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1. Introduction and preliminaries

Fixed point theory is an important field of study that analyzes the points that are equal to the
appearance of functions that provide various different contractions. The Banach contraction principle,
which is the most fundamental subject of fixed point theory, is one of the fundamental theorems of
fixed point theory and has a wide application in many analyses [3]. Although Banach proved the
Banach fixed point theorem, known as this basic principle, in metric spaces, which is an important
field of study in mathematics, it has actually been the subject of research in other areas other than
metric spaces. This subject, which attracts a lot of attention from researchers, has been studied in other
applied fields as well as mathematics, and important results have been obtained. Also widely used in
mathematics, this theory was applied to demonstrate the uniqueness of solutions of linear or nonlinear
differential and integral equations.
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Due to its very useful applications, this principle has been modified many times in different
versions, generalized, updated and used in other spaces, and the results obtained have been
demonstrated in practice. Although Banach contractions are continuous mappings, Kannan generalized
this principle to prove some fixed point theorems for mappings that do not require continuity [18]. In
addition, Chatterjea [6], Reich [23], and Ciri¢ [8] obtained new and more general results by producing
different contractions. Later, researchers further generalized these different contractions and presented
different versions in a metric space. Karapiar introduced the notion of an interpolative Kannan and
Cirié-Reich-Rus type contraction in a complete metric space [16,17]. Although the Banach contraction
principle has been proven in metric spaces, many authors have generalized this issue in various spaces
such as fuzzy metric spaces.

Fixed point theory shows the existence of a point x that satisfies the equality Tx = x of the
mapping T defined on a non-empty X. However, for the non-void sets A and E of X, the mapping
defined as T: A —» E may not have such a fixed point x. Indeed, best proximity point theorems
explore the existence of such optimal approximate solutions, known as best proximity points, of the
equation Tx = x when there is no solution. It tries to determine an approximate solution x that will
minimize the distance between x and Tx. If the intersection of sets A and E is different from the
empty one, the best proximity point is a fixed point. The concept of best proximity theory has been
studied in metric spaces by many researchers. Eldred and Veeramani [10] presented on non-self
contractions for the existence of a best proximity point. Basha [4] proved the best proximity point
theorem for proximal contractions, which generalizes Banach contraction. Hussain et al. [14]
introduced best proximity point theorems of Suzuki a-y-proximal contraction. Aydi et al. [2] proved
some fixed point results for w-interpolative Ciri¢-Reich-Rus-type contraction mappings. Later, Saleem
et al. [26] extended some best proximity results w-interpolative Cirié-Reich-Rus-type contraction to
partial ordered metric spaces and graphical metric spaces.

Zadeh introduced the notion of fuzzy set [31]. Fuzzy metric spaces have different concepts.
Kramosil and Michalek [19] introduced the concept of fuzzy metric space using continuous #-norms,
which generalize the concept of probabilistic metric space to the fuzzy case. Afterward, Grabiec [12]
defined the completeness of the fuzzy metric space. Moreover, George and Veeramani [11] modified
the concept of fuzzy metric spaces and obtained a Hausdorff topology for such fuzzy metric spaces.
Recently, Gregori et al. [13] applied fuzzy metrics to the color image process and used the concept of
fuzzy metrics to filter noisy images and solve some engineering problems of special interest. Fixed
point theory has been studied by many authors in fuzzy metric spaces. In a way, the concept of the best
proximity point theory, which covers the concept of fixed point theory, has an important role in fuzzy
metric spaces. The concept of best proximity theory has been studied in different type of fuzzy metric
spaces by many researchers, and important results have been obtained. Vetro and Salimi [30] proved
the existence and uniqueness of the best proximity points by using different contractive conditions in
non-Archimedean fuzzy metric space. Hussain [ 15] initiated some new classes of proximal contraction
mappings in a non-Archimedean fuzzy metric space. Choudhury et al. [7] and Abbas et al. [1] presented
some best proximity points of proximal contractions in complete partially ordered non-Archimedean
fuzzy metric space. Latif et al. [20,21] and Raki¢ et al. [22] obtained some notable results regarding
the best proximity theorems in different types of fuzzy metric spaces. Saha et al. [25] presented a fuzzy
extension of the proximity point problem which is by its nature a problem of global optimization in
fuzzy metric space.

In this paper, we introduce p-interpolative Cirié-Reich-Rus type fuzzy proximal contractions.
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We prove some best proximity theorems of p-interpolative Ciri¢-Reich-Rus type fuzzy proximal
contraction in complete fuzzy metric spaces. We support our main theorems with a few examples. As
a result, we establish p-interpolative Kannan-type fuzzy proximal contractions. We prove the fixed
point results of the best proximity theorems in complete fuzzy metric spaces. Also, we extend some
best proximity results to the partially ordered fuzzy metric spaces.
Definition 1.1. [27] 4 binary operation *:[0,1] X [0,1] - [0,1] is called a continuous triangular
norm (in short, continuous t-norm) if it satisfies the following conditions:

(i) = is commutative and associative;

(i) = is continuous,

(iii) = (a,1) = a forevery a € [0,1];

(iv) *(a,e) <*x(u,0) whenever a <u, € <0 and a,e,u,o0 € [0,1].
Definition 1.2. [11] 4 fuzzy metric space is an ordered triple (X, F,x) such that X is a nonempty set,
* is a continuous t-norm, and F is a fuzzy set on X? x (0,), satisfying the following conditions,
forall a,e,u € X and s,j > 0:

v) F(aej) >0;

() F@ejp=1ifa=e¢

(i) F(aej) =F(eaj;

(i) F(a,u,j+s) =F(a,ej) +F(eu,s);

(iv) F(a,é,):(0,0) — [0,1] is continuous.
Definition 1.3. [11] Let (X, F,*) be a fuzzy metric space. Then,

(1) A4 sequence {a,} in X is said to converge to a in X, denoted by @, — a, if

lim F(a,,a,j)=1 for all j >0, ie., for each v € (0,1) and j> 0, there exists ny € N

n-+oo

such that F(a,,a,j)>1—r forall n > n,.

(if) A4 sequence {a,} is a Cauchy sequence if for all r € (0,1) and j > 0, there exists ny € N

such that F(a,, y,J) =1 —1 forall m >n = n,.

(iii) The fuzzy metric space (X, F,*) is called complete if every Cauchy sequence is convergent.
Remark 1.1. [5,12] Let (X, F,*) be a fuzzy metric space. Then,

(i)  The limit of the convergent sequence in X is unique.

(ii) The mapping F(@,e, ) is non-decreasing on (0,) forall a,e € X.

(iii) F is a continuous mapping on X? X (0, ).
Definition 1.4. [28] Let y:[0,1) = R be a strictly increasing, continuous mapping, and for each

sequence {Qp}nen Of positive numbers lirll a, =1 if and only if liT y(@,) = 4oo. Let I' be
n—-+oo n—+oo

the family of all y functions.
Example 1.1. Let y € I'. The different types of the mapping y(t) are the following:

W) bt O T d) =
forall t €[0,1).
Definition 1.5. [9] Let (X, F,x) be an FMS and K:X — X be a given mapping. We say that K is a
triangular p-admissible mapping if there exists a function p: X X X X (0,00) — (0, 00) such that
(1) p(a,ej) <1 implies p(Ka,Ke,j) <1 forall a,e € X and forall j > 0,
(i) p(a,ej) <1 and p(e,u,j) <1 imply p(a,u,j) <1 forall a,é,u € X andforall j> 0.
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Lemma 1.1.[9] Let (X,F,x) bean FMS and K be a triangular p-admissible mapping. Assume that
there exists ay € X such that p(ay, Kay,j) < 1. Define a sequence {a,} by a,., = Ka, for all
n € N. Then

p(@y, @y, J) <1 forallmn € Nwithm < n.

Now, before presenting the best proximity point results in fuzzy metric spaces, which is the main
concept of our study, it is necessary to emphasize some expressions that should be used:

Definition 1.6. [24] Let Aq(J) and Ey(j) be two nonempty subsets of a fuzzy metric space (X, F,*).
We will use the following notations:

F(AE,j)) = sup{F(a,é,j):a € A é € E},
Ay(j))={a e A:F(a,e)) =F(AE,J) forsomee € E and for all j > 0},
E,(j)={e€E:F(a,e,j) =F(AE,J) forsomea € Aand for all j > 0}.

Definition 1.7. [29] Let (A,E) be a pair of nonempty subsets of X with Ay # @. Then the pair
(A,E) is said to have the fuzzy weak P-property if and only if

{F(C_ll, e_lrj) = F(A' E!j)

d,, &y, ] > = F(a,,ay,J) = F(éy,8,,)),
F(a,, e;]) = F(AE,)) (@1, @2,)) = F(ey, €, J)

where a,,a, € A, and é,,e, € E,.
2. Main results

In this section, we define the concept of the p-proximal admissibility, p-interpolative Ciri¢-
Reich-Rus-type y-fuzzy proximal and Kannan-type y-fuzzy proximal contractions, and related the
best proximity point theorems.

Definition 2.1. Let K:A—> E and p:A X A X (0,00) = (0,0), then Kis known as p-proximal
admissible if

p(ay,a,j) <1
F(ey,Kay,j) =F(AE ) = plenen)) <1,
F(e_Z'KC_lZ'j) = F(A,E,j)

forall a;,a,, e, e, € A.

Remark 2.1. If K is a self-mapping, then every p-proximal admissible becomes p-admissible
mapping.

Definition 2.2. Let A and E be two nonempty, closed subsets of (X, F,x) FMS. A mapping K: A —
E is said to be p-interpolative Ciri¢-Reich-Rus-type y-fuzzy proximal contraction if there exist y €
I, p:AxAXx(0,+o) > R*, positive real numbers «,f satisfying a+p <1 and § € (0,1)
such that

p(@ ey (F(Ka Ke)) 2y(F(a¢e))*F(aKajFF(eKeHNt-*M)y+s (1)
for all a,é € A\B_{est}(K) with p(a,e,jJ) <1, F(Ka,Ke,j) <1 and for all >0, where

B_{est}(K):{a € A:F(a,Ka,}) = F(4,E, ).

Example 2.1. Let X = R X R be endowed with a standard fuzzy metric F(a,e,]) = exp(— @)
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forall j >0 suchthat d(a,e) = |a, —e;| + |a, — &,| forall a = (a,,a,) and e = (é,e,) € X.
Clearly, (X,F,*) is a complete FMS where * is a product t-norm. Define A and E be two
nonempty subsets of X given as

A = {(0,0),(0,1),(0,2), (0,3)}
and

E = {(1,0), (1,1), (1,2), (13)}.
So that, d(A,E) =1 and F(a,é,j) = exp(— }) for all a,e € A and j > 0. Obviously, AE are

nonempty closed subsets of X. It is clear that Ay = A and E, = E. Define a mapping K:A — E as

(1), if @€ {(0,0),(0,1)}
’“‘0—{(1,0) . if @a€{(02),(0,3)}

Clearly K(Ay(})) € Ey(f). Also suppose that p: A X A x (0,+0) > R* is given by

1

1—e J
p(aej) = 5 foralla,e € Aand j > 0.
1—e 7

Let y:[0,1) = R be defined by y(t) = i Now, we will show that K is p-interpolative Ciric-

Reich-Rus-type y -fuzzy proximal contraction for all ] > 0. Let a =0,2 and [ = 0,2. For all
U,0 € A, we have

F(Ku,K0,}) = exp(— %). (2)
Case 1. If u = (0,0), 0 = (0,2), then, we have
F(@,0,))°F (& K@, [P F (6,K0,))3=%"P = exp(= D). (3)

Using (2), (3), and from the inequality (1), we obtain

SOIN| o[

1-e

1-e

p(@,0,))y(F(Ku,Ko,j)) = (

> y(F(%,0,))*F (@ K, )P F (6, K0, /)=

1

=7 (ew(-2)) = —=
1-e

forall j> 0.
Case 2. If u = (0,0), 0 = (0,3), then, we have

F(@,0,))*F (@, Ku,))PF(6,K0,))=F) = exp(—=). 4)

Using (2), (4), and from the inequality (1), we obtain
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SOIN| o

1-e

1-e

N——
-
l SN
\.){H
N——
Il
[
& |-
\DIN

p(4,0,))y(F(Kii,Ko,7)) = (
e
> y(F(u,0,))*F (&, K, ))PF(0,K0, )15
1

=Y (exp(_ 3;74)) = _%:

1-e

forall j> 0.
Case 3. If u = (0,1), 0 = (0,2), then, we have

F(1,0,))*F (@ K, 1)PF (3,K8,))0 %) = exp (- "’]—2) (5)

Using (2), (5), and from the inequality (1), we obtain

p(@, 5, )y (F(KT, KG,])) = <1_ei>( 1_;> = —
] J 1—-e

1—e 1—e

| N

>y(F(u,0,))*F(u, Kﬁ,j)ﬁF(a' K5,f)(1_“_:3))

D) 27

1-e

forall j> 0.
Case 4. If u = (0,1), 0 = (0,3), then, we have

F(u,6,))*F (@, K, )PF(6,K6,))1=%P) = exp(— 2}—8) (6)

)(25)-=

>y(F(u,0,))*F(u, Kﬁ,j)ﬁF(a' Ko_,f)(l_“_ﬁ))

=Y (exp (—2]—8)> = 1_27;8, (7)

1—e

Using (2), (6), and from the inequality (1), we obtain

RUYFN| RN

1-e

p(@,0,))y(F(Ku,Ko,j)) = <

[u=y
| N

4]

for all § > 0. There can be at least one & € (0,1) that satisfies the inequality (1) for all cases.
Therefore, K isa p-interpolative Cirié-Reich-Rus-type y-fuzzy proximal contraction.
Theorem 2.1. Let (X, F,*) be a complete FMS and (A,E) be a pair of closed subsets of X such
that Ay(J) is nonempty. Let K: A = E be a continuous mapping, satisfying

(1) K(Ay(j)) € Ey(j) and (A,E) abide by the fuzzy weak P-property.

(ii) There exist ay, a, € A such that p(a,,Ka,,j) <1 and F(a,,Ka,,j) = F(AE,J).

(iii) K is p-interpolative Cirié-Reich-Rus-type y-fuzzy proximal contraction.
Then, K has a unique best proximity point in A.
Proof. Let a, € A,(f). Since K(4,(J)) € E,(f), thereis an element a; in Ay(j) such that

p(c_lo, C_ll,j) S 1 and F(C_ll, Kdo,j) = F(A, E,j). (8)
Since K(4,(j)) € E,(J), there is an element a, in Ay(j) such that
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F(a; Kay,j) = F(AE, )). 9)
Then, from (8) and (9), and using the definition of p-proximal admissibility, we have
p(Go, Gy, J) <1,
F(ay, Kay, ) = F(AE,J),
F(ay Ka,,j) = F(AE,J),
such that p(a,,a,,j) < 1. Thus,
p(a,,a,j) <land F(a, Ka,,j) = F(4,E,j).
Since K(A,(J)) € E,(j), there is an element a; in Ay(f) such that
F(as,Ka,,J) = F(A,E,)).
Since K is p-proximal admissible, we conclude that p(a,,as,j) < 1. Thus we obtain
p(a,, as,j) < land F(as Ka,,j) = F(A,E,)).
On similar steps, we construct a sequence {a,} in A,(j) such that

p(an+1:an:j) < land F(dn+1tKan'j) = F(A, E,f), (10)

for all n = 0. If for some n, we have a,, = a, 41, then a,  is a best proximity point of K.
Assume that, a,, # a,,, forall n > 0. Then, by using (1) and from (10), we obtain
Y (F(K@y, Kan_1,)))
2 ¥ (F (@n, Bn-1,))*F (@, K, )P F (@1, K1, NUP) + 6
=V (F(@n @1, N*F @ T3, NP F (o1, 8, O P) + 6
= Y (F(@n @1, NP F @, Bps1, DP). (1)

From the condition (i), since (4,E) satisfies the fuzzy weak P-property, we deduce that
F(a,;1,ay,,)) = F(Ka,, Ka,_4,]J). Thus from (11), we have

Y(F (@i, @, ) 2 ¥ (F(K8n, Kp1,)) = ¥ (F(Kay, K@n_q, ) PF (@11, 30, )P) + 6.
Since y 1is a strictly increasing and § € (0,1) arbitrary, we have
F (@1, @n,J) > F(Kan, K1, NOPF @nsa, @, )P
implies
F(@n41, @ J) > F(K@p, K@p_1, ).

Consequently, we obtain

Y (F(@ns1, Gn, J)) 2 ¥ (F (K@, Kay—1,]) + 6,
that is

Y (F (i1, @n, J)) 2 ¥ (F(@n-1, @, J)) + 6. (12)

AIMS Mathematics Volume 10, Issue 1, 1350-1366.
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Repeating this process, we obtain

V(F(an+1' a_n'j)) = V(F(an—ll dnlj)) + 6 = V(F(aor alrj)) + n(sa (13)

for all n € N. Letting n - +oo, from (13), we obtain
Lim y(F(@ny, 0, J)) = +0.
Then, from the property of y, we have

lim F(@,,4,@,) = 1. (14)

n—-+oo
Now, we want to show that {a,} isa Cauchy sequence. Suppose to the contrary, we assume that {a,}
is not a Cauchy sequence. Then, there are € € (0,1) and j, > 0 such that for all k € N, there exist
n,, m, € N with m; >n;, >k and
F(Qmy Qnyrfo) < 1 —e. (15)
From Remark 1.1 (i1), we have
F (@ By < 1 - . (16)

Assume that n;, is the least integer exceeding n, satisfying the inequality (16). Then, we have

F(lmp-1,Bnp ) > 1 =&, (17)
Using the inequality (1) with @ = @,,,_1, € = @y, and j = j,, we have

Y (F (@ @y Jo)) > ¥ (F (@ny-15 Gy, Jo))-
As y is nondecreasing, we have
F(Qm,, Qnyrjo) > F(Qmy—1,Any_,»Jo)- (13)
Now, using (15), (17), and (18), we have

1= &> F(@p,, Gn,,Jo)
> F(C_lmk—l’ dnk_lj\o)

_ ] - J
2 F(amk—lr ank' ?0) * F(ank: ank—ll ?0)

> (1= &) F (G -1 2), (19)

AIMS Mathematics Volume 10, Issue 1, 1350-1366.



1358

by taking k — +oo in (19) and (14), we obtain

lim F(Qy,, @y, jo) =1 —&. (20)

k—+o0

Using inequality (1) with @ = @, 1, € = @y, and so j = j,, we have
Y (F(amk»ank:fo))
= Y (F(@my-1 Ang—1,J0) “F (@my-1 Kamk—1'fo)ﬁF(ank—1' Kank—1»f0)(1_a_ﬁ)) +46
= Y(F(Qmy-1, Gny—1,J0) “F (@my-1, Kamk—pfo)ﬁF(dnk—u Kank—pfo)(l_a_ﬁ)) + 46

= V(F(amk—l' C_lnk—lle)aF(amk—lf amk'jO)'BF(ank—lﬁC_lnkle)(l_a_B)) + 4. (21)

Taking the limit as k — +oc0 in (21), applying (1), from (14), (20), and continuity of y, we obtain
y((1-e)2y((1-a*1-f(1-et-*M)+s.
Then, we have
y((1 =€) =2y((A-¢)+9,

a contradiction. Thus, {a,} is a Cauchy sequence in X. Since A is a closed subset of the complete
fuzzy metric space (X, F,*), then there exists ## € A so that

lim F(a,,u,j) =1 (22)
n—-+oo
Since K is continuous,
liT F(Ka, Ku,j) = 1. (23)
n—>+oo

Combining (10), (22), and (23), we have
F(AE))) = lim+ F(a,;1,Ka,j) = F(u,Ku,j).
n—>+oo

This proves that u is a best proximity point of K.
Now, to prove the uniqueness of the best proximity point of mapping K, suppose that € € A, is
another best proximity point (different from u) of the mapping K such that

p(wej) =1,
F(alKalj) = F(A'E'j)’
F(e,Ke,j) = F(AE,}).

Since the pair of subsets (A,E) satisfies fuzzy weak P-property, then we have F(u,e,j) =
F(Ku,Ke,J). From the inequality (1), we have

AIMS Mathematics Volume 10, Issue 1, 1350-1366.
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y(F(u,e)) 2 y(F(Ku,Ke, j)) = p(i e )y (F(Ku, Ke,j))
> y(F(u e j)*F(a Ka j)PF(e Ke APy +§
=y(F(u,éej)%*) +9. (24)
From the property of y and (24), we have
F(u,e,j) > F(ue)N* > F(u,ée,j),
a contradiction. Therefore, the best proximity point of the mapping K is unique.
; )d(d,e‘)

Example 2.2. Let X = R X R be endowed with a standard fuzzy metric F(a,ée,j) = (1+_1

for

all ] >0 such that d(a,e) = |a; — é;| + |a, — &| for all a=(a,,a,) and é=(é,,é,) € X.
Clearly, (X,F,*) is a complete FMS where * is a product t-norm. Define A and E be two
nonempty subsets of X given as

A={(0,n):n € R*U{0}}
and

E={1,n):neR"u{0}}
So that, d(A,E)=1 and F(a,e,j) = ]%1 for all a,ée € A and j> 0. Obviously, A,E are
nonempty closed subsets of X. Also, the pair (A,E) admits the fuzzy weak P-property. It is clear that
Ay=A and E,=E. Define a mapping K:A—->E as K(a) = (1,%) for all a € A. Clearly
K(Ao()) € Eq(f). Clearly K(Ao())) € Eo(j). Also suppose that p:A X A X (0,+00) > R s

given by
d(a,é)
Nz I
p(a,ej) = - @foralla,eeAand]>O.
1—@1—1 ’

1

0 Now, we will show that K is p-interpolative Ciri¢-

Let y:[0,1) > R be defined by y(t) =

3

Reich-Rus-type fuzzy proximal contraction for all § > 0. Let a = % and [ = s

If a=(0,n), € =(0,m) forall nm e R*U{0}, then, we have

[n-m|
8 )

d(Ka,Ke) = d((L,5),(1,) =
d(a,e) = d((0,n),(0,m)) = |n —m|,

d(@Ka) = d((0,n),(1,5) =1+2,

AIMS Mathematics Volume 10, Issue 1, 1350-1366.
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d(e,Ke) =d((0,m),(1,7) =1+,
According to the equations above, we have

[n-m|

TR In—ml+(1+D+ A+

5 3
and for a = — = —, we have
f 10’ B 10’

[n—-m| 5 3 mn 2 7m
- <n-ml+-1A+)+ A+
Then, we have

[n-m|

) °
Jj+1

5 3 n 2 m
S (L)ﬁ'”'m' (L)ﬁ(”?) (L)E(HT)
j+1 j+1 j+1

is equivalent to

j+1

j+1 j+1

j+1

5

(L)d(Kd,Ké) . ( 5 )ad(a,e‘)( 5 )Bd(d,Ka)( j )(1—a—ﬁ)d(e‘,l<e‘)
forall j > 0. Then, we obtain

F(Ka,Ke,j) > F(a,e ))*F(a,Ka,j)PF(e Keé, j)1-*h),

Since y is nondecreasing, we have

y(F(Ka Ke, ) >y(F(a e j)*F(aKaj)PF(e Ke j)~4F),

R d(a,e)
1-(L) *

and also for p(@,é,j) = %, we have

L)3
+1

Juy
|
~
S

p(ae))y(F(Ka Ke ) >y(F(ae))*F(@KajfF(eKent-m),

for all § > 0. There can be at least one & € (0,1) that satisfies the inequality (1) for all cases.
Therefore, K is a p-interpolative Ciri¢-Reich-Rus-type y-fuzzy proximal contraction. Since all the
conditions of Theorem 2.1. are satisfied, (0,0) is a best proximity point of K.

Corollary 2.1. Let (X,F,*) be a complete FMS and (A, E) be a pair of closed subsets of X such
that Ay(J) is nonempty. Let K: A = E be a continuous mapping, satisfying

(1) K(Ay())) € Eo(J) and (A,E) abide by the fuzzy weak P-property.
(i) There exist y € I', § € (0,1), and positive real numbers a, with a + <1 such that
y(F(Ka,Ke,))) = y(F(a e ))*F(a Ka )P F(e Ke ) =*=P) + 4,

for all a,e € A\B_{est}(K) with F(Ka,Ke,j) <1 and for all § > 0. Then, K has a unique best
proximity point in A.

Proof. By considering p(a,e,j) = 1 and arguing similarly as in the proof of Theorem 2.1., we have
the required proof.
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Definition 2.2. Let A and E be two nonempty, closed subsets of (X, F,x) FMS. A mapping K: A —
E is said to be p-interpolative Kannan-type y-fuzzy proximal contraction if there exist y €T,
p: A X AX(0,+0) > R* and positive real numbers a,8 € (0,1) such that
p(a e fy(F(Ka Kej) = y(F(a@Ka)F(e Ke ) ~?) +34,

for all a,é € A\B_{est}(K) with p(a,e,j) <1, F(KaKe,j)<1 and for all >0, where
B {est}(K):{a € A:F(a,Ka,j) = F(A,E,))}.
Theorem 2.2. Let (X, F,*) be a complete FMS and (A,E) be a pair of closed subsets of X such
that Ay(j) is nonempty. Let K: A = E be a continuous mapping, satisfying

(1) KAo()) € Ey(j) and (A E) abide by the fuzzy weak P-property.

(ii) There exist ay, a, € A such that p(a,,Kay,J) <1 and F(a,,Ka,,j) = F(A,E,j).

(ili) K is p-interpolative Kannan-type y-fuzzy proximal contraction.

Then, K has a unique best proximity point in A.

Proof. The proof of Theorem 2.2. can be shown in steps similar to the proof of Theorem 2.1.
Corollary 2.2. Let (X,F,*) be a complete FMS and (A,E) be a pair of closed subsets of X such
that Ay(j) is nonempty. Let K: A = E be a continuous mapping, satisfying

(1) KAo()) € Ey(j) and (A E) abide by the fuzzy weak P-property.

(ii) There exist y € I' and positive real numbers a,§ € (0,1) such that

y(F(Ka Ke,j) = y(F(a Ka j)*F (e Ke j)~®) + 4, (25)

for all a,e € A\B_{est}(K) with F(Ka,Ke,]) <1 and for all j > 0. Then, K has a unique best
proximity point in A.

Proof. By considering p(a, é,j) = 1 and arguing similarly as in the proof of Theorem 2.2, we have
the required proof.

Example 2.3. Let X = R X R be endowed with a standard fuzzy metric F(a,e,]) = exp(— @)

fOl” all j > 0 Such that d(c_l, e_) = |C_11 - éll + |dz - 672| fOl’ all a= (C_ll, C_lz) and e = (él, 8_2) € X.
Clearly, (X,F,x) is a complete FMS where * is a product t-norm. Define A and E be two
nonempty subsets of X given as

A={(0,x):x € R* U {0}}
and

E ={(2,x):x € R* U {0}}.

So that, d(A,E) =2 and F(a,é,j) = exp(— ;) forall a,e € A and j > 0. Obviously, A, E are
nonempty closed subsets of X. Also, the pair (A,E) admits the fuzzy weak P-property. It is clear that
Ay =A and E, = E. Define a mapping K:A - E as K(a) = (Z,E). Clearly K(Ao(J)) € Ey(j).

Let y:[0,1) > R be defined by y(t) = \/% Now, we will show that K is p-interpolative Kannan-

type fuzzy proximal contraction. Let a = 0,5.
If a=(0,x), €=(0,y) forall x,y € Rt U{0}, then, we have
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d(Ka,Ke) = d((2,), (2,) = =2,
d(@Ka) = d((0,x), 25 =2+%

d(e,Ke) =d((0,y),(22) =2+,

According to the equations above, we have
|x — vl
4

<2+ 510+
@+ +E+2)
is equivalent to
d(Ka,Keé) < d(a,Ka) + d(e, Ke).
Then, we have
d(Ka,Keé) < ad(a,Ka) + (1 — a)d(é,Ke)
and so

d(Ka,Ke)

exp(— - ) > exp(— —ad(Kf_l'Ke_)

Jexp(

_ (1-2)d(Ka,Keé)

j )
forall j > 0. That is equivalent to
F(Ka,Ke,j) > F(a,Ka,))*F (e, Ke,j) 9.
Since the y is nondecreasing, we have
y(F(Ka,Ke,))) >y(F(a Ka,j)*F(e,Ke )™),

forall j > 0. There can be at least one 6 € (0,1) that satisfies the inequality (25) for all cases. Since
all the conditions of Corollary 2.2. are satisfied, (0,0) is a best proximity point of K.

3. Some results

In this part, we have the best proximity point theorems for ordered p-interpolative Cirié-Reich-
Rus-type and Kannan-type y-fuzzy proximal contractions on a fuzzy metric space endowed with a
partial ordering/graph

H ={a,e € Asuchthata < éeorée < a}
and

1 , ae€eH,

pAXAX(0,0) > (0,),  wherep(@ef)={y ' oyl

Definition 3.1. /1] Let (X,F,*,X) be a partially ordered FMS and (A,E) be a pair of nonempty
subsets of X. A mapping K:A — E is called proximal fuzzy order preserving, if
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e; =< ey,
F(a,,Ke;,j)) =F(AE,]) = a, < ay,
F(aZJKe_Z)j) = F(A,E,j),

forall a;,a,, e, e, € A.

Definition 3.2. Let (X, F,*,X) be a partially ordered FMS. A mapping K:A — E is said to be an
ordered interpolative Ciri¢-Reich-Rus-type y-fuzzy proximal contraction if there exist y €', p
positive real numbers «a, 8 satisfying a + [ <1 and 6 € (0,1) such that

y(F(Ka,Ke ) =y(F(aej)*F(a Kaj)PF(e Ke ) v P) +6,

forall a,e € A\B_{est}(K) with F(Ka,Ke,]) <1, (a,e) € Hand forallj > 0.
The following result is a direct consequence of Theorem 2.1.

Theorem 3.1. Let (X, F,*x,X) be a partially ordered FMS and (A, E) be a pair of closed subsets of
X such that Ay(J) is nonempty. Let K: A — E be a continuous mapping satisfying

(1) KAo()) € Ey(j) and (A E) abide by the fuzzy weak P-property.

(if) K is proximal fuzzy order preserving.

(iii) There exist ay, a, € A such that p(a,,Kay,J) <1 and (@, a,) € H.

(iv) K is ordered interpolative Cirié-Reich-Rus-type y-fuzzy proximal contraction.

Then, K has a best proximity point in A.
Definition 3.3. Let (X,F,x,X) be a partially ordered FMS. A mapping K:A — E is said to be
ordered interpolative Kannan-type y-fuzzy proximal contraction if there exist y € I' and positive
real numbers a,8 € (0,1) such that

v(F(Ka,Ke, ) = y(F(a e )*F (e Ke )1=D) + 6,

forall a,e € A\B_{est}(K) with F(Ka,Ke,j) <1, (a,é) € Hand forallj > 0.
The following result is a direct consequence of Theorem 2.2.
Theorem 3.2. Let (X, F,*,X) be a partially ordered FMS and (A, E) be pair of closed subsets of X
such that Ay(J) is nonempty. Let K: A — E be a continuous mapping, satisfying
(1) KAo()) € Ey(j) and (A E) abide by the fuzzy weak P-property.
(i) K is proximal fuzzy order preserving.
(ilf) There exist @y, a, € A such that p(a,,Kay,j) <1 and (@, a,) € H.
(iv) K is ordered interpolative Kannan-type y-fuzzy proximal contraction.
Then, K has a best proximity point in A.

4. Applications to the fixed point theory

In this section we prove related results to the fixed point theory for p-interpolative Cirié-Reich-
Rus-Type and Kannan-type y-fuzzy contractions. I[f A = E = X, then the following contractions can
be defined. Since F(a,Ka,j) = F(A4,E,j) =1 for self-mappings, meaning a = Ka, whereby the
best proximity point reduces to the fixed point. In this context, p-interpolative Cirié-Reich-Rus-type
and Kannan-type y-fuzzy contractions also reduce to the fixed point problem.

Definition 4.1. Let (X, F,*) be an FMS. The mapping K:X — X is said to be p-interpolative Cirié-
Reich-Rus-type y-fuzzy contraction if there exist y € I', p:X X X X (0,+o) - R*, positive real
numbers a,f satisfying a+ <1 and 6 € (0,1) such that
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p(a e y(F(KaKej) =y(F(ae)*F(aKajPF(eKe )i P)+3,

forall a,e € X\Fix(K) with F(Ka,Ke,j) <1 and forall j> 0.

The following result is a consequence of Theorem 2.1.
Theorem 4.1. Let (X, F,*) be a complete FMS and K:X — X be continuous p-interpolative Cirié-
Reich-Rus-type y-fuzzy contraction. If there exists ay € K such that p(ay, Kay, j) <1, then K
has a fixed point in X.

By considering p(a,e,j) = 1 in Theorem 4.1, we state the following.
Corollary 4.1. Let (X,F,x) be a complete FMS, K:X = X be mapping, y € I' and for positive real
numbers y,B with v+ <1 and § € (0,1) such that

v(F(Ka Ke ) = y(F(a ¢éj)*F(a Kaj)PF(e Ke )%F) + 6,

forall a,e € X\Fix(K) with F(Ka,Ké,j) <1 and forall § > 0. Then K has a fixed point in X.
Definition 4.2. Let (X,F,*) be an FMS. The mapping K:X — X is said to be p-interpolative
Kannan-type y-fuzzy contraction if there exist y € I', p:X X X X (0,+o) » R* and positive real
numbers a,y € (0,1) such that

p(aefy(F(KaKej) =y(F(aKaj*F(e Ke ) %) +86,

forall a,e € X\Fix(K) with F(Ka,Ke,j) <1 and forall j> 0.

The following result is a consequence of Theorem 2.2.
Theorem 4.2. Let (X,F,x) be a complete FMS and K:X — X be continuous p -interpolative
Kannan-type y-fuzzy contraction. If there exists ay € X such that p(@y, Kay, j) <1, then K has a
fixed point in X.

By considering p(a, é,j) = 1 in Theorem 4.2., we state the following.
Corollary 4.2. Let (X,F,x) be a complete FMS, K:X = X be mapping, y € I' and for positive real
numbers a,y € (0,1) such that

y(F(Ka,Ke,))) = y(F(a Kaj)*F(& Ke)=?) + 34,
forall a,e € X\Fix(K) with F(Ka,Ké,j) <1 and forall § > 0. Then K has a fixed point in X.

5. Conclusions

The article contains definitions and theorems that reveal the existence of the best proximity point
for p-interpolative Cirié-Reich-Rus-type y-fuzzy proximal contraction. The article presents the a new
definition of proximal contraction by using of the y-function, followed by an example and our main
theorem. Later, an example where the best proximity point is obtained is given to support the results.
The results of our main theorem as an application in fixed point theory are proved. Some applications
of our main theorem under appropriate and necessary conditions are presented, along with a partial
ordering defined on the fuzzy metric.
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