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1. Introduction

The Chandrasekhar integral equation arises in the context of radiative transfer theory; this type
of equation is essential when examining the propagation of radiation through a medium that exhibits
scattering [14]. The study of Chandrasekhar’s integral equation is crucial in a variety of areas and
encountered in several applications, including mathematical and computational methods, astrological
applications, radiative transfer theory, and stellar atmospheres (see [5, 11, 12,48]). Several researchers
have focused their attention on this type of equation as seen in [13, 15, 26,28,29] and the references
therein.

Feedback control system is a fundamental concept in engineering and automation that controls a
system’s behavior by modifying inputs based on output [1]. A controller is a biological system that
regulates the operation of other biological processes. Integrative feedback control is essential for
regulation, sensory adaptation, and long-term effects. Control variables are vital in dealing with
unanticipated occurrences that disrupt real-world ecosystems, potentially altering biological features.
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These difficulties are converted into mathematical models [17,39,49]. Several authors investigated
feedback problems. In [18], the authors established a necessary condition for a positive periodic
solution of a feedback control model for chemostats. A positive periodic solution with feedback
control involving a nonlinear neutral delay population problem has been analyzed in [36]. The author
of [37] studied the asymptotic stability and solvability of nonlinear functional-integral equations with
feedback control.

Stability analysis is an extensive and varied field with deep theoretical roots and numerous
applications in engineering, economics, biology, physics, and other disciplines. It is a prevalent topic
in the mathematical sciences [6]. An equation or problem can be used to simulate a physical process
if a minor change in it causes a corresponding small change in the outcome. Alsina and Ger [4]
initially examined the Hyers-Ulam stability of differential equations. Several papers have been
devoted to studying the Hyers-Ulam stability of differential and integral equations, for example,
(see [2,3,42-44]). Another concept in stability theory is continuous dependency [40], which analyzes
the behavior of mathematical solutions under different conditions. Hyers-Ulam stability assesses the
problem’s resilience to disruptions, while continuous dependency examines how even minor
parameter changes affect the problem’s unique solution. The study of the continuous dependence of
the solution has been addressed through many research works [22,27].

Pantograph differential equations are an effective tool for modeling systems with feedback
interactions. From signal processing to finance, control systems, and neural networks, these equations
aid in the capture of complicated dynamics in which the present state-depends on past states at scaled
time intervals. Solving pantograph differential equations analytically is difficult because of their
nonlocal nature; often, numerical methods such as finite difference schemes are used to obtain
approximate solutions. Much research has been conducted on pantograph equations due to their
significance in various research areas. For instance, in [38], Patade et al. investigated the analytical
solution of the pantograph equation with two delays; they analyzed the existence, uniqueness, and
stability of the solution. In [23], the authors studied the solvability and the Hyers-Ulam stability of
non-local fractional orders of the pantograph equation with a feedback control.

State-dependent (self-reference) differential and integral equations are a special new type of
functional differential equations in which the deviation of the argument depends on the time and the
state together. In most differential and integral equations with deviating arguments that are found in
literature, the deviation of the argument involves only the time, although another important case in
theory and practice involves deviating arguments that depend on both the state variable x and the time
t (see for instance [9, 10,20, 34]). This kind of delay is widely utilized in nonlinear analysis and has a
wide range of applications, including mechanical models [31], population models [7], infectious
disease transmission [41], the two-body problem of classical electrodynamics [19], the dynamics of
economical systems [8], and it has many applications in hereditary phenomena [35, 45,46]. One of
the first researches in self-reference differential equations was presented by Eder [20], he classifies the
solutions to the differential equation x’'(r) = x(x(¢)), t € A C R, and demonstrated the existence and
uniqueness of the solution with the condition x(zy) = x,. Fe’ckan [25] introduced a generalization of
Eder’s results by studying the functional differential equation of the form
X' () = f(x(x(1))), t € A C R, where f € C'(R). Buica [10], examined the uniqueness of solution and
data dependence of the problem x'(¢) = f(z, x(x(?))), t € [a,b], x(t)) = xo, Where ty, Xy € [a, b] and
f € C(la, b], [a,b]). Lin and Lu [34] studied the qualitative behavior of a state-dependent functional
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differential equation.  Yang et al. [47] examined an ordinary differential equation with a
state-dependent delay. EL-Sayed et al. [24] investigated a nonlocal boundary value problem of a
state-dependent differential equation. In [22], the authors analyzed the state-dependent Chandrasekhar
integral equation

x(#) = b(t) + Ax( f L a(s)x(s)ds,), 1€[0,1],
0 t+s

they proved the existence of the solution for this equation and analyzed its continuous dependency on
function a. In [30], Humphries et al. examined the state-dependent delay system

X' (t) = ax(t) + Bx(t — a — nx(t — b)),

where the delay a + nx(t — b) depends linearly on the state x with strength 7. Lauran in [33], analyzed
iterative and non iterative first order differential equations of the form

dx(t)
7 = f(t, x(1), x(A1))

and

dx(r)
- = £(t, x(2), x(x(2))),

respectively, with the initial condition x(#y) = x,. A generalization of the result in [33] was introduced
by Hashem et al. [27], they studied the system of the state dependent functional equations

x(1) = filt,y(0), x(y(1)), t € [0,D],
Y1) = fo(t, x(0), y(x(D))), ¢ € [0, b],

the authors proved the existence of a unique solution of the system and discussed the continuous
dependence of the solution. In [21], the authors examined the existence of a unique solution of a
feedback control problem with an implicit state-dependent pantograph equation; in addition, they
investigated the Hyres-Ulam stability of the problem and the continuous dependence of the solution.

Inspired by modern literature, we consider the state-dependent implicit pantograph equation of the
Chandrasekhar type

dx oy dy
— - - = e. 1 1.1
o bl(t)+/11x(£ Hsgl(s, ds)ds)’ x(0) = xo, a.e.t€(0,1] (L.1)

with the feedback control

&y _

bt dx
=b A —_— —)d = .e. 1]. 1.2
dt 2(t) + 2)’(‘[()‘ f+ SgZ(S, dS) S)’ y(O) Yo, a.e re (0’ ] ( )

Where 4; € (0, 1) and xy, yog € R are the initial data.

Our goal in this work is to investigate the existence and the uniqueness of the solution (x, y) € X of
the problems (1.1) and (1.2). We prove the continuous dependence of the solution on the initial data
X0, Yo and the parameters A;. Furthermore, we establish the Hyres-Ulam stability of the problem. Next,
as a particular case of our work, we discuss an issue of the same type without feedback control.

We outline the main contributions of this paper as follows:
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e We examine the feedback control problems (1.1) and (1.2) of the state-dependent pantograph
equation of the Chandrasekhar type; we study the qualitative properties of the solution of (1.1)
under the feedback control (1.2).

e We explore the problem (5.1) of the state-dependent pantograph equation of the Chandrasekhar
type; we refer to the qualitative properties of the solution of (5.1) in the absence of the feedback
control.

This study enhances the qualitative analysis of a state-dependent pantograph differential equation
with feedback control. The article is structured as follows: Section 2 presents the appropriate
assumptions and proves the existence results for the solution of the implicit state-dependent
problem (1.1) with the feedback control (1.2) using Schauder fixed point theorem. The suitable
assumptions and proofs for the uniqueness of the solution will be provided in Section 3. Section 4
investigates the stability analysis of the problem due to the Hyers-Ulam stability. Additionally, we test
the possibility of the solution resisting disturbances through the study of the continuous dependency
on Xy, yo and the parameters A;. Furthermore, in Section 5, we examine a special case of our problem
without the control variable; we present some results supporting the problem’s existence and stability.
In Section 6, we give some instances that illustrate the findings. Finally, Section 7 provides a
conclusion.

Let C(I) be the class of all continuous functions on I = [0, 1] with the standard norm |ju||c =
sup, [u(?)], and X = C() x C(I) be the Banach space with the norm ||(&, v)|lx = max{|ullc, |[Vlic}.
Let L'(I) be the space of real functions defined and Lebesgue integrable on the interval I, which is
equipped with the standard norm.

2. Existence results

Consider the problems (1.1) and (1.2) under the assumptions:

(1) g; : I X R — R satisfies Caratheodory condition [16], i.e., it is measurable int € I ¥V x € R and
continuous in x € R, V ¢t € I, and there exist functions a; : I — R* = [0, ), a; € L'(I) and
ai(t) < Kit", K; € (0,1)wheren € N, ¥ t € I, such that

lgi(#, x(D)] < ai(®) |x(0)], i = 1,2.

(2) b; : I —> R are continuous functions on I.
(3) There exists a real positive root r of the algebraic equation

KAr¥ —r+(B+1A) =0,
where KAr < 1, K = max{K;}, 4 = max{4;}, B = max{||b;||}, A = max{xo, yo}.

2.1. Formulation of problem

Let & = u(r), L =v(p), then

x(t) = xo + f u(s)ds, 2.1)
0
(1) =yo + fo v(s)ds. (2.2)
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Then the problems (1.1) and (1.2) will be given by

1
u(t) = by (1) +/11X(f l g1(s, v(s))ds) (2.3)
0 r+s
1
V(1) = by(t) + A2)( f ng(s, u(s))ds). (2.4)
0 r+s
Where
1 ¢ JE)I =g1(s.v(s))ds
x(f —gi(s,v(s)ds) = xp +f u(s)ds
0 r+s 0
1
< xo+ fo (s (s
and

fol L ga(s.u(s)ds
Yo+ f v(s)ds
0

1
t
< yo+ M f — oo(s, u(s))ds.
o I+S

1
t
J’(fo 85 u(s)ds)

Define the operator F associated with (2.3) and (2.4) by
F(u,v) = (Fiu, Fyv),

where |
Fru(r) = bi(1) + ﬂlX(f Lgl(s, v(s))ds),
0 r+s

1
t
Fov(t) = by(t) + /lzy(f ——g2(s, u(s))ds).
0 t+s
Theorem 2.1. Let the assumptions (1)—(3) be satisfied. Then the problems (2.3) and (2.4) has at least

one solution .

Proof. Define set Q, C X as
Qr ={(u,v) € Xt |lull <, [V < r}.

Obviously, Q, is a closed convex bounded set. Now for (u,v) € Q,, t € I, we have

1
|Fyu()] |b1(t)+/11X(f t 81(s,v(5))ds)|
0

t+s
t
r+s

IA

1
b1 (O] + A1 (|xo| + [luel fo |g1(s, v(s))lds)

IA

1
t
l1b1]] + A1 [xo +/11||M||f —Ig1(s, v(s))lds
0 t+s

IA

1
t
1111 + A1 lxol + A1 |lul| K f s"v(s)lds
0 t+s
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1
< bl + Ailxol + Ay llullKy f lv(s)lds
0

< bl + Ailxol + Aqllul| K[|
< byl + Ay lxol + A, Ky 7
Similarly,
Uy
|[Fou(®)] < [ba(D)] + Aa(|yol + ||V||f -~ ng(S, u(s))ds)
0
oy
< lball + Azlyol + /12||V||f —|g2(s, u(s))lds
0 r+s
Uy
< lball + Aslyol + ﬂzllVllef —s"[u(s)lds
0 r+s
1
< lball + Azlyol + /12||V||K2f lu(s)|ds
0
< Iball + Azlyol + AV |u]
< lboll + Aalyol + 2 Kar*.
Then
IF(u,vllx = [(Fiu, Fv)llx = max{||[Fullc, ||[F2vllc}
< max{||b|| + A1 |x0| + 4, K 7%, ||ball + alyol + K%

< B+AA+ K’ =r.

Then the class of functions {F(u,v)} is uniformly bounded on /. Let (u,v) € Q, and t;, 1, € [ with
f; < t, such that |, — #1| < 6, then

|[Fiu(ty) — Fru(t)]

1 1
t t
= |bi(12) + L x( f 2 g1(s, v(s))ds) — bi(t)) — Lx( f L g1(s,v(s))ds)|
0 Hh+s 0 fHH+s
1 1
¢ t
< Ibl(tz)—bl(tl)l+/11(xO+||u||f 2 gl(s,V(S))dS)—/h(xO+||u||f L g1(s,v(s))ds)
0 t2+s 0 t] + 5
oy oy
< Ib1(tz)—b1(t1)|+/11||u||f 2 Igl(s,V(S))IdS—/hllullf L |g1(s, v(s))lds
0 t2+S 0 f1+S
1
1) 1
< |bi(t) - bi(t A — d
< |bi(t) = bi(2)| + 1||u||j;(t2+s t1+s)|g1(s,V(S))| s
1
(t—1)s
< |by(tn) — b(¢ A _— d
< |bi(t) = bi(t)] + 1||M||L (t2+s)(t1+s)|gl(s’v(s))| s
1
1
< b)) = b)) + Ayllull 2 — 1] f lg1(s, v(s))lds
o (La+)
UK, s"
< 1bi(t2) = b)) + Ayllu| Itz—tllf L w(s)lds
o h+s
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S
Hh+s

s"ds

IA

|
|b1(12) — bi(t)] + illull |12 — 1] K, ||V||f

0
b1(t2) — by ()| + AK |ty — 1]

IA

Then the class of functions {F;u} is equi-continuous.
Similarly,

|[Fav(ty) — Fov(ty)]

by Uy
= |by(tp) + /lzy(f 2 go(s, u(s))ds) — by(1y) — ﬁz)’(f L g(s, u(s))ds)|
0 tz + 5 0 tl + 5
g oy
< 1ba(t2) = ba(t)] + A2 (yo + IIVllf 2 |ga(s, u(s))lds) — 12(yo + IV f
o h+s o h
g by
< |ba(t2) — ba(t)| + AoV f 2 |ga(s, u(s))lds — A,|IVI] f L |ga(s, u(s))lds
o h+s 0 H+s
1
153 n
< - _
< |ba(t) — ba(t)] + /lZHVHL (t2 P S)lgz(s, u(s))lds
1
(tr—1)s
< |ba(ty) — by(t A _— , d
< |ba(t) — ba(t1)] + zll\/llf0 0+ 0 +S)|g2(s u(s))lds
1
1
< ba(t2) = ba(t)] + || |12 — tllf lg2(s, u(s))lds
o (ta+5)
UK, s
< ba(t2) = ba(t)] + || |12 — tllf 2 |u(s)lds
0 H+s

S
Hh+s

s"ds

1
< 1ba(12) = ba(t) + ol VIl |12 — 11] K ||u||f
0

< |by(ty) — ba(ty)| + AK PP |ty — 1.

1
18208, u(s))lds)

Then the class of functions {F,u} is equi-continuous. We deduce that F' : Q, — O, and the class
functions {F(u,v)} is equi-continuous. By Arzela-Theorem [32], {F(u,v)} is compact, then F is

compact.
Now, let {u,}, {v,} C O, such that u,(t) — u(t), v,(t) = v(t), where n — oo, then

1
Frun(t) = bi(1) + /hx(f Lgl(S, vu($))ds),
0 t+s

1
Fov,(t) = by(t) + /lzy(f ng(& un(5))ds)
0 r+s
and

i
t

lim Fyu,(f) = bi(¢) + 4; lim X(f :gl(& Vu(8))ds),

n—00 n—00 0 Ky

t
r+s

1
lim Fov, (1) = by(1) + A5 lim y( f 82(s, uy(5))dss).
n—oo 0

n—oo
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Then, from assumption (1), we have

81(5,va(8)) = &1(5,v(5)), 8205, un(5)) = &2(s, u(s))

and
lg1(s, v(s)I < ai(@) v()] € Li[0, 11, |g2(s, u(s)| < ax(¢) lu(r)| € Li[0,1].

Applying Lebesgue dominated convergence theorem [32], we have

1
t
lim Fyu,(t) bi(H) + 4 lim x(f —g1(s,vu()))ds
n—oo n—oo 0 t + s

1
= b))+ /llx(f ! lim g(s, v,,(5)))ds)
o [+ 8§nox

1
= bi(0) + A x( f " gi(s,v())ds) = Fru(®).
0

r+s
Similarly,
1
lim Fov,(1) = by(t) + Az lim y( - ng(s, Uu,(5)))ds
n—00 n—0oo O
1
t .
= by(t) + A)( f — lim g»(s, u,(5)))ds)
o [+ §now
1
t
= by(1) + A)( f ——go(s, u(s)))ds) = Fov(1).
0 r+s
Now,

lim F(u,,v,) = lim(Fiu,, F.v,) = (Fiu, Fou) = F(u,v).

Then F(u,v) is continuous. Now all conditions of Schauder’s fixed point theorem [32] are satisfied,
then the operator F has at least one fixed point (#,v) € Q,, Consequently, there exist at least one
solution of the problems (2.3) and (2.4). |

Corollary 2.1. Let the assumptions of Theorem 2.1 be satisfied, by using Eqs (2.1) and (2.2), we deduce
that the problems (1.1) and (1.2) has at least one solution x € C(I).

3. The uniqueness of the solution

Consider the following additional assumptions:
(1") g : I X R — R satisfies the Lipschitz condition with positive Lipschitz constants M; such that
lgit,x) — gt W <M |x—yl, Vtel, x,ye Q, max{M;} = M, i =1, 2.

Theorem 3.1. Let the assumptions (1)—(3) and (1*) be satisfied, If 0 < % < 1, then the solution of
the problems (1.1) and (1.2) is unique.

AIMS Mathematics Volume 10, Issue 1, 951-971.



959

Proof. let (uy,vy), (uz,v,) be two solutions of (2.3) and (2.4), then

|y (£) = ux ()]

1 1
[ gsntods) = i | (s

IA

1 1
t t
A —3gi1(s, ds— A —zgi(s, d
1||u1||f0 &1 (s vi(s)ds 1||uz||f0 T 81(8:2(5) S‘

IA

1 1
t t
A —3gi1(s, ds — A —zgi(s, d
1||u1||f0 &1 (s vi(s)ds 1||u1||f0 L S1(s:a(8)ds

1 1
t t
+ /llllulllfo —HSgl(s,Vz(S))ds—ﬂllluzllfo —Hsgl(s,Vz(S))dS‘

IA

| |
t t
‘/11||M1||f0 mgl(S,Vl(S))dS—/hHMleo mgl(s,vz(s))dé"

| |
t t
+ ‘MHM”\[O mgl(S,Vz(S))dS—/h”quﬁ mgl(S,Vz(S))dS‘

IA

1
il f tLLgl(s,vl(s))—g1<s,v2<s>)|ds
0 + 5

1
4
£ el =l f ——[g1(s. v2(s))lds
0

IA

1 1
t t
/herf —vi(s) = va(lds + Ay||uy - uzllf —g1(s, va(s))ldss
0 t+s 0 t+s
1
t
< AirMylvy = ol + Ayluy - u2||f —ai()va(s)lds
0 t+s

1
t
AirMyllvy = vall + Kl — o] f ——s"ds
0 r+s

<
< ArM|vy = voll + ArK||uy — us||,
and
(I = ArK)lJuy — u|| < ArM||vy — val,
then
— < — .
llg — up|| < 1—/HK”vl val|
Similarly,
— < — .
[lvi = vall < 1_/HKHMl ||
Then

(1 = u2), (v = w2l

= max{ljuy — ull, [[vi = v2ll}

(1, vi) = (2, v2)I|

.
< - — - —
< max{= v = vl Tl = wl)
< M L1 I
S XUvi = vafl, [|lU1 — U

l—ﬁl"K 1 2 1 2
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ArM
= 1 /HK“(Ml —u), (vi = w)ll
ArM
m”(ul, vi) = (uz, v)|l.
Then "y
r
(1- 1 _/HK)H(ul,Vl) = (u2, )| < 0.
Since 0 < % < 1, then the solution of the problems (2.3) and (2.4) is unique. |

Corollary 3.1. Let the assumptions of Theorem 3.1 be satisfied; according to the Egs (2.1) and (2.2),
the solution (x,y) € X of (1.1) and (1.2) is unique.

4. Stability analysis of the problem

4.1. Hyres-Ulam stability

Definition 4.1. Let the solution (x,y) € X of (1.1) and (1.2) be exists, then the problems (1.1) and (1.2)
is Hyers-Ulam stable if Ve > 0, there exists 6(€) > 0 such that for any 6-approximate solution (x,,y,) €
X of (1.1) and (1.2) satisfies

max({|

dx,
xt )s)|} < 6,

dx, bt dy dy bt
—bi() = Lx (| ——g1(5, =22)ds))], =2 — ba(£) — by (| ——ga(s,
” 1(2) 1xA(f0 Hsgl(s dt) ) ldt 2(1) zyA(fo Hsgz(s p

d
implies
”(-x’y) - (-xs‘9y.§')||X <e€.

Theorem 4.1. If the assumptions of Theorem 3.1 are met, then the problems (1.1) and (1.2) is Hyers-
Ulam stable.

Proof. Let
dx, b dy, dy, b dy,
maX{lE - bi(1) - /llxs(L " sgl(S, E)ds))L |E —by(1) - /lzys(L =" ng(S, 7 Yds)|} < 0,
then 1
dx; t dy;
| i by (1) - /llxs(j(; mgl(é’, E)ds)ﬂ <0
dXS : t dys
- —bi(t) — x4 —_— , ——)d 0.
<dt 1(0) 1X(fo t+sg1(s dt)s))<
Similarly,
dy; Loy dx;
— by(1) — Ay, —_— , d 1)
ldt 2(1) — Ay ([) H_ng(s dt) $)| <
dy; Uy dx,
-5 — by(1) = Ay, ) <6,
<dt 2 (1) 2)’(](; H_ng(s dt)s))<
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dys

= = Vs, then

Let % = u, and

t 1 1
x(0) = X0 + f u(ds = x,( f L g1(5,vy(8)ds) < xo + [l f L g i(s.vy(s))ds,
0 0 0 r+s

r+s

t 1 1
Vo) = yo + f u(s)ds =y f L ga(s,us($))ds) < yo + vl f L g1(s, uy(s))ds.
0 0 0 r+s

t+s
Hence X
=0 < uy(t) = by (t) — Ayx( f Lgl(s, vy(8))ds) < 6,
0 r+s
1
=0 < vy(t) = ba() — Aays( f ng(s, us(s))ds) < 6.
0 r+s
Then,
1
lu(t) —us (Ol = |b1(1) + A;x( f t g1(s,v(s))ds) — uy(1)|
0 r+s

1 1
= [bi() + Aix( f L g1(s,v(s))ds) — Ay f L g1 (s,vy(5)ds)
0 0 r+s

r+s

1
t
+ /hxs(f(; mgl(& vs($))ds) — u(@)|

IA

r+s

1 1
1x( f L g1(s, v(s))ds) — A, f L (s, vy(5))ds)]
0 0 r+s

1
+ |bi(0) + /hxs(f Lgl(& vi(8))ds) — u(1)|
0 t+s

IA

1 1
t t
G+l [ (s = o+l [ (s + 6
0 t+s 0 t+s

IA

1 1
t t
Aol f &1(5,v(5))ds = [l f 21(5,v())ds| + 8
0 0

r+s r+s

IA

1 1
t t
Aol f g1(s, v(s))ds — [l f ——gi(s.v,(s)ds
0 0

r+s

1 1
t t
ol [ sl [ —eitsvonds| +o
0 t+s 0

r+s

IA

1
t
— , Vs ds+0
fot”'gl(”“”' s

1
t
Ay |[ull f —1g1(s,v($)) — g1 (s, vs(s)lds + /h'llull — [Jus]l
0 t+s

t
r+s

IA

1 ¢t 1
Ayllull M, f v(s) = vs(lds + Ayllu — u] f ar()vy(s)lds + 6
0

0 r+s

IA

1
t
/l]erllv—vsll+/lHKlllu—uS||f ——s'ds +6
o I+sS

< ArMillv = vl + 4K lu — ul + 6,
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and
(I =4 rK)lu — uyl] <6+ 4rMillv — vl
Hence
0 /ller
_ < — .
lJu um_(l—AﬂK0+(l—AgKQW vl
Similarly,
0 /121"M2
— vl < + — Ug||.
v — vl -k (1—/1er2)”” us|
Then
(G, v) = (ug, vllx = I — uy), (v = vo))llx = max{||(u — uyllc, I(v—vllc}
< max( P L I TR
= vV — Vgl
(1—/111"[(1) (1—/111’1{]) '
0, A
U— Uy
(1 - /lzl’Kz) (1 - /lzI"Kz) )
< % max Mg
——— +max{————————||[v —v|, ———————lu — u;
- (1 -ark) (1 -A4rKy) (1 = ArKy)
< 0 My =l fle )
max{||v — vil|, |lu — u;
T (1-arK) (1 -4arkK)
5 ArM
< + - Us)s — Vs
S -5 (1—/HK)”((” ug), (v —vy))llx
5 ArM
< _
S aoanta _/M()Il(u,V) (s, vo)llx,
and
AarM 1)
1_— b - A\l S S—’
( (1_MK9MMW (g, vy)ll T-K)
then
1, v) = (s vyl < 0
u,v)— U, . = E.
’ oY= T2 M + k)
Now,
(X, y) = (X, y)llx = [((x = x5), 0 = y)llx = max{||(x — x,)lle, Iy = yolle
< max{||(u — ulle, (v = volle} < (U = uy), v = v)ll
< I, v) = (us, vy)ll < €.
Then

I(x, ) = (x5, ¥5)llx < €.

Then the problems (1.1) and (1.2) is Hyers-Ulam stable.
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4.2. Continuous dependence

Definition 4.2. The solution (u,v) € Q, of (2.3) and (2.4) depends continuously on xy, vy, Aif ¥V € >
0 there exists 6(e) > 0 such that

max{|xo — xgl, [yo = yol, i = i1} <6 = |l(w,v) — ", v)llx <€, i=12.

where

1
W (1) = by(r) + A ( f L (s v (s)ds), .1
0 r+s

1
0= b0+ 2" s () (42)
0 S

Theorem 4.2. Let the assumptions of Theorem 3.1 be satisfied, then (u,v) depends continuously on the
initial data xy, yo and the parameters A;, i = 1,2.

Proof. Let 6(¢€) > 0 be given such that
max{|xo — xpl, Yo =gl |4 — A} <6, i=1,2.
and let (u*, v*) be the solution of (4.1) and (4.2), then
|u(r) = u” (D)
bt bt
= |/11X(f0 Pt 1CE v(s))ds) — /fo*(fo Pt 1CE vi(s))ds)|

IA

! ! % B 1 ! *
|41 (x0 + IIMIIJ(; mgl(s, v(s$))ds) — Aj(xp + |lu IIL mgl(s,v ($))ds)|

IA

1 1
Ao = i3] + |l fo ——g1(s.9()ds = Al fo —— (s (9)ds]

t
r+s

4
r+s

IA

I 1
|41x0 = A xgl + |41 — A7 x| + ‘/11||M|| f g1(s,v(s))ds — Ay ull f g1(s,v'(s))ds
0 0

1 1
! * IS ! *
bl [ s s = 4l [ e o
0 0 t+s

t+s

IA

1
% % * t *
Ailxo = xol + Ixgl |4 = A4 + /11||M||f m|gl(& v(s)) = g1(s,v'(s))lds
0

1
t
_ v d
fo ——lg1(s. v (s))lds

1
* t *
10 + |xplo + Ay||ul| M,y f —v(s) = vi(s)lds
0 tr+s

1
t
- * d
fo T lsi(s.vi(s))lds

6+ 13l & + Myl = vl + (o fll = '

[l = A5

IA

+ '/hllull = Al |+ Al | = Al

IA

+ [l

-

1
) fo ——a1(5) I ()i

1
k k * * t *
16 + |xpl 6 + Ay Mylly = v + (Al — wl] + [l 5)f A1) Vi (9)lds
0

IA
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IA

1
1
A10 + |x3| 0+ Ayr My||v — V*” + (Aq]||lu — l/t*” + ”Lt*” o)r K; f :s"ds
0 S

IA

(A + x| + 7K) 6 + Ayr My|lv = v + A7 K |lu — ],

and
(I = 4rK)lu — u'|] < (A4 + |xp) + r’Ky) 8 + 4ir My|lv — 7.

Then )
A+ x|+ r°K Lr M
: 0 1c5+ ! ! [[v — v

— 1l <
e =wll < ——20%, 1 - Ak,

Similarly,
A + |yl + K Lr M,

+ —u’.
1- /127'K2 1- /lzl"Kzllu “ ”

v =Vl <
Then
(e, v) = (", v)llx (e = u™), (v = v))llx = max{ll(u — u)llc, I(v—=v)llc}
ax{/ll + ngl + r2K15 N Air M, .
1-A4rK,; 1-A4rK;
A + |yl + K, Aor M, .
5+ lloe — u||
1-A4rkK, 1-A4rk,
/1+A+r2K5 Air M, TR Ar M,
1-ArkK 1-A4rK, 1-r K,
A+A+ r2K6+ Ar M
1-ArK 1-ArK
s AR M = vl
1-AarK 1-ArK
A+A+7rK Ar M

= 5 ) - *9* )
A e ) — vl

IA

lloe — w1}

IA
+
=
oo

2

IA

max{[[v — v’[l, llu — ||}

and
A+A+r*K

1-
( 1-ArK

ArM
_ * * <
=) 1) = @)l <

Then
A+A+r*K

_ * % < =
I69) = Gl < = 0 =

Thus
1 =(rM+arK)

A+A+r’K
Which meas that 6 = d(¢). Moreover, we have Ar M + Ar K < 1 and A, r,k, A > 0, then ¢ is positive.
This means that the solution of (2.3) and (2.4) depends continuously on the initial data x,, y, and the
parameters 4;, i = 1,2. O

Definition 4.3. The solution (x,y) € X of (1.1) and (1.2) depends continuously on u, v if ¥V € > O there
exists 6(¢) > 0 such that

maxflu —u’l, [v =V} < () = [I(x,y) — (7, y)ll <€,
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where

xX'(t) = xo + f u*(s)ds, 4.3)
0

V(1) = yo + L vi(s)ds. 4.4)

Theorem 4.3. Let the assumptions of Theorem 4.2 be satisfied, then the solution (x,y) € X depends
continuously on u, v.

Proof. Let (x*,y") be the solution of (4.3) and (4.4), then

! !
|x(®) — x*(1)] < If u(s)ds — f u*(s)ds|
0 0
A
< f lu(s) — u*(s)|ds < |lu—u*]| <6 = ¢,
0
then
[lx — x*|| < e
Similarly,
! !
(@) =y () < If v(s)ds — f V' (s)dsl|
0 0
!
< f v(s) — V(s < v =l < 6 = e,
0
then
ly-yll<e
Now,
G, y) = 5 y)lx = N0 = x7), (v = y)lIx = max{|lx — X", Iy —¥'llc} < e
Then

10, y) = 5,y )llx < e

This means that the solution (x,y) € X of (1.1) and (1.2) depends continuously on u, v.

Corollary 4.1. Let the assumptions of Theorem 4.3 be satisfied, then the solution (x,y) € X of (1.1)
and (1.2) depends continuously on x,, yy and the parameter A;.

5. Special case

In the lack of feedback control; as a special case of our work, we can investigate the following
problem of the state-dependent implicit pantograph differential equation of the chandrasekhar type.

1
fl—: =b(t) + /lx(f(; # g(s, %) ds), x(0)=xg, a.e.t€(0,1], (5.1
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where 4 € (0,1), b : I — R are continuous function and the function g : I X R — R satisfies
Caratheodory condition.

The existence of the unique solution of (5.1) will be studied. We will also prove the continuous
dependence of the solution on the initial data xy and the parameter A. Furthermore, we will establish
the Hyres-Ulam stability. This problem can be addressed under the following assumptions:

(i) g : I X R — R satisfies Caratheodory condition [16]. (i.e., it is measurable in f € I Yx € R and
continuous in x € R VYt € I) and there exists a function a : I — Rt = [0,00), a € L'(I) and
a(t) < Kr', K€(0,1), ne NVt €I, such that

lg(z, x()] < a(?) |x(D).
(i) There exists a real positive root r of the algebraic equation
KAr* = r + (Ibll + Alxol) = 0.
such that KAr < 1.

We can formulate the problem as follows: Put % = y(t), we get

1
y(0) = b(1) + /IX(f %g(& y($))ds). (5.2)
o t+s

Using the same techniques, we can derive the following theorems:

Theorem 5.1. Let the assumptions (i)—(ii) be satisfied, then integral equation (5.2) has at least one
solution y € C(I). Consequently, the problem (5.1) has at least one solution x € C(I).

Theorem 5.2. Let the assumptions (i)—(ii) of Theorem 5.1 be satisfied, if g satisfies lipschetz condition
such that |g(t, x)—g(t,y)| < c|lx—y| VYt € I and x, y € Q, where c is a positive constant. If Ar(c+K) < 1,
then the solution of the problem (5.1) is unique.

Theorem 5.3. Let the assumptions of Theorem (5.2) be satisfied, then the problem (5.1) is Hyers-Ulam
stable.

Theorem 5.4. Let the assumptions of Theorem 5.2 be satisfied, then y € C(I) depends continuously on
the initial data x, and the parameter A.

Theorem 5.5. Let the assumptions of Theorem 5.2 be satisfied, then the solution x € C(I) depends
continuously on y.

Corollary 5.1. Let the assumptions of Theorems 5.4 and 5.5 be satisfied, then the solution x € C(I)
depends continuously on the initial data x, and the parameter A.

6. Examples

Example 1. Consider the problem

dx 1 , 1 't sins® dy 1
- _ 1 _ N _d = — 1 . 1
dt 3(l D+ ZX(L t+s 5 dt $), x(0) 7’ re©.1] ©.1)
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%:—smt+ x(f — io, te(0,1]. (6.2)

Let & =y, % = v then

w(t) = %(rz )+ %x( fo 1 ﬁ SIS sy,

e’ 2
v(t) = = smt+ x(f —_— u(s)ds).
Set
bi(t) = —(t + 1), by(1) = §smt

and

artv) = S0 w0, gattut) = S uo
then

g1 (2, v(D)] < %ﬁ W), g2t u(®)] < %tz u(r)
and ' .

a(t) < § a(t) < ?

A= max{%, %} = %, A= rnax{7, 10} = %, B = max{0.6667,0.043} =

Where K = max{sz, =}
1} = 1. Then we get r; = 0.8027, r» = 9.1973, such that Ar; K = 0.0803 < 1 and

0.6667, M = max
ArnK =09197 < 1.

It is clear that all assumptions of Corollary 2.1 are satisfied. Hence there exist at least one
solution (x,y) € X of (6.1) and (6.2). Moreover,we have only ry satisfies Ar;{(M + K) = 0.1605 < 1.
Thus all assumptions of Corollary 3.1 are satisfied, then the solution of problems (6.1) and (6.2) is
unique.

Example 2. Consider the problem

dx 1

dr - 24-1) —(f —(—Slnl—)dS) x(0) = —, t€(0,1]. (6.3)
Let%:ythen

(1) = : +1(IIL(ﬁ't())d) (0)—1 t€(0,1]

y T 2@ -1 3x ; t+s4sm y(s))ds), x =5 ,1].
Set

2
b0 =55

and

2
804, y(0) = T sint y(0),
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thus
2
lg(z, y()] < Iy y(®)
and
(<P
a(r) < 2
Where K = JT, A= %, Xo = %, 1] = %, c = }‘. Then we get r; = 0.343, r, = 11.657, such that

Arn K =0.0286 < 1 and Ar,K = 0.9714 < 1.

It is clear that all assumptions of Theorem 5.1 are satisfied. Hence there exist at least one solution
x € C[0, 1] of (6.3). Moreover, we have only r satisfies Ar;(c + K) = 0.0572 < 1.

Thus all assumptions of Theorem 5.2 are satisfied, then the solution of Problem 6.3 is unique.

7. Conclusions

Differential equations with control variables are frequently encountered within several domains
such as control theory, optimization, dynamic systems, etc...The existence and uniqueness of solutions
of this type of equations is crucial. Sometimes the equations may not have a unique solution, or
solutions may need particular conditions to exist. Determining whether a solution is stable or not is
often challenging. Stability analysis is critical for control systems to guarantee that small perturbations
do not cause significant variations in system behavior. Research on feedback control problems with
state-dependent delays has numerous applications in biology, ecology, physics, engineering, and other
fields. This type of delay imparts memory effects into the system, which implies intricate and rich
dynamics. In this paper, we investigate the existence of at least one continuous solution to a feedback
control problem including implicit pantograph equations of the Chandrasekhar type. In addition, we
analyzed the uniqueness of the solution in light of appropriate assumptions. Also, we investigated the
problem’s Hyers-Ulam stability and the continuous dependence of the solution on the original data and
parameter. Furthermore, we introduce a brief study for the problem in the absence of feedback control.
Finally, we presented few examples in both cases when the problem contains a control variable and in
the absence of a control variable.
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