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Abstract: In this article, we explore how to efficiently estimate the population mean utilizing past
and current sample information through exponentially weighted moving average (EWMA) statistics in
temporal surveys. We propose some optimal classes of memory-type estimators of population mean for
temporal surveys within the framework of simple random sampling (SRS). We derive the expressions
for the bias and mean square error (MSE) of the suggested estimators up to first-order approximation.
We compare the traditional and newly introduced memory-type estimators and establish the efficiency
conditions. Moreover, we conduct a thorough simulation study using real and artificial populations
to refine our theoretical outcomes. The simulation results show that studying past and current sample
data increase the efficiency of the proposed estimators.
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1. Introduction

During a sampling survey, it is likely common to have auxiliary information available about a
variable that is either correlated positively or correlated negatively with the main variable. This
auxiliary information can help to optimize the variance or mean square error of the developed
estimators. The ratio and product estimators can provide precise results, depending on whether the
auxiliary variable x is correlated positively or negatively with the main variable y. In simple random
sampling (SRS), if the auxiliary information is correlated positively with the main variable, the
conventional ratio estimator is commonly utilized to estimate the population mean. The ratio
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estimator was defined by [1] as:

X
3, =52, (1.1)
X

where ¥ is the sample mean of the main variable y; X and % denote the population mean and sample
mean of the auxiliary variable x, respectively. The approximate mean square error (MSE) expression
for the ratio estimator 4, is given below as:

MS E(3,) ~ ITY*(C + C; — 2p,,C.Cy), (1.2)

where
Il =1/n.

Here, n denotes the size of the sample; ¥ denotes the population mean of the main variable;
C.=8,/X

and
C, = Sy/l_/

are the population coefficients of variation for the auxiliary and main variables, respectively; S, and
S, are the population standard deviations of the auxiliary and main variables; and p,, is the population
correlation coefficient between the variables x and y.

According to [2], if the main and auxiliary variables are positively correlated but the regression line
passes away from the origin, then the regression estimator provides efficient results compared with the
ratio estimator. The regression estimator is defined as

Jreg =V +BX - %), (1.3)
where S is an appropriately selected scalar. The approximate minimum MSE at
ﬁ(opt) = pxy(CyY/CxX)
for the regression estimator 3,,, is given as:
min.MS E(3,) = IV*Co(1 - p2). (1.4)

The power ratio estimator introduced by [3] was an improved form of the ratio estimator to improve
the accuracy and is defined as
5\ 0
X
= :)_’(T) , (1.5)

where 6 is an appropriately selected scalar. The approximate minimum MSE at

g(opt) = pxy(cy/cx)
of the estimator Z is given below as:

min.MS E(3,) ~ IY*C5(1 - py,). (1.6)
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To increase the efficiency of the estimator, Searls [4] suggested pre-multiplying a constant in the
estimator. Motivated by his novel approach, the Searls type regression estimator (STRE) and Searls
type power ratio estimators (STPRE) are given as

Ji =i+ piX -3, (1.7)
7 \B2
X
and :2 = (1’2)_7 (E) , (18)

where a, j = 1,2 and §; are appropriately selected scalars. The approximate minimum MSE at

Q@ jioprn = Bj/Aj’ ﬁ](opt) = al(opt)pxy(CyY/CxX)

and
ﬁZ(opt) = pxy(Cy/Cx)

of the estimator J; is given below as:

_ B
min.MS E(3;) ~ Y2(1 - A—J] (1.9)
J

where
Ay =1+1IC(1-pl), Bi=1, Ay=1+IIC; + (2B, + DIIC; — 4B:11p., C,C,

and
Ba(Ba+ 1)
2
The reader interested in the estimation of population means may refer to some latest studies. Audu
et al. [5] introduced modified robust regression estimators using multi-auxiliary information. Kumar
et al. [6] measured the impact of correlated measuremet errors using some efficient classes of
estimators. Bhushan and Kumar [7] proposed some efficient logarithmic estimators under stratified
sampling. Yadav and Prasad [8] proposed imprecise mean estimation procedure in survey sampling.
It is widely recognized that leveraging auxiliary information effectively may decrease the variance
or MSE of the designed estimators. Typically, the main and auxiliary variables are derived only from
the present sample y, at time f. However, there is potential to enhance the performance of the
estimator by incorporating data from the current sample and more recent and earlier samples. For
example, taking y,_; from time ¢ — 1, y,_, from time ¢ — 2 and so on can enhance the accuracy of the
designed estimators. This becomes especially critical when the surveys are either performed quarterly
or monthly, or annually. The memory-type ratio and product estimators for the population mean based
on the exponentially weighted moving average (EWMA) were first introduced under SRS by [9],
under stratified sampling by [10], and under ranked-based sampling by [11]. Bhushan et al. [12]
examined EWMA-based memory-type logarithmic estimators under SRS. Kumar et al. [13]
investigated the optimal class of memory-type imputation methods for time-based surveys using
EWMA statistics. Yahya et al. [14] introduced an EWMA-based regression imputation estimating the
population mean in surveys with nonresponses. The objectives of this study are described below.

B=1+ IIC: - ByI1p,,C.C,.
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(i) To suggest some optimal classes of memory-type estimators of population means for time-scaled
surveys utilizing EWMA statistics;
(i1) To obtain the efficiency conditions by comparing the proposed memory-type estimators with the
traditional and existing memory-type estimators;
(ii1) To present a comprehensive empirical study utilizing artificial and real datasets;
(iv) To conclude the performance of the suggested estimators in relation to the conventional ones.

Classical statistics is extended by neutrosophic statistics, which is used when the data originates
from uncertain circumstances or complicated processes. As a generalization of the intuitionistic fuzzy
set, Smarandache [15] examined the neutrosophic set. Neutrosophic measures, neutrosophic integrals,
and neutrosophic probability were all covered by [16]. Yazdi et al. [17] used uncertainty modeling to
evaluate the risk of digitalized process systems. Zarei et al. [18] advocated an expert judgment and
uncertainty analysis in sociotechnical systems. From the studies above, it is evident that uncertainty is
an important issue to be considered in the estimation of parameters, especially in time-scaled surveys.
Therefore, in future studies, we intend to extend the current study under uncertainties.

The structure of this paper is as follows. The existing memory-type estimators with their MSE
expressions are discussed in Section 2. The optimal classes of memory-type estimators with their
properties are proposed in Section 3. In Section 4, the algebraic comparison of the proposed optimal
classes of memory-type estimators with their conventional counterparts is presented. Section 5 is
devoted to the empirical study consisting of a simulation study and application to real data. The
conclusion is given in Section 6.

2. Existing memory-type estimators

The EWMA is a statistical technique that analyzes and interprets time series data. It was initially
developed by [19] in the paper titled “control chart tests based on geometric moving averages”. For
time ¢ > 1, the EWMA statistics for the main and auxiliary variables are given as:

Zi = wy + (1 —w)Zy and Q; = wk + (1 — W), 2.1)

where y, and X, are the means of the sample data at time ¢, and w is the weight parameter or smoothing
constant given to the observations, which range from O to 1. A higher value of w indicates that more
weight is given to the current observation compared with older observations. Conversely, a lower
value of w assigns greater weight to older observations, reducing the weight given to the present one.
Whenever w equals 1, the current data are fully weighted, resulting in the EWMA statistic being
identical to the sample mean. The notation Z,_; indicates the past observations of the statistic. The
starting value (Z,) of Z,_; is the expected mean or the average of the prior sample.

Here, (Z;, Q,) are unbiased estimators for the population means (Y, X), respectively. The mean and
variance of Z, are, respectively, given as:

2
EZ)=Y and V(Z)= % [% f1-a- w)z,}]_ 2.2)

Similarly, the mean and variance of Q, can be stated.
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To obtain the properties of the proposed memory-type estimators, we consider some error terms
along with their expectations as follows:

Zt - )_]
€ = —,
0 v ]
_0-X
€ = S ’
X
such that E(e) = E(e) = 0, (2.3)

E(e) = ¢IICE,
E(e) = EI1CE,
and E(Eofl) = é‘:prnyCya

where
E=w/2 - w).

By employing the past and present observations, the EWMA statistic enhances the efficiency of
the memory-type estimators. Considering this fact, Noor-ul-Amin [9] gave the idea of estimating the
population mean using the EWMA statistic and developed the memory-type ratio estimator within the
framework of SRS as

X
2 =Z—. 2.4)
O
By substituting from (2.3) in (2.4), using Taylor series, expanding and retaining error terms up to the
power two, we have the approximate MSE expression
MS E(3) ~ Y*4I1(C; + C; = 2p,,CiC)). (2.5)

Following [2], we adapt the memory-type regression estimator as follows

e = Zi+ BX = Q). (2.6)

reg

The approximate expression for the minimum MSE at S, for the estimator 27,, is given as

reg

min.MS E(Q,,) ~ VEIICY(1 - p3). (2.7)

reg

Following [3], we adapt the memory-type power ratio estimator within the framework of SRS as

follows

o \0
o = z,(g) , (2.8)

where 6 is an appropriately selected scalar. The approximate minimum MSE at

Hopt = p)g(cy/cx)
is given below as

min.MS E(3)) ~ Y?EIIC;(1 - p3,). (2.9)
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The work [12] suggested the following memory-type logarithmic estimator under SRS

o = z,{l ¥ 1og(%)} , (2.10)
X
where k is an appropriately selected scalar. The approximate minimum MSE of [12] estimator J}" at
K(opt) = _pxy(cy/cx)
is given by:
min.MS E(3)") ~ Y’£IIC}(1 - p3,). (2.11)

It is worth mentioning that the adapted memory-type power ratio estimator 27 and the memory-type
logarithmic estimator 27" suggested by [12] achieved the minimum MSE of the adapted memory-type
estimator 377, which is the best linear unbiased estimator in the category of memory-type estimators.
The memory-type estimators based on EWMA statistics are particularly suitable for surveys or datasets

where detecting trends or tracking gradual changes over time is critical. Here are a few examples:

(i) Tracking the progression of diseases or infections, such as weekly influenza cases or daily
COVID-19 positivity rates, to identify emerging trends;
(i) Monitoring air quality indices, water pollution levels, or temperature changes where gradual shifts
or seasonality are important to capture;
(ii1)) Analyzing shifts in consumers’ preferences or satisfaction over time in response to changing
market conditions or campaigns;
(iv) Observing trends in unemployment rates, inflation rates, or stock market indices to identify
underlying patterns despite short-term fluctuations;
(v) Tracking students’ performance or behavioral metrics in longitudinal studies to understand
patterns of improvement or decline;
(vi) Monitoring defect rates or production metrics where early detection of deviations can prevent
significant issues.

These settings benefit from EWMA because it effectively smooths out short-term noise while
emphasizing recent observations, making it ideal for trend analysis and early detection of shifts.

3. Proposed memory-type estimators

To estimate the population mean in time-scaled surveys, the existing memory-type estimators
merely achieve the MSE of the memory-type regression estimator, which is the best linear unbiased
estimator itself in the category of memory-type estimators. This motivated us to provide efficient
estimators of the population mean for time-scaled surveys under SRS. Along the lines of [9, 12], we
extend the work of [20] and propose some optimal classes of memory-type estimators under SRS as
follows:

T=¢Z+ 1 (X - Q) (3.1)
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and

X 1)
3y = M(E) , (3.2)

where ¢; and y;; i = 1,2 are appropriately selected scalars.

Remark 3.1. The proposed optimal classes of memory-type estimators 27" and 27 will reduce into the

m

reg and the memory-type power ratio estimator 27’ for ¢, = 1 and

memory-type regression estimator 2
¢, = 1, respectively.

Remark 3.2. The memory-type estimators, while effective in leveraging past information to enhance
the estimation efficiency, are limited by their robustness on accurate prior data. Any bias or
inaccuracies in the past data can adversely affect the performance, and the method may not adapt
well to rapidly changing or non-stationary datasets.

Theorem 3.1. The approximate minimum MSE of the optimal class of memory-type estimator 2" at

Briopny = L/{1 + EIIC(1 = p2)

and
Yiopn = (Y /X)p(Cy/COP1opr)
is given by:
5 o, QA
min. MS E(37) = Y=(1 = ¢1op) = Y (1 - P—l), (3.3)
where

Py =1+11¢Co(1 - py) and Q= 1.

Proof. The proposed optimal class of the memory-type estimator J7' is given as
I = Z+ (X - Q). (3.4)

Utilizing the notations discussed in (2.3), we can write the estimator 37" as

I =g Y1 + &)+ ¥i{X — X(1 + &)} (3.5)
Subtracting ¥ from both sides of the expression above, we have

I -Y=(¢ - DY +¢ Y& — Y1 Xe. (3.6)
By taking the expectation on both sides of (3.6), we get

ECQV-Y)=E{(¢1 - DY + ¢ Y& — 1 Xer ), 3.7
EQV-Y)= (¢ — DY + ¢ YE(&) — 1 XE(ey). (3.8)

Using the notation discussed in (2.3), we get the approximate bias of estimator J" as follows:

Bias(Z") ~ (¢; — Y. (3.9)
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Taking the square and expectation on both sides of (3.6), we have

EQ"-Y)Y =E(¢ — DY + ¢, Ve — 1 X)), (3.10)
my _ (91 — ’Y? + 1V + Y1 X + 2¢1(d1 — DY g
MSEED) = E{ 2K ee — 20 DX e } -11)
o[ (1= 17 4 RPEE) + 2XE@E) + 2611 - DI?E(e)
MSEy) = { 2 RV E(eyer) - 2n (@ ~ DXVE(er) } (3.12)

Using the notations discussed in (2.3), we get the approximate MSE of the estimator 2" as follows:
MSE3)) ~ (¢ — 1’V + $1Y?EIIC; + yi XPEIICY — 219 XYl p,, C,Cy. (3.13)
The optimum value of ¢; and i, can be obtained by minimizing (3.13) with respect to ¢, and ¥ as

OMS E(ZT) 1 _ O

) . _ =t 3.14

3¢1 Ed ¢1( pt) = 1+ H§C2(1 pxy) (SaY) ( )

IMS E(T™) i s
_ = — 0 = Py = .

o Yiopy =P )XC ( )

where
Py =1+1I¢C(1—-pr) and Q) = 1.
Putting the optimum values ¢, and ¥,y in (3.13) provides the approximate minimum MSE as

follows: 5
min.MS E(27) = Y*(1 = ¢yopy) = V? (1 - %) (3.16)

1
This completes the proof. O

Theorem 3.2. The approximate minimum MSE of the optimal class of memory-type estimator 37 is

given by:

. m v2 Q%

min MSEQ}) = Y~ [1 - 5. ] (3.17)
2
where
Py = 1 +EI0C; + (2 + DEICT — 4yéllp,C,C,
and ( 3
+
0,=1+22* Deper_yoepry coc.

2
Proof. The proposed optimal class of the memory-type estimator J7 is given as

X v2

Utilizing the notation discussed in (2.3), we can write the estimator J7' as

_ X WZ
37 =Y + &) {m} ) (3.19)
1
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:rzn = (]52?(1 + E())(l + E])_wz. (320)

Using Taylor series, expanding and retaining the error terms up to a power of two, we get the
approximate expression as follows:

_ 1
i ¢2Y{1 + € — Y€1 — Y€€ + %ﬂéf} (3.21)
Subtracting Y from both sides of (3.21), we get
_ 1
331 -Y=xY [gbg {1 + € — Y€ — Yrep€ + %E?} — ] . (322)

Taking the expectation on both sides of (3.22) and by utilizing the notations discussed in (2.3), we
get the approximate bias of the estimator 27" as follows:
Yoo + 1)

Bias(3}) ~ Y [¢2 {1 + Tgncﬁ - (/lngprCny} - 1] . (3.23)

Taking the square and expectation on both sides of (3.22) and using the notations discussed in (2.3),
we get the approximate MSE of the estimator J7 as follows:

Yo + 1) ’
E(@y -Y) ~ V’E [¢2 {1 + € — Y€l — Pr6pE + — ; 612} - 1] , (3.24)
| 1+ R+ EC? + g + V)ETTCE = 4ynyélTp, C C
MSE3}) ~ 7? A PR S 2£11ps C.C| : (3.25)
=25 {1 + LLEDLITC? — y,yéTTp,, C.C )
MSE(3y) ~ Y2(1 + ¢3Py — 2¢,0»), (3.26)
where
Py = 1+ EIIC; + Y2y + DETICT — 4péllp,, C.C,
and Yo + 1)
+
0y = 1+ —=——¢l1C} — yéllp,C.C,.
The optimum value of ¢, can be obtained by minimizing (3.26) with respect to ¢, as
OMSE(3™) 0,
—27=0 op) = —=. 3.27
90, = D20p) P, (3.27)

Putting the value of ¢y, in (3.26), we get the approximate minimum MSE of the estimator 27 as
follows: )
%

min.MS E(3y) ~ ¥ (1 - P—). (3.28)
2

Remark 3.3. The simultaneous minimization of ¢, and Y, is tedious. Therefore, the optimum value of
W, can be obtained by putting

¢ =1
in the estimator 37’ and then minimizing its MSE, which is readily given as
Waopry = pxycy/ Cs.

O
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4. Algebraic comparison

To establish the efficiency conditions, we conducted an algebraic comparison of the MSE of the
proposed optimal classes of memory-type estimators J7;i = 1,2 with the MSE of the available
traditional and memory-type estimators.

(1) The proposed optimal classes of memory-type estimators dominate the conventional mean
estimator if

min.MS E(3") < V(§),

Y? 1—%2 I1Y*C?
p )=y
2

i 2
1- FI < HCy,
2
% > 1-1IIC;. 4.1)

1

(2) The proposed optimal classes of memory-type estimators dominate the conventional ratio
estimator if

min.MS E(3") < MSE(Z,),

2

% > 1 —II(C; + C; = 2p,,C.,Cy). (4.2)

(3) The proposed optimal classes of memory-type estimators dominate the conventional regression
estimator or power ratio estimator if

min.MS E(3") < min.MS E(3,), where 3, = J,.,, 3,

0?
?{ >1-1C;(1 - py). (4.3)

1

(4) The proposed optimal classes of memory-type estimators dominate the STREs and STPRE:s if
min.MS E(J") < min. MSE(3;), i=1,2,
2 B?
% > —, 4.4)
P,‘ Ai

(5) The proposed optimal classes of memory-type estimators dominate the memory-type ratio
estimator if

minMS E(3") < MS E(3™),

2
% > 1= EI(CT + C; = 2p,,C.Cy). 4.5)

(6) The proposed optimal classes of memory-type estimators dominate the memory-type regression
estimator or memory-type power ratio estimator or memory-type logarithmic estimator if

min.MS E(37") < min.MS E(3}"), where 27 =27 , 27, 3",

reg?
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0?
Fl. > 1= ECH(1 - pyy). (4.6)

4
The proposed optimal classes of memory-type estimators will outperform the conventional and
memory-type counterparts.

5. Empirical study

To justify the theoretical findings, we performed an empirical study in two parts. In the first part,
we performed a simulation study utilizing two hypothetical populations, while in the second part, we
performed a real data application utilizing some real datasets.

5.1. Simulation study

To access the performance of the proposed memory-type estimators, a simulation study was
conducted on hypothetically generated populations. To generate hypothetical populations, we have
followed [21] and considered the following models

y= 9.6+ \[(1=p2) ¥ + 0 (8,/8.) 5"

x=52+x"

and

where the independent variates x* and y* follow different distributions. The steps of the simulation are
elaborated below:

(1) Draw a normal population with N = 1000 units utilizing x* ~ N(9,25) and y* ~ N(11,29),
and a Weibull population with N = 1000 units utilizing x* ~ Weibull (0.40,4.05) and y* ~
Weibull (0.38,3.07) with acceptable chosen values of correlation coefficients such as 0.15, 0.35,
0.55, 0.75, and 0.95.

(i) Draw a sample of sizes n= 25, 50, 100, 200, and 400 using SRS without replacement from these
populations and compute the necessary statistics.

(iii)) Employing 30,000 iterations, calculate the MSE and relative efficiency (RE) of the estimators
for the selected samples with the help of the formulae given in (5.1) and (5.2), respectively, as

follows:
30,000
MSE = O - 1)’ 1
s 30,000;“ i (5.
MSE®)
RE = —— =~ 2
MS E(Z*) (5-2)

where 2*=y, 3., J,c,, 35, 31, 32, 37, I, 2, 37, T, and 37,

reg’

The MSE and RE findings for the normal and Weibull populations are exhibited in Tables 1-4. After
carefully observing the findings in Tables 1-4, we can make the following interpretations:

AIMS Mathematics Volume 10, Issue 1, 1008—1025.



1019

(1) From Tables 1-4, it is noticed that the MSE and RE of the suggested memory-type estimators
are the minimum and maximum concerning the traditional mean estimator y, the traditional ratio
estimator 3,, the regression estimator 3,,, the power ratio estimator 3y, the STRE J,, the STPRE

=, the memory-type ratio estimator 3", the memory-type regression estimator 7., the memory-

type power ratio estimator 37, and the memory-type logarithmic estimator 37" for both the normal
and Weibull populations. As per the findings given in Tables 1-4, the utilization of auxiliary
information increases an estimator’s efficiency.

(i1) From Tables 1-4, for a fixed value of w, it is observed that there is an inverse relationship between
the MSE of an estimator and the correlation coeflicient p,, but a proportional relationship between
the RE of an estimator and the correlation coeflicient p,,, i.e., as the value of p,, increases, the
MSE and RE of an estimator decreases and increases, respectively.

Table 1. MSE of traditional and memory-type estimators employing a normal population.

w=0.1 w=05 w=09
Py n_ 3 3 Dw/3 3 3 I T mE Iy 3 T oE Iy % L oE & B
0.15 25 24.64 3444 2232 19.33 19.16 1.81 1.18 1.16 1.16 11.48 7.44 7.03 7.01 28.17 18.27 16.17 16.05
50 12.32 15.66 11.42 10.72 10.66 0.82 0.60 0.59 059 5.22 3.80 3.72 3.71 12.81 9.34 8.87 8.82
100 6.15 7.61 576 5.59 557 0.40 0.30 0.30 0.30 2.54 1.92 1.90 1.90 6.23 4,71 4.60 4.59
200 3.07 3.76 2.89 2.85 285 0.19 0.16 0.15 0.15 1.25 0.97 0.96 0.96 3.07 2.37 234 233
400 153 1.86 146 144 1.44 0.09 0.08 0.07 0.07 0.62 0.49 048 048 1.53 1.19 1.18 1.18
0.35 25 24.64 2451 19.44 17.10 16.95 1.29 1.02 1.01 1.01 8.17 6.48 6.16 6.14 20.05 15.90 14.27 14.17
50 12.32 11.59 994 941 9.35 0.61 0.53 0.52 0.52 3.86 3.31 3.25 3.24 948 8.14 7.77 1.73
100 6.15 5.68 5.02 4.89 4.87 0.29 0.26 0.26 0.26 1.89 1.67 1.65 1.65 4.65 4.10 4.02 4.01
200 3.07 2.81 252 249 248 0.14 0.14 0.13 0.13 0.93 0.84 0.83 0.83 230 2.06 2.04 2.04
400 153 140 126 125 1.25 0.07 0.06 0.06 0.06 0.46 0.42 042 042 1.14 1.05 1.03 1.02
0.55 25 24.64 17.08 15.14 13.64 13.65 0.89 0.79 0.79 0.79 5.69 5.04 484 485 13.97 12.39 11.34 11.36
50 12.32 822 7774 741 740 043 0.40 0.40 040 2.74 2.58 2.54 2.54 6.73 6.33 6.11 6.10
100 6.15 4.04 390 3.83 3.82 0.21 0.21 0.20 0.20 1.34 1.30 1.29 1.29 3.31 3.19 3.14 3.14
200 3.07 2.00 196 194 194 0.11 0.11 0.10 0.10 0.67 0.66 0.65 0.65 1.64 1.60 1.59 1.59
400 1.53 1.00 098 098 0.97 0.05 0.05 0.05 0.05 0.33 0.32 0.32 0.32 0.81 0.80 0.80 0.80
0.75 25 24.64 10.72 9.46 8.82 898 0.56 0.50 049 049 357 3.15 3.07 3.09 8.77 7.74 729 741
50 12.32 5.14 483 4.69 472 0.27 0.25 0.25 025 1.71 1.61 1.59 1.59 4.21 3.95 3.86 3.88
100 6.15 2.53 243 240 241 0.13 0.13 0.12 0.12 0.84 0.81 0.80 0.81 2.07 1.99 1.97 197
200 3.07 125 122 121 121 0.06 0.06 0.06 0.06 041 0.40 0.40 040 1.02 1.00 0.99 0.99
400 153 0.62 061 0.61 0.61 0.03 0.03 0.03 0.03 0.20 0.20 0.20 0.20 0.51 0.51 0.50 0.50
0.95 25 24.64 798 218 2.13 142 042 0.12 0.11 0.11 2.66 0.73 0.72 0.71 6.53 1.78 1.75 1.75
50 1232 1.79 111  1.10 1.10 0.09 0.06 0.05 0.05 0.59 0.37 0.37 0.37 1.46 0.91 0.90 0.90
100 6.15 0.87 057 0.56 0.56 0.04 0.03 0.03 0.03 0.29 0.19 0.18 0.18 0.71 0.46 0.45 045
200 3.07 042 028 0.28 0.28 0.02 0.01 0.01 0.01 0.14 0.09 0.09 0.09 0.35 0.24 0.23 0.23
400 1.53 021 0.14 0.14 0.14 0.01 0.01 0.00 0.00 0.07 0.04 0.04 0.04 0.17 0.11 0.11 0.11

(i11) Tables 2—4 show that using w to assign a weight to the current and past observations can improve
the efficiency of the proposed memory-type estimators. Usually, a higher w value provides less
weight to the past information, and thus the EWMA-based memory-type estimators rely on the
current information to estimate the population mean. Tables 2—4 show that for w=0.9, the
memory-type estimators obtain the least gain over the corresponding conventional counterparts.
However, Tables 2—4 show that decreasing the value of w, which assigns greater weight to the
past information, progressively increases the efficiency of the suggested memory-type
estimators.

AIMS Mathematics Volume 10, Issue 1, 1008—1025.
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Table 2. RE of traditional and memory-type estimators employing a normal population.

w=0.1 w=05 w=09
Py N F 3 Duld, 3 S, I Zp ImEr ¢ Iy 3¢ Sngamar Iy 3¢ Zn Iy Iy
0.15 25 1.00 072 110 127 129 1359 2097 2121 2122 215 331 350 352 087 135 152 154
50 1.00 0.79 1.08 115 116 1495 2050  20.57 2058 236 324 331 331 096 132 139 140
100 1.00 0.81 1.07 110 1.10 1534 2028 2031 2031 242 320 323 324 099 130 134 134
200 1.00 0.82 1.06 1.08 1.08 1553 2017 2018 20.19 245 318 320 320 100 128 131 13l
400 1.00 0.82 1.06 1.07 107 1563 2012 2013 2013 247 318 318 318 101 129 130 130
035 25 1.00 1.0l 127 144 145 190 2408 2432 2433 302 380 400 401 123 155 173 174
50 1.00 1.06 124 131 132 2019 2353 2361 2362 319 372 379 380 130 151 158 1.59
100 1.00 1.08 122 126 126 2056 2327 2331 2331 325 367 371 371 132 150 153 153
200 1.00 1.09 122 123 124 2075 2315 2316 2316 328 365 367 367 133 149 150 151
400 1.00 110 122 122 122 2084 2309 2310 2310 329 365 365 3.65 134 149 150 150
055 25 1.00 144 163 181 180 2741 3092 3117 3114 433 488 508 508 176 199 217 217
50 1.00 1.50 159 1.66 1.66 2846 3024 3031 3031 449 477 485 485 183 195 202 2.02
100 1.00 152 157 161 161 2887 2990 2994 2994 456 472 475 476 18 192 196 1.96
200 1.00 1.53 157 158 158 29.07 2974 2976 2976 459 470 471 471 187 191 193 193
400 1.00 1.54 156 1.57 157 29.18  29.68  29.68 29.68 461 469 469 469 18 191 192 192
075 25 1.00 230 2.60 279 274 4368 4948 4975 49.64 690 781 803 795 281 318 338 332
50 1.00 239 255 262 261 4548 4846 4854 4852 7.8 765 772 771 293 312 319 3.17
100 1.00 243 252 255 255 46.11 4793 4797 4796 728 757 760 7.59 297 308 312 3.1
200 1.00 244 251 253 252 4643 4769 4771 4770 733 753 755 754 299 307 308 3.08
400 1.00 245 250 251 251 4660 4759  47.60 4759 736 751 752 752 300 306 307 3.07
095 25 1.00 3.09 1130 1153 17.31 5863 21479 215.17 213.89 926 3391 3418 3459 377 1382  14.05 11.79
50 1.00 6.87 11.08 11.16 11.14 130.60 210.61  210.68 210.59 20.62 3325 3333 3330 840 1355  13.62 1356
100 1.00 7.07 1096 1099 10.97 13425 208.24 20827 208.24 2120  32.88 3291 32.89 8.64 1340 1343 13.40
200 1.00 7.16 1091 1092 1091 136.01  207.23 20724 207.23 2148 3272 3273 3272 875 1333 13.35 1333
400 1.00 7.21 10.88 10.89 10.88 136.92 20676  206.76 206.76 21.62  32.65  32.65 32.65 880 1330  13.31 1330
Table 3. MSE of traditional and memory-type estimators employing a Weibull population.
w=0.1 w=0.5 w=09
[ B R v W S VYL o e e S S 1YY e M e S Y o R R
0.15 25 76.16 7878 589 4929 49.63 415  3.10  3.07 3.07 2626 19.63 18.40 1844 6445 4819 41.51 41.76
50 38.18 4341 3397 3039 3038 228 179 178 1.78 1447 1132 10.89 10.89 3552 2779  25.34 25.33
100 19.27 23.06 1827 1721 17.18 121 096 096 096 7.69 609 597 596 18.86 1495  14.23 14.21
200 9.54 1176 928 9.01 9.00 0.62 049 049 049 392 309 306 306 962 759 741 740
400 478 478 470 463 463 031 025 025025 199 157 156 1.56 489 38 380 3.80
035 25 76.16 54.65 38.80 34.16 3445 2.88  2.04  2.03 203 1822 1293 1236 1240 4471 3175  28.55 28.76
50 38.18 31.66 24.84 22.89 2302 1.67 131 130 1.30 1055 828 805 806 2590 2032  19.00 19.08
100 1927 17.31 1470 14.03 1403 091 077 077 0.77 577 490 482 482 1416 1203  11.57 11.58
200 9.54 896 797 778 777 047 042 042 042 299 266 263 263 733 652 639 639
400 478 459 418 413 413 024 022 022022 153 139 139 139 376 342 339 338
055 25 76.16 37.94 2571 2341 2349 200 135 135135 1265 857 829 831 31.04 2103 1946 19.52
50 38.18 22.62 17.07 1611 1622 1.19 090 090 0.90 7.54 569 558 559 1851 1397 1331 1339
100 19.27 12.60 1059 1023 1027 0.66 056  0.56 0.56 420  3.53 349 349 1031 866 842 845
200 9.54 660 602 591 592 035 032 032032 220 201 199 200 54 493 485 486
400 478 340 327 324 324 018 0.7 017 017 113 109 109 1.09 278 268 265 2.66
075 25 76.16 2429 1543 14.46 1439 128 081 081 0.81 810 514 503 502 1988 1262  11.97 11.92
50 38.18 1473 1029 9.90 9.95 0.78 054  0.54 054 491 343 338 339 1205 842  8.16 8.19
100 1927 832 642 629 632 044 034 034 034 277 214 213 213 680 526 516 5.169
200 9.54 439 371 366 368 023 020 019 0.9 146 124 123 123 359 303 300 3.01
400 478 227 204 203 203 012 011 011011 076 068 068 068 186 167 166 166
095 25 76.16 10.01 457 444 423 053 024 024 024 334 152 151 149 819 374 365 351
50 38.18 6.17 285 281 275 032 015 015015 206 095 094 094 505 233 230 226
100 1927 3.54 165 163 1.62 019 009 009 009 118 055 055 055 290 135 134 133
200 9.54 1.89 089 089 089 0.0 005 005005 063 030 030 030 155 073 073 073
400 478 098 047 046 046 005 002 002002 033 016 016 016 080 038 038 038
AIMS Mathematics Volume 10, Issue 1, 1008—1025.
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Table 4. RE of traditional and memory-type estimators employing a Weibull population.

w=0.1 w=0.5 w=09
Py Ny 3 Tu/3s 3 ) Iy InJ3A3r 3y i Iy InJ3AIr y s e =
0.15 25 1.00 097 129 155 153 1837 24.57 24.83 24.82 290 3.88 414 413 1.18 1.58 1.83 1.82
50 1.00 0.88 1.12 126 126 16.71 21.36 2149 2149 264 3.37 351 351 1.07 1.37 1.51 151
100 1.00 0.84 1.05 1.12 1.12 15.88 20.04 20.10 20.10 2.51 3.16 323 323 1.02 1.29 1.35 1.36
200 1.00 0.81 1.03 1.06 1.06 1542 19.54 19.57 19.57 243 3.09 312 3.12 0.99 1.26 1.29 1.29
400 1.00 0.8 1.02 1.03 1.03 1521 19.35 1936 19.36 240 3.05 3.07 3.07 098 1.24 1.26 1.26
035 25 1.00 1.39 196 223 221 26438 37.30 37.57 3756 4.18 5.89 6.16 6.14 1.70 2.40 2.67 2.65
50 1.00 1.21 154 1.67 1.66 2291 29.21 29.34 2933  3.62 4.61 474 474 147 1.88 2.01 2.00
100 1.00 1.11 131 137 137 21.15 2491 2497 2497 334 3.93 400 4.00 1.36 1.60 1.67 1.66
200 1.00 1.06 120 123 123 20.22 22.75 2278 2278  3.19 3.59 362 3.62 1.30 1.46 1.49 149
400 1.00 1.04 1.14 1.16 1.16 19.78 21.73 21.74 2175 3.12 3.43 345 345 1.27 1.40 1.41 141
0.55 25 1.00 2.01 296 325 3.24 38.14 56.29 56.59 56.57 6.02 8.89 9.19 9.17 245 3.62 391 3.90
50 1.00 1.69 224 237 235 3207 42.49 42,62 42.61 5.06 6.71 6.84 6.83 2.06 2.73 2.87 2.85
100 1.00 1.53 1.82 1.88 1.88 29.05 34.59 3465 34.64 459 5.46 552 552 1.87 222 229 228
200 1.00 1.45 158 1.61 1.61 2747 30.11 30.14 30.14 434 4.75 478 478 1.71 1.94 1.97 1.96
400 1.00 1.41 146 148 148 2772 27.78 27779 2779 422 4.39 440 440 1.72 1.79 1.80 1.80
075 25 1.00 3.14 494 527 529 59.57 93.79 94.13 94.13 941 14.81 15.14 15.16 3.83 6.03 6.37 6.39
50 1.00 259 3.71 3.86 3.84 49.26 70.52 70.67 70.65 7.78 11.14 11.28 11.26 3.17 4.54 4.68 4.66
100 1.00 2.32 3.00 3.06 3.05 44.02 56.99 57.05 57.04 695 9.00 9.06 9.05 2.83 3.67 373 372
200 1.00 2.17 257 260 2.60 41.29 48.92 4895 4894 6.52 7.72 775 175 2.66 3.15 3.18 3.17
400 1.00 2.11 235 236 236 40.00 44.59 44.61 44.60 6.32 7.04 705 7.05 257 2.87 2.88 2.88
095 25 1.00 7.61 16.67 17.15 18.02 144.55 316.78 317.26 317.96 22.82  50.02  50.50 51.25 930  20.38  20.86 21.69
50 1.00 6.19 13.42 13.60 1391 117.52 25492  255.10 25537 18.56 4025  40.44 40.72 17.56 16.40 16.58 16.88
100 1.00 5.44 11.71 11.78 11.86 10330 22245 222.52 222.60 16.31 35.12  35.20 3527 6.65 14.31 14.39 14.46
200 1.00 5.05 10.72 10.75 10.76 95.89  203.59 203.62 203.63 15.14  32.15 32.18 32.19 6.17 13.10 13.13 13.14
400 1.00 4.86 10.27 10.29 10.28 92.34 195.18  195.19 195.19 14.58  30.82  30.83 30.83 5.94 12.56 12.57 12.57

(iv) For a fixed value of p,, and w, it is observed that the MSE of an estimator reduces as the sample
size increases. As an example, from the findings of the normal population of Table 1, for a fixed
w = 0.5 and p,, = 0.35, the MSE of the estimator 27" is 1.65 when n = 100 and the MSE of the
estimator 37" is 0.83 when n = 200.
(v) From Tables 1-3, it is observed that the MSE of a memory-type estimator increases when the
value of the smoothing constant w increases. Additionally, as the value of w varies, less weight
is assigned to the past information compared with the information that is currently being used,

increasing the MSE of the memory-type estimator.

5.2. Application to real data

We tested the performance of the proposed estimators utilizing a real dataset taken from [22]. The
data are based on the seasonal average price (in dollars) per pound for apple crops in different states of
the USA during 1994-1996. The main variable y is taken as the seasonal average price in 1996, while
the auxiliary variable x is taken as the seasonal average price in 1994. The density plots of the main
and auxiliary variables are provided in Figure 1. The important population characteristics required to
compute the MSE of different estimators are given as

and

N=36, n=20, Y=02032, X=0.1708, S2=0.0040, S§ = 0.0064
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Figure 1. The density plot of the seasonal average price of apples per pound for (a) study
variables; (b) auxiliary variables.

From this populations, we selected 20 samples, each of size 5, utilizing SRS without replacement,
as reported in Table 5. By taking the smoothing constant w = 0.2, the memory-type ratio estimator 37",
the memory-type regression estimator J;7,, the memory-type power ratio estimator JY, the memory-
type logarithmic estimator 27", and the optimal classes of estimators 37, i = 1,2 are computed for
each sample and are listed in Table 5. Furthermore, with the help of the respective MSE, the MSEs of

different estimators were calculated and are given as follows:

MS E(3Y) = 0.00003887, MSE(3,)

reg

MS E3") = 0.00003794, MSE(3])

0.00003794, MS E(ZY) = 0.00003794,
0.00003790, MS E(3%) = 0.00003788.

The results of the real data illustration revealed that using information from the current and previous
sample in the form of EWMA statistics increases the efficiency of the proposed optimal classes of
memory-type estimators.

Table 5. Evaluation of the memory-type estimators using real data for w = 0.2.

Sample of y ¥ Sample of x X Z 0 an ., ar 3 ar 2
0.185 0.221 0.126 0314 0.117 0.1926 0.121 0.095 0.130 0.181 0226 0.1506 0.2011 0.1668 0.2060 0.2055 0.2056 0.2056 0.2053 0.2054
0.316 0.312 0.194 0.117 0.180 0.2238 0.181 0.310 0.206 0.095 0.157 0.1898 0.2056 0.1714 0.2050 0.2051 0.2051 0.2051 0.2049 0.2049
0.306 0.312 0.235 0.246 0.125 0.2448 0.101 0.174 0.332 0217 0.157 0.1962 0.2134 0.1764 0.2068 0.2075 0.2074 0.2075 0.2073 0.2072
0.194 0.235 0.122 0279 0.198 02056 0.157 0216 0244 0.139 0206 0.1924 0.2118 0.1796 02016 02024 0.2024 0.2026 0.2022 0.2022
0.157 0279 0.160 0.324 0.185 02210 0.088 0.101 0217 0.244 0.157 0.1614 0.2136 0.1760 0.2075 0.2081 0.2080 0.2081 0.2079 0.2078
0.316 0.198 0.221 0.204 0.235 0.2348 0.209 0.200 0.139 0.216 0.164 0.1856 0.2178 0.1779 0.2092 0.2102 0.2100 0.2101 0.2100 0.2097
0.194 0.204 0.133 0.264 0223 0.2036 0.332 0.078 0.230 0.130 0.090 0.1720 0.2150 0.1767 0.2079 0.2086 0.2085 0.2086 0.2084 0.2082
0312 0.324 0.292 0.158 0.228 0.2628 0.283 0.216 0.173 0.138 0.104 0.1828 0.2246 0.1779 02157 02169 0.2164 0.2166 0.2167 0.2162
0.125 0.133 0.160 0.228 0316 0.1924 0.090 0.107 0.283 0.174 0.244 0.1796 0.2182 0.1782 0.2092 0.2102 0.2099 0.2101 0.2100 0.2097
0.142 0.160 0.246 0.133 0.198 0.1758 0.133 0.121 0.101 0.219 0.310 0.1768 0.2097 0.1779 0.2014 0.2021 0.2021 0.2023 0.2019 0.2019
0.204 0.111 0306 0.130 0.142 0.1786 0.164 0.078 0.219 0.200 0.168 0.1658 0.2035 0.1755 0.1982 0.1985 0.1986 0.1987 0.1983 0.1984
0.126 0.175 0.158 0.130 0.314 0.1806 0.216 0.088 0.118 0.173 0.200 0.1590 0.1989 0.1722 0.1974 0.1975 0.1975 0.1975 0.1973 0.1973
0.279 0.126 0.117 0.292 0312 0.2252 0332 0.195 0.086 0.157 0.101 0.1742 0.2042 0.1726 0.2021 0.2023 0.2023 0.2023 0.2021 0.2021
0.223 0312 0.160 0.246 0.158 0.2198 0.138 0.133 0.095 0.121 0.173 0.1320 0.2073 0.1645 0.2154 0.2143 02147 02148 0.2141 0.2145
0.175 0.126 0.223 0314 0.246 02168 0.209 0.206 0.121 0.103 0.088 0.1454 0.2092 0.1607 0.2225 02203 0.2213 0.2217 0.2201 0.2211
0.223 0.194 0452 0.122 0314 0.2610 0209 0.165 0.173 0.164 0.217 0.1856 0.2196 0.1657 0.2265 0.2252 0.2259 0.2260 0.2250 0.2256
0.324 0306 0.125 0.160 0.452 0.2734 0.121 0.283 0.107 0.118 0.104 0.1466 0.2304 0.1619 0.2432 0.2402 0.2421 0.2424 0.2399 0.2418
0.292 0.246 0.175 0.142 0.264 02238 0.165 0.217 0310 0.226 0.121 0.2078 0.2291 0.1711 0.2288 0.2289 0.2288 0.2288 0.2287 0.2286
0.246 0.198 0279 0.223 0.160 0.2212 0.164 0.198 0.101 0.332 0.283 02156 0.2275 0.1800 0.2160 0.2176 02170 0.2172 0.2174 0.2167
0.173 0.130 0.223 0.235 0.452 0.2426 0.164 0.157 0.157 0217 0.101 0.1592 0.2305 0.1758 0.2240 0.2251 0.2246 0.2247 0.2249 0.2243

o0 2 N N B W~

DD = e e
S O 00NN B W= O
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6. Conclusions

In this article, we suggest some optimal classes of memory-type estimators to estimate the
population mean in SRS framework by utilizing information from the previous and the current sample
in the form of EWMA statistics. We obtained the approximate bias and MSE expressions for the
suggested optimal classes of memory-type estimators. An algebraic comparison of the proposed
optimal classes of memory-type estimators in relation to the existing estimators was carried out to
develop the efficiency conditions. A comprehensive simulation study was conducted on two
artificially generated populations with normal and Weibull distributions. The results of the simulation
study are shown in Tables 1-4, which show the superiority of the proposed optimal classes of
memory-type estimators over the conventional ones. Furthermore, the superiority of the proposed
estimators was also investigated through an application to real data. The results reported in Table 5
were found to be in favor of the proposed estimators. Thus, the proposed optimal classes of
memory-type estimators can be recommended to survey professionals dealing with the problem of
population mean estimation in the time-scaled surveys under SRS.
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