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Abstract: This paper studies the exponential stability of the Aw-Rascle-Zhang (ARZ) traffic flow
model. Given that the steady state may be non-uniform, we obtain a 2 x 2 hyperbolic system with
variable coefficients. Then, by combining ramp metering and variable speed limit control, we deduce
a kind of proportional boundary feedback controller. The well-posedness of the closed-loop system is
proved by using the theory of semigroups of operators. Moreover, a novel Lyapunov function, whose
weighted function is constructed by the solution of a first-order ordinary differential equation, can
be used for the stability analysis. The analysis gives a sufficient stability condition for the feedback
parameters, which is easy to verify. Finally, the effectiveness of boundary control and the feasibility of
the feedback parameters are obtained by numerical simulation.
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1. Introduction

Freeway traffic modeling and management have been intensively investigated in recent decades.
It is of great importance to reduce stop-and-go oscillations in traffic control. The traffic flow can
be represented by the typical Aw-Rascle-Zhang(ARZ) model [1, 2], consisting of a set of nonlinear
hyperbolic PDEs that describe the evolution of traffic density and velocity evolution.

In 1984, in the framework of the C! solution, the stability of homogeneous nonlinear 2 X 2 systems
was obtained using the characteristic method in [3]. In 1999, another method was introduced: the
quadratic Lyapunov function. This function was first used to analyze the exponential stability of linear
hyperbolic equations in [4]. Then, it was extended to the stability analysis of a nonlinear hyperbolic
system under the C! norms in [5], and sufficient conditions for system stability had been obtained.


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025026

585

Prieur et al. studied a class of hyperbolic balance law systems and proved its well-posedness under
boundary feedback control; then a sufficient exponential stability condition was derived using operator
theory in [6].

Also, for the hyperbolic balance law system, Wang et al. constructed a suitable Lyapunov function
in [7], which led to the exponential stability of the equilibrium of the H? solution. This method was
applied to the ARZ traffic flow equation in [8]. In [9], asymptotic spectral analysis was conducted on
a 1-D 2 x 2 constant-coeflicients linear hyperbolic equation with proportional feedback control, the
spectrum determined the growth condition held, and then the exponential stability of the system was
established. For the case of variable coefficients, the exponential stability of the system under the H?
norm was obtained by constructing the weighted Lyapunov function in [10]. Hayat et al. proposed
proportional-integral (PI) control and used the Lyapunov method to study the exponential stability and
output regulation of closed-loop systems in [11]. In [12], the input delay compensation design of the
ARZ traffic flow model based on first-order 2 X 2 nonlinear hyperbolic systems was studied, and the
exponential stability of the closed-loop system under the L? norm was proved.

The most basic control objective of freeway traffic is to maintain the stability of traffic volume,
speed, and density at a steady value and to suppress the oscillation as much as possible. A multi-value
cellular automata model under Lagrange coordinates was proposed, and the traffic flow was simulated
on the basis of the evolution equation of the model. And it is concluded that the lower the density, the
more lanes there are, and the greater the traffic flow in [13].

The common control measures include on-ramp metering, which means that the vehicles
entering the expressway are regulated by the traffic lights on the on-ramp, and the variable speed
limits (VSL), that is, through variable message sign (VMS), which controls the speed limit of passing
vehicles [14-16]. In [17], the influence of ramp metering control strategy on single-segment road
traffic flow was analyzed. Based on the backstepping method, the results showed that this method
reduces the stop-and-go waves in congested traffic and shortens the adjustment time. Then, in [18]
and [19], the ramp metering strategy was used to design the output feedback controller to ensure that
the traffic flow on the two connected roads was stable simultaneously to suppress traffic oscillations.
In [20], the variable speed limit control strategy was used to design the controller combined with the
backstepping transformation, and the exponential stability of the traffic flow of a single section is
achieved using the Lyapunov function. For the problem of traffic congestion on a one-way, two-lane
freeway, two different VSLs were applied at the exit boundary, and finally converged to the
equilibrium point in finite time [21]. To the authors’ knowledge, the latest research progress on the
ARZ model indicates that the current control strategies for ARZ traffic flow remain ramp
metering [22], variable speed limits [23], or a combination of both [24]. Zhang et al. studied a system
of linear hyperbolic equations with constant coefficients, which was derived from the ARZ traffic flow
model, with ramp metering and variable speed control as boundary conditions. The proportional
control and PI control are designed in [24] and [25], respectively. Based on the Lyapunov function,
sufficient conditions for exponential stability under the L?> norm and sufficient conditions for
parameters are obtained.

However, to the authors’ knowledge, there has been limited research on the exponential stability
of variable-coefficient hyperbolic systems under varying steady states concerning the spatial domain
x when linearizing the ARZ model, with ramp metering and variable speed limit control serving as
boundary conditions. In this paper, the exponential stability of the ARZ traffic flow model based on
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a 2 x 2 variable-coeflicient hyperbolic system under proportional control is studied.

The contribution is as follows: first, considering that the steady-state values of state quantity density
and speed in ARZ traffic flow are variables related to position x, combining ramp metering and variable
speed limit as boundary control, a variable-coeflicient one-dimensional 2 X 2 hyperbolic system is
obtained. Second, a new Lyapunov function is chosen, where the coeflicients of the Lyapunov function
are constructed from the solution of a partial differential equation. It is derived that when the feedback
parameters satisfy the constraint conditions, the system achieves exponential stability. Third, through
numerical simulations, we concluded that the velocity value v(L, ) on the right-hand side of the system
converges to the steady-state value v*(L).

The outline is as follows: In Section 2, the linearized ARZ model and boundary conditions are
introduced. First, the Riemann coordinate transformation is defined, and after considering that the
system steady-state is variable concerning position x, we obtain a hyperbolic system of equations with
variable coefficients in the free/congestion region. For congestion, a proportional feedback controller
combining on-ramp metering and variable speed limits is proposed, which is rewritten as an abstract
evolution equation. In Section 3, the well-posedness of the closed-loop system is proved using the
operator semigroup theory and Sobolev embedding theorem. In Section 4, a strict Lyapunov function
is constructed to prove the exponential stability of the system in the L? norm, and the stability region for
the feedback gain value is given. Finally, the numerical simulation is given to illustrate the effectiveness
of the developed boundary feedback control.

2. Modeling and controller design

2.1. Modeling of macroscopic traffic flow

The macroscopic traffic flow dynamics of the freeway is generally described by the ARZ model:

0,0 + 0,(pv) =0,

G0+ (v = pp/ (o) = LY .

To

where the state variable p(x, ) is the density of the traffic, and v(x, 7) is the speed of the traffic; (x, ) €
[0, L] x [0,00), x and ¢ represent the position and time, respectively, and 7 is the relaxation time
related to driving behavior. The variable p(p) is defined as the traffic pressure, an increasing function
of density,

p(p) = vy, (2.2)
Prm
and V(p) represents the equilibrium speed curve and satisfies
Vi) = vy = plp) = vy(1 = ("), (23)

where v is the free flow velocity, p,, is the maximum density, and ¥ > 0 is generally a constant of
about 1 (see [2] and its references for a detailed description of the model).
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2.2. Riemann transformation and linearization

We define new variables (w, z) in Riemann coordinates, let

w=v+ Vf(ﬁ)y,
Pm (24)
Z=.

Then the ARZ model (2.1) can be described under the Riemann coordinate as
V=W
ow+ 70w = ,
7o Ve—w (2.5)
Oz + [(1 +y)z—ywldyz =

To

To obtain the linearized ARZ model, assume (p*(x), v*(x)) and (w*(x), z"(x)) are respectively steady

states of system (2.1) and system (2.4), and satisfy z"(x) = v'(x), w*'(x) = v(x) + vf(p (x))y.
Furthermore, (w*(x), z*(x)) satisfy the system (2.5) such that we have "
Ve —w(x)
S () = T,
* * 0 * vy —w(x) (2.6)
[(1 +y)z"(x) = yw"()]10:2" (x) = T—O
Define the deviations of the state (w, z) with respect to the steady state (w*(x), z*(x)) as:
w=w-w(x), 2.7
Z=z2-7"(n),

therefore, the linearized ARZ model can be obtained from a 2 X 2 hyperbolic system with variable
coeflicients:

{a,w + 1 (X)0, 0 + 61 = 0,
(2.8)
0,2 — (x)0,Z + 6w = 0,
where {
LX) =7(x)=v(x) >0, Lx)=-1+y7x)+yw'(x), 6= - > 0. (2.9)
0
Moreover, by (2.4) and (2.9), it has
1) = ~(1 4+ 2@ + 9w () = = () + Dy, (2.10)

m

It is obvious that A,(x) can be positive or negative. Therefore, the speed-density relationship diagram
can be divided into two parts:
Free-flow regime: A,(x) < 0, that is, v*(x) > '}/Vf(%)’y. The speed information of the linearized
ARZ model of (2.8) is transmitted from the left boundary x = O to the right boundary x = L.
Congested regime: A,(x) > 0, that is, v*(x) < yvf(p ;(:) )”. The speed information of the linearized
ARZ model of (2.8) is transmitted from the right boundary x = L to the left boundary x = 0. So, the
hetero-directional propagations of traffic flow might lead to the shock waves of stop-and-go traffic.

In this paper, we focus on the controller design for the congested regime.
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2.3. Design of proportional feedback controller

To regulate freeway traffic, we designed the on-ramp metering controller r(¢) and the variable speed
limit controller v(L, t), based on the regimes in which traffic lies, as shown in Figure 1.

[ Boundary feedback control }
\
r | w P ‘v
. .,
Pin VSL

v
4RM

Figure 1. Boundary control strategies of freeway traffic flow under congestion.

On-ramp metering: we should regulate the upstream on-ramp flow rate r(f) based on the
measurements collected from the downstream boundary x = L:

r(t) = r" + ky(o(L,t) = p*(L)). (2.11)

Variable speed limit: As the traffic lies in the congestion regime, the characteristic velocity of speed
propagating is from downstream to upstream, we should regulate the downstream speed v(L, t) based
on the measurement v(0, ¢) at the upstream boundary, i.e.,

(L, 1) = vi(L) + ' (\(0, 1) — v*(0)), (2.12)

where k”, k" are the feedback gains, and r+ is the normal regulation rate of the on-ramp.
Letp =p—p*(x), ¥V =v—v"(x); then (2.11) and (2.12) become

(2.13)

r(t) = r + ky,p(L, 1),
YL, 1) = k,9(0,1).

Assume that the conservation conditions satisfied by the traffic flow at the upstream entrance
boundary and the conservation conditions at the steady state of the traffic flow are, respectively,

Pin + r(t) = p(O’ t)V(O, t)’ (214)

Pin + 1" = p (0 (0), (2.15)

where p;, is the traffic demand of the mainline.
Combining (2.13)—(2.15), we have

kop(L, 1) = p(0, (0, 1) — p*(0)v"(0),

and linearizing by the first-order Taylor formula of a binary function, we have the following linearized
boundary condition:
kop(L, 1) = v*(0)p(0, 1) + p"(0)¥(0, 1). (2.16)
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;—f; we could rewrite the boundary conditions for

m

Furthermore, assume that y = 1 and let @ =
system (2.8) in the Riemann coordinates as:

w(0, 1) =9(0,1) + ap(0, 1)

* 0 k)
~(1 - L O50,0)+ L2511
v:(0) v*(0)
(2.17)
AT SR A C) B TR
= w ’ - - s
v (0) v0) v
:klw(La t) + kZZ(O’ t),
and
where v () ok
ap phy
ki=—— k=1-—"- . ks =k 2.19
Py 7 ()  v(0) 2.19)
Therefore, we have a PDE system under a proportional controller
ow+ A4 (x)0w+ 6w =0,
0,2 — 1,(x)0,Z + ow = 0,
%4 2(X)0,Z + oW (2.20)
VT/'(O, t) = k]VT/'(L, t) + kZZ(O, t)’
Z(L, 1) = k37(0, 1).
Without loss of generality, let L = 1 for convenience. Assume that the Hilbert state space
H = L*0,1) x L*0, 1), (2.21)
equipped with the following inner product
1
(X1, X2) =f [f1(0)f2(x) + g1(x)ga(x)]dx, (2.22)
0

where X; = (f;,g;) € H(i = 1,2), and f is the conjugate of f. Moreover, the norm of X; is induced by
the inner product

1
Il X; ||2=f AP + g0 Jdx, i=1,2. (2.23)
0
Define linear operator A : D(A) C H — H by
[ -AawE-5 0 f
AX = ( i B )( . ) (2.24)
D(A) = {(f, g) € (H'(0, 1))* | £(0) = ki f(1) + k>g(0), g(1) = kgg(O)}. (2.25)

Then system (2.20) can be written as an abstract evolution equation in H

{X(t) = AX(), t >0, (2.26)

X(0) = Xo,
where X(¢) = (w(-, 1), z(-, 1)).

AIMS Mathematics Volume 10, Issue 1, 584-597.



590

3. Well-posedness of system (2.20)

Theorem 3.1. Let A be given by (2.24) and (2.25). Then A~! exists and is compact, if the feedback

parameters ki, k,, and kj satisfy

1 1
(ks — 1)(1 — kye™ b 7% — g, f

e b 7@ g5 2 0,
/lz(s)

Hence, o(A), the spectrum of A, consists of isolated eigenvalues of finite algebraic multiplicity only.

Proof. For X| = (f1,g1) € ‘H, solve

AX =Xy, X =(f,8) € D(A),
ﬂ(f ):( —/ll(x)f’—éf):( il )
g L(x)g —of g1 )’

@) f +6f+fi=0
(g —of —g1 =0,
fO) = ki f(1) + kag(0),
g(1) = k3g(0).

we can obtain

1.e.,

Solving the first differential equation of (3.3), we have

X
Sfi(s) ef(f ﬁdo-

e ds + £(0)].

() = e bt [—

Let F(x) = —e -k M”dsfo ﬁ‘l(? b w9 ds, we can get

f(@) = F() + ¢ b 75 £(0).

Combining with the second equation of (3.3), we have

__9 81(x)
g'(x) = L0 )f( x) + L0

Integrating both sides of (3.6) yields the following

_ ) *g1(s)
g0 = (0) + f RATICLS f s

_ S ki Y gi(s)
—g(0>+f“)[F(s>+e 59 0y fo/lsds

_ x o mtrggy [ 8O
_g(0)+f G )F(s)ds+f(0)f ) ) d”fo Az(s)ds'

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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According to the third equation of (3.3), (3.5), and (3.7), we have

I s
(1 —kye b 10 £(0) = kag(0) + ki F(1). (3.8)
Similarly, according to the fourth equation of (3.3), (3.5), and (3.7), we have

1 X 1
e bt = (s - g0y - [ =2 (8
f /lz(s) dsf(()) (ks — 1)g(0) j(; 50 F(s)ds j(: L0) ds. 3.9)
Combining (3.8) and (3.9), we obtain

15 1
((ks = 1)1 = kre™b 7%y — f e b ds) £0)

o () ey (3.10)
= ky (ks — 1)F(1)+k2[f0 /12(S)F(s)ds+f ) ds].
Let
{ = ki (ks — 1)F(1)+k2[f0 M)F( )ds+f0 §'§3 Gl
M = (ks — D)(1 - kle b aiwdsy g, [ poe b wmirgs, '
where M, # 0. We can obtain f(0) = 7+, g(0) = klz % - ’;—; f(1). So, we have the expressions of f(x)
and g(x):

g b 1 © ) ’ (-12)
g(x) = LM — L f(1) + [* 20 f(s)ds + fo Bl

Hence, A~! exists and is compact by the Sobolev embedding theorem. Therefore, o(A) consists only
of isolated eigenvalues of finite algebraic multiplicity. O

{f(X) S b i fO *1<<r)d‘rds + Ml - Tds

4. Exponential stability of system (2.20)

In this section, we focus on constructing an appropriate Lyapunov function to analyze the
exponential stability of system (2.20).

Definition 4.1. The closed-loop system (2.20) is exponentially stable (in L* norm) if there exist 9 > 0
and C > 0 such that, for every initial condition (W°(x),z°(x)) € L*((0, L);R?), the system solution to
the Cauchy problem (2.20) satisfies

. ~ —9t)~0 =0
W, ), ZC, Dllzonyrzy < Ce™™ WY, 2 20,022 -

Lemma 4.2. The function n(x) defined by

1
n(x) = 4.1)

x5 J
—j(; mds+1+j(; ﬂ(s)ds

is a solution of the differential equation

n'(x) = (%), (4.2)

0
A2(x)
where A,(x), 0 are given by (2.9), respectively.
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Remark 1. It is obvious that the function n(x) satisfies n(x) > 0, n’'(x) > 0, V x € [0, 1], and n(x) is
bounded on [0, 1].

Theorem 4.3. The nonlinear ARZ systems (2.1), (2.11), and (2.12) are exponentially stable for the
L*-norm provided that the boundary conditions satisfy

4.3)

S| =

1
ki < TR 2U3b + k2 <

where ki, k,, and k; are feedback parameters,

L
b=1+ f ds. (4.4)
o Aa(s)

Proof. We construct the following candidate Lyapunov function:

1
V(o) = f [P, 1) + pa(0)2(x, D]dx, 4.5)
0

where functions p;(x) € C'([0,L]; (0, +0)) and p,(x) € C'([0,L]; (0, +o0)) are to be determined.
Along the solution of (2.20), combining the integral formula of the distribution, the derivative of time
of V(1) can be obtained:

1
V() =2 f [P1()OWOW + pr(x)Z0,Z]dx
0
1
=2 f [P1(X)(=21 (X)W — S + pr(x)(A2(x)D,Z — oW)Z]dx
0

1 1
=2 f [ = P1(X)A (D)WW + pa(x)Ap(x)Z0,Z]dx — 2 f [6p1(X)W* + Spy(x)Wwz]dx
0 0

1 1 1 6)
- f PO (DA + f PO — 2 f [6p1 (X)W + Gpa(x)AZldx
0 0 0
=~ AT D + pa(DADZL 1) + prOAONF0, 1) — paO)LOZ(O, 1)
1 1 1
" f (1 (O ()P dx — f (P20 (), Pelx - 2 f [6p1 (X + 6pa(x)AZ]dx
0 0 0
=-Vi—-V,
where 1
oW [~ DL +20m () Spa(0)
1= fo . Z)A( : )dx’ A ‘( 5pa() P | @D
Vs = pr (DA DTL D = pa(DBLME 1) = prOLOFO0, ) + ppOLOZRO,0.  48)

It is obvious that the exponential stability is guaranteed if V; and V, are positive definite quadratic
forms.
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For Vx € [0, 1], we assume

1 n(x
pi(x) Lo pa(x) L0 4.9)
It is easy to verify that
L) 2500 = TP 4 B 0 (b)), = () > 0
P1 1(X))x pitx) = 720 - L0nx) > D2 200))x =1 > @10
(1O (). + 26p1DT(Pa() (), — 62p2) = 26— 5 g
/1 1(xX)n(x)

Then in this case, by continuity, V| is positive.
Next, we consider the boundary term V,. Substituting the boundary conditions w(0, ) = k;w(1,7) +
k>z(0,1), Z(1,1) = k3Z(0, t) into V,, we have

Va =(pr(DA(1) = 2k pr(0) 41 (0))w(1, 1)

+(Pz(0)/lz(0) K pa(D (1) — 2k§p1(0)/11(0)) 0,1
— 1 _ 2 2 1
_(771 (0))w (1.2) + (n(0) - K3n(1) - 243 (0)) 20, 1) i
S 1 s
1-2(1 ds)k? (1, — k5 -21 f ——ds)k3 )70,
( ( +f NG 5) 1)w( l)+(1+j(;l/1;zs)ds =21+ FNES 5) ) 0,1

1
=(1 = 2bk3)W*(1, 1) + (- k3 — 2bk3)7(0, 1),

where b is defined in (4.4). If the system parameters satisfy condition (4.3), we have V, > 0.
Therefore, there must exist a positive constant ¢ such that V(¢) < —cV(2). O

Remark 2. Combining Eq (2.19), it can be concluded that when the feedback gains k, and k, in
controllers (2.11) and (2.12) satisfy the following conditions, the nonlinear ARZ systems (2.1), (2.11),
and (2.12) are exponentially stable for the L*>-norm

(4.12)

where b is defined in (4.4), B =1 — w0 ©)

5. Simulation

In this section, we illustrate Theorem 4.3 using MATLAB numerical simulations. Without loss of
generality and for computational convenience. The road parameters are shown in Table 1.

Table 1. Road traffic parameters.

Road length Relaxation time = Maximum density ~ Free flow velocity
L=1km Tg = zl—oh Pm = 150Vehicle/km vy = 150km/h
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The steady-state is chosen with initial conditions

prescribed as v'(0) = 60km/h,
0°(0) = 90Vehicle/km, and the non-uniform steady-state is v*(x) = 60 + 5x, p*(x) = 90 — 10x. Based

on Table 1, the initial steady-state and the constraint condition (4.3) of Theorem 4.3, we can obtain
the values of the control parameters as follows: k;

-0.5, k, = 0.3, k3 = 0.4. Combined with
equation (4.11), we take the feedback gain k, = —30, k, = 0.4.

In Figure 2, Figures 2(a) and 2(b) respectively represent the changes of disturbance state variables
w and Z over time and space, where the initial conditions are w(x,0) = cos(27x) + 2sin(2z7x) and
Z(x,0) = Scos(2rx) + sin(27x) — 3x. It is evident from Figure 2(a) that the state variable W exhibits
significant fluctuations above and below zero at the initial moment but eventually converges to zero.
Similarly, Figure 2(b) shows that the state variable Z also initially exhibits significant fluctuations above
and below zero but similarly converges to zero. Figure 3 shows that the velocity value v(L, ¢) at the

right boundary (represented by the red line) experiences large fluctuations at the initial moment but
ultimately converges to its steady-state value v*(L) (represented by the blue line).

0.25
0.15
005
o/km 00 t/hour x/km ‘ t/hour
(a) Convergence of the state w(x, r) (b) Convergence of the state Z(x, t)

Figure 2. The evolution process of the state Ww(x, 1), Z(x, ) of the system (2.20) with respect
to time and space.

80

v(L, t)
v'(L)
75 1

70|

(km/h)
=3
o
I~
-
)

60| | ,\"

55+ |

50

0 005 0.1 0.15 0.2 025
t(h)

Figure 3. Convergence of v(L, ) at x = L to the value v*(L).
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6. Conclusions

This paper considers the stability of the linearized variable-coefficient ARZ equation with
boundary control. The proportional boundary feedback controller that combined ramp metering and
variable speed limits was designed to regulate stop-and-go traffic flow oscillations caused by
congestion. Constructing a suitable Lyapunov function, it has been proven that the system is
exponentially stable when the feedback parameters satisfy certain constraints. Numerical simulations
demonstrate the effectiveness of the proposed boundary control and the feasibility of the selected
parameters. In future work, we attempt to study the eigenvalue problem AX = uX and obtain the
distribution of eigenvalues. The spectrum-determined growth condition and Riesz basis property are
also of interest.
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