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1. Introduction

The theory of convexity is a dynamic and fascinating area of research, with numerous scholars
contributing innovative approaches to extend and generalize its different forms. This framework
enables the creation of highly efficient numerical algorithms that can address challenges in both pure
and applied sciences. Recently, convexity has seen significant advancements and generalizations,
particularly in its interaction with inequality theories. For example, Dragomir et al. [1] explored novel
inequalities of the H.H type, laying a foundation for subsequent developments. Butt et al. [2] extended
Popoviciu-type inequalities using Fink’s identity, which opened new avenues in generalizing inequality
frameworks. Qin [3] provided an extensive treatment of integral and discrete inequalities, highlighting
their practical applications in various mathematical domains. Agarwal et al. [4] further advanced
mathematical inequalities with a focus on their applications in real-world problems. Bakula et al. [5]
applied Jensen-Grüss inequalities to analyze the Zipf-Mandelbrot law, demonstrating its utility in
statistical modeling. Butt [6] introduced Mercer-type inequalities for generalized strongly convex
functions on fractal sets, emphasizing their relevance to complex systems. Meanwhile, Valdés et al. [7]
and Vivas-Cortez et al. [8] investigated H.H type inequalities, presenting generalized forms and
applications that significantly enriched the field.

Decision-making entails determining the best choice in contradictory scenarios that arise in several
aspects of our everyday lives. It is also necessary to study several subjects, such as optimization theory,
operational research, and management science. A choice is made based on a variety of considerations,
including future uncertainty and risk. Decision-making is characterized using a certainty scale that
spans from complete certainty to full uncertainty; this scale is known as the degree of certainty.
There are numerous kinds of decisions, such as, decisions under conflicting situations, decisions
under certainty, decisions under uncertain conditions, decisions under risk, and others. Additionally,
a decision made under uncertainty is classified into numerous sorts. Two of them make optimistic
decisions, while the other makes pessimistic ones. When someone makes an optimistic decision, they
select the best alternative despite some doubt, although occasionally they select the most advantageous
option despite uncertainty. Real numbers often represent deterministic parameters in mathematical
models. Mathematical models may explain specific problems traditionally. However, many uncertain
real-life circumstances exist, particularly in the engineering field or various disciplines of management
science and operations research, where it is extremely difficult to make assumptions about the inputs
which are assumed as real numbers. Certain inaccurate or inexact features are automatically included
into the models since the decision maker must make judgements in the face of ambiguity in these
circumstances. Experts of management sciences and operations research typically employ fuzzy or
stochastic methodologies to deal with imprecise or uncertain parameters. The stochastic technique
treats imprecise parameters as random variables with known probability distributions. In contrast,
fuzzy techniques treat uncertainty as either a fuzzy set with a suitable membership function or a
fuzzy number. In some circumstances, both procedures are used to address imprecise results. In
these approaches, there is a concern about which probability distributions or membership functions
to use. In actuality, it might be difficult to make judgements in an unpredictable setting. To get
around this issue, several researchers have recently defined inaccurate parameters using intervals.
The sequence of intervals plays a crucial role in identifying the best option in decision-making
situations. In recent decades, scholars have presented various mathematical ways to define order
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relations of intervals. These approaches were primarily designed to reformulate or address various
interval-oriented optimization problems. Because their major goal was to develop improved solution
approaches, there were often no detailed discussions regarding the corresponding interval ordering
definition. The researchers concluded the discussions after achieving their goal.

It was Moore in 1969 who established the foundations of interval analysis, and who is considered to
be the first mathematician to have formally used this approach in the automatic analysis of errors [9].
His work was of great pioneering value in giving a systematic method for dealing with uncertainties and
computational inaccuracies, thereby significantly improving the accuracy of numerical computations.
By systematically accounting for errors, Moore’s interval analysis provided a reliable framework
for numerical problem-solving, which sparked great interest among researchers and practitioners
in various scientific disciplines. Interval analysis simply replaces traditional numerical values as
variables with interval numbers which recognize that in most real-world applications, exact values
would not always be available or accessible due to either inaccuracies in measurement, some rounding
approximations, and intrinsic uncertainties. Interval arithmetic is used instead of using standard
arithmetic operations. This approach enables the derivation of tight error bounds and ensures that
all possible results are included, which makes it especially useful in scenarios where accuracy and
reliability are paramount.

Researchers have developed strong relations between convex functions and inequalities in the frame
of interval analysis, resulting in some impressive results. Scholars like Chalco-Cano et al. [10], Flores-
Franulič et al. [11], Costa et al. [12], and others have extended traditional integral inequalities to fuzzy-
valued functions (FV.Fs) and interval-valued functions (IV.Fs). Such efforts have enriched the area by
making classical mathematical outcomes applicable in a wider sense. For instance, Zhao et al. [13]
employed the interval inclusion relation to introduce h-convex IV.F and obtained the related inequalities
which gave new information on the connection between convexity and integral analysis. Likewise,
in 2021, Khan et al. [14] further developed this field with the help of an h-convex IV.F using the Kulisch-
Miranker order and some related inequalities that were valid only for this class of convex functions.
Further in this direction, Zhang et al. [15] extended their line of research; they explored fuzzy set-
valued functions and derived Jensen’s inequalities, which showed the various flexibility of convexity
ideas in more generalized settings. The collective studies indicate vivid interplay between interval and
fuzzy-valued analysis toward the development of a better platform for further research activities in
mathematical inequalities and related applications.

One should consult the material listed in the sources [16–19] to gain a thorough understanding of
convex FI.V.Fs, their types, and related inequalities, including fractional extensions utilizing various
fuzzy fractional integral operators.

The refinement brought forth by superquadraticity results in more substantial or improved accuracy
when working with integral inequalities. For instance, the extra formula makes it possible to
compare the integral of a function and the function of the integral more precisely when using Jensen-
type inequalities on superquadratic functions. This refinement is particularly helpful in applied
mathematics, where more accurate estimates enhance models, and in domains such as optimization,
where exact limits are required to get optimum solutions. For the derivation and implementation of
integral inequalities, superquadraticity provides a more reliable framework than convexity, allowing
for more precise and in-depth conclusions that are beneficial for both theoretical study and real-world
applications.
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As explained in [20], Abramovich and associates first proposed the idea of a one-variable
superquadratic function as a modification of a certain class of convex functions. A function f :
[0,∞) −→ R, is said to exhbit superquadraticity if it fulfills the below mentioned inequality, ∀κ ≥ 0,

f(y) ≥ f(κ) + Cκ(y − κ) + f(|y − κ|), ∀y ≥ 0, (1.1)

where Cκ ∈ R, is a constant. f exhibits subquadraticity provided “≤” in (1.1) flips. When f is
subquadratic, it suggests that −f is superquadratic.

The function f(κ) = κk might be used as an example. Therefore, the aforementioned function is
referred to as superquadratic for κ ≥ 0 and k ≥ 2, but it is regarded as subquadratic for 0 ≤ k < 2.
The constant Cκ may be expressed for this function as Cκ = f

′

(κ). Furthermore, equality in (1.1) is
maintained at k = 2, which is the point at which subquadratic and superquadratic behavior diverge.

Abramovich et al. have contributed significantly to the definition and advancement of a basic
understanding of superquadratic functions, as documented in [20] and [21]. Equation (1.1), the
condition they created in their work, is a powerful criterion for identifying superquadratic functions.
In fact, this criterion is stronger than the usual convexity requirement and provides a more stringent
test for identifying whether a function is superquadratic. Nevertheless, the superquadratic function
in question needs to be non-negative for (1.1) to hold. In [21], the researchers provided a detailed
explanation of this necessity. Lemma 1.1 further characterizes superquadratic functions by stating
that every randomly selected superquadratic function will inherently satisfy three certain qualities, or
axioms. These premises reinforce the unique behavior of superquadratic functions with respect to
convex functions and a part of the fundamental requirements that they must meet.

Lemma 1.1. If f : [0,∞) −→ ℜ exhibits superquadraticity, then:
(i) f(0) ≤ 0.
(ii) f(0) = f′(0) = 0⇒ f

′

(κ) = Cκ provided f is differentiable at κ > 0.
(iii) If f is positive and f(0) = f′(0) = 0, then f is convex.

Abramovich et al. earlier created a lemma in [20], which we explore in the following. It explains
how convexity and superquadraticity are related.

Lemma 1.2. If f′(0) = f(0) = 0, and f′ is convex, then f is said to exhibit superquadraticity.

Jensen and H.H integral inequalities are the two significant inequalities that develop and expand
this idea. These inequalities are crucial to understanding superquadratic functions since they not only
capture the essence of superquadraticity but also have numerous applications in other mathematical
studies. Specifically, the classical version of Jensen’s inequality, which is covered below, provides a
crucial understanding of the properties of a superquadratic function. It helps identify these functions’
distinct characteristics and behaviors by offering a criteria that sets them apart.

Theorem 1.1. [21] If a function f exhibits superquadraticity, let κi ≥ 0, 0 ≤ λoi ≤ 1, and κ = Σni=1λoiκi,
where Σni=1λoi = 1, then

Σni=1λoif(κi) ≥ f(κ) + Σni=1λoif(|κi − κ|). (1.2)

According to their study, Banić and associates created H.H type inequalities especially for
superquadratic functions [22].

AIMS Mathematics Volume 10, Issue 1, 551–583.



555

Theorem 1.2. If a function f : I ⊂ [0,∞[−→ R exhibits superquadraticity on I=[ao, bo], where 0 ≤ ao <
bo, then

f

(
ao + bo

2

)
+

1
bo − ao

∫ bo

ao

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ
≤

1
bo − ao

∫ bo

ao

f(κ)dκ ≤
f(ao) + f(bo)

2
−

1
(bo − ao)2

∫ bo

ao

[(bo − κ)f(κ − ao) + (κ − ao)f(bo − κ)]dκ. (1.3)

A fundamental definition of superquadratic functions comes from an extended form of Jensen’s
inequality, provided here in its simplest form. This extended inequality serves as a key criterion for
identifying superquadratic functions, so the following definition directly applies to any function that is
superquadratic.

Definition 1.1. If a function f exhibits superquadraticity, then it holds the inequality (1.4).

f((1 − λo)κ1 + λoκ2)
≤(1 − λo)f(κ1) + λof(κ2) − λof((1 − λo)|κ1 − κ2|) − (1 − λo)f(λo|κ1 − κ2|), (1.4)

where ∀0 < λo < 1 and κ1, κ2 ≥ 0.

For a nonnegative superquadratic function f, the inequality (1.4) clearly represents an extension of
Jensen’s inequality. In this inequality, f is categorized as a subquadratic function if the “≤” sign is
reversed. This reversal separates subquadratic behavior from superquadratic behavior by altering the
function’s development characteristics.

Remarkably, the fractional perspective of H.H’s inequality via Riemann-Liouville fractional
integrals provided by the following theorem was developed by Li and his colleague in [23].

Theorem 1.3. If a function f : I ⊂ [0,∞[−→ R exhibits superquadraticity and integrability on
I=[ao, bo], with 0 ≤ ao < bo, then

f

(
ao + bo

2

)
+

λo

2(bo − ao)λo

∫ bo

ao

f

(∣∣∣∣∣ao + bo2
− x
∣∣∣∣∣)((bo − κ)λo−1 + (κ − ao)λo−1)dκ

≤
Γ(1 + λo)

2(bo − ao)λo

(
J
λo
ao+
f(bo) + Jλo

bo
−f(ao)

)
≤
f(ao) + f(bo)

2
−

λo

2(bo − ao)λo

∫ bo

ao

((
κ − ao
bo − ao

)
f(bo − κ)

+

(
bo − κ

bo − ao

)
f(κ − ao)

)
((bo − κ)λo−1 + (κ − ao)λo−1)dκ. (1.5)

In (1.5), the symbols Iß
ao
+f(κ) and Iß

bo
−f(κ) denote the right and left Riemann-Liouville fractional

operators, respectively, with ao ≥ 0, which are outlined below:

I
λo
a+o
f(κ) =

1
Γ(λo)

∫ κ

ao

(κ − y)λo−1
f(y)dy, κ > ao. (1.6)

I
λo
b−o
f(κ) =

1
Γ(λo)

∫ bo

κ

(y − κ)λo−1
f(y)dy, κ < bo, (1.7)
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where Γ(λo) =
∫ ∞

0
yλo−1e−ydy is a gamma function.

Alomari and Chesneau in [24] developed a new category of superquadratic functions known as h-
superquadratic functions in an attempt to expand and generalize the idea of superquadratic functions.
They looked into and explained some of its fundamental characteristics. In [25], Krnić and his
collaborators presented the idea of a multiplicatively or logarithmically superquadratic function and
developed the required characteristics for it. According to [26], Khan and Butt further investigated
the idea of a center-radius cr-order interval valued superquadratic function, including its fractional
variant. By creating basic and fractional versions of H.H and Fejér type inequalities, Butt and Khan
have further developed the idea of h-superquadraticity (see [27]). These extended inequalities offer
a foundation for a more thorough analysis of h-superquadratic functions, and their applications show
how useful these functions are in real-world situations. Readers interested in superquadratic functions
can learn more about the functions, instances and their uses in the framework of inequality theory by
consulting [28–30] and the sources referenced therein.

Expanding upon earlier studies on convexity, convex FI.V.F , and superquadraticity, we discovered
that there are still no proven characteristics and inequalities pertaining to superquadratic FI.V.F . This
disparity inspired us to concentrate on these areas and create a brand-new idea of superquadraticity,
known as superquadratic FI.V.F . Since the superquadratic function and its associated inequalities are
the refinement of the convex function and its associated inequalities, as was previously stated, our
generated idea is the refinement of the convex FI.V.F notion and its associated findings.

Over the past few years, there has been a significant increase in the use of fractional calculus to
integral inequalities. To proceed in this direction and arrive at new findings in the theory of inequalities,
superquadratic FI.V.F must incorporate fractional calculus concepts. The superquadratic FI.V.F and its
inequalities, as well as its fractional version, have not been studied before. To bridge this gap in the
literature, we aim to refine and improve H.H’s type inequalities using fractional calculus, time-scale
calculus, and quantum calculus. We will start the research by combining fractional calculus with the
superquadratic FI.V.F in order to demonstrate our main findings. These concepts will be covered in the
aforementioned areas in later publications. We advise the reader to go to [31–35] and the references
therein for further findings about the fractional integral operators.

2. Preliminaries

We first develop the concept of superquadratic FI.V.Fs by taking into consideration the following
fundamental mathematics related to fuzzy order relations.

Let Kc be designated as the space of intervals of ℜ which are closed as well as bounded, and any
ωo ∈ Kc can be defined as follows:

ωo = [ωo∗ , ω
∗
o] = {κ : ωo∗ ≤ κ ≤ ω

∗
o, κ ∈ ℜ},

with width (ω∗o − ωo∗). If (ω∗o − ωo∗) = 0, then ωo is termed as degenerate. Here, ω∗o, ωo∗ ∈ ℜ are
the upper and lower limits of ωo, correspondingly. Any κ ∈ ℜ can be pointed out as an interval [κ, κ]
with no gape. If (ω∗o − ωo∗) > 0, then ωo is considered as positive. The space of positive intervals is
represented by K+c and given by

K+c = {[ωo∗ , ω
∗
o] : [ωo∗ , ω

∗
o] ∈ Kc ∧ ωo∗ ≥ 0}. (2.1)
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For each λo ∈ ℜ, we attain

λoωo = λo[ωo∗ , ω
∗
o] =
{

[λoωo∗ , λoω
∗
o], if λo ≥ 0,[

λoω
∗
o, λoωo∗

]
, if λo < 0.

Addition and multiplication operations on intervals are defined as follows:

ωo + vo = [ωo∗ , ω
∗
o] + [vo∗ , v

∗
o] = [ωo∗ + vo∗ , ω

∗
o + v∗o],

ωo × vo = [ωo∗ , ω
∗
o] × [vo∗ , v

∗
o]

= [min(ωo∗vo∗ , ωo∗v
∗
o, ω

∗
ovo∗ , ω

∗
ov∗o),max(ωo∗vo∗ , ωo∗v

∗
o, ω

∗
ovo∗ , ω

∗
ov∗o)],

where ωo = [ωo∗ , ω
∗
o] and vo = [vo∗ , v

∗
o].

Remark 2.1. [15] One can assert that [ωo∗ , ω
∗
o] ≤I [vo∗ , v

∗
o] ⇔ ωo∗ ≤ vo∗ , ω

∗
o ≤ v∗o; in this scenario,

the relation ≤I is called partial order.

Remark 2.2. [36] Let dHs represent the Hausdorff-Pompeiu distance between [ωo∗ , ω
∗
o] and [vo∗ , v

∗
o]

listed below.

dHs([ωo∗ , ω
∗
o], [vo∗ , v

∗
o]) = max

{∣∣∣ωo∗ − vo∗

∣∣∣, ∣∣∣ω∗o − v∗o
∣∣∣} . (2.2)

The pair (Kc, dHs) obviously fulfills the criteria for complete metric space.

Definition 2.1. [37] Let K
f

be designated as the space of all fuzzy subsets of ℜ. Then, the mapping
f : ℜ→ [0, 1] is termed as a fuzzy interval or number if it fulfills the subsequent features.

(i) f should be normal, which means that there must be the existence of some κ ∈ ℜ such that
f(κ) = 1.

(ii) f should possess the upper semi-continuity on ℜ, which means that for any given κ ∈ ℜ and
ϵ > 0, ∃ δ > 0 such that f(κ) − f(y) < ϵ, ∀y ∈ ℜ, with |κ − y| < δ.

(iii) f should possess fuzzy convexity such that f((1 − λo)κ1 + λoκ2) ≥ min(f(κ1), f(κ2)), ∀κ1, κ2 ∈ ℜ,
and λo ∈ [0, 1].

(iv) cl{κ ∈ ℜ/f(κ) > 0} is compact which implies that f is compactly supported.

Here, we introduce a notation Fc(ℜ), which is designated as the set of all fuzzy intervals ofℜ.

Definition 2.2. [37] For any given f ∈ Fc(ℜ), the level or cut sets are provided by [ f ]ß = {κ ∈ ℜ :
f(κ) > ß}, ∀ß ∈ [0, 1]. In case ß = 0, then we attain [ f ]0 = {κ ∈ ℜ : f(κ) > 0}. These sets are termed
as ß-cut or ß-level for f.

Definition 2.3. [38] Let f, g ∈ Fc(ℜ), and “ ⪯ ” is a relation on Fc(ℜ), then f ⪯ g⇔
[
f
]ß
≤I
[
g
]ß, ∀ß ∈

[0, 1].

Note that the relation “ ⪯ ” is partial ordering.
We will now talk about a few characteristics related to basic arithmetic operations of real fuzzy

intervals. For g, f ∈ Fc(ℜ), p ∈ ℜ, and ß ∈ [0, 1], these operations are provided by[
g + f
]ß
=
[
g
]ß
+
[
f
]ß
,[

g × f
]ß
=
[
g
]ß
×
[
f
]ß
,[

p · f
]ß
= p ·

[
f
]ß
.
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Theorem 2.1. [37] If the set Fc(ℜ) is associated to supremum metric, then, ∀g, f ∈ Fc(ℜ),

d∞(g, f) = sup
0≤ß≤1

dH([g]ß, [f]ß) (2.3)

is a complete metric space. In the above expression dH represents the Hausdorff metric on Fc(ℜ).

Theorem 2.2. [37] Let us have an interval-valued function (I.V.F), i.e., f : [ao, bo] → Kc, which is
provided in the form of f = [f∗, f∗], then f is said to possess interval Aumann integrability on [ao, bo]⇔
f∗, and f∗ are both possessing Aumann integrability on [ao, bo], i.e.,∫ bo

ao

f(κ)dκ =
[ ∫ bo

ao

f∗(κ)dκ,
∫ bo

ao

f
∗(κ)dκ

]
. (2.4)

Definition 2.4. [39] A function f : I ⊂ ℜ → Fc(ℜ) is termed as F-I-V, ∀ß ∈ [0, 1], the ß-levels or cuts
define the family of I.V.Fs, fß : I ⊂ ℜ → Fc(ℜ), which is provided by fß(κ) = [f∗(κ, ß), f∗(κ, ß)], ∀κ ∈ I.
Here, ∀ß ∈ [0, 1], the functions f∗(·, ß), f∗(·, ß) : I → ℜ are real functions of fß(κ), and are known as
upper and lower functions of f.

Definition 2.5. [39] Let the function f : I ⊂ ℜ → Fc(ℜ) be an F.I.V, then f is said to possess
continuity at κ ∈ I, if ∀ß ∈ [0, 1], fß(κ) is continuous⇔ upper and lower functions f∗(κ, ß) and f∗(κ, ß),
respectively, are both continuous at the same point.

Definition 2.6. [39] A function f : I ⊂ ℜ → Fc(ℜ) is assumed to be the F.I.V. The fuzzy integral of f
on [ao, bo], designated by (FR)

∫ bo
ao
f(κ)dκ, which is defined level wise as

[
(FR)

∫ bo

ao

f(κ)dκ
]ß
= (IR)

∫ bo

ao

fß(κ)dκ =
{ ∫ bo

ao

f(κ, ß)dκ : f(κ, ß) ∈ R[ao,bo]

}
,

∀ß ∈ [0, 1]. Here, R[ao,bo] is considered as the set of the functions that lie at the end of the FI.V.F . f is
fuzzy Riemann (FR)-integrable on [ao, bo], if (FR)

∫ bo
ao
f(κ)dκ ∈ fc(ℜ).

Definition 2.7. [39] A function f : I ⊂ ℜ → Fc(ℜ) is assumed to be the FI.V.F as well as ß-cuts or
levels define the family of I.V.Fs, fß : [ao, bo] ⊂ ℜ → Kc such that fß(κ) = [f∗(κ, ß), f∗(κ, ß)], ∀ß ∈ [0, 1]
and κ ∈ [ao, bo]. Then, f is (FR)-integrable on [ao, bo]⇐⇒, both f∗(κ, ß) and f∗(κ, ß) are integrable on
[ao, bo], then [

(FR)
∫ bo

ao

f(κ)dκ
]ß
=

[ ∫ bo

ao

f∗(κ, ß)dκ,
∫ bo

ao

f
∗(κ, ß)dκ

]
= (IR)

∫ bo

ao

fß(κ)dκ, (2.5)

∀ß ∈ [0, 1].
It is to be noted that if both functions lying at the ends of the interval are Lebesgue-integrable, then

f is stated as a fuzzy Annum integrable function.

In the subsequent, we mention fuzzy Riemann-Liouville fractional integral operators which were
established by Allahviranloo et al. [40].
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Definition 2.8. Let λo > 0 and L([ao, bo],Fc(ℜ)) be the space of all Lebesgue measurable FI.V.Fs on
[ao, bo], then the fuzzy right and left Riemann-Liouville fractional integral of f ∈ L([ao, bo],Fc(ℜ)) of
order λo > 0 are given by

I
λo
b−o
f(κ) =

1
Γ(λo)

∫ bo

κ

(y − κ)λo−1
f(y)dy, κ < bo, (2.6)

and

I
λo
a+o
f(κ) =

1
Γ(λo)

∫ κ

ao

(κ − y)λo−1
f(y)dy, κ > ao, (2.7)

respectively, where Γ(λo) =
∫ ∞

0
yλo−1e−ydy is termed as the gamma function.

While the fuzzy right and left Riemann-Liouville fractional integrals for the upper and lower
functions of the interval can be stated as follows:

[
I
λo
b−o
f(κ)
]ß
=

1
Γ(λo)

∫ bo

κ

(y − κ)λo−1
fß(y)dy =

1
Γ(λo)

∫ bo

κ

(y − κ)λo−1[
f∗(y, ß), f∗(y, ß)

]
dy, κ < bo, (2.8)

where

I
λo
b−o
f∗(κ, λo) =

1
Γ(λo)

∫ bo

κ

(y − κ)λo−1
f∗(y, ß)dy, κ < bo, (2.9)

and

I
λo
b−o
f
∗(κ, λo) =

1
Γ(λo)

∫ bo

κ

(y − κ)λo−1
f
∗(y, ß)dy, κ < bo, (2.10)

in a similar fashion we can state left Riemann-Liouville fractional integral for the upper and lower end
point functions of the interval.

The structure of the paper is organized as follows: After reviewing the essential background
information and pertinent details regarding fuzzy theory, fractional theory, superquadraticity and its
associated inequalities in Section 1, we briefly discuss the ideas of FI.V.Fs and I.V.Fs, as well as fuzzy
interval Riemann-Liouville fractional integral operators, in Section 2. We come up with the concept
of superquadratic FI.V.Fs in Section 3 and more significantly, we develop new inequalities of H.H’s
and Jensen’s types for superquadratic FI.V.Fs in the same section. Then, using fuzzy interval Riemann-
Liouville fractional integral operators, the fractional form of inequalities of H.H’s type are obtained for
superquadratic FI.V.F in Section 4. Graphical behavior, numerical estimates and examples of the results
are also taken into consideration in order to assess if the results are beneficial. Section 5, the last part,
looks at a brief conclusion and potential directions for future study based on the work’s findings.

3. Superquadratic FI.V.F and its integral inequalities

This section develops the definition of superquadratic FI.V.F and discusses its features as well as
establishes novel inequalities of H.H’s and Jensen’s types for such a sort of function.
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Definition 3.1. A function f : I ⊂ ℜ → Fc(ℜ) is called superquadratic FI.V.F on I if the subsequent
inequality

f (λoao + (1 − λo)bo) ⪯ λo
(
f(ao)−̃f((1 − λo)|ao − bo|)

)
+̃(1 − λo)

(
f(bo)−̃f(λo|ao − bo|)

)
(3.1)

holds ∀ao, bo ∈ I, λo ∈ [0, 1], and f(ao) ⪰ 0̃.

Remark 3.1. If the inequality in (3.1) reverses, then f is called subquadratic FI.V.F on I.

Remark 3.2. If the inequality in (3.1) turns to equality, then f is called affine FI.V.F on I.

Remark 3.3. If f is superquadratic FI.V.F on I, then for p ≥ 0, p f is superquadratic FI.V.F on I.

Remark 3.4. If f(κ) and g(κ) are superquadratic FI.V.F on I, then max(f(κ), g(κ)) is superquadratic
FI.V.F on I, ∀κ ∈ I.

Theorem 3.1. Let f : I → Fc(ℜ) be a FI.V.F on I with f(κ) ⪰ 0̃, whose ß-cuts or ß-levels define the
family of I.V.Fs, such that fß : I ⊂ ℜ → K+c ⊂ Kc, which are provided by

fß(κ) = [f∗(κ, ß), f∗(κ, ß)], (3.2)

then f is superquadratic on I if and only if the functions f∗(κ, ß) and f∗(κ, ß) both are superquadratic,
∀κ ∈ I, and ß ∈ [0, 1].

Proof. Let f is a superquadratic FI.V.F on I, then ∀λo ∈ [0, 1] and κ, y ∈ I, and we attain

f
(
λoκ + (1 − λo)y

)
⪯ λo
(
f(κ)−̃f((1 − λo)|κ − y|)

)
+̃(1 − λo)

(
f(y)−̃f(λo|κ − y|)

)
. (3.3)

Therefore, according to (3.2), the left term and right term of (3.3) can be expressed in the following
fashion:

fß
(
λoκ + (1 − λo)y

)
=
[
f∗
(
λoκ + (1 − λo)y, ß

)
, f∗
(
λoκ + (1 − λo)y, ß

) ]
, (3.4)

and

λo
(
fß(κ)−fß((1 − λo)|κ − y|)

)
+(1 − λo)

(
fß(y)−fß(λo|κ − y|)

)
=

[
λo
(
f∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)
, λo
(
f
∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)]
+

[
(1 − λo)

(
f∗(y, ß)−f∗(λo|κ − y|, ß)

)
, (1 − λo)

(
f
∗(y, ß)−f∗(λo|κ − y|, ß)

)]
, (3.5)

respectively. So it implies that[
f∗
(
λoκ + (1 − λo)y, ß

)
, f∗
(
λoκ + (1 − λo)y, ß

) ]
≤I

[
λo
(
f∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)
, λo
(
f
∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)]
+

[
(1 − λo)

(
f∗(y, ß)−f∗(λo|κ − y|, ß)

)
, (1 − λo)

(
f
∗(y, ß)−f∗(λo|κ − y|, ß)

)]
, (3.6)
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and it follows from (3.6) that

f∗
(
λoκ + (1 − λo)y, ß

)
≤ λo
(
f∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)
+ (1 − λo)

(
f∗(y, ß)−f∗(λo|κ − y|, ß)

)
, (3.7)

and

f
∗ (λoκ + (1 − λo)y, ß

)
≤ λo
(
f
∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)
+ (1 − λo)

(
f
∗(y, ß)−f∗(λo|κ − y|, ß)

)
, (3.8)

∀ß ∈ [0, 1].
Inequalities (3.7) and (3.8) obviously illustrate that f∗(κ, ß) and f∗(κ, ß) are superquadratic functions.

Conversely: Assume that f∗(κ, ß) and f∗(κ, ß) are superquadratic functions, therefore, they have to
satisfy the inequality given by the Definition 1.1. So, we attain

f∗
(
λoκ + (1 − λo)y, ß

)
≤ λo
(
f∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)
+ (1 − λo)

(
f∗(y, ß)−f∗(λo|κ − y|, ß)

)
, (3.9)

and

f
∗ (λoκ + (1 − λo)y, ß

)
≤ λo
(
f
∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)
+ (1 − λo)

(
f
∗(y, ß)−f∗(λo|κ − y|, ß)

)
, (3.10)

∀ß ∈ [0, 1] and κ, y ∈ I.
From (3.9) and (3.10), we attain[

f∗
(
λoκ + (1 − λo)y, ß

)
, f∗
(
λoκ + (1 − λo)y, ß

) ]
≤I

[
λo
(
f∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)
, λo
(
f
∗(κ, ß)−f∗((1 − λo)|κ − y|, ß)

)]
+

[
(1 − λo)

(
f∗(y, ß)−f∗(λo|κ − y|, ß)

)
, (1 − λo)

(
f
∗(y, ß)−f∗(λo|κ − y|, ß)

)]
. (3.11)

From (3.2) as well as using the basic fuzzy arithmetical properties, we attain that

fß
(
λoκ + (1 − λo)y

)
≤ λo
(
fß(κ)−fß((1 − λo)|κ − y|)

)
+(1 − λo)

(
fß(y)−fß(λo|κ − y|)

)
, (3.12)

thus,

f
(
λoκ + (1 − λo)y

)
⪯ λo
(
f(κ)−̃f((1 − λo)|κ − y|)

)
+̃(1 − λo)

(
f(y)−̃f(λo|κ − y|)

)
, (3.13)

∀λo ∈ [0, 1], and κ, y ∈ I.
Hence, f is superquadratic FI.V.F on I. □

Example 3.1. Consider the IV.F , f : [0, 1]→ Fc(ℜ), defined as follows:

fδ(κ) =


δ

2κ3 , δ ∈ [0, 2κ3],
4κ3−δ

2κ3 , δ ∈ (2κ3, 4κ3],
0, otherwise.

Then, ∀ß ∈ [0, 1], and we have

fß(κ) =
[
2ßκ3, (4 − 2ß)κ3]. (3.14)
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Since each function in (3.14), which are designated by f∗(κ, ß) = 2ßκ3 and f∗(κ, ß) = (4 − 2ß)κ3 are
superquadratic functions by utilizing Lemma 1.2. From Theorem 3.1, f(κ) is then superquadratic FI.V.F .

Beside this, the subsequent graphs which are based on the values of Ll, Rl, Lu, and Ru also confirm
that f(κ) is superquadratic FI.V.F . As we mentioned earlier, f(κ) is superquadratic FI.V.F or f(κ) satisfies
the condition given by Definition 3.1, from Theorem 3.1, the condition of Definition 3.1 holds if the
functions f∗(κ, ß) and f∗(κ, ß) are superquadratic and we know that a function is superquadratic if it
satisfies the condition or inequality (3.1) given by Definition 1.1. Therefore, the notations Ll and Rl are
supposed to be the representations for left and right terms of f∗(κ, ß) via Definition 1.1, respectively.
Similarly, Lu and Ru are the representations for left and right terms of f∗(κ, ß) via Definition 1.1, so
their values are given as follows:

Ll = 2ß(λo(ao) + (1 − λo)bo)3,

Rl = λo(2ßao3 − 2ß((1 − λo)(bo − ao))3) + (1 − λo)(2ßbo3 − 2ß(λo(bo − ao))3),
Lu = (4 − 2ß)(λo(ao) + (1 − λo)bo)3,

Ru = λo((4 − 2ß)ao3 − (4 − 2ß)((1 − λo)(bo − ao))3) + (1 − λo)((4 − 2ß)bo3 − (4 − 2ß)(λo(bo − ao))3).

Figures (1a) and (1c) show that f∗(κ, ß) is superquadratic while the Figures 2 and (1d) show that
f∗(κ, ß) is superquadratic. So according to Theorem 3.1, the function f(κ) satisfies inequality (3.1) of
the Definition 1.1. Hence, f(κ) is superquadratic FI.V.F .

(a) ß = 0.7, λo = 0.5, ao ∈ [0, 0.4] and bo ∈ [0.5, 1] for
f∗(κ, ß) = 2ßκ3.

(b) ß = 0.7, λo = 0.5, ao ∈ [0, 0.4] and bo ∈ [0.5, 1] for
f∗(κ, ß) = (4 − 2ß)κ3.

(c) λo = 0.5, ao = 0.2, bo = 0.5 and ß ∈ [0, 1] for
f∗(κ, ß) = 2ßκ3.

(d) λo = 0.5, ao = 0.2, bo = 0.5 and ß ∈ [0, 1] for
f∗(κ, ß) = (4 − 2ß)κ3.

Figure 1. Graphical illustration of Example 3.1.
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Similarly consider the following example.

Example 3.2. Consider the IV.F , f : [1, 4]→ Fc(ℜ), defined as follows:

fδ(κ) =


δ−e2κ

e2κ , δ ∈ [e2κ, 2e2κ],
4κ3−δ

2κ3 , δ ∈ (2e2κ, 4e2κ],
0, otherwise.

Then, ∀ß ∈ [0, 1], and we have

fß(κ) =
[
(ß + 1)e2κ, (4 − 2ß)e2κ]. (3.15)

Since each function in (3.15) is represented by f∗(κ, ß) = (ß + 1)e2κ and f∗(κ, ß) = (4 − 2ß)e2κ, to
show that f is superquadratic FI.V.F , it is mandatory that f∗(κ, ß) and f∗(κ, ß) should be superquadratic.
So moving in the same fashion as in Example 3.1, we obtain the 2D Graphs (Figure (2c,d)) and 3D
Graphs (Figure (2a,b)).

(a) ß = 0.7, λo = 0.5, ao ∈ [1, 2] and bo ∈ [3, 4] for
f∗(κ, ß) = (ß + 1)e2κ.

(b) ß = 0.7, λo = 0.5, ao ∈ [1, 2] and bo ∈ [3, 4] for
f∗(κ, ß) = (4 − 2ß)e2κ.

(c) λo = 0.5, ao = 2, bo = 3 and ß ∈ [0, 1] for f∗(κ, ß) =
(ß + 1)e2κ.

(d) λo = 0.5, ao = 2, bo = 3 and ß ∈ [0, 1] for f∗(κ, ß) =
(4 − 2ß)e2κ.

Figure 2. Graphical illustration of Example 3.2.

Ll and Rl are supposed to be the representations for left and right terms of f∗(κ, ß) via Definition 1.1,
respectively. Similarly, Lu and Ru are the representations for left and right terms of f∗(κ, ß) via
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Definition 1.1, so their values are given as follows:

Ll = (1 + ß)e2(λo(ao)+(1−λo)bo),

Rl = λo(1 + ß)(e2ao − e2(1−λo)(bo−ao)) + (1 − λo)(1 + ß)((e2bo − e2λo(bo−ao))),
Lu = (4 − 2ß)e2(λo(ao)+(1−λo)bo),

Ru = λo(4 − 2ß)(e2ao − e2(1−λo)(bo−ao)) + (1 − λo)(4 − 2ß)((e2bo − e2λo(bo−ao))).

Hence, f(κ) is superquadratic FI.V.F .

Remark 3.5. If f∗(κ, ß) = f∗(κ, ß) with ß = 1, then we attain the classical superquadratic function.

Now we provide the proof of the inequality of Jensen’s type for superquadratic FI.V.F , which is more
refined than the Jensen’s inequality for convex FI.V.F .

Theorem 3.2. Let ωi ∈ R
+, κi ∈ [ao, bo], i = 1, 2, 3, ..., k, k ≥ 2, and let f : [ao, bo] −→ fc(R) be a

superquadratic FI.V.F , whose ß-levels or cuts define the family of I.V.Fs such that, fß : [ao, bo] → K+c ⊂
Kc, which are provided by

fß(κ) = [f∗(κ, ß), f∗(κ, ß)], (3.16)

∀κ ∈ [ao, bo] and ß ∈ [0, 1], then

f

( 1
Wk

k∑
i=1

ωiκi

)
⪯

1
Wk

k∑
i=1

ωif
(
κi
)
−̃

1
Wk

k∑
i=1

ωif

(∣∣∣κi −
1

Wk
Σni=1ωi(κi)

∣∣∣), (3.17)

where Wk = Σ
n
i=1ωi.

Proof. According to (3.16), the inequality (3.17) can be stated as

[
f∗

( 1
Wk

k∑
i=1

ωiκi, ß
)
, f∗
( 1
Wk

k∑
i=1

ωiκi, ß
)]

≤

[ 1
Wk

k∑
i=1

ωif∗
(
κi, ß
)
−

1
Wk

k∑
i=1

ωif∗

(∣∣∣κi −
1

Wk
Σni=1ωi(κi)

∣∣∣, ß),
1

Wk

k∑
i=1

ωif
∗(κi, ß

)
−

1
Wk

k∑
i=1

ωif
∗

(∣∣∣κi −
1

Wk
Σni=1ωi(κi)

∣∣∣, ß)]. (3.18)

Thus, it may be shown that

f∗

( 1
Wk

k∑
i=1

ωiκi, ß
)
≤

1
Wk

k∑
i=1

ωif∗
(
κi, ß
)
−

1
Wk

k∑
i=1

ωif∗

(∣∣∣κi −
1

Wk
Σni=1ωi(κi)

∣∣∣, ß), (3.19)

and

f
∗

( 1
Wk

k∑
i=1

ωiκi, ß
)
≤

1
Wk

k∑
i=1

ωif
∗(κi, ß

)
−

1
Wk

k∑
i=1

ωif
∗

(∣∣∣κi −
1

Wk
Σni=1ωiκi

∣∣∣, ß). (3.20)
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We derive this theorem by employing the mathematical induction principle; therefore, by taking k = 2
in (3.19), we obtain

f∗

(
ω1κ1 + ω2κ2

W2
, ß
)

≤
ω1

W2
f∗(κ1, ß) +

ω2

W2
f∗(κ2, ß) −

ω1

W2
f∗

(
ω2

W2

∣∣∣κ1 − κ2

∣∣∣, ß) − ω2

W2
f∗

(
ω1

W2

∣∣∣κ1 − κ2

∣∣∣, ß)
=
ω1

W2

(
f∗(κ1, ß) − f∗

(
ω2

W2

∣∣∣κ1 − κ2

∣∣∣, ß)) + ω2

W2

(
f∗(κ2, ß) − f∗

(
ω1

W2

∣∣∣κ1 − κ2

∣∣∣, ß)). (3.21)

Similarly, by putting k = 2 in (3.20), we get

f
∗

(
ω1κ1 + ω2κ2

W2
, ß
)

≤
ω1

W2

(
f
∗(κ1, ß) − f∗

(
ω2

W2

∣∣∣κ1 − κ2

∣∣∣, ß)) + ω2

W2

(
f
∗(κ2, ß) − f∗

(
ω1

W2

∣∣∣κ1 − κ2

∣∣∣, ß)). (3.22)

According to (3.16), the results (3.21) and (3.22) can be expressed as follows:[
f∗

(
ω1κ1 + ω2κ2

W2
, ß
)
, f∗
(
ω1κ1 + ω2κ2

W2
, ß
)]

≤I

[
ω1

W2

(
f
∗(κ1, ß) − f∗

(
ω2

W2

∣∣∣κ1 − κ2

∣∣∣, ß)) + ω2

W2

(
f
∗(κ2, ß) − f∗

(
ω1

W2

∣∣∣κ1 − κ2

∣∣∣, ß)),
ω1

W2

(
f
∗(κ1, ß) − f∗

(
ω2

W2

∣∣∣κ1 − κ2

∣∣∣, ß)) + ω2

W2

(
f
∗(κ2, ß) − f∗

(
ω1

W2

∣∣∣κ1 − κ2

∣∣∣, ß))].
It implies that

f

(
ω1κ1 + ω2κ2

W2

)
⪯
ω1

W2

(
f(κ1)−̃f

(
ω2

W2

∣∣∣κ1 − κ2

∣∣∣))+̃ ω2

W2

(
f(κ2)−̃f

(
ω1

W2

∣∣∣κ1 − κ2

∣∣∣)). (3.23)

Thus, the inequality (3.23) reflects the Definition 3.1. Hence, the result (3.17) is true for k = 2.
Next, we assume that (3.17) is valid for k − 1; therefore, we have

f

( 1
Wk−1

k−1∑
i=1

ωiκi

)
⪯

1
Wk−1

k−1∑
i=1

ωif
(
κi
)
−̃

1
Wk−1

k−1∑
i=1

ωif

(∣∣∣κi −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣). (3.24)

Let us now demonstrate the validity of (3.17) for k. Thus, we look at the left hand side (L.H.S.)

of (3.17), which is alternatively expressed as
[
f∗

(
1

Wk

∑k
i=1 ωiκi, ß

)
, f∗
(

1
Wk

∑k
i=1 ωiκi, ß

)]
. Here, first we

take f∗
(

1
Wk

∑k
i=1 ωiκi, ß

)
into account, i.e.,

f∗

( 1
Wk

k∑
i=1

ωiκi, ß
)
= f∗

(
ωk

Wk
κk +

1
Wk

k−1∑
i=1

ωiκi, ß
)

= f∗

(
ωk

Wk
κk +

Wk−1

Wk

k−1∑
i=1

ωi

Wk−1
κi, ß
)
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≤
ωk

Wk

[
f∗
(
κk, ß
)
− f∗

(Wk−1

Wk

∣∣∣∣∣κk −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣∣∣, ß)]
+

Wk−1

Wk

[
f∗

( k−1∑
i=1

ωi

Wk−1
κi, ß
)
− f∗

(
ωk

Wk

∣∣∣∣∣κk −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣∣∣, ß)]
=
ωk

Wk
f∗
(
κk, ß
)
+

Wk−1

Wk
f∗

( k−1∑
i=1

ωi

Wk−1
κi, ß
)
−

Wk−1

Wk
f∗

(
ωk

Wk

∣∣∣∣∣κk −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣∣∣, ß)
−
ωk

Wk
f∗

(Wk−1

Wk

∣∣∣∣∣κk −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣∣∣, ß). (3.25)

Using (3.24) in (3.25), we get

f∗

( 1
Wk

k∑
i=1

ωiκi, ß
)
≤
ωk

Wk
f∗
(
κk, ß
)
+

1
Wk

k−1∑
i=1

ωif∗(κi, ß) −
1

Wk

k−1∑
i=1

ωif∗

(∣∣∣κi −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣, ß)
−

Wk−1

Wk
f∗

(
ωk

Wk

∣∣∣∣∣κk −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣∣∣, ß) − ωk

Wk
f∗

(Wk−1

Wk

∣∣∣∣∣κk −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣∣∣, ß)
≤

1
Wk

k∑
i=1

ωif∗(κi, ß) −
1

Wk

k−1∑
i=1

ωif∗

(∣∣∣κi −
1

Wk−1

k−1∑
i=1

ωiκi

∣∣∣, ß)
−
ωk

Wk
f∗

(∣∣∣∣∣κk −
1

Wk

k∑
i=1

ωiκi

∣∣∣∣∣, ß)
=

1
Wk

k∑
i=1

ωif∗(κi, ß) −
1

Wk

k∑
i=1

ωif∗

(∣∣∣κi −
1

Wk−1

k∑
i=1

ωiκi

∣∣∣, ß). (3.26)

Similarly, by taking f∗
(

1
Wk

∑k
i=1 ωiκi, ß

)
into account, we have

f
∗

( 1
Wk

k∑
i=1

ωiκi, ß
)
≤

1
Wk

k∑
i=1

ωif
∗(κi, ß) −

1
Wk

k∑
i=1

ωif
∗

(∣∣∣κi −
1

Wk−1

k∑
i=1

ωiκi

∣∣∣, ß). (3.27)

Inequalities (3.25) and (3.27) imply that[
f∗

( 1
Wk

k∑
i=1

ωiκi, ß
)
, f∗
( 1
Wk

k∑
i=1

ωiκi, ß
)]

≤I

[ 1
Wk

k∑
i=1

ωif∗(κi, ß) −
1

Wk

k∑
i=1

ωif∗

(∣∣∣κi −
1

Wk−1

k∑
i=1

ωiκi

∣∣∣, ß),
1

Wk

k∑
i=1

ωif
∗(κi, ß) −

1
Wk

k∑
i=1

ωif
∗

(∣∣∣κi −
1

Wk−1

k∑
i=1

ωiκi

∣∣∣, ß)]. (3.28)

By Theorem 3.1, the inequality (3.28) is equivalent to the following:

f

( 1
Wk

k∑
i=1

ωiκi

)
⪯

1
Wk

k∑
i=1

ωif
(
κi
)
−̃

1
Wk

k∑
i=1

ωif

(∣∣∣κi −
1

Wk
Σni=1ωi(κi)

∣∣∣). (3.29)
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Thus, (3.17) is true for k. Hence, this concludes the proof. □

Remark 3.6. If f∗(κ, ß) = f∗(κ, ß), with ß = 1, then the result of Theorem 3.2 shrinks to the classical
Jensen inequality for the superquadratic function.

If ω1 = ω2 = ... = ωk = 1, then the Theorem 3.2 will reduce to the subsequent result.

Corollary 3.1. Let κi ∈ [ao, bo], i = 1, 2, 3, ..., k, k ≥ 2, and let f : [ao, bo] −→ fc(R) be a superquadratic
FI.V.F , whose ß-levels or cuts define the family of I.V.Fs such that fß : [ao, bo] → K+c ⊂ Kc, which are
provided by

fß(κ) = [f∗(κ, ß), f∗(κ, ß)], (3.30)

∀ß ∈ [0, 1], then

f

(1
k

k∑
i=1

κi

)
⪯

1
k

k∑
i=1

f
(
κi
)
−̃

1
k

k∑
i=1

f

(∣∣∣κi −
1
k
Σni=1(κi)

∣∣∣). (3.31)

Remark 3.7. In the case of subquadratic FI.V.F , we have

f

( 1
Wk

k∑
i=1

ωiκi

)
⪰

1
Wk

k∑
i=1

ωif
(
κi
)
−̃

1
Wk

k∑
i=1

ωif

(∣∣∣κi −
1

Wk
Σni=1ωi(κi)

∣∣∣). (3.32)

Next we propose inequalities of H.H’s type for superquadratic FI.V.F , which is more sharp than
inequalities of H.H’s type for convex FI.V.F . Additionally, a number of instances are offered to show
how the theory developed in this study is applicable.

Theorem 3.3. Let f : [ao, bo] −→ Fc(ℜ) be a superquadratic FI.V.F , whose ß-levels or cuts define a
family of I.V.Fs such that fß : [ao, bo]→ K+c ⊂ Kc, which are provided by

fß(κ) = [f∗(κ, ß), f∗(κ, ß)], (3.33)

∀κ ∈ [ao, bo] and ß ∈ [0, 1]. If f ∈ FR([ao,bo],ß), then

f

(
ao + bo

2

)
+̃

1
bo − ao

(FR)
∫ bo

ao

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ
⪯

1
bo − ao

(FR)
∫ bo

ao

f(κ)dκ

⪯
f(ao)+̃f(bo)

2
−̃

1
(bo − ao)2 (FR)

∫ bo

ao

[(bo − κ)f(κ − ao)+̃(κ − ao)f(bo − κ)]dκ. (3.34)

Proof. Let f : [ao, bo] −→ Fc(ℜ) be a superquadratic FI.V.F , then from Definition 3.1, we have

f (λoκ1 + (1 − λo)κ2) ⪯ λo
(
f(κ1)−̃f((1 − λo)|κ1 − κ2|)

)
+̃(1 − λo)

(
f(κ2)−̃f(λo|κ1 − κ2|)

)
. (3.35)

Inequality (3.35), according to Theorem 3.1, can be written as
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[
f∗
(
(1 − λo)κ2 + λoκ1, ß

)
, f∗
(
(1 − λo)κ2 + λoκ1, ß

)]
≤I
[
(1 − λo)f∗(κ2, ß) + λof∗(κ1, ß) − λof∗

(
(1 − λo)|κ2 − κ1|, ß

)
− (1 − λo)f∗

(
λo|κ2 − κ1|, ß

)
,

(1 − λo)f∗(κ2, ß) + λof
∗(κ1, ß) − λof

∗((1 − λo)|κ2 − κ1|, ß
)
− (1 − λo)f∗

(
λo|κ2 − κ1|, ß

)]
. (3.36)

It implies that

f∗
(
(1 − λo)κ2 + λoκ1, ß

)
≤(1 − λo)f∗(κ2, ß) + λof∗(κ1, ß) − λof∗

(
(1 − λo)|κ2 − κ1|, ß

)
− (1 − λo)f∗

(
λo|κ2 − κ1|, ß

)
, (3.37)

and

f
∗((1 − λo)κ2 + λoκ1, ß

)
≤(1 − λo)f∗(κ2, ß) + λof

∗(κ1, ß) − λof
∗((1 − λo)|κ2 − κ1|, ß

)
− (1 − λo)f∗

(
λo|κ2 − κ1|, ß

)
. (3.38)

First taking (3.37) into account and setting λo =
1
2 in (3.37), we get

f∗

(
κ1 + κ2

2
, ß
)
≤
f∗(κ2, ß)

2
+
f∗(κ1, ß)

2
− f∗

(
|κ2 − κ1|

2
, ß
)
. (3.39)

Choosing κ1 = aoλo + (1 − λo)bo and κ2 = boλo + (1 − λo)ao, in (3.39), we obtain

f∗

(
ao + bo

2
, ß
)

≤
f∗(aoλo + (1 − λo)bo, ß)

2
+
f∗(boλo + (1 − λo)ao, ß)

2
− f∗

(
bo − ao

2
|1 − 2λo|, ß

)
. (3.40)

Integrating (3.40) w.r.t λo on [0, 1], we attain

f∗

(
ao + bo

2
, ß
)

≤

∫ 1

0

f∗(aoλo + (1 − λo)bo, ß)
2

dλo +

∫ 1

0

f∗(boλo + (1 − λo)ao, ß)
2

dλo −

∫ 1

0
f∗

(
bo − ao

2
|1 − 2λo|, ß

)
dλo

=
1

bo − ao

∫ bo

ao

f∗(κ, ß)dκ −
1

(bo − ao)

∫ bo

ao

f∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ.
It implies that

f∗

(
ao + bo

2
, ß
)
+

1
bo − ao

∫ bo

ao

f∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ ≤ 1
bo − ao

∫ bo

ao

f∗(κ, ß)dκ. (3.41)

Likewise, if we take inequality (3.38) into account, we obtain

f
∗

(
ao + bo

2
, ß
)
+

1
(bo − ao)

∫ bo

ao

f
∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ ≤ 1
bo − ao

∫ bo

ao

f
∗(κ, ß)dκ. (3.42)
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According to (3.33), the inequalities (3.41) and (3.42) can be viewed as follows:[
f∗

(
ao + bo

2
, ß
)
, f∗
(
ao + bo

2
, ß
)]
+̃

1
bo − ao

[ ∫ bo

ao

f∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ,∫ bo

ao

f
∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ]
≤I

1
bo − ao

[ ∫ bo

ao

f∗(κ, ß)dκ,
∫ bo

ao

f
∗(κ, ß)dκ

]
.

It implies that

f

(
ao + bo

2

)
+̃

1
(bo − ao)

(FR)
∫ bo

ao

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ ⪯ 1
bo − ao

(FR)
∫ bo

ao

f(κ)dκ. (3.43)

Next, we prove the other half of the inequality. Since f is a superquadratic FI.V.F on [ao, bo], we have
from Definition 3.1 that

f(aoλo + (1 − λo)bo)
⪯λof(ao)+̃(1 − λo)f(bo)−̃λof((1 − λo)|bo − ao|)−̃(1 − λo)f(λo|bo − ao|). (3.44)

The inequality (3.44), according to (3.33), can be written as[
f∗(aoλo + (1 − λo)bo, ß), f∗(aoλo + (1 − λo)bo, ß)

]
≤I

[
λof∗(ao, ß) + (1 − λo)f∗(bo, ß) − λof∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß),

λof
∗(ao, ß) + (1 − λo)f∗(bo, ß) − λof

∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß)
]
.

It implies that

f∗(aoλo + (1 − λo)bo, ß)
≤λof∗(ao, ß) + (1 − λo)f∗(bo, ß) − λof∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß), (3.45)

and

f
∗(aoλo + (1 − λo)bo, ß)
≤λof

∗(ao, ß) + (1 − λo)f∗(bo, ß) − λof
∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß). (3.46)

Replacing aoλo+(1−λo)bo by boλo+(1−λo)ao in inequalities (3.45) and (3.46), we obtain the following
inequalities:

f∗(boλo + (1 − λo)ao, ß)
≤λof∗(bo, ß) + (1 − λo)f∗(ao, ß) − λof∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß), (3.47)

and

f
∗(boλo + (1 − λo)ao)
≤λof

∗(bo, ß) + (1 − λo)f∗(ao, ß) − λof
∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß). (3.48)
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By the addition of inequalities (3.45), and (3.47), we attain

f∗(aoλo + (1 − λo)bo, ß) + f∗(boλo + (1 − λo)ao, ß)
≤f∗(bo, ß) + f∗(ao, ß) − 2λof∗((1 − λo)|bo − ao|, ß) − 2(1 − λo)f∗(λo|bo − ao|, ß). (3.49)

After integrating (3.49) via λo on [0, 1], and then changing the variables κ = (aoλo + (1 − λo)bo), bo +
ao − κ = (boλo + (1 − λo)ao), 1 − λo =

κ−ao
bo−ao

and λo =
bo−κ
bo−ao

, we obtain

1
bo − ao

∫ bo

ao

f∗(κ, ß)dκ

≤
f∗(ao, ß) + f∗(bo, ß)

2
−

1
(bo − ao)2

∫ bo

ao

[(bo − κ)f∗(κ − ao, ß) + (κ − ao)f∗(bo − κ, ß)]dκ. (3.50)

Similarly, adding (3.46) and (3.48) and continuing in the same manner, we arrive at

1
bo − ao

∫ bo

ao

f
∗(κ, ß)dκ

≤
f∗(ao, ß) + f∗(bo, ß)

2
−

1
(bo − ao)2

∫ bo

ao

[(bo − κ)f∗(κ − ao, ß) + (κ − ao)f∗(bo − κ, ß)]dκ. (3.51)

According to Theorem 3.1, the inequalities (3.50) and (3.51) can be viewed as follows:

1
bo − ao

[ ∫ bo

ao

f∗(κ, ß)dκ,
∫ bo

ao

f
∗(κ, ß)dκ

]
≤I

1
2

[
f∗(ao, ß), f∗(ao, ß)

]
+̃

1
2

[
f∗(bo, ß), f∗(bo, ß)

]
−̃

1
(bo − ao)2

[ ∫ bo

ao

(bo − κ)f∗(κ − ao, ß)dκ,
∫ bo

ao

(bo − κ)f∗(κ − ao, ß)dκ
]

−̃
1

(bo − ao)2

[ ∫ bo

ao

(κ − ao)f∗(bo − κ, ß)dκ,
∫ bo

ao

(κ − ao)f∗(bo − κ, ß)dκ
]
. (3.52)

It implies that

1
bo − ao

(FR)
∫ bo

ao

f(κ)dκ

⪯
f(ao)+̃f(bo)

2
−

1
(bo − ao)2 (FR)

∫ bo

ao

[(bo − κ)f(κ − ao)+̃(κ − ao)f(bo − κ)]dκ. (3.53)

The combination of (3.43) and (3.53) yields the desired outcome. This ends the proof. □

Remark 3.8. If f∗(κ, ß) = f∗(κ, ß), with ß = 1, then the result of Theorem 3.3 shrinks to the classical
H.H inequality for the superquadratic function proved by [22].

Remark 3.9. For subquadratic FI.V.F , we attain the subsequent result

f

(
ao + bo

2

)
+̃

1
bo − ao

(FR)
∫ bo

ao

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ
AIMS Mathematics Volume 10, Issue 1, 551–583.



571

⪰
1

bo − ao
(FR)

∫ bo

ao

f(κ)dκ

⪰
f(ao)+̃f(bo)

2
−̃

1
(bo − ao)2 (FR)

∫ bo

ao

[(bo − κ)f(κ − ao)+̃(κ − ao)f(bo − κ)]dκ. (3.54)

In the subsequent example, we show how Theorem 3.3 holds graphically and numerically.

Example 3.3. Consider the FI.V.F f : [0, 2]→ Fc(ℜ), defined by

fδ(κ) =


δ

2κ3 , δ ∈ [0, 2κ3],
4κ3−δ

2κ3 , δ ∈ (2κ3, 4κ3],
0, otherwise.

Then, ∀ß ∈ [0, 1], and we have

fß(κ) =
[
2ßκ3, (4 − 2ß)κ3]. (3.55)

Since the functions of (3.55), which are represented by f∗(κ, ß) = 2ßκ3 and f∗(κ, ß) = (4 − 2ß)κ3 and
are superquadratic functions by utilizing Lemma 1.2, then ∀ß ∈ [0, 1].

Thus, f(κ) is superquadratic FI.V.F . So in the subsequent we calculate the values for the right, middle
and left terms of H.H’s type inequality over [ao, bo] = [0, 2] for the functions f∗(κ, ß) and f∗(κ, ß).

Le f t Term = f∗
(
ao + bo

2
, ß
)
+

1
bo − ao

∫ bo

ao

f∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ = 5ß
2
,

Middle Term =
1

bo − ao

∫ bo

ao

f∗(κ, ß)dκ = 4ß,

Right Term =
f∗(ao, ß) + f∗(bo, ß)

2
−

1
(bo − ao)2

∫ bo

ao

[(bo − κ)f∗(κ − ao, ß) + (κ − ao)f∗(bo − κ, ß)]dκ

= 6.4ß.

Figure 3 provided below assures the authenticity of H.H’s inequality for the function f∗(κ, ß).

Figure 3. Graphical illustration of H.H’s inequality for f∗(κ, ß), ∀ß ∈ [0, 1].
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Similarly, we have

Le f t Term = f∗
(
ao + bo

2
, ß
)
+

1
bo − ao

∫ bo

ao

f
∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ = 10 − 5ß
2
,

Middle Term =
1

bo − ao

∫ bo

ao

f
∗(κ, ß)dκ = 8 − 4ß,

Right Term =
f∗(ao, ß) + f∗(bo, ß)

2
−

1
(bo − ao)2

∫ bo

ao

[(bo − κ)f∗(κ − ao, ß) + (κ − ao)f∗(bo − κ, ß)]dκ

= 19.2 − 9.6ß.

Figure 4 provided below assures the authenticity of H.H’s inequality for the function f∗(κ, ß).

Figure 4. Graphical illustration of H.H’s inequality for f∗(κ, ß), ∀ß ∈ [0, 1].

Next, we consider the Table 1, which displays the values of right, middle and left terms of H.H’s
type for both f∗(κ, ß) and f∗(κ, ß). Right, middle, and left terms of H.H’s type for f∗(κ, ß) are designated
by Rf∗(κ, ß), Mf∗(κ, ß), and Lf∗(κ, ß), respectively, while right, middle, and left terms of H.H’s type for
f∗(κ, ß) are designated by Rf∗(κ, ß), Mf∗(κ, ß), and Lf∗(κ, ß), respectively.

Table 1. Numerical authenticity of Theorem 3.3.

ß Lf∗(κ, ß) Lf∗(κ, ß) Mf∗(κ, ß) Mf∗(κ, ß) Rf∗(κ, ß) Rf∗(κ, ß)
0.0 0 5.0 0 8 0 19.02
0.1 0.25 4.75 0.4 7.6 0.64 18.24
0.2 0.5 4.5 0.8 7.2 1.28 17.28
0.3 0.75 4.25 1.2 6.8 1.92 16.32
0.4 1 4.0 1.6 6.4 2.56 15.36
0.5 1.25 3.75 2.0 6.0 3.2 14.40
0.6 1.5 3.5 2.4 5.6 3.84 13.44
0.7 1.75 3.25 2.8 5.2 4.48 12.48
0.8 2 3.0 3.2 4.8 5.12 11.52
0.9 2.25 2.75 3.6 4.4 5.76 10.56
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From the aforementioned figures and table, it is obvious that[
2.5ß,

10 − 5ß
2

]
≤I [4ß, 8 − 4ß] ≤I [6.4ß, 19.2 − 9.6ß] . (3.56)

Hence, we have

f

(
ao + bo

2

)
+̃

1
bo − ao

(FR)
∫ bo

ao

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ
⪯

1
bo − ao

(FR)
∫ bo

ao

f(κ)dκ

⪯
f(ao)+̃f(bo)

2
−̃

1
(bo − ao)2 (FR)

∫ bo

ao

[(bo − κ)f(κ − ao)+̃(κ − ao)f(bo − κ)]dκ. (3.57)

4. Fuzzy interval fractional H.H type inequalities for fuzzy interval valued superquadratic
functions

In this section, the proof of the fractional version of the inequalities of H.H’s type for superquadratic
FI.V.F via fuzzy interval Riemann-Liouville fractional integral operators along with graphical and
numerical illustration is provided.

Theorem 4.1. Let f : [ao, bo] −→ Fc(ℜ) be a superquadratic FI.V.F whose ß-levels, or cuts define a
family of I.V.Fs such that, fß : [ao, bo]→ K+c ⊂ Kc, which are provided by

fß(κ) = [f∗(κ, ß), f∗(κ, ß)], (4.1)

∀κ ∈ [ao, bo], ß ∈ [0, 1] and γo > 0. If f ∈ (FR)([ao,bo],ß), then

2
γo
f

(
ao + bo

2

)
+̃

γo

2(bo − ao)γo
(FR)

∫ bo

ao

(
(bo − κ)γo−1+̃(κ − ao)γo−1)

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ
⪯
Γ(γo + 1)

2(bo − ao)γo

[
Iγo

a+o
f(bo)+̃Iγo

b−o
f(ao)
]

⪯
f(bo)+̃f(ao)

2
−̃

γo

2(bo − ao)γo+1 (FR)
∫ bo

ao

(
(bo − κ)γo−1+̃(κ − ao)γo−1)[(bo − κ)f(κ − ao)

+̃(κ − ao)f(bo − κ)]dκ. (4.2)

Proof. Let f : [ao, bo] −→ Fc(ℜ) be a superquadratic FI.V.F , then from Definition 3.1, we attain

f (λoκ1 + (1 − λo)κ2) ⪯ λo
(
f(κ1)−̃f((1 − λo)|κ1 − κ2|)

)
+̃(1 − λo)

(
f(κ2)−̃f(λo|κ1 − κ2|)

)
. (4.3)

Inequality (4.3), according to Theorem 3.1, can be written as[
f∗
(
(1 − λo)κ2 + λoκ1, ß

)
, f∗
(
(1 − λo)κ2 + λoκ1, ß

)]
≤I
[
(1 − λo)f∗(κ2, ß) + λof∗(κ1, ß) − λof∗

(
(1 − λo)|κ2 − κ1|, ß

)
− (1 − λo)f∗

(
λo|κ2 − κ1|, ß

)
,

(1 − λo)f∗(κ2, ß) + λof
∗(κ1, ß) − λof

∗((1 − λo)|κ2 − κ1|, ß
)
− (1 − λo)f∗

(
λo|κ2 − κ1|, ß

)]
. (4.4)
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It implies that

f∗
(
(1 − λo)κ2 + λoκ1, ß

)
≤(1 − λo)f∗(κ2, ß) + λof∗(κ1, ß) − λof∗

(
(1 − λo)|κ2 − κ1|, ß

)
− (1 − λo)f∗

(
λo|κ2 − κ1|, ß

)
, (4.5)

and

f
∗((1 − λo)κ2 + λoκ1, ß

)
≤(1 − λo)f∗(κ2, ß) + λof

∗(κ1, ß) − λof
∗((1 − λo)|κ2 − κ1|, ß

)
− (1 − λo)f∗

(
λo|κ2 − κ1|, ß

)
. (4.6)

First, taking (4.5) into account and setting λo =
1
2 in (4.5), we get

f∗

(
κ1 + κ2

2
, ß
)
≤
f∗(κ2, ß)

2
+
f∗(κ1, ß)

2
− f∗

(
|κ2 − κ1|

2
, ß
)
. (4.7)

Choosing κ1 = aoλo + (1 − λo)bo and κ2 = boλo + (1 − λo)ao in (4.7), we obtain

f∗

(
ao + bo

2
, ß
)
≤
f∗(aoλo + (1 − λo)bo, ß)

2
+
f∗(boλo + (1 − λo)ao, ß)

2
− f∗

(
bo − ao

2
|1 − 2λo|, ß

)
. (4.8)

Multiplying (4.8) on both sides by λo
γo−1 and then taking integration w.r.t λo on (0, 1), we attain∫ 1

0
λo
γo−1
f∗

(
ao + bo

2
, ß
)
dλo

≤

∫ 1

0

λo
γo−1f∗(aoλo + (1 − λo)bo, ß)

2
dλo +

∫ 1

0

λo
γo−1f∗(boλo + (1 − λo)ao, ß)

2
dλo

−

∫ 1

0
λo
γo−1
f∗

(
bo − ao

2
|1 − 2λo|, ß

)
dλo. (4.9)

Next, setting κ = aoλo + (1 − λo)bo and y = boλo + (1 − λo)ao in (4.9), we get

2
γo
f∗

(
ao + bo

2
, ß
)
+

1
(bo − ao)γo

∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)

f∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ
≤

1
(bo − ao)γo

∫ bo

ao

(bo − κ)γo−1
f∗(κ, ß)dκ +

1
(bo − ao)γo

∫ bo

ao

(y − ao)γo−1
f∗(y, ß)dκ

=
Γ(γo)

(bo − ao)γo

[
Iγo

a+o
f∗(bo, ß) + Iγo

b−o
f∗(ao, ß)

]
. (4.10)

Similarly, by considering inequality (4.6), we get

2
γo
f
∗

(
ao + bo

2
, ß
)
+

1
(bo − ao)γo

∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)

f
∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ
≤
Γ(γo)

(bo − ao)γo

[
Iγo

a+o
f
∗(bo, ß) + Iγo

b−o
f
∗(ao, ß)

]
. (4.11)

According to (4.1), the results (4.10) and (4.11) can be viewed as follows:
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2
γo

[
f∗

(
ao + bo

2
, ß
)
, f∗
(
ao + bo

2
, ß
)]

+
1

(bo − ao)γo

[ ∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)

f∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ,∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)

f
∗

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣, ß)dκ]
≤I

Γ(γo)
(bo − ao)γo

[(
Iγo

a+o
f∗(bo, ß) + Iγo

b−o
f∗(ao, ß)

)
,
(
Iγo

a+o
f
∗(bo, ß) + Iγo

b−o
f
∗(ao, ß)

)]
.

It implies that

2
γo
f

(
ao + bo

2

)
+̃

1
(bo − ao)γo

∫ bo

ao

(
(bo − κ)γo−1+̃(κ − ao)γo−1)

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ
⪯
Γ(γo)

(bo − ao)γo

[
Iγo

a+o
f(bo)+̃Iγo

b−o
f(ao)
]
. (4.12)

Next, we provide the proof of the other half of the inequality. Since f is a superquadratic FI.V.F on
[ao, bo], we have from Definition 3.1, ∀λo ∈ [0, 1],

f(aoλo + (1 − λo)bo) ⪯ λof(ao)+̃(1−̃λo)f(bo)−̃λof((1 − λo)|bo − ao|)−̃(1−̃λo)f(λo|bo − ao|). (4.13)

The inequality (4.13), according to (4.1), can be written as[
f∗(aoλo + (1 − λo)bo, ß), f∗(aoλo + (1 − λo)bo, ß)

]
≤

[
λof∗(ao, ß) + (1 − λo)f∗(bo, ß) − λof∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß),

λof
∗(ao, ß) + (1 − λo)f∗(bo, ß) − λof

∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß)
]
.

It implies that

f∗(aoλo + (1 − λo)bo, ß)
≤λof∗(ao, ß) + (1 − λo)f∗(bo, ß) − λof∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß), (4.14)

and

f
∗(aoλo + (1 − λo)bo, ß)
≤λof

∗(ao, ß) + (1 − λo)f∗(bo, ß) − λof
∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß). (4.15)

Replacing aoλo + (1 − λo)bo by boλo + (1 − λo)ao in inequalities (4.14) and (4.15), we get the following
inequalities:

f∗(boλo + (1 − λo)ao, ß)
≤λof∗(bo, ß) + (1 − λo)f∗(ao, ß) − λof∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß), (4.16)
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and

f
∗(boλo + (1 − λo)ao)
≤λof

∗(bo, ß) + (1 − λo)f∗(ao, ß) − λof
∗((1 − λo)|bo − ao|, ß) − (1 − λo)f∗(λo|bo − ao|, ß). (4.17)

Adding the inequalities (4.14) and (4.16), we obtain

f∗(aoλo + (1 − λo)bo, ß) + f∗(boλo + (1 − λo)ao, ß)
≤f∗(bo, ß) + f∗(ao, ß) − 2λof∗((1 − λo)|bo − ao|, ß) − 2(1 − λo)f∗(λo|bo − ao|, ß). (4.18)

Multiplying (4.18) on both sides by λo
γo−1 and then taking integration w.r.t λo on [0, 1], we get∫ 1

0
λo
γo−1
f∗(aoλo + (1 − λo)bo, ß)dλo +

∫ 1

0
λo
γo−1
f∗(boλo + (1 − λo)ao, ß)dλo

≤
1
γo

(
f∗(bo, ß) + f∗(ao, ß)

)
− 2
∫ 1

0
λo
γof∗((1 − λo)|bo − ao|, ß)dλo − 2

∫ 1

0
(1 − λo)λo

γo−1
f∗(λo|bo − ao|, ß)dλo. (4.19)

Setting κ = aoλo + (1 − λo)bo and y = boλo + (1 − λo)ao in (4.19), we get

1
(bo − ao)γo

∫ bo

ao

(bo − κ)γo−1
f∗(κ, ß)dκ +

1
(bo − ao)γo

∫ bo

ao

(y − ao)γo−1
f∗(y, ß)dκ

≤
1
γo

(
f∗(bo, ß) + f∗(ao, ß)

)
−

1
(bo − ao)γo+1

∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)[(bo − κ)f∗(κ − ao, ß)

+ (κ − ao)f∗(bo − κ, ß)]dκ. (4.20)

It implies that

Γ(γo)
(bo − ao)γo

[
Iγo

a+o
f∗(bo, ß) + Iγo

b−o
f∗(ao, ß)

]
≤

1
γo

(
f∗(bo, ß) + f∗(ao, ß)

)
−

1
(bo − ao)γo+1

∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)[(bo − κ)f∗(κ − ao, ß)

+ (κ − ao)f∗(bo − κ, ß)]dκ. (4.21)

Similarly, adding (4.15) and (4.17) and continuing in the same manner, we arrive at

Γ(γo)
(bo − ao)γo

[
Iγo

a+o
f
∗(bo, ß) + Iγo

b−o
f
∗(ao, ß)

]
≤

1
γo

(
f
∗(bo, ß) + f∗(ao, ß)

)
−

1
(bo − ao)γo+1

∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)[(bo − κ)f∗(κ − ao, ß)

+ (κ − ao)f∗(bo − κ, ß)]dκ. (4.22)

The findings (4.21) and (4.22) can be interpreted as follows in accordance with Theorem 3.1:
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Γ(γo)
(bo − ao)γo

[(
Iγo

a+o
f∗(bo, ß) + Iγo

b−o
f∗(ao, ß)

)
,
(
Iγo

a+o
f
∗(bo, ß) + Iγo

b−o
f
∗(ao, ß)

)]
≤I

1
γo

[
f∗(ao, ß), f∗(ao, ß)

]
+̃

1
γo

[
f∗(bo, ß), f∗(bo, ß)

]
−̃

1
(bo − ao)γo+1

[ ∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)(bo − κ)f∗(κ − ao, ß)dκ,∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)(bo − κ)f∗(κ − ao, ß)dκ

]
−̃

1
(bo − ao)γo+1

[ ∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)(κ − ao)f∗(bo − κ, ß)dκ,∫ bo

ao

(
(bo − κ)γo−1 + (κ − ao)γo−1)(κ − ao)f∗(bo − κ, ß)dκ

]
. (4.23)

It implies

Γ(γo)
(bo − ao)γo

[
Iγo

a+o
f(bo)+̃Iγo

b−o
f(ao)
]

⪯
1
γo

(
f(bo)+̃f(ao)

)
−̃

1
(bo − ao)γo+1 (FR)

∫ bo

ao

(
(bo − κ)γo−1+̃(κ − ao)γo−1)[(bo − κ)f(κ − ao)

+̃(κ − ao)f(bo − κ)]dκ. (4.24)

When we combine (4.12) and (4.24), we obtain the desired outcome.
This brings the proof to its end. □

Remark 4.1. If γo = 1, then the result of Theorem 4.1 reduces to the result of Theorem 3.3.

Remark 4.2. If f∗(κ, ß) = f∗(κ, ß), with ß = 1, then the result of Theorem 4.1 reduces to the fractional
H.H inequality for the superquadratic function proved by [23].

Remark 4.3. If f∗(κ, ß) = f∗(κ, ß), with ß = 1 and γo = 1, then the result of Theorem 4.1 shrinks to the
traditional H.H inequality for the superquadratic function proved by [22].

Remark 4.4. In the case of subquadratic FI.V.F , then we attain the following result:

2
γo
f

(
ao + bo

2

)
+̃

γo

2(bo − ao)γo

∫ bo

ao

(
(bo − κ)γo−1+̃(κ − ao)γo−1)

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ
⪰
Γ(γo + 1)

2(bo − ao)γo

[
Iγo

a+o
f(bo)+̃Iγo

b−o
f(ao)
]

⪰
f(bo)+̃f(ao)

2
−̃

γo

2(bo − ao)γo+1 (FR)
∫ bo

ao

(
(bo − κ)γo−1+̃(κ − ao)γo−1)[(bo − κ)f(κ − ao)

+̃(κ − ao)f(bo − κ)]dκ. (4.25)

In the subsequent example, we show how Theorem 4.1 holds graphically and numerically.

AIMS Mathematics Volume 10, Issue 1, 551–583.



578

Example 4.1. Consider the FI.V.F f : [0, 2]→ Fc(ℜ), defined as follows:

fδ(κ) =


δ

2κ3 , δ ∈ [0, 2κ3],
4κ3−δ

2κ3 , δ ∈ (2κ3, 4κ3],
0, otherwise.

Then, ∀ß ∈ [0, 1], and we have

fß(κ) =
[
2ßκ3, (4 − 2ß)κ3]. (4.26)

Since each functions of (4.26), which are represented by f∗(κ, ß) = 2ßκ3 and f∗(κ, ß) = (4 − 2ß)κ3 and
are superquadratic functions, ∀ß ∈ [0, 1].

Thus, f(κ) is superquadratic FI.V.F . So in the subsequent, we calculate the values for the right,
middle, and left terms of Theorem 4.1 over [ao, bo] = [0, 2] and γo =

1
2 , for the function f∗(κ, ß),

Le f t Term = ß
(
2 −

9(2
3
2 ) − 64

35
√

2

)
,

Middle Term =
24ß
5
,

Right Term = 8ß −
416ß
315
.

Figure 5 provided below assures the authenticity of H.H’s inequality for the function f∗(κ, ß).

Figure 5. Graphical illustration of fractional H.H’s inequality for f∗(κ, ß), ∀ß ∈ [0, 1], and
γo =

1
2 .

Similarly, for f∗(κ, ß) and γo =
1
2 , we have

Le f t Term = (4 − 2ß)
(
1 −
(9(2

3
2 ) − 64

35
√

8

))
,

Middle Term =
12(4 − 2ß)

5
,

Right Term =
(4 − 2ß)8

2
+

416(ß − 2)
315

.
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Figure 6 provided below assures the authenticity of H.H’s inequality for the function f∗(κ, ß).

Figure 6. Graphical illustration of fractional H.H’s inequality for f∗(κ, ß), ∀ß ∈ [0, 1].

Next, we consider the Table 2, which displays the values of right, middle, and left terms of H.H’s
type for both f∗(κ, ß) and f∗(κ, ß). Right, middle, and left terms of H.H’s type for f∗(κ, ß) are designated
by Rf∗(κ, ß), Mf∗(κ, ß), and Lf∗(κ, ß), respectively, while right, middle, and left terms of H.H’s type for
f∗(κ, ß) are designated by Rf∗(κ, ß), Mf∗(κ, ß), and Lf∗(κ, ß), respectively.

Table 2. Numerical authenticity of Theorem 4.1.

ß Lf∗(κ, ß) Lf∗(κ, ß) Mf∗(κ, ß) Mf∗(κ, ß) Rf∗(κ, ß) Rf∗(κ, ß)
0.0 0 5.5 0 9.6 0.0 13.3
0.1 0.27 5.27 0.48 9.12 0.6 12.6
0.2 0.55 5 0.96 8.64 1.3 12.0
0.3 0.83 4.72 1.44 8.16 2.0 11.3
0.4 1.11 4.44 1.92 7.68 2.6 10.6
0.5 1.38 4.16 2.4 7.2 3.3 10.0
0.6 1.66 3.89 2.88 6.72 4.0 9.3
0.7 1.94 3.61 3.36 6.24 4.6 8.6
0.8 2.22 3.33 3.84 5.76 5.3 8.0
0.9 2.50 3.05 4.32 5.28 6.0 7.3

From the aforementioned graphs and table, it is obvious that

[
ß
(
2 −

9(2
3
2 ) − 64

35
√

2

)
, (4 − 2ß)

(
1 −
(9(2

3
2 ) − 64

35
√

8

))]
≤I

[24ß
5
,

12(4 − 2ß)
5

]
≤I

[
8ß −

416ß
315
,

(4 − 2ß)8
2

+
416(ß − 2)

315

]
. (4.27)

Hence, we have

2
γo
f

(
ao + bo

2

)
+̃

γo

2(bo − ao)γo

∫ bo

ao

(
(bo − κ)γo−1+̃(κ − ao)γo−1)

f

(∣∣∣∣∣κ − ao + bo2

∣∣∣∣∣)dκ
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⪯
Γ(γo + 1)

2(bo − ao)γo

[
Iγo

a+o
f(bo)+̃Iγo

b−o
f(ao)
]

⪯
f(bo)+̃f(ao)

2
−̃

γo

2(bo − ao)γo+1 (FR)
∫ bo

ao

(
(bo − κ)γo−1+̃(κ − ao)γo−1)[(bo − κ)f(κ − ao)

+̃(κ − ao)f(bo − κ)]dκ. (4.28)

5. Conclusions

We introduced the notion of superquadratic FI.V.Fs, significantly advancing the field of fuzzy
mathematics. We developed discrete type Jensen and H.H inequalities for superquadratic FI.V.Fs using
fuzzy order relations, providing a refined framework beyond traditional convexity-based approaches.
The study extended these inequalities to their fractional versions using fuzzy interval Riemann-
Liouville fractional integral operators. The robustness and authenticity of our results were confirmed
through reduced results, numerical computations, and graphical illustrations. Our work enhances
the theoretical foundation of superquadraticity in fuzzy intervals and has practical applications in
optimization, decision-making, and control theory. It adds substantial scientific value by expanding
the mathematical toolkit for handling fuzzy data. The study primarily focused on a specific class
of superquadratic functions and their inequalities. Future research should explore other classes of
superquadraticity, as well as interval-valued and FI.V.F . We suggest to investigate further inequalities
for superquadratic FI.V.Fs such as Jensen-Mercer, midpoint, trapezoidal and Fejér type as well as
their fractional perspective via different fractional calculus models, including conformable, Atangana-
Baleanu, k-Riemann-Liouville, Caputo-Hybrid and Prabhakar fractional operators suggesting a wide
range of practical applications. The concept presented in this study can be considered as a cornerstone
in developing the notions such that h-superquadratic FI.V.F , m-superquadratic FI.V.F , P-superquadratic
FI.V.F , and (P, m)-superquadratic FI.V.F .
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https://doi.org/10.1007/978-3-319-33301-4

4. P. Agarwal, S. S. Dragomir, M. Jleli, B. Samet, Advances in mathematical inequalities and
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applications for the Zipf-Mandelbrot law, Math. Methods Appl. Sci., 44 (2021), 1664–1673.
https://doi.org/10.1002/mma.6869

6. S. I. Butt, Generalized Jensen-Hermite-Hadamard Mercer type inequalities for generalized strongly
convex functions on fractal sets, Turkish J. Sci., 8 (2024), 51–63.

7. J. E. N. Valdés, F. Rabossi, A. D. Samaniego, Convex functions: Ariadne’s thread or Charlotte’s
spiderweb? Adv. Math. Models Appl., 5 (2020), 176–191.

8. M. Vivas-Cortez, P. Kérus, J. E. N. Valdés, Some generalized Hermite-Hadamard-Fejér inequality
for convex functions, Adv. Differ. Equ., 2021 (2021), 1–11. https://doi.org/10.1186/s13662-021-
03351-7

9. R. E. Moore, Interval analysis, Englewood Cliffs: Prentice Hall, 1966.
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25. M. Krnić, H. R. Moradi, M. Sababheh, On logarithmically superquadratic functions, Mediterr. J.
Math., 20 (2023), 2–18. https://doi.org/10.21203/rs.3.rs-2730723/v1

26. D. Khan, S. I. Butt, Superquadraticity and its fractional perspective via center-radius cr-order
relation, Chaos Solitons Fract., 182 (2024), 114821. https://doi.org/10.1016/j.chaos.2024.114821

27. S. I. Butt, D. Khan, Integral inequalities of h-superquadratic functions and their
fractional perspective with applications, Math. Methods Appl. Sci., 48 (2025), 1952–1981.
https://doi.org/10.1002/mma.10418
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