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1. Introduction

In 1878, Clifford algebra was defined in [1]. In 1982, Brackx et al. [2] generalized some
results of the complex analysis to Clifford analysis. Malonek and Ren [3] studied the Almansi-
type decomposition theorems for the k-order monogenic functions and k-order A-weighted monogenic
functions in 2002. In the unweighted case, the star-like condition of the domain is needed. This fact
accounts for the greater generality of the decomposition in the weighted case, which indeed holds in
any domain. When k = 1, the origin of the notion of 1-weighted monogenic functions is given. In 2017,
Garcia et al. [4] studied an integral representation for the solution to the sandwich Dirac equation in
Clifford analysis. Yang et al. [S] obtained the Cauchy theorem for the solution to the k-order Dirac
equation with a@-weight in 2018, where k£ > 0 is an integer and « is a nonzero real number. In 2020,
Blaya et al. [6] gave the integral representation for the solution of the bilateral higher-order Dirac
equation and proved some properties for Cauchy and Teodorescu transforms. In 2022, Peldez et al. [7]
took the sum of the left Dirac operator multiplied by @ and the right Dirac operator multiplied by S
as a new operator, and studied the integral representation of solutions to higher-order new operators,
where a, are real numbers. In 2023, Dinh [8] introduced (a, 8)-monogenic functions and isotonic
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functions, where «, are real numbers and o # B; they gave the integral representation formulae of
these functions respectively by using the new proof method and proved the series representation of
polynomial Dirac equations. In 2024, Gao et al. [9] got an integral representation for the solution
of the bilateral higher order Dirac equation with a@-weight, where @ is a nonzero real number. Liu
et al. [10] investigated some Riemann-Hilbert boundary value problems for perturbed Dirac operators
in the Clifford algebra CI(V33). D. A. Santiesteban et al. [11] examined well-posed boundary value
problems for second-order elliptic systems of partial differential equations in bounded regular domains
of Euclidean spaces.

In 2008, Clifford algebras depending on parameters emerged as an extension of the classical Clifford
algebra. Its applications in partial differential equations were introduced by Tutschke and Vanegas [12].
In 2012, Di Teodoro et al. [13] studied solutions for the first order homogeneous meta-Dirac equation
and then gave a solution of the inhomogeneous equation by using Fubini’s theorem. In 2013, the
integral representations for the meta-Dirac operator of n-order and its conjugate operators of n-order
are derived by Balderrama et al. [14]. In 2014, some achievements of hypercomplex analysis were
expounded and some of its development trends were presented in reference [15]. Ariza et al. [16]
gave the integral formulae to solutions for second order elliptic Dirac equation in 2015. In 2017,
Ariza Garcia et al. [17] obtained the correlation between first-order differential operators and g-Dirac
operators, with the aim of studying initial value problems, where ¢ is a n-dimensional vector. In 2021,
Cuong et al. [18] studied the integral expression of monogenic functions in the Clifford algebra
depending on three parameters and solved two boundary value problems related to this function.

Based on the above work, we have conducted certain work with the aim of extending the results from
the classical Clifford algebra to the framework of parameter dependent Clifford algebra. In Section 2,
we investigate some important properties of functions valued in this Clifford algebra. In Section 3,
integral representations for p-order A-weighted monogenic functions and right g-order A-weighted
monogenic functions are derived. Furthermore, in Section 4, we present an integral representation
for (p + q)-order A-weighted monogenic functions. Finally, Section 5 contains the conclusion and
discussion of this paper. This paper mainly generalizes some results of references [5,9].

2. Preliminaries

In this section, we present some basic results on the parameter dependent Clifford analysis,
meanwhile, we prove some important properties of some functions valued in the parameter dependent
Clifford algebra.

2.1. Some basic results on the parameter dependent Clifford analysis

Suppose that «, y;; = yj; are nonnegative real numbers for i, j = 1,2,...,n,i # j, the set of base
element is {ey = 1,ey,...,e,}, and the base element satisfies the following multiplication rule
2
e. = —a;,
{ J / 2.1
eie;j + eje; = 2’)’,‘].

From this, we obtain a parameter dependent Clifford algebra 8,(2, @}, y;;) which is generated by

the structural relationship (2.1). Every element of the algebra is of the form ¢ = ) cs,ea,, ca, € R,
Ay
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where Ay = {ji,..., i} S{1,....n} ji < o <+ < jw, es, =€ ---€j,and ey = e; = 1. As indices
we use the elements A; of the set containing the ordered subsets of {1, 2,...,n}, with the empty subset
corresponding to the index 0. The set A; runs over all the possible ordered sets A} = {1 < j; < ... <
Jx < n},or Ay = @. The dimension of this algebra is 2".

Let N* be the set of positive integers. If 1 < j < n and j € N*, the base element satisfies the
involution e¢; = —e;. If ex = ej..,, = ey ---ey, then ey, = ¢, ---e, = (=1)e;, ---e,. For any
f ZfAleAl €8 (2 @, 71}) we define ‘f ZgAleAp |§|2 ZgA , Where fAl €R.

The Euclidean Clifford algebra 8,(2, 1, O) is one of the spe01al cases of B,(2, a;, vij).
The function f : Q — B,(2, @;,¥;;) is denoted by f(x) = 3, fa,(x)ea,, where f4,(x) is a real-valued
A

function and Q is an open connected bounded domain in R”. f is a r-times continuously differentiable
function, which means f4, is a r-times continuously differentiable function, where r € N*. The set
consisting of the r-times continuously differentiable function is denoted by F'(Q, 8,(2, «;, ¥ij)).

When f € F'(Q, B,(2, @}, 7)), Dirac operators and its conjugate operators acting on function f are
defined respectively as follows:

n n 6 - n _a - n 8 .
Dif = ) e f , D, = Z—fek, Dxf:Zek—f, D= g
Xk Oxy k
k=1 k=1 k=1 k=1
After a direct calculation, we have
D.D,=D.D, = F-2 > o,
j=1 1<i<j<n

the corresponding quadratic form is

Z%f -2 Z Yij€i&js (2.2)

1<i<j<n
which has a coefficient matrix
a Y2 0 VY
B= —Yi2 @ —Y2n . 2.3)
~Yin VYo "t @

Denote

(03] Y12

(03] Y12 —Y13
)33— Y2 @ —yi2 |, ,B,=B.

By =C¥1,Bzz(

Y2 @
Y13 Y2 @
See references [19,20]. By using the Sylvester’s criterion, (2.2) is a positive definite quadratic form if
and only if the determinant of each B; is a positive number for all j = 1,2,...,n,1.e.,
det(B;) > 0. (2.4)

In this situation, DD, = DD, becomes an elliptic Dirac operator, so we denote D.D, = D.D, by Kn.
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Suppose that (2.4) holds in this paper, then the inverse matrix of matrix B exists and can be
represented by

ap dapp -t A4y
app dyp - dyy

A= , , 2.5)
Aip Ayp " Ay

where a;; = aj,i,j=1,2,...,n.
See reference [12]. For two points x = (xy,---,x,) and { = ({,---,¢,) in R", x # , the
representation of the non-Euclidean distance p as follows:

n

pF = p (% 0) = Z aij(xi = £)(x; = &), (2.6)

ij=1

the representation of the Euclidean distance is ¢ = |x — Z].

See reference [14]. Suppose that for some ¥ € R” and Y satisfying |Y| = 1, we denote x — ¢ = (Y,
then the infimum of p(¥,0) for all Y is positive, i.e., p*(¥,0) > ¢; > 0, where ¢, is a constant, so
P(x, &) > col’.

For f € F1(Q, B,(2, @, i), the first-order A-weighted Dirac operators acting on the function f are
defined as follows:

Dif = p;*Hx)(Dxf), D} = (fDy)p; H(x),
1
where p, = (Zf =1 XX j)z, H(x) = 3}, ea;jx;, and A is a fixed nonzero real number.

Definition 2.1. [12] Suppose f € FY(Q,B,(2,a,,i)), then a solution f of the Dirac equation
D,f(x) =0(f(x)D, =0) is called a left (right) monogenic function.

See reference [12]. We know that p"H(x) i1s not only a left monogenic function but also a right
monogenic function.

Definition 2.2. Suppose f € F**(Q, B,(2,a;,v:;)), b, q are positive integers.

(i) A solution f of the p-order A-weighted Dirac equation (D})*f(x) = 0 is called a left p-order
A-weighted monogenic function, where (DY)* = D! o --- o D? (p-times), o is a composite operation of
operators.

(ii) A solution f of the right q-order A-weighted equation f(x)(DY)" = 0 is called a right q-order
A-weighted monogenic function, where (DY) = D! o - - - o D (g-times).

Remark 2.1. (i) When p = 1(q = 1) in Definition 2.2, a solution f of the A-weighted Dirac equation
Df(x) = 0(f(x)D* = 0) is called a left (right) A-weighted monogenic function.

(ii) A left p-order A-weighted monogenic function can be called a p-order A-weighted monogenic
function for short. A left A-weighted monogenic function can be called a A-weighted monogenic
function for short.

Definition 2.3. Suppose f € F*™(Q, B,(2, a;,v:;)), » and q are positive integers, then the solution f of
equation ((Dﬁ)p f (x))(Di)q = 0is called a (p + q)-order A-weighted monogenic function.
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If f is a left p-order A-weighted monogenic function, then f is a (p+q)-order monogenic A-weighted
function.

Remark 2.2. p"H(x), p;""" " "MH(x), and p;"* """V H(x) are (p + q)-order A-weighted monogenic
functions, where A is a fixed nonzero real number.

For x € 0Q, its outer unit normal vector is N(x) = (N(xy),...,N(x,) = (Ny,...,N,), do, =

Y. Nie;du is the Clifford-algebra-valued measure element of 0€), du represents the scalar measure
i=1
element of JQ2, and Q2 is a sufficiently smooth boundary.

Lemma 2.1. [12] Suppose f, g € F(Q, B,(2, @, 7)), then

[ s = [ (s + feDigco]as
oQ Q

where dx = dx; ANdxy A -+ A dx,.
Similar to the proof of the theorem in reference [21], we can prove that Lemma 2.2 holds.

Lemma 2.2. Suppose f, g € F(Q,B,(2,a;,7:))), then

Og(X)

Di(f(0)8(x)) = (Dof (0))g(x) + Z erf ()~

(F(RE)D, = kZ] D e + F(D,),
Proof. We suppose that f(x) = Y fa,(X)ea,, 8(x) = D ga,(X)ea,, where fu,(x) and g4,(x) are real-valued
A As

functions, then

o A(fgw) O|(Z fu e (2 gaew)|

D (f(x)g(x)) = kZ:; N kz:; ek s

4 O fa,(x)84,(x) ) 0

= € Z Z (ATkA)eAleAz - €L Z fAl(X)gAz(x) fA1( ) gAZ(X):IeAleAz
k=1 Al A k=1 Al A

n (9 Z fA| (x)eAl a Z 84, (-x)eAz

L S — Z 8ar(X)ea, + Z A (X)ea —————
k=1 =1 A 0
0
~(D.f(0)g(x) + Z o0 5,
Similarly, we can prove the other equality. O

2.2. Some important properties of some functions valued in B,(2, a;, y;;)

Suppose that M4(x) = E (x)p;*H(x), where E(x) = = Lo C, = m, s € N*, w, represents the
Euclidean surface measure of the unit sphere.
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Proposition 2.1. When s > 1, we have

DxM;l(x) = M?(X)Dx =E, ().

Proof. Since AB = E and E is the identity matrix, we obtain that form,k = 1,2,...,n,
n
0, m+#k,
A Qim — Z YikQim = 1, m = k,
i=1,i#k
then
n n n n
§ €reiQmplim = Z €LerAmkAkm + § €1€iAmiAim + § €reiAmrim
ik=1 k=1 ik=1k<i ik=1k>i
n n n n n
= ) ekeilmilim + exeitmiin + Z €1€jamijm = Z exexmklim + Z (exe; + eier)anmain
k=1 ik=1k<i jl=1,j<l k=1 ik=1k<i
n n n n
= Ak Qi — 2 Z YikQmkQim = Z Ak Akem — Z Yik@mkQim
k=1 ik=1k<i k=1 ik=1k#i
n n n
= (a/kamk - )/ikaim)akm = Z 6kmakm = mms
k=1 i=1k#i k=1
therefore,
n n
— 2 _ 2
CreimkAimX,, = Aym Xy, -
i,k,m=1 m=1
Also,
n n n
Z ekeiamka,-jxmxj = Z ekeiamka,-jxmxj + Z eke,-ajkal-mxjxm
m,i,j,k=1,j#+m m,i,j,k=1,j<m m,i, j,k=1,j<m
n n
= Z exer(ampayj + ajxlim)XmX; + Z erei(Amrdij + A jxCim) XmX j
m,j,k=1,j<m m,i, jk=1,i<k,j<m
n
+ Z eiex(Amkaij + A jQim) XmX j
m,i, jk=1,i<k,j<m
n n
= Z (kA + A Cm) XmXj — 2 Z Yik(Amiij + Qi) XX j
m,j,k=1,j<m m,i, jk=1,i<k, j<m
n n
= Z (A + A i) XmX j — E Yir(Amiij + Qi) XX j
m,j,k=1,j<m m,i, jk=1,i#k, j<m
n n n n
= Z (a'kamk - Z )’ikdim)aijmx it Z (a'kajk - E Yikdi j)akmxmx j
mk, j=1, j<m i=1,itk mk, j=1, j<m i=1izk
n n n
= Z Ok jXmXj + Z Ok jQmXmXj = Z A j XX .
myk,j=1,j<m myk,j=1,j<m m,j=1,j#m
AIMS Mathematics Volume 10, Issue 1, 1043—-1060.
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Consequently,
n n n n
_ ~ . _ . 5 .
H(x)H(x) = ( E e,-a,-jxj)( Z ekakmxm) = ( Z eke,-amkaimxm) +( Z ekeiamka,-jxmxj)
ij=1 km=1 idm=1 mi,jk=1,m#j
n n

_ 2 _ 2
= A Xy, + A jXmXj = P

m=1 Jm=1,m#j

By H(x) = —H(x), we can conclude that H(x)H(x) = —H*(x) = p>.
By AB = E, we have

n n

n
D H(x) = Z eaje; = Z aee; + Z aij(e:e; + eje;)
i=1

i,j=1 i,j=1,i<j
n n n n
:E ajjaj— E dijYij = E (ajjaj— E a,-,-yi,-):n.
j=1 i,j=1,i#j j=1 i=1,i#]

Similarly, we can prove that H(x)D = n.
By equalities H(x)H(x) = pi and D, H(x) = n, we can conclude that

D.M(x) = C| (D" P )H @) +p" V(D H ()]

n a( i “ijxixj)M
:CS[; ek bl ™ H(x) + np;n+(s—1),1]
=c,| kz; ekW( jzl ar) T ; w4 JZ} iy H() + g
:CS[ Z ek( —n+(s— 1)/1)10;’”“‘1“‘2 Z apx;H(x) + np;nﬂs—m]
k=1 i=1
=C(=n+ (s = D)oo Z anxiecH(x) +np;" 1]

ik=1
:CYI:( —-n+ (S _ l)ﬁ)p;n+(s—1)/l—2H(x)H(x) + np;n+(s—1)/l]
—Cy(s = DA™ = By (),

X

Similarly, we have M (x)D, = E,_{(x).

Proposition 2.2. Let f € FKYQ, B,(2, @;,yip), keN, s=1,2,...,k
(1) Suppose that f is a solution of the Dirac equation D, f = 0, then

k!
D (Pl ) = G el .

s)!
(2) Suppose that f is a solution of the Dirac equation fD, = 0, then

(Pl o)D) = AP (0.

(k—9)!

AIMS Mathematics Volume 10, Issue 1, 1043—-1060.
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Proof. (1) When s = 1, by using the equality H(x)H(x) = p?, it is easy to deduce that

kA

1 0f (x) - ( IJZI aUXIxj) kA
D(p!' f(x)) = (Dp) f(x) + Z = ) e f () + p (D ()

mx
0% m

= Z emkipiﬂ ’ Z Qi + Z ;) () = kapl'=>( Z ainxien)f(x) = kApl TH@) £(x),
i=1 j=1 m,i=1

and
D\(p f(0) = oy H[ Dol ()| = kapl™ f().

We suppose that (D) (0 f(x)) = 571 p® =D £ holds, then

(k— s+1)'

k. §— —s . §— — -5
D (e f00) = DA Gy ™) = e HO Dl )
k! _ s k! Folks
=G P |k s+ DATTTHO )] = s el 0.
According to the mathematical induction, we get the conclusion.
Similarly, we can prove that (2) holds m|

Proposition 2.3. Suppose 1 < s<p, 1 <t<qg and1 <k <p+q, where s,t,k,p,q e N".
(1) Let f € F*(Q, B,(2, a}, vi;)) be a solution of the equatlon D, f = 0. Then, p(’D mf(x) is a solution
of the p-order A-weighted Dirac equation (D)’ f(x) =
(2) Let f € FY(Q, B,(2,aj,vi;)) be a solution of the right equation D, = 0. Then, piq_t)ﬁ f(xX)isa
solution of the right g-order A-weighted Dirac equation f(x)(D?)" = 0
(3) Let f € F*(Q, B,(2, aj,vi;)) be a solution of the equation system D, f = 0 and fD, = O Then,
PPy is a solution of the (p + q)-order A-weighted Dirac equation ( (DY f (x)) (DY =

Proof. By Proposition 2.2, (1) and (2) hold.

(3) G) When g < k < p+gq,ie, 1l < k—q < p, by (1) in Proposition 2.3, we conclude that
PP 4y satisfies equation (Dﬁ)p(p;”‘("‘“)“ f(x)) = 0. Therefore, (3) is clearly valid.

(i1)) When 1 < k < q, as f satisfies condition D, f = 0 and based on (1) in Proposition 2.2, we can
deduce that

Ak
(D/l (p+a—k)d ( ) pL: ;q ) (X)
o) = T

As f satisfies condition fD, = 0 and based on (2) in Proposition 2.3, we obtain

_ (P+qg-K! —k)A 1
(DYP (T f ) (DD = ———2"| (P f(0))(DD?| = 0,

(@)t = CE O o)y
therefore, (3) is established. i

Theorem 2.1. Let 1 < s<p, 1 <t<q 1 <k<p+q, wheres,t, k,p,qeN"
(1) Ey(x)p**H(x) is a solution of the p-order A-weighted Dirac equation (D*)* f(x) = 0
(2) E(x)p;" H(x) is a solution of the right q-order A-weighted Dirac equation f(x)(D*)" =0
(3) Epiq(x)0 " H(x) is a solution of the (p+q)-order A-weighted Dirac equation ((Dﬁ)p f (x))(Dﬁ)“:O
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Proof. By Proposition 2.3, (1) and (2) hold.
(3) It is obvious that

H(x)

. Corg .
Epo(0)p M H(x) = — 2 p MH(x) = pPH91Cy

— ﬂpx *
p’; (p+a) Z

By Proposition 2.3 and the equality D,(0,"H(x)) = (0,"H(x))D, = 0, we conclude that (3) in
Theorem 2.1 is established. O

3. Integral representations for the solutions of the p-order 1-weighted Dirac equation and right
g-order A-weighted Dirac equation

In this section, we prove two Cauchy-Pompeiu integral formulae for functions valued in
8B,(2,a;,v;;), and obtain the Cauchy integral formulae for the null solution to higher order A-weighted
Dirac operators as their corollary, respectively.

In this paper, we denote {x]yp = x + xo € Q} as Q7 , for any x, € Q.

Theorem 3.1. Let_p, qgeN, s=0,1,...,p,r=0,1,. s 0.
(D If f € F(Q,B,(2,aj,7ij), then for any xy € Q, when 0 < A < i, (D) f(yo) is a bounded

function in Q_}O
(2) If f € FUQ, B,(2,a;,7,))), then for any xo € Q, when 0 < A1 < L, f(yo)(DYY is a bounded

qa
Junction in €, .

Proof. (1) When s = 0, as f € F*(Q, B,(2, 2}, 7:))), (D)°f(yo) is a bounded function in Q.
When s = 1,2,..., p, we denote H(x)f,(x) by gs(x), and let

f1(x) = D, f(yo),
fo(x) = =Afi(x) + D,g1(x),
f(x) = =24/2(x) + Dga(x),

for1(x) = =(p = 2)Afp2(x) + Digpa(x),
fp(x) =—(p— 1)/lfp—1(x) + ngp—l(x)-

As f e Fp(ﬁ, B,22,a;,vij), fi, f2, ..., [, are bounded functions in Q_;O

When s = 1, we have D! f(yo) = p;*H(x)(Dyf (50)) = pyg1(x).
We suppose that 7 < p, r € N*, and (D) f(yo) = p;*g/(x), then

(DY (o) = p7 ' Hx)| D072, |
=0, H(0)| (100" H®) (%) + o (Degi() |
= “VUH )| - tAf(x) + Do(8:(0) | = o7 g (),

According to the mathematical induction, we get
(DY)’ f(Y0) = 3 85(%).

AIMS Mathematics Volume 10, Issue 1, 1043—-1060.
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So for any xj € Qif0< 1< %, then we conclude that (D?)* f(yo) is bounded in Q_j;o
Hence, for any x, € Q, when A € ﬂspzl (O l) = (O, é) we conclude that (D%)* f(y,) is bounded in

> s

Q_}O,wheres =1,2,...,p.
Similarly, we can prove that (2) holds. O

Theorem 3.2. Suppose that f € Fp(ﬁ, B,2,a;,vij),p<n0<A< %, p € N, for arbitrary xy € Q,
then we have

Q

p
sy fo0) = Y0 [ oo (0 o) = <1 [ Eco(br ool @)
s=1 X0

%
where ci(a;,yi;) is a Clifford constant. If c\(a;,;j) has a single inverse element, this formula is called

the Cauchy-Pompeiu integral formula of the function f € Fp(ﬁ, B,(2,a;,vi)

Proof. For any xy € Q, we have 0 + xp € Q,500 € Q7 .

We can choose an arbitrarily small positive number ¢, and make a small ball Bs = {x : |x| < 6} such
that By is a subset of Q-

Forany s=2,3,...,p, by Lemma 2.1, Proposition 2.1, and Theorem 3.1, we have

M (0o (D) f(v0)) - lim fa ; M (0do (D) f(v0))

o,
- tiny [  (iop )@ oot [ aricof 0 row)fex
= ) Ei(0)((D)* f(o))dx + lim o E()((DY)' fO0))dx

= fg E, (00D f(3o))dx + f E@((D'f00))dx.

s
X0 X0

From Theorem 3.1, it can be derived that (D?)*"! f(y) is a bounded function in Q_jgo, then
(DY) f(yo)l < M.

For x € 8B, suppose that x = 6X, where X € 0B, = {X : |X| = 1}, du = 6" 'du,, du, is the surface
element of the unit sphere dB;, and since p? > ¢y6%, we can obtain

Mo (DY F00)

‘ (935

. Il . (o
<M, f |E(x)lp!|dor| = M, f oA =My | —— 6
0Bs 0

0Bs WnPy Bs WPy

1 q 1
n— _ (s—1)A+1 2
SMQf mé d,ul = sz mdﬂl < M3(5 < M35 ,
335 636
where M; > 0 are constants, i = 1,2, 3, then we can conclude that

lim | M}(x)do (D) f(0)) = 0.
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Hence,

M{(0do (D)™ (o)) = f E@( 00D )dx+

;) Qi

5

CE(D)fo0)dx. (32)

0

where s =2,3,...,p.
For s = 1, by Lemma 2.1 and the equality (p;”H (x))D = 0, we have

Mioderfon) iy [ MY der, )
Y JoBs

a0,
=lim f (M{()D,) f(yo)dx + lim f M{(x)(D.f (yo) )dx
020 Ja\s 020 Jay\8s
. H(x) .
=lim [(==)D.|f(o)dx + lim E\(x)(D}f(y0))dx = f E1(x)(DLf (yo) )dx.
020 Ja; \B; " WnPx 020 Jag \Bs @
We can calculate that
1 1
lim dp=lim 5"_1d,u1=f du=ci(@;, ¥ij)s
5 n—1 N n =1 n ) j» Vij
6-0J 9 B,Wn' 60 aBlw,ﬁ”—l( > ainin) P 6B‘a),,( s ainin) ) 3.3)
ij=1

ij=1
we can conclude that ¢ («}, y;;) 1s a Clifford constant, and ¢,(c;, ¥;;) does not depend on ¢ but only on

the values of the parameters «; and y;;; see Remark 2.6 in reference [14].

Hence,

fo)du

-1
(£0) = fC))dps + lim 7 ()
- w

635 i’lpx

H(x)H
lim [ Mdofoo) = lim [ HRHAX
=0 JoaB; -0 Jop, WpPy P

=lim —
§_>0 83,5 wl’l X

du | £(x0) = =e1(aj, yip) f(x0),

= - [ lim —
60 6B5 wnpx

therefore,

f? N M{(x)dof(yo) + c1(aj, yij) f(x0) = fg El(x)(Dif(yo))dx- (3.4)

5
X0

By Equalities (3.2) and (3.4), we have
Z(—l)s ﬁg* Mf(x)dO'x((D;l)s_lf(yo)) - fm* M{(x)do . f(yo) = ci(a;, vij) f(x0)
s=2 X0 O032x

=(-1)" fQ Ey(x)((D)? f(y0))dx + (=1)° f Ep (D)™ f00))dx

«
X0 X0

+ (=17 f Ei (D)7 fO0))dx + (=) fg  Ea@)((D)"2f O0))dx

X0 X0

+...+L* E2(x)((Di)2f(yO))dx+L* El(x)<Dif(yo))dx—fQ* El(x)(chf(yo))dx

’.‘0 X0 X0
A
1 [ B0 o)
QF
0
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Consequently, we prove that the conclusion holds. O

Remark 3.1. When c,(a;,y;;) is not required to be invertible, the value of f(xo) is not uniquely
determined by the integral transform.

Corollary 3.1. Suppose that f € F*(Q, B,(2, @}, i) is a solution of the equation (D)’ f(yo) = 0 in
Q,p<n0<aA< %, p € N, for arbitrary xy € Q, then we have

ci(@; v feo) = Y (=1 | M@)o (D) Fo)), (3.5)
s=1

o,

where ci(a;,yi;) is a Clifford constant. If c\(a;,ij) has a single inverse element, this formula is called
the Cauchy integral formula of the p-order A-weighted monogenic function.

Theorem 3.3. Suppose that f € F(Q, B,(2, @, %), a<n0<A< i, q € N, for arbitrary xy € Q,
then we have

feo)ei(@, i) = Y (=1 fa N (fOIDY " )dor M (x) - (-1)° fg E)(f00)D))dx, (3.6)
r=1 X0 0

where c\(a}, vij) is a Clifford constant. If ¢i(«;, vij) has a single inverse element, this formula is called
the Cauchy-Pompeiu integral formula of the function f € F(Q, B,(2, «;, vi))).

Proof. Similar to the proof of Theorem 3.2, we can prove Theorem 3.3. O

Corollary 3.2. Suppose that [ € Fq(ﬁ, B,(2,a},vi)) is a solution of right g-order A-weighted Dirac
equation f(yo)(D)" = 0 in Q,a<n0<a< % q € N*, for arbitrary xy € Q, then we have

q
Foo)er(ayyi) = Y (=1 fa _ (Foo@hy o} o, 3.7)
r=1 X0

where ci(a;, ;) is a Clifford constant. If c\(«,vij) has a single inverse element, this formula is called
the Cauchy integral formula of the right q-order A-weighted monogenic function.

4. The integral representation for the (p + g)-order 1-weighted monogenic function

In this section, we obtain the integral representation for the (p + q)-order A-weighted monogenic
function.

Theorem 4.1. Let p,qe N, s=0,1,...,p,r=0,1,...,q.
Suppose that f € F"*(Q,B,2,a;,7i), when 0 < A < - then for arbitrary x, € Q,

p+a’
(DY fo))(DYY is @ bounded function in Q.

Proof. (i) For arbitrary x, € 5, whens =0andr =0,1,...,q, from Theorem 3.1 and the inequality 0 <

A< p%q < %, it follows that f(yo)(D%)" is a bounded function in Q.
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(1) When s = 1,2,...,p,and r = 1,...,q, we denote H(x)f;o(x) by g;0(x), we denote f;,(x)H(x)
by g ,(x), and let

f10(x) = D f(yo),
Foo(x) = =Af10(x) + D,gi0(x),
F0(x) = =24150(x) + D,g20(x),

fs0(x) = =(s = DAf—10(x) + Drgs_10(x),
fu1(x) = =529 g5,0(x)H(X) + g50(X) Dy,
fia(®) = =(s + DAf1(x) + &, (0D,
fra(®) = =(s + 2)Af52(x) + &, ,(X)Ds,

fs,r(x) = _(S +r— l)ﬂf;,r—l(x) + g;,r—l(x)Dx-

As f € F™(Q, B,(2,@},¥i)))s fi.0s-- s fs0 fots - -» fs.r are bounded functions in Q.
(a) When s = 1 and r = 0, by directly calculating, we can obtain

DL f(yo) = py ' Hx)(Dof(30)) = p7'g1.0(x).

When s = 2,...,pand r = 0, we suppose that s = ¢, where t < p, t € N*, and

(DY f(o) = P g10(%),
then
(DY f(0) = D" 8e0(0)) = pr HO)| D07 810 (0)) |
=7 H(x)|( - 1Ao7 T H@)H() f0(x) + o7 (Dsgro()]
=p; UH(x)( — tA£0(x) + Digeo(x)) = pr " grer0(x).

According to the mathematical induction, we have
(DY)’ f(o) = p3*gs0(X). 4.1)
For any x( € Q,when0 < A< ﬁ, we conclude that 0 < A < %, so (DY) f(yo) is a bounded function

in Q* .
X0
(b) When s = 1,...,pand r = 1, by Equality (4.1), we have

(DY 00D} = [(7" 80000 Dior H(x) = | = 54072, 0()H) + p(850(x)Ds ) [0 H(x)
:( — S/lp;ng,o(x)m + gs,o(X)Dx) )—C(s+1)/lH(x) — fs,l(x)p;(”l)ﬂH(x) — g;’l(x)p;(sﬂ)/l'

Whens=1,...,pand r = 2,...,q, we suppose that r = [, where [ < q, [ € N*, and
((Djrl)sf(yO))(Di)l = g;,[(x)p;(ﬁ—l)ﬂ,
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then
(DY Fe)DH* = (8, e )D. oy H )
=[ - (s + DAL (P PEH) + p (g (00D, ) |y Hix)
=( = (s + DAfu(x) + g D)o HE) = f ()P TH(x) = g, (100,
According to the mathematical induction, we have

(DD F0))DYY = g, (7,

For arbitrary x € Q, when 0 < 1 < =, we conclude that 0 < 1 < -, so ((Di)s f(yo))(Dﬁ)’ is a

p+q s+r’
bounded function in Qj;o, where s = 1,2,...,p;r=1,...,q.
From the above, for any x, € 5, when 0 < A < p%, we conclude that 0 < A < %, it can be
concluded that ((Dﬁ)sf(yo))(Di)’ is a bounded function in Q;O, where s = 0,1,...,p;r=0,1,...,
|

Theorem 4.2. Suppose that € F**(Q, B,(2, @, Yi), P+a<n0<A<—
Xo € Q, then we have

, b, q € N, for arbitrary

p+q

cila, vip f(xo) = Z(_l)v+r LQ* [((Dﬁ)pf(yo))(l);l)r_l]do'x My, (%)
= o 4.2)

+ =1y fa N M(x)do (D)™ f(30)) = (=)™ f B @|((0D°f00)(D3)"|dx
s=1 X0 X0

where c\(a},ij) is a Clifford constant. If ¢\(a}, yij) has a single inverse element, this formula is called
the Cauchy-Pompeiu integral formula of the function f € F**(Q, 8,2, a;,y:))).

Proof. We can conclude that Theorem 4.2 holds by applying Theorem 3.2, once we prove that the
following equality holds, that is,

Z( D [ (@ om0 o 0 = 107 [ B (0170} D

-1y f Ey(0((D)" f())dx

Q

For any xy € Q, we know that 0 + xp € ,s00 € Q;O. We can choose an arbitrarily small positive
number 6 and make a small ball B; = {x : |x| < 6} such that Bj is a subset of Q-
Whenr=1,2,3,...,q, by Lemma 2.1 and Proposition 2.1, we have

f (@ 10) 0y it 0~ im [ (00 )0 aorbt 2

=lim (DD £60))DY |Eye ()dx + Lim f (DY £00))DYY ™ | Eperr (x)dx
- on\Ba XO\B(5
- fg (@D O0)D2Y |Eyer (i) + fg (@D o) DY |Eperr()d.
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By Theorem 4.1, it follows that ((Dﬁ)" f(yo))(Dﬁ)r‘l is a bounded function in Qf, then
(DY F 50Dy

< My, hence,

[ l(@ o)y 0o

[
<M, f [Eper(0)loydor] = My f omiPx du
dBs Py

1
(p+r—1)A+1 2
SMsf mdﬂl 5p < M (5
0B;s

where M; > 0 are positive constants, i = 4,5, 6, and we can conclude that

im | |(00"f00)) D™ |dore My, () = 0.

6—0 OB

Hence,

f (DD fo)DY ! |dor ML, (x)

-
-l (@t son)en ]t | [(@trs00)p B oas -
By Equality (4.3), we can deduce that
Z( Dl f (DY 50))D " |dor M, ()

i [ (@ s00)@iy st s 1 | (@ s00)e s
st [ N T e | (@500} Esvstri
el | B [ (@ om)E.oas

- [ B (@1 00)DL i 17 | B0 fom)ex
We complete the proof. o

Corollary 4.1. Suppose that f € F"(Q,B, (2,a;,y;5)) is a solution of the equation
((Dﬂ)"f(yo))(Dl)q 0 in Q*O, p+qg<n0<a1< plq, p,q € N, for arbitrary xo € Q, then we
have

ci(aj, yipf(xo)
p+r AP ANr—1 s A Ans—1 (4 4)
—Z< 1 f (DY FO0)DY " |do My, (x) + Z( 1) f M (0do (DD F0)),

where ci(a;,v;;) is a Clifford constant. If c\(«,vij) has a single inverse element, this formula is called
the Cauchy integral formula of the (p + q)-order A-weighted monogenic function.
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Remark 4.1. Theorem 4.1 is used to prove Theorem 4.2. As p € N, where N* is a set of positive
integers, there is no direct relationship between Theorems 3.3 and 4.2. However, when p = 0 in

Theorem 4.2, if é}l(—l)s fﬁﬁio Mf()é)d()'x((Dﬁ)s‘1 f(yo)) = 0 in Equality (4.2), then the right end of the
equality in Theorem 4.2 is reduced to the right end of the equality in Theorem 3.3. When q = 0
in Theorem 4.2, if é(—l)p” f(m% (DY FG0))(DY ! |dor M, (x) = 0 in Equality (4.2), then the
equality in Theorem 4.2 is reduced to the equality in Theorem 3.2.

5. Conclusions

In recent years, the integral representations for the solution to the higher order Dirac equation in
B,(2,a;,y;;) have been studied, which generalize the integral representation in the classical Clifford
algebra. In this paper, we not only prove three Cauchy-Pompeiu integral formulae for functions valued
in the dependent parameter Clifford algebra, but also obtain integral representations for three different
higher order A-weighted monogenic functions.

If 8,12, a;,y:ij) = B.(2,1,0), then Corollary 3.1 in this paper is reduced to one result of Theorem 3.7
in reference [5], that is,

Theorem 5.1. [5] Suppose that Q C R" is a domain, Q" = {x[yo = x + xp € Q}, Hj(x) = lel’jﬁ’
A= a)((xj‘ll—)(jj_ll)' O<ac< % If f(x + xo) is a k-monogenic function with a-weight in QF, for arbitrary
Xo € Q, then we have
k
fow) = Y0 [ H o (D2 + ). (5.1)
oQ

j=1
If B,(2,a,7ij) = B,(2,1,0), Corollary 4.1 in this paper is reduced to Corollary 3.5 in [9], that is,

Theorem 5.2. [9] Suppose f € C'(Q, Cio,n(R)), where r > p +qn > p+gq, Q C R"is a domain,

" —_1\PtJ— .
Q° = {alyo = x+ %0 € Q) Hpoj(0) = il Apsj = savmiprrn 0 < @ < i If fx + x0) is a
(p, q)-monogenic function with a-weight in Q, then for any x, € Q, we have

q
Flxo) = (=1 fa (D fx + x0) )P dor (x| ™ Hp ()
. Q*
N (5.2)
£ 2D | H O xde (D) f o + 1)
J=1 ’

With the method of the Clifford analytic approach and Newton embedding method, reference [10]
proved the existence and uniqueness of solutions of the nonlinear Riemann-Hilbert problems. For a k-
vector field F, reference [11] obtained the solution of boundary value problems for the associated with
the equations (D,)* ' (F)D, = fi, where f; € F(Q, B%(2,1,0)), B9(2,1,0) is the space of pseudo-
scalars in the classical Clifford algebra 8,,(2,1,0). We hope to solve the boundary value problem
related to the equation (D,)**"'(F;)D, = f; in the dependent parameter Clifford algebra in our future
work.
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