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1. Introduction

At first, we will provide the following explanations of some of the notations for the convenience of
readers.

Definition 1.1. C"™": the set of m X n complex matrices,
I;:: k-order identity matrix,
O,5n: zero matrix of order m X n,
R(A), N(A): the range space and the null space of A, respectively,
r(A), A*: the rank and the conjugate transpose of A, respectively.

Definition 1.2. [1,2] Let A € C"™", and let M € C"™", N € C"™" be two positive definite Hermitian
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matrices. X is the weighted Moore-Penrose inverse of A when it satisfies
(1) AXA =A, 2)XAX =X, BM)(MAX)" = MAX, (4N) (NXA)" = NXA, (1.1)

where X is denoted by X = A0-23M4M = AT

For a given matrix A € C"™", the sets A{1,2,3M}- and A{l, 2,4N}- inverses of A are

A{l,2,3M} ={X e C™" | AXA = A, XAX =X, (MAX)" = MAX},

A{l,2,4N} ={X e C"™" | AXA = A, XAX = X, (NXA)" = NXA};
more relevant theories can be found in [1, 3].

The reverse order law for weighted generalized inverses is a key tool in the study of the weighted
least squares problem, the weighted perturbation theory, optimization problems, and other related
topics [4-6].

The reverse order laws for generalized inverses of matrix products are a class of interesting problems
that are fundamental in the theory of generalized inverses [7-10]. In 1966, Greville [7] first gave an
equivalent condition for the so-called reverse order law B'A" = (AB)". Since then, many authors have
studied this problem [11-15]. On studying the reverse order for any {i, j,--- , k}-inverse of matrix
products, one important relations problem is: under what conditions

Asli, j, - KJAAL oo S KYAE, oo oo kY © (AARAS, - LK)

holds, where {(i), (j), -, (k)} € {(1),(2), BM), (4N)}.

In [16], some necessary and sufficient conditions were presented for the first times for several
types of reverse order laws to hold for weighted generalized inverses. Since then, reverse order laws
for weighted generalized inverses of matrix products have attracted considerable attention and some
interesting results have been derived [17-20].

The purpose of this paper is to show some equivalent conditions for the following so-called reverse
order laws

As{1,2,3M3}A5{1,2,3M,}A{1,2,3M,} C (A1AA3){1,2,3M,}

and
As{1,2,4N4}A5{1,2,4N3}A1{1,2,4N,} C (A1A2A3)(1,2,4N4},

where A; € C"™™+ j = 1,2,3, M; € C"™ i = 1,2,3, N; € C"" and i = 2,3,4 are six positive
definite Hermitian matrices.
The following lemmas are essential to the rest of this paper.

Lemma 1.1. [3] Let L, M be two complementary subspaces of C", and let Py be the projector on L
along M, then

PiyA=A < R(A)CL, (1.2)

AP,y =A< NA) 2 M. (1.3)

Lemma 1.2. [],3] Let A € C"™", X € C"™™, and let M, N be two positive definite Hermitian matrices
of order m and n, respectively, then

X € A{1,2,3M} &= A*MAX = A*M and r(X) = r(A), (1.4)
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X € A{1,2,4N} & XAN'A* = N'A* and r(X) = r(A), (1.5)

X € A{1,2,4N} & X" € A*{1,2,3N7'}. (1.6)

Lemma 1.3. [2]] Let A € C™", B € C™*, C € C™", D € C™, and let M € C"™™, N € C™" be two
positive definite Hermitian matrices, then

A*MA A*MB A*MB
_CA023Mpy B
‘max r(D-CA B) mm{ r( c D ) r(A), r( D )} (1.7)

min (D — CAO>Mp) = r(A MA A MB) ; r(A MB) . r[O A*MB], (18)
A(1,2$3M) C D D
C D
AN-'A* B
— CAM24N By — i 1y B
max (D~ CA B) mln{ r(CN~'A, D),r( N D) r(A)}, (1.9)
AN"'A* B A O B
: _CAU24N) By _ —1 4% _
min (D~ CA B) = (CN'A", D)+r(CN_1A* D) r(O CN-LA* D).
(1.10)
Lemma 1.4. [22] Let A € C"™", B € C"™* and C € CP*", then
r(A, B) = 1(A) + r(E4B) = r(B) + r(EA), (1.11)
A
r( c) = 1(A) + r(CF,) = r(C) + r(AF), (1.12)
A
r( c) < r(A) + r(C), r(A, B) < 1A) + r(B), (1.13)

where the projectors E4 = I,, — AA", Eg =1, - BB', Fy=1,—AA, Fc=1,-C'C.
2. Main results

In this section, we will present some necessary and sufficient conditions for the reverse order
laws for the weighted generalized inverses {1,2,3M}— and {1, 2,4N}- of three matrix products. The

following theorem is the main result in this section.
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Theorem 2.1. Let A; € C">"n, AYM) € A(1,2,3M;) and i € {1,2,3). Let M; € C"*™, i € {1,2,3)

be three positive definite Hermitian matrices, then

As{l,2,3M3}Ax{1,2, 3M>}A{1,2,3M1} € (A1A2A5){1,2,3M}

A; (0]
— r 0 Aj =r(A,) + r(A3) and
A;A;A’;‘MlAlAzM;l A;A;ATMIAle‘l
3 A} 0
r(A1A2A3) = min{r(A,), r(A2),r(A3)} = ) r(Ap—r| O A3
i=1

AIM; A AMS!

2.1

Proof. According to the formula (1.4) in Lemma 1.2, for any AEI’Z’W") € A{1,2,3M;},i € {1,2,3}, we

can reach the conclusion that

As{1,2,3M3}A{1,2,3M,}A1{1,2,3M,} C (A1A2A3){1,2,3M,}

holds if and only if
ASAAT ML A ArARAL M ATV A L2 — AxAs A My and

r(A;l,2,3M3)A(21,2,3M2)A(11,2,3M1)) — r(A1A2A3)

holds, which are respectively equivalent to the following two identities

max r(ASASAT M — AJASATM A Ay A3 AL AT 23 A123M0) =

(1,2,3M3)
A3 ,

(12,3My)
A2 s

(1,2,3My)
A

and

max

1,2,3M 1,2,3M. 1,2,3M
(1.23M3) ((123M,) ,(1.23M{) r(A(3 3)A; Z)A(l 1))
2,3M3 2.3M) 2,3M
A A Al

A(1,2,3M3)A(21,2,3M2)A(11,2,3M1))

min 3
(1,2.3M3) (123Mp) ,(1.2.3M))
Ay Ay A

r(A1A2A3).

Using the formula (1.7) in Lemma 1.3 with A = A, B = 1,,, D = AJAJATM, and C

ALALATM A A AZAL M AT M) we have

max r(A3A3ATM, ASAGATM A AR AAL MY A2 A 12340y
(1.2,3M7) - .

4

(2.2)

(2.3)
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.. AMLA, ATM,
- ASAAT M A A ARAL S MIAT M) A A A

aation) )
ALALATM,

min {r(AzAZA}‘MlA] — AJASATM A AR A ALY AT 2 r(Al)}

)— r(Ay),

FAGASATM A — ASARAT ML A A AR AL M ATy, (2.4)

From (2.4) and again by formula (1.7) in Lemma 1.3 with A = A, B = I,,,, D = AJAJATM A, and
C = ALALA M A AL A AL we have
max  r(ASASATM) — ASASATM A A AR AL AT M) A (12300,

(123Mp) ,(1,2,3M})
A, A

= max r(AjASATMIA) — ASA3AT M A Ay AR AL ATy

(12,3My)
4,

= min<{r A;MZAZ (1,2,3M3) A;M2 —I"(Az) r A;Mz .
ALASAT ML A A AAL ) AT AL AT ML A,  T\azazatmiaA,

(2.5)

According to the formulas (1.12) and (1.13) of Lemma 1.4, we have

min { r A,Ma4, S I e v
ASALA M A A AAL M ATAS AT M A, © TAZAZATMA,

= min {r( 0 AM, )— r(Ay) r( A M, )}
ASALA M A A ARAL M — ASATATMIAL Ay ASALAT MA, P U\AALATMLA,
and
r( o A )— r(As)
ASAAT ML AL A AAS ) — ASASATMIALAy - ASASAMLA, ?
AM
EAE AR (1,2,3M3) KAE A% 2
< r(A3A2A1M1A1A2A3A3 3 —A3A2A1M1A1A2) + r(A§A;gTM]A1) - F(Az)
AM
*AE AR (1,2,3M3) 212 —
< r(AAAMA A AAT M — 1) + r( A M, Al) (As)
AiM,
< 2 -
< r(Ay) + r(AgA*ZA,;MIAI) r(A)
_ A M;
= st 20
and
. 0 AMy
ASAATMIA A ASAL MY — AL AT MIA LAy ASALAT ML A, 2
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_ 0 43 ~ HA)
T AAIMA A AALT — ATASATMI A A, ALALAT ML AMG! ?
= r(AJAAMA A AAT Y — ASALATM AAy, ASARATMIAIMG ' F ). 2.7)

Combining (2.5), (2.6), and (2.7), we have

max _ r(AA3ATM, — ASAATM A Ay Az AL M) AN (12300

0230, (123M))
2 B

= min {r( A MoA; (12.3M3) A M ) —r(Ay) r( A;Mz )}
AJASJATM A 1AL AZAS Y AJASATM A, T \AJASATMA,
= r( a 203M ) A Mo ) —r(Az)
AJASATM A 1AL AZA 77T — AJASATM A 1Ay ASASATM A,

r(ASAZA M A A AGAT M) — ASAATMIA Ay, ASAGATMIA MG F ).
(2.8)

From (2.8) and again by formula (1.7) in Lemma 1.3 with A = A3, B = (I,,0), C =
A;A;ATMlAlAzA:,‘, and D = (A;A;ATMlAlAz, A;A;ATMlAlMZ_IFA;), we have

r (A;A;A;M1A1A2A3Ag‘ 2 ATALAT M AL A, A;A;A’;‘MlA]MZ‘IFA;)
= r((A3AATM A Ay, ASASATMIA MG F ) = ASARAT ML A AAGAT Y (1, 0))
and

% 1,2,3M 1,2,3M. 1,2,3M
max FASASAT M — ASASATM A AR AR AL MDA 29M2) 4 (12300,
A(l,2,3M3) A(1,2,3M2) A(1,2,3M1)
3 2 (|

_ A% A% (1,2,3M3) A% Ak * Ak A* —
- A$§A§3)r(A3A2A1M1A1A2A3A3 D - AALATMIA Ay, AYASATMIA M F )
3

min< r A3M3As A3M; 0 ) —r(Aj)
AATM A A ASGATMIA Ay ASAATM A MG Fy 3)s

. A3 M, 0] )
ASASATMIAA, ASASATMIA MG Fay

= min{r 0 AM; 0 —r(A3)
= O AAAIMAA, AAAMAM;'Fy, i

(A 0 )
A AGATMA A, AAATMIAM; Fy,

= r( A§M3 0 ) - 1r(A3)
AJAJATM A Ay A;A;A*{MlAIMZ‘IFA; 3

- r(A§A§AjM1A1A2M3“FA§, A;A;ATMlAlMZ“FA;), (2.9)
According to (2.9) and formula (1.12) of the Lemma 1.4, we have

max FAGASAT M, — ASASAT M A Ay AR AL MY AT 23 4 (12300,

A(31,2,3M3) A(21,2,3M2) A(11,2,3M1)
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= r(AJASATMIAAMS Fa:, ASASATMOAIMS ' F yy)
A 0
r 0 A — (A7) — r(A3). (2.10)
ALATMA AMG AL ALAT M AMG!

Combining (2.2) and (2.10), we have

max F(ASASAT M — AJASATM A Ay AR AL M AT A TR0y =
A(l,2,3M3) A(1,2,3M2) A(1,2,3M1)
3 *72 1
if and only if
A 0
r 0 A = (A7) + r(A3). (2.11)

ASASAT M A A MG ASALATM A MG

In the rest of the section, we will find the equivalent conditions of (2.3). By Lemma 1.3 (1.7) with
A=A, B=1,,C=Al"WAlM) and D = 0, we have

(1,2.3M3) 4 (1,2,3M3) 4 (1,2,3M))
S, rATTEATEATTD
1
, A*M,A ATM AaM
= min {r (Agl,2,3]\1/[3)A(21,12,3M2) 10 1) - r(Ay), r( 10 1)}
= min{ (A§1’2’3M3)A(21’2’3M2)),F(Al)}- 212)

Form (2.12) and using Lemma 1.3 (1.7) with A = A,, B = I,,,, C = A{">**® and D = O, we have

max r(A(31,2,3M3)A(21,2,3M2)A(11,2,3M1))

(123Mp) ,(1,2,3M})
A2 ,Al

= min { [ max r (Agl’2’3M3)A;1’2’3M2))) , I’(Al)}. (2.13)

(12,3My)
4,

From (2.13) and formula (1.7) of Lemma 1.3, we have

min { [ max r (Ag] ’2’3M3)A(21’2’3M2))J T (Al)}

A;1,24,3M2)
, , AiM>A, AM AZM
= min { (mln {r (A§1’2’32M32) 20 2) —r(Ay), r( 20 2) }) , r(Al)}
= min {r(A§1’2’3M3)), r(Ay), r(Al)}. (2.14)

Combining (2.13) and (2.14), we have

(1,2,3M3) 4 (1,2,3M3) 4(1,2,3M))
(1,2,3/%} (1,23M)) I’(A3 A2 Al )
A, A
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= min {r(AgmM”), r(As), r(Al)}. (2.15)

Since r(A{"**") = r(A3), then

(1,2,3M3)A(1,2,3M2)A(1,2,3M1 ))
2 1

max r(A;

A(l,2,3M3) A(1,2,3M2) A(l,2.3M1)
3 ) S
= min {r(Ag1 ’2’3M3)), r(A»), r(Al)}
= min {I’(A3), r(Az), I"(A])} (216)

On the other hand, according to (1.8) of Lemma 1.3 with A = A3, B = A;1’2’3M2)A(11’2’3M‘), C =1,
and D = O, we have

min r(Agl,2,3M3)A(21,2,3M2)A(11,2,3M|))

A(1,2,3M3)
3
A’3‘M3A3 A’3‘M3A(21 ,2,3M2)A(11 ,2,3M) A’3‘M3A(21 ,2,3M2)A(11 ,2,3M1)
= r +r
Im4 O O
As (0]
% (1,2.3M5) 4(1,2,3M1)
-r|l O A3M3A2 Al
L, )
= r(A;MzA0MI A2y (2.17)

From (2.17) and again by formula (1.8) in Lemma 1.3 with A = A;, B = A(11’2’3M'), C = AM3, and
D = O, we have

12,3M3) (1,2,3Ms) 4 (1,2.3M
m rAg 3)A(2 Z)Ag ‘))
A(123M3) ,(1.2.3M3)

2 >3

= min r(A;M3A(21’2’3M2)A(11,2,3M1))

A(21,2,3M2)
. A 0]
_[ASMrA, AZMzA(ll’mM') N AZMzA(ll’z’Wl) 3 02 A M A123M)
= r A*M3 0 r 0 r 2V A
3 AZM; 0)
A
% — # 1,2,3M) 2
= r(A3MoASM; Frsy A3MAS 1)+r(A3)—r( A M3). (2.18)
By formula (1.12) of Lemma 1.4, we have
% % (1,2,3My) *
L(AMAy ASMAYY ASM; 0123M
AL M; 0 ASMLA;  ALMLAMY
_ A3 o
T T\AMnA Mt ALMLAURMY
= r(ASMaAMS F iy ASMLAT M) 4 r(As) (2.19)
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and
A, 0 A
rl 0 AMALPMY :r( A*;l)+r(A§M2A(ll’2’3M’)). (2.20)
AM; 0 3

Combining Egs (2.19) and (2.20), we obtain Eq (2.18).
Using Eq (2.18) and formula (1.8) from Lemma 1.3 with (A = Ay), (B = (0, —1,,))), (C = AJM>),
and (D = (A;MA, M5 F:, 0)), we derive

min

1,2,3M 1,2,3M. 1,2,3M
I”(Ag 3)A(2 Z)A(l 1))
23M)) ,(1,2,3M3)
1 Ay

(1.2.3M3)
3

A A

| . A
. . 0 . (1,23M)) _ 2
1

[ min r[(AjMzAzMglFAg,O)—A;MzAgl’z’SM”(O, —Iml)]]+r(A3)—r( Az )

A§1,2,3M1) A§M3
_[AMA, ) —ATM, ) —ATM,
-\, AamaMm'Fe 0 )T \AsMAM'F, O

A 0 0
. Az
| o ) —ATM, +r(A3)—r(A;M3)

AsMy AMAMG'Fy: O

A*MA;, A"MAJAM Fye A*M
(1 1A AyviArdaMs g A, 1)+r(A1)+r(A;M2A2M3_1FA§)_r(Al)

AM, 10) 0]
A 10) A,
—r _ +r A —-r * N 2'21
(A;M2 A§M2A2M31FA§) (43) (A3M3) (2.:21)
where
. ATMA, AJMI A ACME F e ATM,
AsM, 10) 10)
AIMAIM;' ATMA AMG Fa: ATM,
= r 3
A 10) 0]
= F(Az) + r(ATMl,ATM]AIMEIFA;,ATMlAlAzM;IFAz) (222)
and
r(AsMyA M3 Fye)

= (M)A (M)A M F ;)

< (M, A)M5'Fyy)

= (M2 A)(M,* A (My* A) M5 F )

= (M2 A0)(My* A0 My A2) (M Aoy (M A M5 F)

AIMS Mathematics Volume 10, Issue 1, 721-735.



730

IA

(M, A2y (M, A M5 F o)
= HAMA M F ). (2.23)

By the formula (2.23), we have
r(AsMaA M5 F i) = r((My*Ay)M5' Fay) = r(AsM5' F ). (2.24)

By the formula (1.12) of Lemma 1.4, we have

A\ (AaMY 4
r(A;‘M3) = r( o r(As) + r(Aa M3 Fa). (2.25)

Combining (2.21), (2.22), (2.24), and (2.25), we have

min

r A(l,2,3M3)A(1,2,3M2)A(1,2,3M1))
A(11,2.3M1)A21,2,3M2) A(3|,2,3M3) 3 2 1

* * — * — A 0
= r(Az)+r(AlMl,AlMlAle1FA;,A1M1A1A2M31FA;)—r( 1 )

A;Mz A;M2A2M3_] FA;

A 0
= r(A)+r(Ay) —r
( 1) ( 2) (A;Mz A;MzAzMglFA;)

1
= r(A) +r(Ay) - r( A MM, FA3)

A5 M, (0]
= r(Al)—r(AlMglFA;, AlAzMglFAg)
3 Al 0]
= Z rA)-r| O A | (2.26)
i=1 AM;Y A AMS!

According to (2.2), (2.3), (2.11), (2.16), and (2.26), we have proved Theorem 2.1. O

From Lemma 1.1, Lemma 1.4, and Theorem 2.1, we immediately obtain the following corollary.

Corollary 2.1. Let A; € C™™x1, AV ¢ A(1,2,3M,), where i € {1,2,3). Let M; € C™™,
i € {1,2,3} be three positive definite Hermitian matrices. Then the following statements are equivalent:

)

As{1,2,3M3}A{1,2,3M»}A{1,2,3M,} C (A1A2A3){1,2,3M,}; (2.27)
(2)
AM; 0
r o A;Mz = r(Ay) + r(Az) (2.28)
ATASATMIAL A, ASASATMA,
and
3 A;Mz o
r(A1A2Az) = min{r(A;), r(A2),r(A3)} = ) r(A)—r| O AiMs|; (2.29)
i=1 A AA
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3)
R(AATM A 1AyA3) C R(M3A3), (2.30)
R(ATM\A1A2A3) € R(M,Ay) (2.31)
and
3 ASM, 0]
r(A1A2A3) = min{r(Ay), r(Az), r(A3)} = Z r(A;) — r[ 0 A§M3];
i=1 A AlA
4)
A3(A3)L3Jm4M;‘A;A7M1A1A2A3 = M;'A3ATM A AAs, (2.32)
AZ(A2);42,,"13 M;'ATM A\ AYAs = My'ATM A AyAs (2.33)
and

3 A;Mz 0]
F(A1ArAs) = min{r(A), r(A2), r(A)k = D rA) —r| O AMs|.
i=1 A A

Proof. According to Theorem 2.1, we have (1) & (2). Now, we will prove (3) = (2). By (2.30)
and (2.31), we have R(M;1A3A7M1A1A2A3) C R(A3) and R(M£1A7M1A1A2A3) C R(A;). Using
Lemma 1.1, we have

R(A,AT M A1A2A3) C R(M3A3) and R(ATM A 1A2A3) € R(M)A,) =
R(M;'A3ATM A AyA3) C R(A3) and R(M; AT M A 1AyA3) C R(Ay) =
. (A3 O M;'AATM A 1AAs

O Ay M;'A'MA A, ):r(AZ)”(A”j’

A:M; 0
r 0 AM, | =AY + r(As).
ALASATMIA A, AALATMLA,

Next, we will prove (2) = (3), that is, (2.28) = (2.30) and (2.31). According to (2.28) and the
formula (1.11) of Lemma 1.4, we have

AM; 0
r 0 AM, | = H(Ay) + r(As)
AAATMIAL A, ASASATMA,

As; O M;lA;ATMIAlAzAg

= r(o Ay M;'A"MA AyA, ):r(A2)+r(A3)
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—1 A% A%
r(EA3M3 A2A1M‘A‘A2A3) + 1(Ay) + 1(A3) = r(Ay) + r(As)

Ea,M;'ATM A ArAs
r(EA3M3‘1A;ATM1A1A2A3) 0
Ea,M;'ATM A ArAs
and
AATMG A AT ML AL AL A5 = M ASAT ML A A As
and

A AT MG AT M AL AYAS = M5 AT ML A A A,

According to (1.2) of Lemma 1.1, we have (2) = (3).
Finally, we will prove (3) < (4), that is (2.30) & (2.32) and (2.31) & (2.33). According to (1.2)
of Lemma 1.1, we have

R(AJATM\ A 1A2A3) C R(M3A3) & R(M;5'ALAT M A1 ArA3) € R(A3)

and
A3(A3)yy, ,, M3 ASATMIALAA; = PR(AS(A”L}J"M)’N(AMS)L}J’M)M;1A§A7M1A1A2A3
PR(AQ’N(A}(A”L},IW>M3‘1A§A*{M1A1A2A3
= M;'AATM A ANAs
and
R(ATM A A2A3) C R(MbA;) & R(M;'ATM A 1A2A3) € R(Ay)
AQ(AQ)LL%M51A7M1A1A2A3 = PR(AZ(AQ)LZJ%)’N(Az(Az)Lszz)M51A§M1A1A2A3
PR(AZ)’N(AZ(AZ)LW})MQIATM1A1A2A3
= M;'AIM A AA;.
So we have that (1), (2), (3), and (4) are equivalent. O

From Lemma 1.2, we have X € A{l,2,4N} if and only if X* € A*{1,2, 3N~!'}. Thus according to
the results obtained in Theorem 2.1 and Corollary 2.1, we obtain the following theorem and corollary
without any proof.

Theorem 2.2. Let A; € C""+, AV**Ne) € A (1,2 4N,,\), where i € {1,2,3). Let N; € C">™,
i € {1,2,3,4} be four positive definite Hermitian matrices. Then

A3{1,2,4N4}Ax(1,2,4N5}A1{1, 2, 4N, } C (A1A2A3)(1, 2, 4N4}
AT 0 NyAAN;'ALALAY
— r(O A NaAN: A | = TAD (A2

and
3
o ~ L (A 0 NiAs
r(AlAzAg)—mln{r(A1>,r<Az),r<A3)}-;rm,) r(o A N2A2A3).
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From Lemma 1.1, Lemma 1.4, and Theorem 2.2, we immediately obtain the corollary as follows:

Corollary 2.2. Let A; € C"*mist, AL2HNi) € A (12 AN}, where i € {1,2,3). Let N; € C"™i, i €
{1,2, 3,4} be four positive definite Hermitian matrices. Then the following statements are equivalent:

)
A3{1,2,4N4}Ax{1,2,4N5}A1{1,2,4N,} C (A1A2A3){1, 2, 4N4},

2)
N;'AT O AAN'AZAAY
"o Nla AN asaga; | T TAD T
and
3
o N N7'As 0 Aj
r(A1A2A3)—mm{r(Al),r(Az),r(Ag)}—;r(Al) r( 0 NAT AoAs)
3)
R(A2A3N,'A5A5AT) € R(N; A,
R(A3N;'A3AAT) C R(N;'A3)
and
3 “1 g%
_ A 0 A
r(A1A243) = min{r(A)), r(A,), r(As)) —;r(A) r( NiAT i)
4
(A))], | ArAAN; ATAZAT = A2 AN ASASAS,
(A2)],, ASAIN; ASAZAT = AN, ATAGA]
and

3
r(A1A2A3) = min{r(A,), r(Az), r(A3)} = Z r(Aj) —r

i=1

N;'A3; 0 As
O N'AT AAs)

3. Conclusions

The reverse order law for the inverses {1, 2, 3M}- and {1, 2, 4N}- of matrix products has been studied
in this article by using the ranks of the generalized Schur complement. The work performed in this
paper is a useful tool for many algorithms for the computation of the weighted least squares technique

of matrix equations.
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