AIMS Mathematics, 10(1): 826-838.
DOI: 10.3934/math.2025039
ATMS Mathematics Received: 05 November 2024
Revised: 23 December 2024
Accepted: 06 January 2025
https://www.aimspress.com/journal/Math Published: 14 January 2025

Research article

Multiple solutions for a singular fractional Kirchhoff problem with variable
exponents

Najla Alghamdi'* and Abdeljabbar Ghanmi’

! Department of Mathematics and Statistics, Faculty of Sciences, University of Jeddah, Jeddah, Saudi
Arabia

2 ENIT-LAMSIN, BP. 37, 1002 Tunis-Belvédere, Tunis El Manar university, Tunis, Tunisia

* Correspondence: Email: nmalghamdil @uj.edu.sa.

Abstract: In this work, we studied the multiplicity of solutions for a Kirchhoff problem involving the
k(&)-fractional derivative and critical exponent. More precisely, we transformed the studied problem
into an integral equation that lead to the study of the critical point for the energy functional; after that,
we presented and proved some properties related to this functional and demonstrated that the energy
functional satisfied the geometry of the mountain pass geometry. Finally, by applying the mountain
pass theorem for the even functional, we proved that this functional admitted infinitely many critical
points, which means that the studied problem has infinitely many solutions.
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1. Introduction

In this paper, we are concerned with the existence of infinitely many solutions for the following
fractional problem:

—s( f L7, @) df) DT (Lo (€, ¢)) = a(@h(p), in A,
A (1.1)

=0 ondA,
where A = (0,T) x (0, T),

w.E: @,E; K1(€)-2 w,E; w,E; K2(€)-2 w,E;
L7 @) = "D D o + (@ [MDG e DT g, (1.2)
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e 1 w@,8; k1(6) .8, K2
Lo, g) = HpEey 1 HE) nmey k@

K1 (&) 0+ k(&) 0+

and "D7*Y () and "DT-%"(-) are y-Hilfer fractional partial derivatives of order - < @ < 1 and type

0<v<lk,keCi(A), 1<k = ir/{f k1(€) < k5 = sup k(é) < 2.
A

) (1.3)

S, h and a are functions that satisfy appropriate conditions which will be fixed later.

We note that fractional calculus can model several phenomena in sciences and engineering; one can
see the works of [1] (application in mechanics), [2] (application in engineering), [3] (application in
viscoelasticity), [4] (application in dynamical systems), and [5] (application in modeling blood alcohol
concentration), and other applications can be found in [6-8]. Due to the importance of fractional
calculus in several fields, many researchers have concentrated on the development of new fractional
operators. Recently, there have many papers dealing with the y-Hilifer fractional derivative and p-
Laplacian operator, we cite for instance the papers of Alsaedi and Ghanmi [9] (Variational method
combined with different versions of the mountain pass theorem), Ezati and Nymouradi [10] (genus
properties in critical point theory), Venterler et al. [12—14] (Nehari manifold in fractional Sobolev
spaces), and the references [15-18] (existence and stability of solutions). The first important point
in our study is that we consider a Kirchhoff problem with critical exponent. We also note that
Kirchhoft’s problem was introduced by Kirchhoff [19]; it is noted that Kirchhoff-type problems
generally refer to mathematical models related to the analysis of electrical circuits using Kirchhoft’s
laws, which are, in fact, fundamental principles in circuit theory. The second important point in our
study is that we consider a fractional Kirchhoff problem with a critical exponent. It is noted that to
manipulate the critical growth, we use the concentration-compactness principle which is introduced by
Lions [20]; this principle is particularly crucial when considering equations involving critical exponent.
For a more comprehensive understanding of this topic, we suggest referring to the references of
Azorero and Alonso [21] (multiplicity of solutions for an elliptic problem with a critical exponent
or nonsymmetric term), Bahri and Lions [22] (compactness issues of the variational formulation for
a nonlinear Maxwell-Dirac system), Ghanmi et al. [23] (combination of variational techniques with
a truncation argument for a singular fractional Kirchhoff problem), and Rabinowitz [24] (Minimax
methods in critical point theory).

The study of problems involving variable exponents has been extensively studied by several
authors; we cite, for instance, the papers of Dai et al. [25, 26] (combination of a direct
variational approach and the theory of the variable exponent Sobolev spaces), Ambrosio and
Isernia [27] (combination of penalization techniques with Ljusternik-Schnirelmann theory), and
Fiscella and Pucci [28] (combination of the variational method with the mountain pass theorem). The
p(€)-Laplacian possesses more complex nonlinearity which raises some of the essential difficulties;
for example, in [29], the authors consider the Kirchhoff’s fractional x(¢)-Laplacian problem without
critical exponent:

1 )
S| —["Dg"
(fA K<§>| or ¥

The authors employed variational methods, the mountain pass theorem, and the Fountain theorem to
establish the existence and multiplicity of solutions for problem (P;).

K(f) w,E Y
dé LK( 5 U

u

W ), in A=[0,T]x[0,T],
0, on OA.

(P>)
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Motivated by the results presented in reference [29], our paper aims to contribute a study of a
more general problem; precisely, we consider a double-phase Kirchhoft problem involving critical
nonlinearity. To manipulate the critical exponent, we use a concentration-compactness principle. We
note that the double-phase problem (1.1) is inspired by various models in mathematical physics. For
example, consider the fourth-order relativistic operator

Vv 2
Vel % V‘p)
(1 —|Vegl*)s

which characterizes a wide range of phenomena in relativistic quantum mechanics. If we apply Taylor’s

formula to the function y*(1 - y4)‘% , then we can approximate the last operator by the following double-
phase operator

(,01—>div(

3
QY A4g0 + ZAgQO

Our study provides a generalization and improvement of other aforementioned references in the
literature. More precisely, in the case when u = 0; we obtain the result of Sousa et al. [29]. Moreover,
if k; = k, = p constant, then we obtain the result of Nouf et al. [11].

To prove the existing result of this work, we introduce in the next section (Section 2) some results on
the functional space and we present the main tool used in the proof (symmetric version of the mountain
pass theorem); in Section 3, we present and prove the main result of this work.

2. Preliminaries

In this section, we begin by presenting a functional space and some of its properties. After that, we
recall some results about the modular of this space, and we finish this part by recalling the main tool
for proving the main result of this work. Since we study a double-phase problem, we introduced the
function M, defined on A X [0, oo[, by:

ME, 1) = r@© 4 y(.f)l‘“(‘f).

Associated to the function M , we define the following modular:

(@) = f ME I de = fA 619 + (@l de.
A

Next, we denote by B(A,R) the set of all Borel measurable functions, and we define the following
functional space:

LMA) = {p € BIAR) : pulgp) < o0}
We endow the last space with the following norm:
@l owen, = inf {w >0 pu(2) <1},

We recall from [13] that (LM(A),l - LM(A)) is a Banach space, which generalizes the Lebegue space
with variable exponent; precisely, if u(.) = 0, then the space £L*(A) is reduced to the space LXO(A).
Also, we recall from [13] that the fractional Sobolev space is defined as follows:

7_{/1:—;/[,5;;1(1\) = {90 € LM(A) : |D0wf;y<,0| € LM(A)}
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with the norm
w,E5U

lpll = lellzmicny + D5l i,

Denote by H,*(A) the subspace of H**(A) defined as the closure of Ci’(A) with respect to the
norm ||.]|.

In the rest of this paper, we adopt the following notations: the letter j will denote one of the
integers 1 or 2, §; and T'; are nonnegative constants such that 6, < T;, w; € (0,1), I; = [6;,T;].
Next, we put A = I} X I,, in the case when 8§, = 6, = 0 and T, = T, = T, and we obtain the set A
introduced in our problem. Let u be a positive function such that ¢'(£;) > 0 for all £; € [6;, T';], and let
w = (w, ;) with 0 < @w; < 1), and € = (g1, &) with 0 < v; < 1. We recall from [12] the following
definition of the u-Hilfer fractional derivatives.

2
DTS (e, £y) = Is(l—w),u( 1 ( d ))I“ SR )1
g e&1,6) =1, I\ w1, 6), (2.1)
and . 5
DTEH ’ _ Ib‘(l—w),}l( ( ))I(l -&)(1-w),u 2.2
o e1,6) =1L Ew &)\ oE08 w1, 6), (2.2)

where Ij* and I7* are the y-Riemann-Liouville fractional partial integrals (see also [12]). For
simplicity, in the rest of this work, Dy (&1, &), DY (&1, &), and I7 (&, &) will be denoted,
respectively, by Dy ¢, D7 ¢, and I} "¢

To manipulate any minimizing sequence for the energy functional, we need some properties of the
functional space; precisely, we have the following result.

Proposition 2.1. [29] LM(A) and 7-(7”“ (A) are reflexive Banach spaces which are, in addition,
separable.

To transform the main equation in the integral equation defined by the functional energy, we need to
use the Holder inequality which holds in our functional space. Precisely, we have the following result.

Proposition 2.2. [29-3]]

(1) For each ¢, € L“O(A) and ¢, € LXO(A) (with —= = 1), we have

(E) K (E)

1
901902 df' (— + ﬁ) |901|K(§)|902|K'(§)'

(2) For each py and p, in C.(A) with p, < p, inA, we have a continuous embedding
_Epz(f)(A) PN _Epl(f)(A)’
where C.(A) = {r eCA):1<r <rt< oo},

Since we shall work in the space 7‘(7”” (A), we use an equivalent norm, so we need to present the
following important inequality.

Proposition 2.3. [29,32] For any ¢ € H " (A), 3¢ > 0 such that

@&

||90||£K($)(A) <c ||]D ("2

VLGNS
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From the last inequality, we can consider the space 7‘( ¢ ‘9” (A) with the following norm:

lell = D5 || pai,

The following proposition highlights further properties related to the functional space.

Proposition 2.4. [29]If g € C,(A) with q(€) < k*(¢) for all ¢ € A, then the embedding from Hy, ™" (A)
into LIY9(A) is continuous; moreover, this embedding is compact. Here, k*(€) is defined as follows:

2O if k) <2,
K'(&) =
oo, if k(&) 22,

For simplicity, let us denote
[7(¢) = f "D

The following proposition provides important properties of the functional ['**:

Kk2(8)

k1 (&) w,&;
@ "Dy | dé

Proposition 2.5. [29] For each ¢ € H " (N), the following statements hold:
() T7%p) <1(= 1,>1) &= |l¢ll < 1(= 1> 1).
(2) min (llgll, gl ) < T™(p) < max (Jlgll, lgllF)
The next proposition provides properties of the functional p

Proposition 2.6. [30,33] For all ¢ € LM(A), we have
(1) lgelgmpny <1(=1,>1) &= pm(p) <1(=1,>1).
(2) min (163 ) < a9 < max (Il el )

The next proposition relates the norms of a function in variable exponent Lebesgue spaces with its
pointwise behavior.

Proposition 2.7. [30, 33] Let p be a measurable function in L¥RY), and let q be a measurable
function such that for each & € RY, we have k(&)q(¢) > 1, then for each nontrivial function ¢ in
LIO®RN), we have

k(&)
mln('¢'x(é)q(€>’ |90|K(§>q(f)) < 1lel™ lge) < max(l(’olk(f)q(f)’ |‘P|K(§>q(§))

Theorem 2.1. (Symmetric mountain pass theorem [34]) Let X be an infinite dimensional real Banach
space. Let J € C'(X,R), satisfying the following conditions:

(1) J is an even functional such that J(0) =0

(2) g satisfies the Palais-Smale condition.

(3) There exist positive constants n and p, such that if ||u|| = n, then, J (u) > p.

(4) For each finite dimensional subspace X, C X, the set {u € X, J(u) > 0} is bounded in X. Then,
J has an unbounded sequence of critical values.

AIMS Mathematics Volume 10, Issue 1, 826-838.
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3. Main results

In this section, we present and prove the main result of this work. For this, we assume the following
hypotheses:

(Cy1) We assume that the functions a and & are measurable for which there is a positive constant ¢, and
two functions P, g in C,(A) such that for each (¢, ¢) € A X R, we have

a(g) € Lra@ (A), h(g) < ¢ gl?@"

and
K3 < q() < P&) < k5(&). (3.1)

(C;) We assume that for some positive constants m, M, we have
my < S(t) < My, Vt>0.

(C3) We assume that for any ¢ > 0, we have

S() = f S(s)ds > (1 — WS,
0

for some satisfying 0 < w < 1 — <.
K

(C4) There exist M; > 0 and 6 > %, such that for any & € A, and any |¢| > M, we have

0 < Oa(&)H(p) := ba(¢) fow h(s)ds < a(&)h(p)e.

(Cs) We have
h(-¢) = —h(p), Y €[0,T].

We note that, if we define a function 4 by:

h(p) = l|"@ ¢,

with g~ > %, and a is a positive function in L”gﬂ@ (A), then assumptions (Cy), (Cy4), and (Cs) hold.
Next, we define a weak solution related to problem (1.1).

Definition 3.1. A function ¢ € Wz{i);w(A) is a weak solution for the Eq (1.1) if, for any v € X, we have

s( f Lo, sO)df) f LY, @) "DP(&) dE = f W Oh(@E) dE.
A A A

The main result of this work is the following theorem.

Theorem 3.1. Under the hypotheses (C1)—(Cs), the problem (1.1) admits infinitely many weak
solutions.

AIMS Mathematics Volume 10, Issue 1, 826-838.
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To prove the last theorem, we begin by defining on H oy w(A) the functional J by

I(p) = Lip) - J(p),
where L and J are defined on H7 w(A) by

L) =S ( fA L7V E, so(f))df),

and

J(p) = fA a(&)H(p(£)) de.

It is proved in [33] that the functional L is of class C', and for each (p, v) € (7{ e ‘”(A)) we have

( f LoV, s0)d§) f Lo5Y(E, ¢) PDTYy de

S( f L7V, so)df) < L(p),v>.
A

The functional £ satisfies the following properties.

< L(p),v>

Proposition 3.1. [33] Then, the following statements hold:

(1) The operator L - 7{7” W(A) - 7-(7” ‘/’(A) is continuous, strictly monotone, and bounded.

(2) The mapping L is of type (S ), which means that any sequence @, that converges weakly to ¢ in
L st Y(A) and satisfies in addition,

limsup < £ (¢,) — L (9), o — ¢ >< 0,

n—oo

converges strongly to ¢ in 7’(}5{3{”(1\).

Remark 3.1. It can be shown using (Cy), Propositions 2.5 and 2. 7, and the Holder inequality that
JeC\(L : st Y(A),R). Furthermore, for any (¢,v) € (?{m; ‘/'(A)) we have

<T@y >= f A h(P(OWE) de.
A

So, Proposition 3.1 and Remark 3.1 imply that J € C! (7—( 8 ‘/’(A) R). Moreover, for each (¢,v) €
(7{1” ‘[’(A)) we get

<T@v> = S( f L7V, ¢>)d§) < L@v>- f (M@ ENE) de.
A A

By the last equation, we deduce that weak solutions of system (1.1) are critical points of J
Next, we present an important property of the function in the variational method

AIMS Mathematics
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Lemma 3.1. Assume that (C1)—(C3) are satisfied. Then, there exist positive constants 1 and p, such
that if |l¢|l = n, then, J(¢) = p,

Proof. Let ¢ € X, with ||¢|| < 1. Under the hypothesis (Cy), we have for all £ € Q,

H(p) < (—6)|90|q(£) (3.2)

Since 1 < p(§) < «5(§), and according to Proposition 2.4, we obtain the existence of ¢3 > 0, such that

ol ra) < csllell - (3.3)

On the other hand, under hypotheses (C,) and (C3) and by Proposition 2.5, we get,

L) = §( fg £ so)df)
> (1 —w)S( f £ sO)df) f L p)de
> UmOmop s LMoy (3.4)
K K

Now, by (3.2)—(3.4) and using Propositions 2.2, 2.5, and 2.7, we obtain,

T = §( f L sa)d§)— f a() H(p)de,
> 4 “’)’""n 14 ——|a| o el
K3 PO (@)
oS w)mo -
> gl ( ——|a|£p(§<2m||¢||q)
> g ||Kz( _ lell” )
where c
t=—lal

&) .
q-  LrO-@ Q)

Since g~ is greater than k™, we can choose ||¢|| = 7 to be sufficiently small such that

1- g
d = wmo Kc+u)m0 —m? ™ > 0.
2
Finally, we conclude that
K ( w)mO q_—K+ .
j(¢)>772( i 2).—p>0.
2

Lemma 3.2. Assume that (Cy)—(Cs) are satisfied. Then, J is coercive on 7*( o w(A).

AIMS Mathematics Volume 10, Issue 1, 826-838.
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Proof. Let ¢ € &, with ||¢|| > 1. By (3.2)—(3.4) and using Propositions 2.2, 2.5, and 2.7, we obtain,

J(p) = §( f L7V, w)df)— f a(©)H(p) dé
(1 — wymy Kt -
2 AL AT ‘_""w @ el

Since g~ < k7, then J is coercive and bounded from below on 7—( o w(A)

Next, we present the following lemma which establishes an important convergence result.

Lemma 3.3. Assume that conditions (Cy)—(Cy) are satisfied and let {¢,} be a Palais-Smale sequence

in H{w w(A) Then, {@,} admits a subsequence that converges strongly in H w(A)

Proof. We begin by fixing a Palais-Smale sequence {¢,} in H,, e ‘/’(A) This means that, for some real

number ¢, we have
J(@n) — ¢, and T (¢,) — 0.

From Lemma 3.2, we can prove that {¢,} is bounded in the reflexive space 7—( 8 w(A) So, up to a

subsequence, we have ¢, — ¢ weakly in H | N w(A) Since P(¢) < k (&), then by Proposmon 24, we

get the strongly convergence of ¢, to ¢ in LP (5)(A)

Next, we prove the strong convergence in H o w(A) For this, we begin by remarking that from

hypothesis (Cy), Propositions 2.4 and 2.7, and the Holder inequality, we have

f a©h(e,)(pn — ) dé < f cila(@llenl” " on — ¢l dé
A A

< ¢ a q(é)-1
1len = @l el (f)l . (S)||<P| |£ o
-1
< Cll‘pn ‘,0|£P(£)|a(§)| P(S) - max (lltpnlq |£P(§), ||(pn|q |£P(§))
-1
< cilpn = plorola@) na max (ligal” ' Il ).

Hence, we have
lim fa(f)h(son)(% —p)dé = 0.
n—00 A

Now, using the fact that < J'(¢,), ¢, — ¢ >— 0, we obtain that

<L(gn),pn—u> = S ( f LTFVE, son)df) < L (@n), o —u>— 0.
A

On the other hand, from hypothesis (C,), we know S ( f LTV, gon)df) # 0, so we get
A

< L,(Qon)’ Yp —p >=— 0.

Hence, we deduce that
lim < £(¢,) — L @), ¢, — ¢ >= 0.

Finally, Proposition 3.1, implies that ¢, — ¢ strongly in H /¢ Y(A).

(3.5)

O

AIMS Mathematics Volume 10, Issue 1, 826-838.
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Now, we establish the following lemma that provides a key result regarding the boundedness of a
set under certain hypotheses.

Lemma 3.4. Under hypotheses (C1)—(Cy), if F is a finite dimensional subspace of X, then the set
T ={peF, such that J(p) > 0},

is bounded in X.

Proof. Let ¢ € T. By (Cy), there exists a constant A > 0 such that

a@H@) 2 Al . (3.6)

Then, By (C,), (3.6), and Proposition 2.5, we have:

J(p)

IA

§( fA Lo, 90)d§)— fA (&) H(p)dé

o [ Lo e o) -4 [ 1otae
< Cllel + gl ) — Algl-

IA

A

Since Fis a finite subspace, we know that the norms |.| -+ and ||.|| are equivalent. So, we get the existence
of k > 0 that satisfies:

llell® < kel -
Therefore, we have

+ - A
T (@) < Clell> +llell) - Z”SOHH-

Hence, since k| < K;r < @, we deduce that T is bounded in X. O

Proof of Theorem 3.1. We observe that J(0) = 0, and due to (Cs), the functional J is even.
Furthermore, Lemmas 3.1, 3.3, and 3.4 establish the fulfillment of all conditions stated in Theorem 2.1.
Consequently, we can conclude that the conclusion of Theorem 2.1 holds, which means that the
problem (1.1) possesses an unbounded sequence of nontrivial solutions. O

4. Conclusions

In this paper, we proved the multiplicity of solutions for a double-phase Kirchhoff-type problem
involving y-Hilfer derivatives and variable exponents. More precisely, we transformed the question
of the existence of solutions for such a problem to the existence of critical points for the associated
functional energy. After that, we proved that the functional energy satisfies all conditions of the
symmetric mountain pass theorem, so the conclusion of this theorem leads to the existence of infinitely
many nontrivial solutions. We note that in the case u = 0, we obtain the result of Sousa et al. [29].

We will generalize this study by studying the following cases:
(1) Perturbed this equation by a singular nonlinearity.
(2) Consider the same problem in Orlicz spaces.

AIMS Mathematics Volume 10, Issue 1, 826-838.



836

Author contributions

Najla Alghamdi:  Conceptualization, writing-review & editing; Abdeljabbar Ghanmi:
Conceptualization, resources. All authors have read and approved the final version of the manuscript
for publication.

Use of Generative-Al tools declaration
The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

This work was funded by the University of Jeddah, Jeddah, Saudi Arabia, under grant No. (UJ-
24-DR-1537-1). Therefore, the authors thank the University of Jeddah for its technical and financial
support.

Conflict of interest

The authors declare that there is no conflict of interest.

References

1. T. M. Atanackovic, S. Pilipovic, B. Stankovic, D. Zorica, Fractional calculus with
applications in mechanics: Vibrations and diffusion processes, London: Wiley-ISTE, 2014.

https://doi.org/10.1002/9781118577530

2. J. A. T. Machado, M. FE. Silva, R. S. Barbosa, I. S. Jesus, C. M. Reis, M. G. Marcos, et al.,
Some applications of fractional calculus in engineering, Math. Probl. Eng., 2010 (2010), 1-34.
https://doi.org/10.1155/2010/639801

3. F. C.Meral, T. J. Royston, R. Magin, Fractional calculus in viscoelasticity: An experimental study,
Commun. Nonlinear Sci., 15 (2010), 939-945. https://doi.org/10.1016/j.cnsns.2009.05.004

4. V. E. Tarasov, Applications of fractional calculus to dynamics of particles, fields and media, New
York: Springer, 2010.

5. 0. K. Wanassi, D. F. M. Torres, Modeling blood alcohol concentration using fractional differential
equations based on the y-Caputo derivative, Math. Method. Appl. Sci., 47 (2024), 7793-7803.
https://doi.org/10.1002/mma.10002

6. A. Ghanmi, Z. Zhang, Nehari manifold and multiplicity results for a class of fractional
boundary value problems with p-Laplacian, B. Korean Math. Soc., 56 (2019), 1297-1314.
http://doi.org/10.4134/BKMS.b181172

7. P. Veeresha, N. S. Malagi, D. G. Prakasha, H. M. Baskonus, An efficient technique to
analyze the fractional model of vector-borne diseases, Phys. Scripta, 97 (2022), 054004.
http://dx.doi.org/10.1088/1402-4896/ac607b

AIMS Mathematics Volume 10, Issue 1, 826-838.


https://dx.doi.org/https://doi.org/10.1002/9781118577530
https://dx.doi.org/https://doi.org/10.1155/2010/639801
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2009.05.004
https://dx.doi.org/https://doi.org/10.1002/mma.10002
https://dx.doi.org/http://doi.org/10.4134/BKMS.b181172
https://dx.doi.org/http://dx.doi.org/10.1088/1402-4896/ac607b

837

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

D. G. Prakasha, N. S. Malagi, P. Veeresha, B. C. Prasannakumara, An efficient computational
technique for time-fractional Kaup-Kupershmidt equation, Numer. Meth. Part D. E., 37 (2021),
1299-1316. https://doi.org/10.1002/num.22580

R. Alsaedi, A. Ghanmi, Variational approach for the Kirchhoff problem involving the p-
Laplace operator and the y-Hilfer derivative, Math. Method. Appl. Sci., 46 (2023), 9286-9297.
https://doi.org/10.1002/mma.9053

R. Ezati, N. Nyamoradi, Existence of solutions to a Kirchhoff y-Hilfer fractional p-Laplacian
equations, Math. Method. Appl. Sci., 44 (2021), 12909-12920. https://doi.org/10.1002/mma.7593

A. Nouf, W. M. Shammakh, A. Ghanmi, Existence of solutions for a class of Boundary value
problems involving Riemann Liouville derivative with respect to a function, Filomat, 37 (2023),
1261-1270. https://doi.org/10.2298/FIL2304261N

J. V. C. Sousa, E. C. D. Oliveira, On the y-Hilfer fractional derivative, Commun. Nonlinear Sci.,
60 (2018), 72-91. https://doi.org/10.1016/j.cnsns.2018.01.005

J. V. D. C. Sousa, J. Zuo, D. O’Regan, The Nehari manifold for a y-Hilfer fractional p-Laplacian,
Appl. Anal., 101 (2021), 5076-5106. https://doi.org/10.1080/00036811.2021.1880569

J. V. D. C. Sousa, Nehari manifold and bifurcation for a y-Hilfer fractional p-Laplacian, Math.
Method. Appl. Sci., 2020, 1-14. http://dx.doi.org/10.1002/mma.7296

L. Xie, J. Zhou, H. Deng, Y. He, Existence and stability of solution for multi-
order nonlinear fractional differential equations, AIMS Math., 7 (2022), 16440-16448.
https://doi.org/10.3934/math.2022899

J. L. Zhou, Y. B. He, S. Q. Zhang, H. Y. Deng, X. Y. Lin, Existence and stability results for
nonlinear fractional integro-differential coupled systems, Bound. Value Probl., 2023 (2023), 10.
https://doi.org/10.1186/s13661-023-01698-2

J. L. Zhou, S. Q. Zhang, Y. B. He, Existence and stability of solution for a
nonlinear fractional differential equation, J. Math. Anal. Appl., 498 (2021), 124921.
https://doi.org/10.1016/j.jmaa.2020.124921

J. L. Zhou, S. Q. Zhang, Y. B. He, Existence and stability of solution for nonlinear
differential equations with -Hilfer fractional derivative, Appl. Math. Lett., 121 (2021), 107457.
https://doi.org/10.1016/j.am1.2021.107457

G. Kirchhoft, Vorlesungen iiber mechanik, Leipzig: Teubner, 1983.

P. L. Lions, The concentration-compactness principle in the calculus of variations. The limit case,
Part 1, Rev. Mat. Iberoam., 1 (1985), 145-201. https://doi.org/10.4171/RM1/6

J. G. Azorero, I. P. Alonso, Multiplicity of solutions for elliptic problems with critical
exponent or with a nonsymmetric term, 7. Am. Math. Soc., 323 (1991), 877-895.
https://doi.org/10.2307/2001562

J. Zhang, Y. Zhang, An infinite sequence of localized semiclassical states for nonlinear Maxwell-
Dirac system, J. Geom. Anal., 34 (2024), 277. https://doi.org/10.1007/s12220-024-01724-4

A. Ghanmi, M. Kratou, K. Saoudi, D. Repov§, Nonlocal p-Kirchhoff equations with singular and
critical nonlinearity terms, Asymptotic Anal., 131 (2023), 125-143. https://doi.org/10.3233/ASY-
221769

AIMS Mathematics Volume 10, Issue 1, 826-838.


https://dx.doi.org/https://doi.org/10.1002/num.22580
https://dx.doi.org/https://doi.org/10.1002/mma.9053
https://dx.doi.org/https://doi.org/10.1002/mma.7593
https://dx.doi.org/https://doi.org/10.2298/FIL2304261N
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2018.01.005
https://dx.doi.org/https://doi.org/10.1080/00036811.2021.1880569
https://dx.doi.org/http://dx.doi.org/10.1002/mma.7296
https://dx.doi.org/https://doi.org/10.3934/math.2022899
https://dx.doi.org/https://doi.org/10.1186/s13661-023-01698-2
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2020.124921
https://dx.doi.org/https://doi.org/10.1016/j.aml.2021.107457
https://dx.doi.org/https://doi.org/10.4171/RMI/6
https://dx.doi.org/https://doi.org/10.2307/2001562
https://dx.doi.org/https://doi.org/10.1007/s12220-024-01724-4
https://dx.doi.org/https://doi.org/10.3233/ASY-221769
https://dx.doi.org/https://doi.org/10.3233/ASY-221769

838

24

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

@ AIMS Press

P. H. Rabinowitz, Minimax methods in critical point theory with applications to differential
equations, In:. CBMS RegionalConference Series in Mathematics, Published for the Conference
Board of the Mathematical Sciences, Washington, 65 (1986).

G. Dai, R. Hao, Existence of solutions for a p(¢)-Kirchhoff-type equation, J. Math. Anal. Appl.,
359 (2009), 275-284. https://doi.org/10.1016/j.jmaa.2009.05.031

G. Dai, R. Ma, Solutions for a p(¢)-Kirchhoff type equation with Neumann boundary data,
Nonlinear Anal.-Real, 12 (2011), 2666-2680. https://doi.org/10.1016/j.nonrwa.2011.03.013

V. Ambrosio, T. Isernia, Concentration phenomena for a fractional Schrodinger Kirchhoff type
equation, Math. Method. Appl. Sci., 41 (2018), 615-645. https://doi.org/10.1002/mma.4633

A. Fiscella, P. Pucci, p-fractional Kirchhoff equations involving critical nonlinearities, Nonlinear
Anal.-Real, 35 (2017), 350-378. https://doi.org/10.1016/j.nonrwa.2016.11.004

J. V. C. Sousa, K. D. Kucche, J. J. Nieto, Existence and multiplicity of solutions for fractional «(£)-
Kirchhoft-type equation, Qual. Theor. Dyn. Syst., 23 (2023), 27. https://doi.org/10.1007/s12346-
023-00877-x

M. Ruzicka, Electrorheological fluids: Modelling and mathematical theory, Lecture notes in math.,
Berlin: Springer-Verlag, 1784 (2000). https://doi.org/10.1007/BFb0104029

A. Sahbani, Infinitely many solutions for problems involving Laplacian and biharmonic operators,
Complex Var. Elliptic, 69 (2023), 2138-2151. https://doi.org/10.1080/17476933.2023.2287007

A. Sahbani, J. V. C. Sousa, Infinitely of solutions for fractional «(£)-Kirchhoff equation in

W}i‘(’g;w(A), Math. Method. Appl. Sci., 2024. https://doi.org/10.1002/mma.10477

R. Chammem, A. Ghanmi, A. Sahbani, Nehari manifold for singular fractional
p(x,.)-Laplacian  problem, Complex  Var. Elliptic, 68 (2022), 1603-1625.
https://doi.org/10.1080/17476933.2022.2069757

A. Ambrosetti, P. H. Rabinowitz, Dual variational methods in critical point theory and applications,
J. Func. Anal., 14 (1973), 349-381. https://doi.org/10.1016/0022-1236(73)90051-7

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 1, 826-838.


https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2009.05.031
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2011.03.013
https://dx.doi.org/https://doi.org/10.1002/mma.4633
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2016.11.004
https://dx.doi.org/https://doi.org/10.1007/s12346-023-00877-x
https://dx.doi.org/https://doi.org/10.1007/s12346-023-00877-x
https://dx.doi.org/https://doi.org/10.1007/BFb0104029
https://dx.doi.org/https://doi.org/10.1080/17476933.2023.2287007
https://dx.doi.org/https://doi.org/10.1002/mma.10477
https://dx.doi.org/https://doi.org/10.1080/17476933.2022.2069757
https://dx.doi.org/https://doi.org/10.1016/0022-1236(73)90051-7
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	 Main results
	Conclusions

