M + |XT|p)™ =Y o' + [2a(2 + X)) + b)Y "D,
(3.7)

where we define K(-) = K(juo| + |XI]), &' = (X1, X2, , Xp, V1,2, , yn) is the horizontal component
of & = (x1, X2, -, X, V1,V2, " »Yu, 1) € H", and the constant C. = C.(n, N,m, 1, M).

Proof. Letn € Cy(B,(£o)) be a standard cut-off function satisfying 0 < n < 1,|Xn| < :—;, andn = 1on
B,2(&o). We take v = u(é) — ug — XI(E' — &) and [ = ug + XI(&' — &), and define the two functions

e=nv, ¢=>1-n)v
Then, one has
Xo+ Xop = Xu - XI,

and

[V(Xp)l, [V(X¢)| < C(m) (IV(XV)I +

)

1+lal® +1b—al*> <301 +|af + ), (3.9)

Using (H2), Lemma 2.1, and the elementary inequality

we have

JC [AY(&, u, XI + X¢) — A%(&, u, XD X;p"dé
B, (&0)

LAY (E, u, X1 + 6X )
_ i X"
JC B, (é0) [f de ]

! aA“(g u, Xl + 0X)
doX P X" dé
JC p(fo)f !

> JC f [1+ X1+ 60(Xg + XI) — XD d6|X2dé
0(£0)

Z/lf (1 + [XIP +|Xo — XIP)'T | Xgl2dé
Bp(f())

m=2

232/1f 1+ IXI? + | Xe») T |X(,0| dé. (3.10)
(éo)
From (3.10), it follows that

SFAL (X + X)Xl
By(£0)

AIMS Mathematics Volume 10, Issue 1, 1407-1437.
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< f A%, 1, X1+ Xg) — A€, u, XD]Xig"dé
By (o)

= f A?(é:’ u, Xu)XiQDadé: - A?(é:’ u, XZ)XIQDQdé‘:
B, (o) B, (&0)

* Jc [Af (€, u, X + Xo) = AT (€, u, Xu)|Xip"dé
Bp(f())

< f X[MX,H_,'(,Dad‘f - Xn+iUXi‘PQd§
B,(&) By (&0)

. f Bo (&, u, Xu)g"dé
By (o)

— f AT XD ~ A€ o+ XIE' — ) XDIX g
Bp f()

_ f AT,y + XIGE' = £0), XI) — A(Er 0, XD X
B, (éo)

VOAY(E, u, Xu — 0(Xu — Xo — XI))
- : d9X¢BXi<PQd§
Jip(fwfo 517? !
=[+I1I+1I1+1V+V. (3.11)

Noting that A% (&, ug, XI) is a constant, we have
f A?(éb» U, Xl)XgDadé‘: = 0
Bp({fo)

By the condition ¢ = v on B,2(&)), the elementary inequality 1 + |a* + |b — al* < 3(1 + |al* + |b),

and the fact that ’"7_2 < 0 holds true for % < m < 2, the left-hand side of (3.11) can be estimated by

3% ) f (1 + [XIP + [Xg) "% [Xgde
By 2(é0)

3" ) f (1 + XTI + [Xv2)"T | XvAdé
By 2(é0)

:3”’2‘2/1JC (1 + IXIP + 1Xu = XIP)™= | Xu - XIPdé
By2(é0)

5 m

-2
23’”2/1JC [3(1 + X1 + |Xu|2)] |Xu - XIPdé
By 2(é0)

s 2
=372 JE |1+ X o X0y 5 X - 1] g
By2(£0)

>3""2AC(m, n) |V(Xu) — V(XD|*dé
By (é0)

>3" 2 \C(M, m, n) f [V(Xu — XI)|*dé¢
By2(é0)

=3""2AC(M, m, n) [V(Xv)[Pde, (3.12)

By (é0)

AIMS Mathematics Volume 10, Issue 1, 1407-1437.
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where we have applied the fact that Xv = Xu — X[, Lemma 2.2 (4) in the third inequality from the end,
Lemma 2.2 (6) in the penultimate inequality.

We are in the position to estimate the term /. By the fact that 7'/ = X;X,,,;[ — X,,.,X;l = 0 and the
condition |[Tny| < /%, it leads to

1= f Xitt- Xoi (17 = D) dé ~ f Xoitt - X (1 = D)) dé
By (o)

By(éo)
- f Xi(u = 1) X (= D) dé + f Xil - Xoi (1P (u = D)) dé
Bp(gO) Bp(f())

S Xetw DX (- 0)de - £ Xl X, (P D) de
B, (o) B

p(‘fO)

:f WX = 1) X — Ddg + f 20X,si1X; ((u ~ 17) dé
By (o) By (é0)

- f XoiXil - (1 = D) d = f 7 Xopsitt = 1) - Xiu — Ddé
By (o)

Bp(f())
- f 20X X i ((u = ) dé + f XXyl - (17 = D)) dé
By (o) By (£o)

0

By,(£0)

< f T]X,H_l']]X,' ((I/t — l)z) df - f nXiT’Xnﬂ' ((I/l - 1)2) dé‘:
B, (£0)
<- JC XXy - (u— 1 dé + JC XX - (u = )*dé
Bp(f()) Bp(f())

S—JC nTn - (u—1)>dé
Bp(‘fo)

2
«f
Bp(é:o)

Applying Holder’s inequality, we infer that

u-—1
0

(3.13)

Il = JC By (&, u, Xu)p®dé
B

p(fO)

< f (@lXul" + BV d
B,

p(‘f())

< f (aXul" M + blvi)dé
Bp(fO)

1
< f [(a(l + )| Xu — XII" + (1 + —) |Xl|’”) vin? + bpn* 3'] dé. (3.14)
B, (é0) H p

To obtain a suitable estimate for /1, we need to split the domain B,(&) into four parts: B,(&) N
{v/pl > 1} N {IXu — XI| < 1}, By(§o) N {Iv/pl > 1} N {IXu — XI| > 1}, By(&o) N {lv/pl < 1} N {IXu —
X1 > 1}, and B,(&) N {lv/pl < 1} N {|Xu — XI| < 1}. We then use Young’s inequality, and note that
Wl = lu—up — XIE" — €))] < 2M + |Xl|p on B,(&) to have the following estimates.
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Case 1: For B,(&) N {|Xu — XI| > 1} n{|v/p| < 1}, it follows that

(a(l + | Xu — X" + a (1 + /J) |Xl|”’)

<a(l + )M + Xip)| Xu — X" + a (1 + ﬂ) \X1"™n? °l5 + bpr}2
1
<aC(m, M)(1 + )M + XIp)lV(XV)|* + a (l + —) X" p + bp.
u
Case 2: For the set B,(&) N {|Xu — XI| > 1} N {[v/p| > 1}, we have

(a(l + Wl Xu — XI|" + a(l + ,u) |Xl|’")

m

<a(l + wW2M + Xlp)| Xu — XI|" + a (1 + )lelm

' + elbpr’) 1 + C(e) |
p P

<aC(m, M)(1 + )(2M + XIp)[VXV)? + e(bp)it

2
+e& +Cle,m,M)|V d

1
a (1 + —) IXI"p
u

Case 3: For B, (&) N {IXu — XI| < 1} n{]v/p| < 1}, we get

1
(a(l + ) Xu—-XI"+a (1 + —) |Xl|m)
i
<&lXu - XI* + C©)la(l + wpl*’*™ +a (1 + )lel’” o + bpn*
M
<eC(m, M)IV(Xv)]* + C(e)a(l + wp]”*™ +a (1 + ) IX1|"p + bp.
M

Case 4: For the case where B, (&) N {|Xu — XI| < 1} N {|[v/p| > 1}, one obtains

(a(l + )| Xu — XII" + a(l + u)'Xll )

m m(m-—. 1
—a(l + p|Xu — X p" 5" ™5 “(”‘)Iqu
u

vm

2-2m+m?

<ep™ "\ Xu — XIP* + C(e)a(l + ) =7 (2M + Xlp) ="

m— ] m

+¢& [a (1 + ) X1 pr?
u

+ s(bp?)™ + C(e) |2
o

2

2-2m+m?

<eC(m, M)|V(XV)]* + C(e,m, M)(a(1 + W)z m(2M + Xlp)

i

I‘I‘I

te " +8(bp)m1+C(8mM)| ()

1
a (1 + —) X" p
u
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Combining these estimates in /1, we have

2

dé

47

X1 (1 + X110 + [a(1 + W= + bmf(m-”} 0, (3.15)

Il <aC(m, M)(1 + pu)(1 +3M) |V(Xv)|2d§ + C(e,u,m, M, a)f
B, (é0) By(60)
1
a (1 + —)
u

m/(m-1)
where we have used |X/| < M + 1.
The condition (H3) yields the following (note that m — 1 < m/2):

+Cmax{

111 = f A&, 1, XI) — AZ(E, o + XIE' - £)), XD Xig"dg
B

p(,{:())

< JC KO+ IXI)2 u(v)IXgldE, (3.16)
By(é0)

where we have used the inequality su(f) < su(s) + ¢ for s € [0, 1] and ¢ > O.

To obtain a suitable estimate for /11, we need to split the domain B,(&) into four parts: B,(&) N
{v/pl > 1} N A{IXel < 1}, By(&o) N{Iv/ipl > 1} 0 {IXel > 1}, By(&) N{lv/pl < 1} N {IXe > 1}, and
B, (&) N{lv/pl < 1} N {|X¢| < 1}. We use Young’s inequality, (2.9), and (2.10) repeatedly.

Case 1: For the set B,(&) N {[v/pl > 1} N {|X¢| > 1},

ey v
R TR L [

S28|X‘,0|m + E_l[Kz(')(l + |Xl|)mlu(p(2—m)(m—l)/m)]m/(m—l) + 8_1|V|m/(m_l)pm_2

S28|X(,0|m+8_1[K2()(1 +|Xl|)m/l(p(2_m)(m_1)/m)]m/(m_l)+8_1 K 1/(m—1) m—1
P

vl o

m

<DelXgl" + & [KA)(1L + XY (p @ Dimp/nh g 71| -

(5

+ 8_1[K2(')(1 + |Xl|)m/—1(p(2_m)(m_1)/m)]m/(m_1) + 8_1|2M + lelm/(m—l)zpm

2
8_1 |V|m/(m—1) pm
2

<2eC(m, M)IV(X)|* + &' C(m, M)

Case 2: For B, (&) N{lv/pl > 1} N {|X¢| < 1},

vl

2. m (2-m)(m—1)/m A
KA + |XI)"up )+ p@=m)m=D/m

Xl

(m=2)2=1)

m .p

<LelXg? + & [K2C)(1 + IXI)" (e m=DImy2 4 g7t =l |v]p

" - p

m

<2elX + &7 [K2()(1 + IXI)"u(p DI + &7)

<elXgP? + & [K2(C)(1 + |XI)" u(p®m=Dimy|2 4 7!

VDIiI==VI=VI<
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+ 8_] |v|m/(m—l)pm
2
<2eC(m, M)\V(X@)|* + £ C(m, M)

(3

+ & KO+ [XI)"u(p ™" DI + &7 2M + Xip™' " Vp™,

where we have used the facts that 2(m — 1)/m < 1.
Case 3: For B,(&) N {lv/pl < 1} N {|X¢| > 1}, observing that m/(m — 1) > 2, one has

vl Xol
- ¢

S28|X(,0|m + S_I[KZ(')(l + |Xl|)mll(p(2—m)(m—1)/m)]m/(m—l) + 8—1|V|m/(m—l)pm—2

K21+ XI)"u(p =0 +

Vo /m=1) m—1

<Ll X" + & [K*()(1 + |XI|)" u(p@mem=Dimypmim=1) 4 g1 p V] o

<2eCm, MIV(Xg)P + & [R2C)(1 + X" (> im)pin-
+&'2M + Xlp|"/ DL

Case 4: For the case of B,(&) N {|v/pl < 1} N {|X¢| < 1},

vl

2 m, o @emm-Dfmy W
K=()(A + [XI)"u(o )+ p@mm=1)/m

Xl

2(m-1)
(m-2)2 'pz

<2elXel’ + &7 [K2C)(1+ XTI u(p® DI + 27!

v '2
—| P
P
<2elXgl® + &7 KO+ IXI) "M 4+ &7l p?
<2eC(m, MV X + & [K2C)(1+ XU u(o®™ =DM+ &71p™,
where we have used the fact that 2(m — 1)/m < 1.
Combining these estimations with (3.15), we get

2

111 <eC(m, M) |V(Xv)[*d¢ + C(g, m, M) d¢

N
By(¢0) By(¢0) P

4 8—1K2m/(m—1)(_)(1 " |Xl|)m2/(m—1)ﬂZ(p(Z—m)(m—l)/m)
+ &1 (1 + 2M + Xlpy™ =17 g1, (3.17)

We apply (H3) to get (noting that m/(m — 1) < 2)

v = f [AY(E, up + XIE" = £), XI) — AT (&, uo, XD)] X" dé
B, (éo)

m+2

< KO+ it (3.18)
By(&o

To obtain a suitable estimate for /V, we need to split the domain B, (&) into four parts: B,(&) N
{v/pl > 1} N {lXep| < 1}, By(&o) NA{lv/pl > 1} N {|Xel > 1}, By(§o) N {lv/pl < 1} N {|Xe > 1}, and
B, (&) Nn{lv/pl < 1} N {|X¢| < 1}. We use Young’s inequality, (2.9), and (2.10) repeatedly.
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Case 1: B,(&) N {lv/pl < 1} N {IXgl > 1} and B,(&) N {Iv/pl > 1} N {[Xg| > 1}, observing that
m/(m—1)> 2,
KC)(1 + X1 u(o)|Xeplde
<elXg|" + C@IK()(1 + [XI)"F u(p)]
<eC(m, M)|V(X@)P* + C(&)[K()(1 + [XI))"5 u(p)] T

2
<eC(m, M)|V(Xv)* + eC(m, M) ‘V(l_‘:) + C(e)[K()(1 + |Xl|)'"§zlu(p)]m’fl )

Case 2: B,(£o) N{lv/pl < 1} N {IX¢| < 1} and B, (&) N {lv/pl > 1} N {IX¢| < 1},

KC)(1 + 1XI) " u(o)|Xeldé
<elX@ + & KO + 1XI)F (o))
<eC(m, M)V(X@)|* + & [K()(1 + XI)"F (o)

2
<eC(m, M)|V(XV)]* + eC(m, M) |v (z) + & KO + XD u(o)]™

Combining these estimations with (3.18), we get

2
IV <eC(m, M) IV(Xv)Pdé + £C(m, M) v(K) dé
By(é0) Byl \P
+ CEKO (1 + XI5 1), (3.19)
where we used - > 2, '5’((”';”12)) >m+ 2.
By (H1), Lemma 2.1, and (3.9), it holds that
L OA(E, u, Xu — O(Xu — X — X1
J[ f (&, u, Xu — 0(Xu — X - ))dHquSﬁXi<p“d§
By(éo) or;

<C JC [ f (1 + | Xu + 0(Xu — X¢ — Xl)|2)m22d0] IXolIXplde
(é0)

1
<C JE [ f (1 + | Xu + 0[(Xu — X¢) — Xu]|2)'"52d9] X6l X plde
0 (€0)

8C
< Jf (1 +1Xul® + |Xu - X¢)'T [X$l|Xldé

m —

By(é0)
8C m
< — (1 + [ Xul* + 1X¢1) T IX¢|IX90Id§
m = By(¢o)
< s (I +1X¢l°) = | Xl XpldE. (3.20)
m— By(¢0)

Noting that —1/2 < ’”7‘2 <0, and ¢ = (1 —n)v = 0 due ton = 1 on B,;»(&o), we split the domain
B,(§o) into four parts: B, (§o) N{IX¢| > 1}N{Xe| > 1}, By(§o) N{IX¢l < 1}N{Xep| < 1}, B,(&o) N{IXP| >
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2

1} N {X¢| < 1}, and B,(&) N {IX¢| < 1} N {X¢| > 1}. Thus by Young’s inequality and the estimations in
Cim,M
c Com M) dé. (3.21)

(2.9) and (2.10), there is
< f \V(Xu — XDPPAE + C(M, m, n) f % (3)
m=1"Jg, 8, B | \P

Substituting (3.12), (3.13), (3.15), (3.17), (3.19) and (3.21) into (3.11), we finally arrive at

Vv

[3’”‘2/1C(M, m,n) + M] JC [V(Xv)|*dé
B,

m—1 0/2(60)

Cim,M
<| €M) | a4 o2a(1 + 3MY)Com, M)] JE V(X Pdé
m— Bp(‘fO)
v\ vI?
+C(8,a,n,m,M)JC V(—) dé + C(e,a,n,m, M) —| d¢
By(&0) P By(&) P

+ C(&)[K()(1 + |XI)]Pmm=1 2 (p@-mm=1/m)
+ (1 +2M + |Xl|p)m/(m—1)2pm—l + [za(2 + |Xl|) + b]Z/(m—l)(Z—m)p’

where we have used 2m/(m — 1) > m(m + 2)/2(m — 1) > m?/(m — 1) and the nondecreasing property
of u.
We take & = [3"2AC(M,m,n) — 2a(1 + 3M)]/6 with the assumption A > 2a(l +

C(m,M)
m=2 e1qe . S HBet2a(1+3M)C(M m,n)]
3M)/[3"“C(M, m,n)]. Filling the gaps with 6 = 220+ S

2
f IV(Xu — XDPdE < C[f V(K) de + f
Byya(é0) By(&0) P By (&)

where
F =[KC)(1 + (XU =Dy (p@mm=Dimy 4 (1 4 2M + |X1py™/ =17 pm!
+ [2a2 + [X1)) + b]¥/=DC=mp, (3.22)

< 1 in Lemma 2.5 yields

v
Je

2
dé + F) +6 f |V(Xu — XD)|*dé,
Bp(fo)

The proof is completed by noting that [m(r — 1)/r(m — 1) — 11Q = m/(m — 1) and p™™" D <
p2(2—m)(m—l)/m < MZ(p(Z—m)(m—l)/m). O

3.2. Approximate A-harmonicity by linearization

In this section, we provide a linearization strategy for non-linear sub-elliptic systems (1.1). Later
on, this will be the starting point for the application of the A-harmonic approximation lemma.

m

Lemma 3.3. We claim that if p < p™" " (lugl, |XI]) and ¢ € C3(B,(&), RY) with sup [X¢| < 1, then
B, (o)

there exist some constants C; = C(m, M, C,, K) > 1 such that

f A" (Eos o, XD(Xu - XDX"dé
B,(&) "Pp
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<C1 sup IXsol[w (1X11., 2 (€. p. XD) @2 (&0, p. X1) + ©* (0. p. XI) + D& p. X])
By (éo

+ O (&9, p, XI) + p(P)F (o], X1, (3.23)

where we assume that F(s, 1) = K¥® (s + )2 + 1)* + a(1 + ") + b.

Proof. A straightforward computation yields

1
JC [ f AY (&0, o, OXu + (1 — O)XI)(Xu — Xl)d@] Xpdé
By LJo  °©

Pp

1
d
:JC [f —A?(fo, uy, 6Xu + (1 — 6)X1)do
By [Jo dO

= f [A?(fo, U, Xl/t) - A;I(é:’ u, XL{)]XQD(Zdé‘: + f Ba(‘fa u, Xu)()Dadé:
By (£0) By (£0)

Xpd¢

+ Jc XiuXip"dé — Xp+iuXipdé. (3.24)
Bp(‘f()) Bp(fO)

Then, we have

f A" (Eos tto, XD(Xtt — XDX"dé
By(&) '

N
Ji

0

sf XiuXi9p"dé — XonsiuXip*dg
Bp(f()) Bp(fo)

1
[f AT (&, ug, XDAO(Xu —Xl)] Xp"d¢
@) LJo s

+ CJC (alXu|™ + b)p*dé
Bp(é:())

4,

0

+ f |A% (&0, 1o, Xu) — A&, up + XI(E" — &), Xu)| sup |Xep|dé
Bp(f()) Bp(fo)

1
{f |AY (o, uo, XI) — AT (&0, up, OXu + (1 — O)XD||Xu —Xlld9} sup [Xe|dé
@) WJo  "Ps "Pp By(&)

. f A% o + XIE' — E1), Xu) = A”(E, u, Xuo) sup |Xplde
By (o) By (é0)

=I'+1I'+1II' + IV’ + V', (3.25)

where we have used the fact that &) A&, ug, XDXp"dé = 0.
0
By the relationship of T = X;X,,.; — X,,+:X;, the term [’ can be estimated as follows:

I :JC X,'MXn_H",Dadf - JC Xn+iuXi‘pad§
Bp(fO) L/

0 (50 )

=JC Xi(u — DX, 19" dE + J[ XilXp ip"dé
By (&0) By (&0)
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- f Xsi(u — DX;p"dé - Xosil Xipdé
By (é0) By (o)
- f X - DXpig®dé — £ Xolu— DXigde
By(&0) By (é0)

- JC XoiXilp™dé + J[ XiXpilg"dé
By (é0)

By(&0)

= JC Xi(u = DXipdé — J[ Xnvi(u = DXip"dé
By (o) By (o)

< sup |X¢| IXu — XI|dé. (3.26)
B, (é0) By (&0)

Let
B, =: p(f()) N {le/t - Xll < 1}, B, =: Bp(f()) N {lXLt - Xll > 1}

It follows that

J[ Xu - XI|dé = J[ Xu - XI|dé + JC Xu - XI|dé
Bp(‘fO) By B>

1 1
2 m
< ( f | Xu — Xllzdf) + ( 1 Xu — Xll’"dg)
B B>

<C ( JC [V(Xu) — V(Xl)|2d§)2 + ( f |V(Xu) — V(Xl)lzdf)m]
By (&o) B, (&)
<C (c1>%(§0, 0, XI) + @ (&, p, X1)). (3.27)

We then obtain:
I' < C(®7 (&, p, XI) + O (&, p, XI)). (3.28)

With the help of the fact that sup |¢| < p < 1, we derive
B,(o)

I = JC (alXul" + b)lpldé < 2" 'p l]c alXu — XI|"dé + (alXI|" + b)|.
B,(&) By (o)

For the case where B; =: B,(&) N {|Xu — XI| < 1}, it follows, by Young’s inequality and (2.9), that
Xu— XII" < |Xu - XI" + 177 < C(m, M)|V(Xu) - VXD + 1,

and thus

II' < C(m, M) [J[ a|lV(Xu) — V(Xl)lzd.f + (@X™ + a+ b)u(+p)|.
By
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On the other hand, for B, =: B,(&)) N {|Xu — XI| > 1}, it follows by Young’s inequality and (2.10) that
II' < C(m, M) []C alV(Xu) — V(XDIPd¢ + (alX[|™ + b)u( Vo)l -
B>

Thus, by combining these estimates and noting the definition of F(s, t), we infer that
1" < C(a, m, M)[®(&o, p, XD) + [a(IXI" + 1) + blu(vp)]- (3.29)

We can estimate the integrand of /1’ in different ways depending on whether [Xu — X/| < 1 or
| Xu — XI| > 1.

For the first case, |Xu — XI| < 1. Applying (1.7), Lemma 2.2 (1), Holder’s inequality, and Jensen’s
inequality leads to

1
r :JC [f |AY (&0, uo, XI) — AY (&0, uo, 0Xu + (1 — OXD|| Xu — Xlld@] sup |Xe|dé
Byo) [Jo "B P

Bp(f())
<c f
B

0

SCJC w( X, | Xu = XI))|Xu — XI|dé
Bp(f())

1
{ f [(1 +IXIP + XTI+ 0(Xu — XDP)'T w(X1), |0(Xu — x1)|)] dQ}IXu — XI|d¢
(&o) 0

SCJC w(XI], |[V(Xu — XDDIV(Xu — XD)|dé
B

o (£0)
<Cw |X1|,(JC |V(Xu)—V(Xl)|2d§)2 (JC |V(Xu)—V(Xl)|2d§)2
By(é0) By(é0)
=Cuw (IXII, ®(&. p. XD) @2 (&0, p. XD). (3.30)

For the second case, [Xu — XI| > 1. By the assumption in (H1), Lemma 2.2(1), and % <m<?2,
one gets

1
I = JC [ f |A® (&0, o, XI) — AY (€0, g, OXu + (1 — )XD)|| Xu — Xlldé)] sup |Xoldé
By&) [Jo T “Pp B, (é0)

2

: m—
=C JE { f [(1 +IXIP) + (1 + X1+ 6(Xu — Xl)lz)z] d@}lXu — XI|d¢
B,(o) 0

<C f \Xu — XI|d¢
Bp(é:O)

<C f |Xu — XI|"d¢
B, (&)

<C JE |V(Xu) — V(XD*dé
B, (&)

=CD(&, p, XD). (3.31)

Combining the last two estimates mentioned above implies that

1r :JC
B

o

1
lf |AY (&0, uo, XI) — AT (€0, uo, 0Xu + (1 — XD\ Xu — XI|dO| sup |Xpldé
@) LJo  "Pe "Pp By (&)
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<Cow (X1, D2 (&, p. X)) ®* (&9, p. X1) + COE, p, X1). (3.32)

By employing (H3), Lemma 2.2, and Young’s inequality, and noting the fact that K(-) > 1, we
deduce that

v = f A% (€0, o, Xit) — A%(E, up + XIE — £, Xu)| sup [Xglde
By (&o)

Bp(‘fO)

< KOu()(1 + [XI)(1 + |Xul)2 dé
B,(éo)

< JC( KCptp)(1 -+ X1 [(1+1XID% + Xu - X1/F| dé
Bp o
<KOulp)(1 -+ [XI)'* + f KOputp)(1 + XID|Xu — X1 d
Bi+B>

<K(u(p)(1 +1X1)'*2 +JC KOup)(1 + IXIDIXu — X2 d¢

B

N Jf KCup)(1 + [XIDIXu — X1)% dé
B,

m

<KOp(p)(1+ XIN™E + [KOu()(1 + XIDP
+ KO+ T + £ X - XiPag+ £ Xu - XiPae
B

Bz 1

<D, o, X1) + 3K + XD ulp), (3.33)

where we have used the fact that 4/(4 —m) <2, 1+ m/2 < 2 and u(p) < 1 for p € [0, 1].
Using the inequality su(f) < su(s) + t for s € [0, 1] and ¢ > 0, we obtain:

V' = f |AY(&, up + X1 - gé), Xu) — A7 (€, u, Xu)|dé
By, (£0)

< f KO + [Xul) % u(v)dé
B, (o)

A

1 m
< — [KC)(A + | Xul)?
Jip@)) \/ﬁ[ ()1 + [XuD? vp] u(Ivde

A

1 m m
< — [V + KO + [Xul)? K(C)(1 + | Xu))?
ﬁp(&)) @[v (1 +1XuD® v (K1 +1XuD? vp)| dé

f [H VB + KO + [Xul)y"1u(\p)
B, (&) LIP

0

Bp o

IA

d¢

IA

To further estimate the term V', we divide the ball B,(&)) into four parts.
Case 1: B,(&) N{lv/pl > 1}N{|Xu—XI| < 1}. By Young’s inequality, the estimates of (2.9) and (2.10),
and Sobolev—Poincaré inequality (2.11), it follows that

‘5 ‘ Vo + K21+ IXI)"u(p) + K*()(1Xu = XI)" 1 vp)
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<C(m, M)(C, + DIV(Xu — XDI* + K¥*™ ()2 + |XI)"u(vp),

where we have used the fact that p < u(p) < u(+/p).
Case 2: B,(&) N{lv/pl < 1} N {|Xu — XI| < 1}. It yields

‘ ;‘ VB + K2C)(1+ XY vB) + K2()(1Xue = XI)" (D)
<C(m, M)(C, + DIV(Xu — XD)? + K¥@™ ()2 + |XI)"u( ).
Case 3: B,(&) N {[v/pl < 1} 0 {|Xu — XI| > 1}. Tt follows
'g‘ Vo + KO+ X" (V) + K*()(1Xu = XI)"u( )
<C(m, M)(C, + K*)|V(Xu — XD + K> ()2 + [XI))"u( \/p).
Case 4: B, (&) N{lv/pl > 1} N {|Xu — XI| > 1}. It leads to
'/X)‘ Vo + K21+ IXI)" (V) + K*()(1Xu = XI)"u( Vp)
<C(m, M)(C,, + K))IV(Xu = XDI? + K*()(2 + IXI))" u( Vp)-

Combining these estimates above, we obtain:

V< f KO + [Xul)# u(v)dé
By (o)

<C(m, M) (C, + K*()) f VXt = XDPdE + K% + IX1)"u(/p)

By(é0)
<C(m, M)(C, + K* ()D&, po, XI) + K ()(2 + IXI)"u( Vp)-

(3.35)

Substituting (3.28), (3.31)—(3.33), and (3.35) into (3.25), we can immediately conclude that (3.23)

holds.

3.3. Excess improvement

O

In this part, we apply linearization tools and A-harmonic approximation techniques to establish
improved estimates for the excess functional @. For sake of simplicity, motivated by the form of the

Caccioppoli-type inequalities, we set the following re-normalized excess functionals:

Do, p, 1) = JC | V(Xu - X0) I” dé,
B,

and

u—uy— XU - EH

0 (£0)
(u—uo—Xl(fl —§5>)zd§+f
B,(éo)

Je

Wgo.p,]) = f v
Bp(é:o) p
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Lemma 3.4. Let u € HW'"(Q,RY) N L=®(Q, RY) satisfy the conditions of Theorem 1.1. Assume that
the following smallness conditions are satisfied:

1 1 0
o (I(Xu)gy | ©F (G0, p. (X)) + D2 G0 p. (X)) < 7 (3.36)
CoF(lug ol [(Xu)g, oD vp) < 67, (3.37)
with C; = 8C3C?(m, M)C,, together with the condition
P <oV Jugy pls 1+ [(Xu)g, o). (3.38)
Then, we have the excess estimate for 7 € [y, 1):
(I)(é':O’ Op, (Xu)fo,ep) < QZT(D(é:O’ P (Xu)fo,p) + K*(lufmpla |(Xu)§0,p|)ﬂ2(p0—)7 (339)

where o = min{(2 — m)(m — 1)/m, (m — 1)/2}, and K*(s, 1) = C;H"m=D"C=m(s M + ).

Proof. For simplicity, we use the abbreviation ®(p) = ®(&, p, (Xu)g, ,) in what follows. For & > 0
(to be determined later), we take 6 € (0,1) and T € [0, 1] to be the corresponding constant from the
A-harmonic approximation lemma and set

W = u— (g p — Vheyngp) — (Xit)g, (€' = £, T = CT(p) with € = max{Cy, \/C.}, (3.40)

and

5\ A
o) =(3) @0+ %0 +(3) @3+ 160%2(DF g o (X, ). (B41)

Noting the smallness assumptions in (3.36) and (3.37), we infer that

Bl

(X1}, pls @2 (€0, p, (Xt)g, ) + D2 (€0, s (X1t)z, ) < (3.42)

f |:A;I j('.i:()a u_fo,p’ (Xu)_fo,p)Xw:| Xigoadé:‘
By L Pk

K| OV ) + D) + 0 20p) + OV7p) + (DI | KD
< Cm, M)T(p) Py
o

s 5 6
<T [Z ((I(X)e ol @2(p)) + @*(p)) + 2tata

sup [X¢|
Bp(f())

sup [X¢|
Bp(é:O)

<7 sup |X¢|. (3.43)
B, (&0)

<1000l 0200 + 0200+ 5
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Then, from the definition of Y and the Caccioppoli-type inequality (3.6) with [ = I, ,
JC V(Xw)’dé < C.(P(p) + F) <2 < 1. (3.44)
Bp(f())

We observe that (3.43) and (3.44) fulfill the conditions of the A-harmonic approximation lemma,
which ensures that we find an A-harmonic function 1 € HW'"(B,(&y), R") such that

f VXRPdE < 1, f
By (é0) By (é0)

With the help of Lemma 2.2,

2
V(“’ _pTh)| dé < Y. (3.45)

2
D(6p) = Jf ’V(Xu) - V((Xu)goﬁp)] dé
Bp(f())

2

<Com M) £ |V (Xu= Xu )| dé

By (o)

2

<Clm, M) 1 |V (X = (Xudgy o = Y Xy 20)| 0

By(¢o)

2
+C(m, M) |V ((Xu)go,ep — (Xu)gyp — T(Xh)(g?ol@p))‘ : (3.46)

Next, we proceed to estimate the right-hand side of (3.46), by decomposing By,(&y) into a set with
B = By, (&) N {IXu — (Xu)g, p — V(X520 < 13,
and
B, = By, (o) N {IXu — (Xu)g, p — T(XR) g, 200 > 1}

Then, by Lemma 2.2 (1) and Holder’s inequality, we obtain:

|(Xt)gy,00 — (Xt)g, p — T (X)(g, 200)| =

J[ | Xu — (Xu)g,, — T(Xh)(go,zepﬂdf‘
Bgy(£0)

<V2 [ f IV(Xu — (Xu)e,, — T(Xm@o,zep)nzdf]
Bé)p(‘fo)

+ 2 [ f V(Xu — (Xu)g,, — T(thgo,ze,)))ﬁ""df]
BHp(é:O)

<V2(E? + Em), (3.47)
where we have used the term
2
E =: f |V (Xut = (Xt = Y XY 20)| . (3.48)
Bgp(&0)
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Since V() is monotone increasing in ¢, it follows that, from (3.46),
®(6p) < C(E + VAE"? + E'™)) < C(E + EY™). (3.49)

Now it remains for us to estimate E, noting that

f IXhldé <2V2 IV(Xh)Pdé < 2 V2. (3.50)
Bp((f()) Bp(f())

Note that the smallness conditions in (3.36) and (3.37) imply that C,Y> < 1 with C; =

max{8Cy, (20)~¢}, where we have assumed 4C%C2(m, M)C,4 < 1, which is no restriction. By applying
the priori estimate for constant coefficients sub-elliptic systems, we have the following:

TI(XR)y 200 < T sup |Xh| < T +/Co f IXAldé <2 V27 /Co < 1. (3.51)
By (£o)

By (é0)

The Caccioppoli-type inequality applied to By, (&) with uy = ug, ,, Xl = (Xu)g,, + V(Xh)g, 290), and
6 € (0, 1/4] yields

2

E <C. JC v (u — gy p — (Xu)gy p + V(X g 200 )(E" — f(l))) 0
Bogp(é0) 260p
= Ugyp — (X T(Xh L gl
* JC e~ (g T D)€ &) dg + F]’ (3.52)
Bagp(£0) 26p

where

F =[K(Jug, ol + [(Xt)gy p + Y XMy 200D + (X0, + Y(XR) gy 200 DI " D ((26p) =Dy
+ (14 2M + |(Xu)g, , + Y (XY 20 D)™ " (26p)"!
+ 12 ((26p)Fmm=DImy124(2 + |X1)) + b m=DEmM2g, (3.53)

By Lemma 2.2, one gets

2

]C y (u — gy p — (Xtt)gy p + LX)y 260)E" — §é)) i
Bagp(&0) 20p
JC (M — (ugyp = Yhey20p) = (X)gy p(E' = &) = Th(E)  Th(€) = Yheyp0p — T(XR)g, 26p(E" — f(l))) ?
< V + dé‘:
Bagp(&0) 20p 26p
2 _ _ 1 _ #1\ 2
Bogp(60) 29p 29[)

To estimate the right-hand side, we employ (3.45) to infer that

Jf v
Bagp($0)
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w = Th(¢)
( 26p )
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Je
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Using Lemma 2.2 and the Sobolev—Poincaré-type inequality in Lemma 2.3 leads to

J[ v (Th(f) = hgyoop — (Xh) gy 20p(E" — fé))
Bagp(é0)

26p
<Cir £ |V (xh - e ) e
Bagp(§0)

2

dg

<Cy(26p)*1* JC IV(X*h)Pd¢ < Cy(20p)*Y* sup |X*h[

Bagp(é0) Bya(é0)

<CCHCH20)* Y JC \V(Xh)[*dé
Bp(fO)

<Cs60*7?, (3.55)

where we assume that Cs = 4CCoC;.

Jc = tgyp = (X + TXR)5y290) €' = ED[*
d¢
Bagp(é0) 29p
< J[ u— (g, p — They26p) — (Xu)g, p(€' — f(])) = Th(¢)
B Bagp(£0) Zep
+W@%T%m;£wmm@—§V%
2 _ _ 1 #1132
<C J[ w — Th(¢) . ‘Th(f) hey 260 — (XM)gy 260(E" — &) df] . (3.56)
Bogp(60) 29p 29p

2 2
Now, we are in the position to estimate 3%29 ) “’_222(‘9‘ dé. Since ‘V(w—TWL)‘ is bounded almost
o

everywhere (3.45), we denote its upper bound by M. Lemma 2.2 (1) implies that

w-—Th
Jo

-7 -7
‘w h‘ < \/ilV(w h)' < V2Mm,, for
P p

o

and

w-—Th
Jo

a5

2
)m < (\/EMl)% , for
P Y

'>1.

Hence, we have

‘w—Th
o

< max { VoM, ( \/EMl)f’} = M>. (3.57)

Furthermore, it leads to

ngyp(fo)

AIMS Mathematics Volume 10, Issue 1, 1407-1437.

2

w — Th(§) ds

20p
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2
d¢ <C(26) 972 JC
P
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w—ThE) P

M,p

V(w - Th(f))

<C27 %' M3 f 7
2P
2

B, (%0)
<C(20)2 JC V(—‘“_Th@) dé
B, (&)
<C(26) 272 Y%. (3.58)

<C(20)"22M3 JC
B, (o)

2

d¢

Jo,

Using Lemmas 2.2-2.4 and (3.45) yields

2

h(E) — hey2gp — (X)gy 20p(E' — &) ) h(E) — hey2gp — (Xh)gy 205 (€' — &) ?
r 20, dg <Y 20, dg
Bagp(£0) P Bogp(£0) P
2
<C2? f XR(€) — (Xh) gy 20| dE
Bagp(é0)
<C,(26p)*1* f IXhPdé
Bagp(é0)
<CH*Y2. (3.59)

Noting that Y(Xh)g, 29p < 2 V2+/C,Y < 1 and the definition of H(-), we obtain:

[K gy ol + 1(Xt)gyp + Y XAy 20 DL + (Xt o + V(X Py 209 DT " Dp? ((26p) =1y
<[K(Jug, pl + 1(Xtt)gy p + 1D + 1K)z, p) "D (2= Dimy
<H" "D+ Jug, ol |(Xu)igy p D (020, (3.60)

and

(1 +2M + |(Xu)g,p + (Xt 20 D)™ " (200)" " + [2a(2 + IXI]) + BT/ DE26p
<@+ 2M + 1(Xuyg, Y7V + [2a(2 + 1X1)) + bI "V 12 (oD, (3.61)

where we have used the fact (0™ "/?) > u?(+/p) and the nondecreasing property of .
Combining all the above estimates with (3.52) and letting & = #2**, we arrive at

E < Cq |02 + HY "D Cm (g | M + (X, D07 (3.62)

where oo = min{(2 —m)(m —1)/m, (m —1)/2} and C¢ depends only on Q, N, m, M, A, and C,,. For any
given 7 € (y, 1), choosing 6 € (0, 1) suitably such that C3C¢6* < 67, we easily find (note the definition
of y)

D(6p) <6 [D(p) + CrHY """ C (Jug, |, M + [(Xu)e, (07
=67 | ©(p) + K* (g o, | (X1t} D (07| (3.63)

where the constant C7 has the same dependencies as C¢ and(2—m)(m—1)/m < 3-2 V2 <1/2,K *(s,1) =
C7H2/(’"“)2(2"")(s, M +1). O
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For T > 0, we find ®y(T) > 0 (depending on Q, N, A, L, T and w) such that
W T, 200 (T)) + 202 (T)) < %5, (3.64)
and
16(2CH)n (1 + C;?)%DO(T) <621 - 6T (3.65)

With ®@y(T) from (3.64) and (3.65), we choose po(T') € (0, 1] (depending on Q, N, 4, L, T, w,n and «)
such that

po(T) < pF™ DML+ 27,1 + 27), (3.66)

C,F2(2T, 2T’ (po(T)) < 62, (3.67)

Ko(T)p(po(T)*) < (87 = 6P Do(T), (3.68)

42CHn(1 + c;? V:Ko(T)H(po(T))? < 6*2(1 — 0)* (6”7 — 6°)T>, (3.69)

where Ko(T) := K*(2T,2T).
The rest of the process to obtain Theorem 1.1 is very similar to that in [12]. We omit it here.
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