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1. Introduction and main results

The purpose of this paper is to study the existence and blow-up behavior of positive solutions for
the following fractional Kirchhoff equation:

{(a +b [ I(-D)3uPdx) (A u+ V(xu + wu = fu), xeRY, )

u € HSRY),

having prescribed mass

f fdx = . (L1)
RN

where a, b, ¢ are positive constants, 1 < N < 4s, s € (0,1), V € CR",R), f € CR,R), w € Ris a
Lagrange multiplier, and (—A)* denotes the fractional Laplacian operator defined as

(=AY u = F (P F ), VYéeRY,
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where F denotes the Fourier transform on R". It is well-known that it can also be computed by

(=A)’v(x) = CN,SP.V.f —————dy

if v 1s smooth enough, where Cy is the normalization constant, and P.V. denotes a Cauchy principle
value, see [13,15,18].
When s = 1, f(u) = |ul’"2u, V(x) = 0, (A) reduces to the following case, i.e.,

(1.2)

- (a +b fRN |Vu|2dx) Au+ wu = |ulP*u, xeRY,
u € H'(RM).

The sharp existence and the concentration behavior of the normalized solution of (1.2) in the mass
subcritical, supercritical and critical cases were established in [7, 14,22]. In fact, the author obtained
the solutions by looking for critical points of the following functional:

b S|
I = 2 f |Vu|2dx+—( f |Vu|2dx) - f lu|Pdx
2 RN 4 RN p RN

constrained on the L! sphere in H'(R"),
Se={ueH'®RY): |lull2gy) = ¢ > 0}.
In [22], Ye showed that the constrained minimization problem

I = inf I(u) (1.3)

admits a minimizer if, and only if, ¢ > c; with p € (0,2 + %] orc > c;", with p € (2 + %,2 + %),
and there is no minimizer of (1.3) if p € [2 + % +00). In [23], Ye studied (1.3) with p = 2 + ]% and
obtained that there exists a mountain pass critical point of I(x) on S if ¢ > ¢*. In the mass subcritical
case, a complete classification with respect to the exponent p for its L? normalized critical points can
be deduced from some simple energy estimates in [24]. To be precise, they gained existence and the
uniqueness of the mountain pass type minimum for (1.3) with p € 2+ 2,2 or p =2 + % and ¢ > c".
Moreover, if f(u) satisfies some suitable conditions, the authors of [8] studied the blow-up behavior of
minimizers (1.3).

To the best of our knowledge, if b = 0, then Eq (A) with a prescribed mass has been studied
in [16,17,21]. Frank-Lenzmann-Silvestre [4] established the uniqueness result of the positive ground
state solution of the equation

(-A)’u+u= Iul%u,

which is an important foundation for blow-up analysis. In [2], Du et al. explored the existence,
nonexistence and mass concentration of L?-normalized solutions for nonlinear fractional Schrédinger
equations with nonnegative potentials

(=AY u+ V(u = pu + Bf (w),

under the following assumptions:
(f): f € CR,R), || < ci1(Jt] + |t1P~!) for some ¢; >0and 2 < p <2 + %.
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(): f € CR,R),IF() < e (It + |1P") for some ¢; > 0and 2 + 2 < p < 27 = 2L
(f3): there exist v > 2 + 2 and ry > 0 such that

0 < vF(t) < tf(r), forall|t| > ry.

For the case of power function f(f) = #"~°t with 2 < p < 2%, Du et al. conducted a complete
classification of the existence and nonexistence of minimizers, except that p = 2+4s/N. Very recently,
Bao-Lv-Ou [1] investigated the following fractional Schrédinger equation with prescribed mass:

(=A)'u = pu + a(x)lul”u,

where s € (0,1),2+ % < p < 2;. The existence of the bounded state normalized solution under various
conditions on a(x) was demonstrated in [1]. For more recent works about the fractional Schrodinger or
Kirchhoft equation, see [10, 12,20] and the references therein.

It is worth pointing out that p = 2 + 4s/N is the mass critical exponent related to (A). However,
Eq (A) involving the general potential and nonlinearities has not yet been resolved. An interesting
question now is whether the same existence or nonexistence results occurs for the nonhomogeneous
nonlinearities and mass supercritical case of (A). On the other hand, there have been no previous
articles studying the asymptotic behavior of solutions to (A). Therefore, our goal is to fill the gaps in
these areas. More precisely, in the first part of the paper, we prove the existence of solutions for (A)
with V(x) # 0.

Before describing more details, let’s introduce the following fractional Gagliardo-Nirenberg-
Sobolev inequality in [2] and Hardy inequality in [5].

Lemma 1.1. /2] For u € H*(RY) and q € (0, 2 — 2), the fractional Gagliardo-Nirenberg-Sobolev

inequality
f |u|q+2dx<Cop,( f |(—A)2u|2dx) ( f |u|2dx) (1.4)
RN RN RN

is attained at a function ¢,(x) with the following properties:
(i) ¢,(x) is radial, positive, and strictly decreasing in |x|.
(ii) ¢,(x) belongs to H ZH (RN N CP(RN) and satisfies

C1 C2

N
Ty <% < e e R

where Ci(i = 1,2) are positive constants.
(iii) ¢p,4(x) is the unique solution of the fractional Schrédinger equation

BEdru+ |1+ 4 (2= D)|u—urt =0,
ue H'®RY), g € (0,2: - 2).

. _ g2
(iv) Copt = 351"

Lemma 1.2. [5] Let s € (0,1) and N > 2s. Then, for all u € D**(R"),
lu(x))? 2

———dx < Hy,gl[ul
P E L U

(1.5)
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where Nao Naa
(PP PR

(=) TEs)

Lemma 1.3. [I3] Let s € (0,1) and N > 2s. Then, there exists a constant S > 0 such that for any
u € D2(RN),

HN,S =2

2 -1 2
”u”sz‘(RN) < S ”u”Ds,Z(RN)-

In this paper, we will require f(x) to satisfy the following conditions:
(Hy) f € C(R,R) and odd.
(H,) There exist some 4,y € R* X R* with

{2+%</1<')/<2§: 2N 1fN¢2S,
<A<

N-2s°
2+% v < 2% = +oo, if N =25,

such that )
0 < AF(t) < f(Ot < yF(t), for t #0, where F(t) = f f(r)dr.
0

(H3) The function f(t) = %f(t)t — F(?) is of class C' and
F'()t > AF(1), Vi €R,

where A is given in (H,).

We assume that V(x) is a radial function and satisfies the following assumptions:
(V1) V(x) e C'\RY) N LPRM), p € (&, 00), limpy e V(x) =0, inf,czv V(x) = 0.
(V») There exists «; € [0, s) such that one of the following two conditions holds

HVV(x)-x < 2"2'25, for any x € RV \ {0}, where Hy is given in Lemma 1.2;

HN,S'
(i)l max{VV(x) - x,0}|] » < 2ak, S, where § is given in Lemma 1.3.

L2 (RN)
(V3) There exists «, € (0, M) such that

4

akKky

VV(ix) x> ———,
)X = P

for any x € RV \ {0}.
Let us introduce the space of radial functions in H*(R") defined by

HRY) = {u € H'®RY) : u(x) = u(lx)} .

It is standard to see that critical points of the energy functional

2
J) == f (=) ufdx + 2 f (—A)uldx| + 2 f V(x)udx - f F(u)dx
2 RN 4 RN 2 RN RN

restricted to the (mass) constraint

S, = {u e H'RY) : f luldx = c}
RN
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are normalized solutions of (A).
From (H,) and (H,), there exist C;, C, > 0 such that for each 7 € R,

Cimin{[f|*, £} < F(t) < Cy max{|e]!, |#"} < Co(|t|* + [17), (1.6)
A ~ Y
(E _ I)F(t) <F( < (5 _ I)F(t), (1.7)

where C, = F(1). It follows from (1.4) that there exists C3 > 0, for any u € H*(R"),
i Y A= ’ -y
Ml ey < Collill o Nl Il ) < Callil gl (1.8)

where ' = Y20 € (2,0),y = 52 € (2,). Let

sa — Kia

= m, (19)
2\
O = mln{(cﬂ_T/cy_y,) ,1}, (110)
2N — (N - 2s)y 1 B 2s B 2K 1 B 2s 5
K== "¢ [(2 (1-2)N (A—Z)N)aQJr (4 (A—Z)N)bg ] (1.1

(Va) suppn (V) + £VV(x) - x) < K.
Our first result is as follows.

Theorem 1. Let s € (0,1) and N > 2s. Assume that (V)—(V4) and (H,)—(H3) hold. Then, Eq (A)
admits at least a radial solution.

The second purpose of this article is to establish the existence results of ground state solutions for
(A) wih V(x) = 0.

Theorem 2. Let 1 < N <4s, s € (0,1), V(x) =0, and suppose that f satisfies (H,)—(H3). Then, for all
¢ > 0 fixed, Eq (A) admits a ground state normalized solution (w, u.) with w. > 0 and u. € H?, d(RN ).

Remark 1. Theorems I and 2 extend and complement the previous results on the fractional Kirchhoff
equation with a mass super critical general nonlinearities. Particularly, unlike [8], in which V(x) = 0,
we apply a new deformation argument for the constrained functional on S..

Remark 2. We now point out some difficulties faced in Theorems I and 2.

(i) When V(x) > 0 and the nonlinearity f is general mass supercritical, it prevents us from obtaining
the compactness. We will apply a new deformation argument for the constraint functional with a new
type of Palais-Smale condition denoted by (PS P),,.

(ii) The simplest case of the function f satisfying the assumptions (H\)—(Hz) is f(f) = |t|P~%t
with 2+8s/N < p < 2}. Naturally, the class of general nonlinearities satisfying these assumptions
is much more difficult than this homogeneous case.

(iii) Due to the appearance of the Kirchhoff nonlocal term

[(=A)2uPdx(-A)'u,

RN
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Eq (A) is no longer point by point identity. Compared with [8], it is worth noting that (A) is a double
nonlocal equation, and the decay estimates of test function near infinity are different from those in the
case of the classical local problem; we thus borrow ideas of [3] for nonlocal operators to establish
the decay estimates. This phenomenon has caused some mathematical difficulties, making research on
such problems particularly interesting.

Our other aim is to study the behavior of the normalized solution u. given in Theorem 2 as ¢ — 0
and ¢ — +o0. In this direction, we need to assume that
(Hy) lim, - 29 = p1; > 0.
(Hs) lim/—100 29 = 11 > 0.

The following results demonstrate the asymptotic behavior of u, in the sense of CIZO’E'(RN ) as well as
HS(RY).

Theorem 3. Let1 < N <4s, s € (%, 1), V(x) = 0, and suppose that f satisfies (H,)—(Hs). For ¢ > 0,
let (we, u.) be given by Theorem 2, then

1 X _
V(%) := wi'u, [—1] — Q(x) in Ci;f(RN), as ¢ — +oo,
we

where Q is the unique radial positive solution of

a(-Ay*'Q+ Q0 =mQ*!, inRY,
lim|x|_>+oo Q()C) =0.

Theorem 4. Let 1 < N <4s, 5 € (%, 1), V(x) = 0, and suppose that f satisfies (H;)—(Hs). For ¢ > 0,
let v. and Q be given by Theorem 3, then

ve(x) = O(x) in H'RY), asc — +oo.

Theorem 5. Let1 < N <4s, s € (%, 1), V(x) = 0, and suppose that f satisfies (H,)—(Hs). For ¢ > 0,
let (w,, u.) be given by Theorem 2, then

1
zlﬁ ||uC||13s,2(RN)

Ve(X) = wFu, x|—= Uk in Cfo’f(RN), asc— 0",

L
2
w;’

where U is the unique radial positive solution of

b(~AYU + U = poU""", inRY,
lim|x|_)+0<, U(.X) =0.

Theorem 6. Let1 < N <4s, s € (%, 1), V(x) = 0, and suppose that f satisfies (H,)—(Hs). For ¢ > 0,
let V. and U be given by Theorem 5, then

v.(x) = U(x) in H'®RY), asc— 0.

Throughout the paper, we use the following notations:
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e LI(RY) denotes the Lebesgue space with the norm

1/q
”u”L‘I(RN) = (f |M|qu) .
RN

e Forany x e R¥ and R > 0, Br(x) :={y e RV : |y — x| < R}.
e C indicates positive numbers that may be different in different lines.

The rest of this paper is organized as follows. Section 2 is dedicated to some preliminary notations
and lemmas. In Section 3, we obtain the radial solutions for Eq (A) with V(x) # 0 and Theorem 1 will
be proved there. In Section 4, we derive the existence of ground state normalized solution for problem
(A) and give the proof of Theorems 2. In Section 5, we deal with asymptotic property of minimizers

to problem (A) by proving Theorems 3—6.

2. Preliminaries

In this section, we provide some lemmas that will be frequently used in the rest of this article.

We claim that the condition (V,) yields that for any u € HS(R"),
fR W@ xudx < 2akq [l o gy

Indeed, if (i) of (V,) holds, from Lemma 1.2, we deduce that

2ak

2
u
—dx < 2ak||ull,2 00
Hy, Jan |x]? DY)

f VV(x) - xu*dx <
RN

If (i1) of (V) holds, by the Sobolev embedding inequality, we observe that

N-2s
N

2s

N
f VV(x)-xuzdx<( Imax{VV(x)-x,O}ﬁVsdx) ( |u|1v2”£xdx)
RV RN RN

-1 2 2
<S T Nmax{VV(R) - 5, 01, g oo il < 26K 012
Define
~ 1
Pu) = sallullpoogn, + sblullygy, = N f F(u)dx — 3 f (VV(x) - x)uldx,
RN RV
and
M, ={ueS.:Pu)<0}.
Then
oM, ={uesS.:Pu) =0}
Set

:= inf .
m, (%Cj(u)

2.1)

(2.2)
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Lemma 2.1. Let s € (0,1) and N > 2s. Assume that (H,)—(H3) and (V1)—(V,) hold, then there exists
m > 0 such that m, > m > 0. Moreover,

1 2s 2K 1 2s

m= (E TN (ﬁ—2)N)aQ+(4 (/I—Z)N)

bo?, (2.3)

where o is given in (1.10).
Proof. For any u € 0 M, applying (1.7), (1.8), (2.1), and (2.2), we obtain that

- 1
0 =salluld. iz, + Bz, — N f Fldx =5 | (VV() - 0w
N RN

y
>sallulfyan, ~ N (% - 1) f F(u)dx — a2 g
o2 S PrHEED 2.4)
> = Kl = N (% = 1) o (Il + 1 )
>(s — k)allul g, N(2 _ 1)c2c3 (||u||D52(RN) Sl )
Set
A= —y
M, = N(%/ _ 1)cgc3cT, M, = N(% - 1)czc3c%, 2.5)
g() = (s —k)a— Mit' 2 — Mot 2.
Since g(#) is decreasing on [0, +0), there exists a unique fy > 0 such that
(s —k)a— Ml ™2 = Myr] > =0, (2.6)

and 1, is dependent on k;, 4,7y, Cz, C3, c. It follows from (2.4) that g(||ul|ps2®~)) < 0. Therefore, for any
u € OM., we observe that ||u||ps2gy) > o and

, b , S|
Ju) =2 l(—A)Zulzdx+—( |(—A)2u|2dx) + = f V(x)uldx — f F(u)dx
2 RN 4 RN 2 RN RN

a . b . ) —
>— —A)2ulrdx + — —A)2ul’d ——fF d
> RNI( )2ul x+4(fRNI( )2ul x) -2 )., (u)dx

1 2s ) 1 2s 1 )
= (E - m) a”M”DS.z(RN) + (Z - m) ”M”DYZ(RN) 1-2 ‘LQN(VV(X) - u-dx

S 1 2s 2K ! ” 1 2s Bl ”
>|= - — allu s N - - u s. Ny»
2 (A-2)N 1-2 2y * g (A1-2)N Ds2®N)

due to (1.7), (2.2), (V3), and Lemma 1.2. Let

_ 1 2s 2k 24 1 2s bt
m:=|z— - a - ,
2 A=-2N 1-2)"° \4 @-2N)"°

then, m,. = m > 0. From (1.9), (2.5), and (2.6), we conclude that

’ —y , , 1
L= c%tg/_z + c%l‘y - < (C’l_/l/ + Y ) ( 2(/1 2 4 Z(y _2))2
= 0 ,
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which yields that

2(1'-2) 2(y'-2) Lz
£y ————
0 0 R e

IfL < c# + c%, thus g(1) < 0, and we conclude that 0 < #, < 1 and

AA-2)

" L*/]2
2 S (tzu 2, t2(y 2)) S /

0 Tt oy

| =

1 v .
that is, #, > ( L'/2 ,)2“"”. IfL>c7 +c¢'7, thus g(1) > 0, and 1, > 1. Therefore, 22 > o and (2.3)

’
A= vy

holds. O
3. Nontrivial solutions for (A) with V(x) # 0

As in [9], we define

= inf {
mr = lyre‘r max J(y(1)),

where
_ 1 1
I'= {7 € C([0,1]1,8.)) : ¥(0) € M., y(1) € Sc \ M., J(¥(0)) < e, J(y(1)) < Emc}.

We will show that my is well-defined.
Lemma 3.1. Let s € (0,1) and N > 2s. Assume that (H,)—(H3) and (V,)—(V,) hold, then T # (.

Proof. For any u € S, define
u(x) := T%M(TX), 7> 0.

It’s not difficult to see u.(x) € S.. From (1.6), for any 7 > 1,
”L; Fur)dx > Cymin{llully g, 1], o T, 3.1)
and forany 0 < 7 < 1,
C min{]|u|

2y A2 2N
b W 77 [ P < Co (it 5 il 7). 32)
R

According to (3.1) and
0<f V( ) udx < ||V||z=@vcs
RN T

we observe that

2s 4s
art bt 1 X
Ju,) = ull5,, ull* + = V(—)uzdx— F(u.)dx
() ==y + 4umqw)zl; - P
a 2s ) 4s =2y
< 2 ”u”Dsz(RN) ”uHDvZ(RN) ”V”L‘”(RN)C - Cl mln{”u”L/I(RN), ||u||L7(RN)} 2,

AIMS Mathematics Volume 10, Issue 1, 499-533.



508

which yields that J(u,) — —oo, as T — +oc0. On the other side, from (3.2), we conclude that

1 X
Jug) =2 ||u||D32(RN) ||u||D52<RN) 5 fR V(3 )wax- fR Flu)dx

Cszs ) 4s A 2y =2y
> Wil + e, = Ca (Il gy 77 + ] 0, 7).

and

J 2€ bT4s 4 1 y x 2d c y %ZN
() < S lalysgen, + = Nl 5 [ V()= Cminil gl 77

which leads to J(u;) — 0%, as T — 07, recalling limy_. V(x) = 0. From (V,), (V3), and (1.5), we see
that

2 2 2 2 2
=267 |l o2 vy < f (VV(x) - Duz(x)dx < 26077 lullyz gy -
RN

Combining with (1.7), (2.2), and (3.1), we deduce that

~ 1
P(u,) :aSTZS”u”%)SQ(RN) + bST“”””;;,z(RN) - Nf F(u;)dx — 5 f (VV(x) - x)u%dx
RN N

22N
LA(RN)’ ||u||Ly(RN)} 2 ’

1
<(s + k)@t [l . + BT ]l N(5 - 1) ¢, min{u]’

D5 Z(RN) D5 Z(RN)

and

Y -2

2 4 2 22N
Plus) > (5 = k)ar e, + 5T llyagery = N (% = 1) Co (il 7Y + ] 7).

Ds- Z(RN)

which yields that P(u,) — —oco as T — +oo, and P(u;) — 0 as T — 0*. Therefore, for any given
u € 8., we can take 7 > 0 large enough, and 7; € (0, 1) small enough such that

Juy,) < '% Pluy) > 0, JGuy) <0, Plits,) < 0.

Thus, taking yo(f) := try(1-1)+r,1» WE see that yo(z) € T O
Lemma 3.2. Let s € (0,1) and N > 2s. Assume that (H,)—(H3) and (V,)—(Vy) hold, then mr > m. > m.
Proof. For any y € T, there exists ¢, € [0, 1] such that y(¢,) € dM,. Therefore,

> > i =
max Joy(@®) = J(y(1,)) 5% J(u) =m

Together with Lemma 2.1, the conclusion holds. O

Now in view of Lemma 3.1, we can apply a new deformation argument for the constraint functional
on S, with a new type of Palais-Smale condition denoted by (PS P),,. The functional J satisfies the
(PS P),, condition on S,, if, and only if, any (PS P),, sequence {u,} C S. satisfying

J(y) = m, | wllry,s, = 0, Pu,) = 0, (3.3)

has a strongly convergent subsequence.

AIMS Mathematics Volume 10, Issue 1, 499-533.



509

Lemma 3.3. Let s € (0,1) and N > 2s. Assume that (H,)—(H) and (V\)—(V,) hold. If {u,} C S. is a
(PS P),, sequence satisfying (3.3) with m > i, then

(i) {u,} is bounded in H*(RM).

(ii) there exists w > 0 such that the sequence of Lagrange multipliers w, satisfying

(a +b f |<—A>5un|2dx) (—=A) ty + V() + Wytty = f(uy) + 0,(1)
RN

converges to w in the sense of subsequence.
Proof. (i) For every m € R, let {u,,} C S, be a (PS P),, sequence satisfying (3.3). From (3.3), (V}), (V3)
and (1.7), we conclude that

2
m+o0,(1) = J(u,) — N 2)P(Mn)

(1 2 , 1 2 \ i i
= (5 - —N(/l — 2))a||un||Dx,2(]RN) + (Z - m) b”un”Ds,Z(RN) + 5 LN V(X)undx

— 1
= | F - | F —— | (V) 0ud
+ 1-2 ) (u,)dx fR i (u,)dx + NA=2) RN( V(x) - x)u,dx

S 1 2s 2K ! ”2 N 1 2s Bl ”4
> - allUnll 2wy i Unll 52 miys
2 N@A-2) N@Q1-2) D2EY T 4 N(A-2) D*2(RY)

which implies that {u,} is bounded in H*(R"), recalling that , € (O, W) and A > 2+ % Then, up
to a subsequence, u, — u weakly in H*(R"). From (3.3), there exists {w,} C R such that

(a +b |(—A)5un|2dx) (=A)’u, + V(X)u, + wutty, = f(u,) + 0,(1) in H*@RM).

RN
(i1) By (3.3), we see that
1
m+ On(l) = J(un) - _P(un)
2s
bn i 1fv<)2d+ﬁff< )d—fF( )d+if<VV(>>2d
tllpeaery + 5 N Xt dx + 5 » u,)dx » p)dx + o~ » x) - X)u;dx.

Combining with (1.7), we observe that

2 )| f e [
Yo 1= f Flu)dx, 7, := f
RN RN

a2 )]y )] 0 2

Obviously, y, > 0, y, @ > 0, and

V+ %(VV(x) . x)] urdx > 2m + 0,(1).

Set

1
V+ —(VV(x)- x)] uldx,
2s

YVn + 2n 2 2m + 0,(1). (3.4)
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Applying (V4), (1.11), and Lemma 2.1, there exists 6 > 0 such that
2sam
¥+ a)

sup (V + i(VV(x) . x)) <
2s

XxeRN

Noting that m > m, we obtain

1 1 2sa
Vi —(VV)-x) < sup [V+ —(VV(x)- 0| < =2 s (3.5)
2s RN 2s ¥+ a)c
Let
2sam  oOc
Zem = ———— — — < 2m,
’ F+a) 2
and from (3.5), we deduce that
2sam
Iy € ——— —0¢ < Zem- (3.6)
(y+a)
Using (3.4)—(3.6), we deduce that
Zn < @y, —m+o(1), (3.7
where /1 = @y — Z, and (¥, 7) satisfies
Yy +Z7=2m,
2= Zem
Therefore,
2a ¥+ @+
= m- Y =T Y se s 0, (3.8)
4 4 2y

Gathering (1.7), (2.2), (3.7), and (3.8), we conclude that

2
L2(RN)

= — alltnl Bz, — Dllitally g, — f V(ouZdx + f Fluundx + 0,(1)
RN RN

:_ﬂf f(un)dx—lf (VV(x)'x)Midx—f V(x)uﬁdx+f f(u)u,dx + 0,(1)
S JRrN 2s RN RN RN (39)

- f (_N =25 iy + EF(un)) dx — f (V LRV x) 12dx + 0,(1)
RN 2s s RN 2s

>d'yn —Znt+ On(l)

Wy C =w||uy|

>m + 0,(1).

Meanwhile, from (3.9), (H>), (V1),(V3), and Lemmas 1.1 and 1.2, we infer that

WyC = f (—N — 28 Fu)u, + EF(un)) dx — f (v + lVV(x) : x) urdx + 0,(1)
RN S RV 2s

2s
(N-254 N aks ) (3.10)
< (_T + ;) fRN F(un)dx + K”un”DS*Z(RN) + On(l)
<C + 0,(1).
(3.9) and (3.10) imply that w, — w > 0. O
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In what follows, we consider that V(x) is radial, and then we can choose H?, d(RN ) as the workspace.
We take S/ := S. N H: (RY).

Lemma 3.4. Assume that (V,)—(Vy) and (H,)—(H3) hold. Then, J(u) satisfies the (PS P),, condition on

S for m > m.

Proof. Let {u,} C Szad be a (PS P),, sequence satisfying (3.3) with m > m. Due to Lemma 3.3, there
exist u € H? (R") and w > 0 such that, up to a subsequence, u,, — u weakly in H: (R") and

(a + bf |(—A)5u|2dx) (=AY’ u+ V(x)u + wu = f(u). 3.11)
RN

Then, using the compact embedding H? d(RN ) > LI(RN) for all g € (2,2%), we deduce that u, — u
strongly in LY(RY) and

f S (uy)updx — f J@udx. (3.12)
RY RN

Due to (V)), for p € (%,+00), ey — ull 2 @vy — 0 as n — oo, where p’ = #. Hence, by u, — u
weakly in H® (R"), we observe that

f V(x)updx— f V(xu*dx = f V() (u—u,)*dx+0,(1) < [IVIlzp@mllitn—ull 2 vy = 04(1). (3.13)
RN RN RN
Therefroe, by (3.11)—(3.13), we see that

a(”un”éxl(RN) - ”u”ZDs,Z(RN)) + b(||un||4Ds,2(RN) - ||u||4Dv2(RN)) + w(””n”iZ(RN) - ||u||22(RN)) = On(l)’

which implies that u, — u strongly in H* (RM). o

rad

To prove the existence of nontrivial solutions, we use the following deformation result given by [9].
Define
K ={ueS.:Ju)=m,dlls, =0,Pu)=0}.

Lemma 3.5. ( [9, Proposition 4.5]) Assume that J satisfies the (PS P),, condition on S.. For any
neighborhood D of K, (if K,, = 0, D = 0 ) and any & > 0, there exists € € (0,&) and n € C([0, 1] X
S.,S,) such that

(i) n(0,u) = u, foru e S,

(ii) n(t,u) = u, fort € [0,1] ifu e [J <m - &ls,;

(iii) t V— J(n(t, u)) is nonincreasing for u € S.;

@)n,[J<m-¢ls, \D)c[J<m—-¢gls,,n(1,[J <m+¢ls,) C[J]<m-e¢gls, UD.

Proof of Theorem 1. Let
Konr :={u € Sc 2 J(u) = mr,dJ| g = 0,P(u) = 0} =0,

then U = 0. It follows from Lemmas 3.2 and 3.4 that J satisfies the (PS P),, condition. Due to
mr > m. > 0, taking & = mp — %, and using Lemma 3.5, we obtain that there exist € € (0,&),n €
C([0, 1] x 8™, Srady satisfying

nt,u) =u, Yre[0,1], uelJ <mp-— é]Szad, (3.14)
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n(L[J <mr+ é&lgw \ U) C [J < mr — €] g, (3.15)

According to the definition of mr and Lemma 3.1, there exists y € I" such that

tII%(E)li(] J(y(t)) <mr + &.
Let us define ¥ := n(1, y(¢)), and claim that ¥ € I'. Indeed, J(y(0)) < %mc = mr — &, which implies
that ¥(0) € [J < mr — &]gw. By (3.14), we observe that ¥(0) = n(1,¥(0)) = ¥(0) and y(1) = y(1)
analogously. By (3.15), we conclude that

J(n(1,y(®)) < mr -
Therefore, J(¥(t)) < mpr — € for any ¢ € [0, 1]. We have

= Y(1)) < my —
mr = lyrg S J(y() < < max Jy(@®) < mr — &,
which yields a contradiction. Hence, %, # 0. Thie implies that (A) admits a radial solution. O

4. Ground satate solution for (A) with V(x) =0

In this section, we consider the existence of ground state solutions for (A) with V(x) = 0. From
now on, in this article, we always assume that (H;)—(H3) hold and will not further mention it.

Lemma 4.1. Let 1 < N < 4s, s € (0,1), and suppose that f satisfies (H))—(H3). If u € H*(R") is a
nontrivial solution of Eq (A), then u € M, where

M= {ue H®RY) : Pu) = 0},

and

Pw) = sallulllsgn, + sblulfoer, = N f Fdx.
R
Proof. Let u be a solution to Eq (A), and we derive that
a”u”Ds 2(RN) + b”u”Ds 2(RN) + w”u”LZ(RN) LN f(u)udx (41)
Meanwhile, u satisfies the following PohoZaev identity:
(N = 29) (allullyzqum, + Dllllhzany) + Neolltl gy = 2N fR Fudx. 42)
Combining (4.1) and (4.2), we conclude that
sallu”sz,Z(RN) + Sb||u||4bs,2(RN) = Nf F(u)dx (43)
RN
m]
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Define
Ju(t) = J(u), >0,

where u.(x) := T%u(rx), 7 > 0. We observe that
Pu.) =1(J,) (r), 7>0. (4.4)
Particularly, it holds that P(x) = (J,) (1). By exploiting it, we can deduce the following result.
Lemma 4.2. Let u € S.. Then, T > 0 is a critical point of J,(7) if, and only if, u, € M., where
M. =MnS..
Lemma 4.3. For each critical point of J|pm., if (1) (1) # 0, then there exists a w € R such that
J' () + wu = 0.
Proof. Let u be a critical point of J(u) constrained on M, then there exist w, v € R such that
J' (1) + wu + vP'(u) = 0. 4.5)
Therefore, we need to show that v = 0. Let

w
O = J(u) + e, + P(),

and it is the corresponding energy functional of (4.5). Thanks to (4.5), one sees that u satisfies the
corresponding Pohozaev identity

d
(@) (1) = @)1 = 0. (4.6)

By (4.4), we observe that
(i) 2 (,l) 2 ’
() = D(ur) = Ju) + Nl oy + P(1r) = J(ue) + Sl + v7(2) (),

which yields
(@) (1) = (1 + V() (1) +vr(L) ().

Together with (4.6), one gets
0= (D) (1)=(1+»U) 1) +v) (1) =1 +nPu) +vJ,) (1) =vJ,) ().
According to (J,) (1) #£ 0, we derive that v = 0. O

Lemma4.4. Let 1 < N < 4s, s € (0, 1), and suppose that f satisfies (H;)—(H3). Then if w < 0, Eq (A)
has no nontrivial solution.
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Proof. Assume by contradiction that u € H*(RY) is a nontrivial solution of Eq (A) with w < 0. It
follows from (4.1) and (4.2), w < 0, and (H,) that

dx > 0.

N —2s
0 > S(l)“u”iZ(RN) = f [NF(M) - 2 f(l/l)u
RN

Therefore, we derive that w = 0 and

f F(u)dx = f f(wudx = f F(u)dx = 0.
RN RN RN

For w = 0, by Lemma 4.1, we deduce that u € M, that is, (4.3) holds. This yields

”u”DS’Z(RN) =0,
which contradicts u # 0 in H*(RY). ]

Lemma 4.5. Let 1 < N < 4s, s € (0, 1), and suppose that f satisfies (H|)—(H3). Then, for any ¢ > 0
fixed, there exists a o > 0 such that

inf{r > 0 : Ju € S, with |[ullps2@ry = 1 such that u, € M.} > o,

ie.,
inf{|[ull psagyy 1 u € M} > 0.

Proof. Since u, € M., we obtain that P(u,) = 0. According to (4.3), we derive that

sal|ul? + b |ul* = N7 N2 f F(72 u(x))dx.
RN

DX'Z(RN) DS’Z(RN)
Together with (H>), for |[ul|ps2gy) = 1, we get that

1 1 . N N
sa < sa+ sbt** < N(E - ;)T_N_z“ f f(r2u(x))T2u(x)dx. 4.7
RN

From (H,), there exists some C > 0 such that
fOr<C(* + 1), VteR.
Note that for u € M, with |lu||ps2gyy = 1, by Lemma 1.1, there exists C > 0 such that
il vy < C. Nl o, < C. (4.8)

Combining (4.7) and (4.8), we deduce that

1 1 NA y
sa < CN(— - —) (Tz—N—ZS + TI\;—N—ZS) ,
2y

which implies that o, > 0. O
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Lemma 4.6. Let 1 < N < 4s, s € (0, 1), and suppose that f satisfies (H\)—(H3). Then, (J,)"(1) < 0,
for each u € M., and M, is a natural constraint of J|s,.

Proof. From (4.4), by a direct caculation, we derive that

() (1) =as2s = DT |ull}ag, + bstds = DT lull} e,

+ NN + )72 f

RN

2
F(r? u(x))dx - NTT‘Z_Q f F (2 u(0)u(x)dx.

RN

Then,

" — N2 -
() (1) = as@2s = DlulPya, + bs(s = Dllulldzg, + NV + 1) f Fldx — — f F (wudx.
RN RN

Together with (H3) and P(u) = 0, we conclude that

’” j— Nz/l o
(Jo) (1) <as2s = Dlullfyoggw, + bs(4s = Dllull}zgn, + NN + 1) fR Flndx - —— fR Fludx
Ds,z (RN) Ds,z (RN) Ds,z (RN)

NA
=as(2s — D|jull? + bs(4s = Dllullf.zn, + (N +1- 7) (sa||u||2 + sbl|ul* )

NA NA
:(N+2s— 7)sa||u||2 +(N+4s— 7)sb||u||4

DS’Z(]RN) DS’Z(RN) .

According to 4 > 2 + % and Lemma 4.5, one can see that

, NA NA
) () < (N + 25— 7) sao? + (N +4s— 7) sho < 0.

Recalling Lemma 4.3, we conclude that M, is a natrual contraint of J|s, . |

Corollary 4.1. Let 1 < N < 4s, s € (0,1), and suppose that f satisfies (H,)—(Hs). Then, for each
u € H'RM) \ {0}, there exists a unique 7, > 0 such that u,;, € M. Moreover,

J(u,,) = max J(u,).
™0

Proof. Setc := ”””iZ(RN)' From (H,) and (H,), we observe that foreach v > Qand 7 € R,
F(t) < F(tH) < T'F(), if 7<1, 49)
F() < F(tt) < T'F(1), if 7> 1 '
Hence, we obtain
-2 . 4 = ~ y=2 Lo
= min{7", 7"} F(t) < F(11) < P max{t", 7'} F(t), 4.10)
’y — —

which implies that
T_Nf F(r?u)dx = o(z*) as 7 — 0,
RN
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noting that 2 > 2 + 3. Recalling that

DS‘Z(RN) DS,Z(RN) -

P(u,) = sat®||ul|? + sbr™||ull* NT_Nf F(T% u(x))dx,
RN

we can deduce that P(u,) > 0 for 7 > 0 small enough. Meanwhile, according to (4.4), one can see
that (J,) (r) > 0 for 7 > 0 small enough. Then, there exists a 7o > O such that J,(7) is increasing in
7€ (0,70).

On the other hand, from fRN Fudx>0,(49),and 1> 2 + % we derive that

_N- N ™y
TN‘”f F(t2u)dx > 12 N4Sf F(u)dx — +oc0, as 7 — +oo,
RV RV

which yields that

—2s
i = li as (4T 2 é 4 _ _—N-4s y _
lim J“(T)‘TL“PDOT ( 3 utll 2 gy + 4||u||Ds,2(RN) T fR NF(T2u)dX)— oo,

T—+00
Hence, there exist some 7; > 7 such that

Ju(Tl) = max J(l/t-r),
0

and (J,) (t1) = 0. Then, by Lemma 4.2, we conclude that u;, € M. Next, we will prove that 7, is
unique. Assume by contradiction that there exists 7, > 0 such that u,, € M. From Lemma 4.6, we
know that 7; and 7, are strict local maximum points of J,(r). Without loss of generality, we suppose
that 7, < 7,. Thus, there exist some 73 € (71, T,) such that

Ju(T3) = min ! J(l/l.,-),

T€[r1,72

which indicates that 73 is a local minimum point of J,(7). Then, (J,) (t1) = 0 and u;;, € M with
(JMT3)"(1) = (J,)" (13) > 0, which contradicts Lemma 4.6. o

Corollary 4.2. Let 1 < N < 4s, s € (0,1), and suppose that f satisfies (H,)—(H3). For each u €
H*(RM)\ {0}, let T, be given in Corollary 4.1. Then,

=1 ) (1) =0 Pu) =0,
7.>1e (L)1) >0 Pu) >0,
T, <1 e ()1 <0e Pu <0.

Proof. By Corollary 4.1, we obtain that
Ju(t,) = max J, (7).
0

Moreover,
J) @) >0, for0O<t<7, and (J,) (1) <0, fort>T,.

The conclusion follows from (4.4). O
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Lemma 4.7. Let 1 < N < 4s, s € (0, 1), and suppose that f satisfies (H,)—(Hs). Then J|p, is coercive.

Proof. For u € M., from (H,), we observe that

~ N -2)
salludFyz g, + SIUlleagyy = N f Faydx > —— f F(u)dx.
RN RN

Therefore,
J() =2 [ul’? bll I f F(u)d
u) =—|lull5, —|luel| 7. - u)dx
2 "D 2@y T 4" DR RY) RN
a b 2s
25”””%)3»2(]1%1") ”u”DsZ(RN) N(/l _ 2) (a”uHDAZ(RN) + b”u”Dﬂ(RN))
D S gy + A DS
~ 2N(1-2) 02N T AN = 2) De2@®Yy’

Thanks to 2 > 2 + %, we complete the proof.

For given ¢ > 0, let us define

. := inf = inf -
= I 0 = fnf max ),

4.11)

(4.12)

Since u is a solution to (A) satisfying (1.1), u must belong to M,. If u attains m,., we can assert that
u is the least energy solution, i.e., ground state solution. It follows from (4.12) and Lemma 4.5 that

m, > 0 for each ¢ > 0.

For each u € H*(RY), let u* be the symmetric radial decreasing rearrangement of u. By (H,),

without loss of generality, we assume that u is nonnegative. Then, we can obtain that

u(x) 00
f F(u)dx = f ( f f(t)dt)dx: f FOlx : u(x) > Bide
RN RN 0 0

= f"o SONx : u*(x) > t}|dt = f F(u")dx.
0 RV

From [11, Lemma 2.3], one can see that
|u*(x) — u (y)l2 Ju(x) = u(y)?
—————dxdy.
RN |x y|N+23 RN |x y|N+25

JW") < J(u).

Thus, we derive that

Set
S :=S.nH ,RY), M“:= MnH,,R"), P =P .nH [R").
Define
mzad := inf max J(u,),

ueSd >0

and we can obtain that

d
m = inf J(u).
ueMrad

Moreover, we find the following.

(4.13)
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Lemma4.8. Let 1 < N <4s, s € (0, 1), and suppose that f satisfies (H,)—(H3). Then,

rad __
mee = m..

Proof. Since S c S,, it is clear that m™*® > m,. On the other side, for each t > 0,

x w0 > = t2ul(rx) > 1) = [y c T2 u'(y) > e ™
=ty w' () > 72 =y ruG) > T = TV T u) > 1)
=l(x: T2 urx) > Bl =[x e (0) > 1)) = 1o s ()" > Bl
Hence, it holds true that
u: = (u)", ¥reR™.

As a consequence of (4.13), for each u € M,, we obtain that

JW;) = J((ur)*) < J(uy) < max J(u,) = J(w), Y1t € R,

which yields that m < m,, by the arbitrary of u € M., and this ends the proof. O

Proof of Theorem 2. Thanks to Lemma 4.8, let {u,} ¢ M be such that J(u,) — m, > 0. From
Lemma 4.7, we obtain that {u,} is bounded in H*(R"). We may suppose that up to a subsequence,
u, — u in H*(R"). Then, for N = 2,3, using the compact embedding H’ d(RN ) << LI(RY) for all
q € (2,2), we deduce that

f F(u,)dx — F(u)dx. 4.14)
RN RN

For N = 1, we may suppose that u, = u,,¥n € N. Then, (4.14) also holds true.
Now, we claim that u # 0. Suppose by contradiction that u = 0. Then, fRN F(u,)dx = 0,(1), and
taking into account of {u,} C Mg“d , we obtain that

2

4
Ds,Z(RN) + Sb”l/in” = On(l),

Sa”un” DS’Z(RN)

which contradicts Lemma 4.5.
Since {u,,} is bounded in H*(R"), it is obvious that

wy, = _1 <J,(I/tn), un>
C

is a bounded sequence. Particularly, applying (4.3), the definition of F, and (H,), we derive that

w;,C :wn”un”iZ(RN) = - <J’(uﬂ)’ I/ln>
= - f(un)undx - a”unHZDs,Z(RN) - bllunlléj,Z(RN)
fndr - [ Fau
= U, u,,dx — — u,)dx
RN s Jry 4.15)
N-2
=— | F(u,)dx - d S (un)u,dx
S RN RN
N (N-2
>[_ _ (—W] f F(u,)dx.
s 2s RN
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On the other hand, from (H,), it follows that

= (y =2N
Sallun”sz,Z(RN) + Sb”un“;‘)s,Z(RN) = Nf F(un)dx < ’YTI F(un)dx (416)
RN RN

Duetoy > 2+ %, by Lemma 4.5, there exist some 6, > 0 such that for any n € N,

f F(u,)dx > 9.
RN

Therefore, together with (4.15), there exist some 7, > 0 such that for any n € N,
wy Z 1Ne.

Hence, we can assume that w, — w, > 0. Up to a subsequence, if necessary, we can assume that

lluall?, > vy — A > 0. Itis easily seen that u, € H}, ,(RY) is a solution of

(a + bA) (-A)’u + w.u = f(u), xe€ RV, “4.17)
Then, u, € M and
sa”uc“sz,Z(RN) + SbAlluc”zD.ﬂ(RN) =N ‘[R . F(uc)dx
=N lim | Fu)dx = lm (sallts o, + sblltallpos)
=saA + sbA>.
Hence, s(a + bA)(A — ||uC||2DS,2(RN)) =0. By s > 0,a,b > 0, we get ||Mc||§)s,z(RN) = A, which yields that

U, — U, in DS’Z(RN ). So, (4.17) gives that u,. is a solution of

(a + bf |(—A)5u|2dx) (-A’u + weu = f(u), xeRY.
RN
As a consequence, we get that

2 4 2
alltcIBaqgie, + Bllacly o, + @clled Bagn, = fR fluucdx = fR fuydx + 0,(1)

2
=allu,||

Ds,2(RN)

4
DS,Z (RN )

2

+ blful + Wyllunll72 vy + On(1),

which yields that
(.l)c(C - ||u6||22(RN)) = 0

So, u. € S,, and then u,. € M.. Therefore,
m < J(u.) = lim J(u,) = m,

that is, (w., u.) is a ground state normalized solution to Eq (A). Recalling Lemma 4.4, we complete
the proof. O
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5. Proofs of Theorems 3-6

The aim of this section is to consider the continuity and the limit behavior of m. and w. as ¢ — 0"
as well as ¢ — +oo0.

For ¢ > 0, let (w,, u.) be the solution to (A), which is given by Theorem 2. We remark that w. > 0
and u, € S8 satisfy

(a + bf |(—A)5u0|2dx) (A ’u, + weu. = f(u.), xe€ RV,
RN

and b
_ 4y 2 4 _
J(uc) - Elluclle.Z(RN) + Z”uc”Ds,Z(RN) - fRN F(uc)dx = me. (51)

5.1. Preliminary results on m. and w,

LemmaS5.1. Let 1 < N < 4s, s € (0, 1), and suppose that f satisfies (H,)—(H3). Then, m, is continuous
with respect to ¢ € (0, +00).

Proof. Thanks to Theorem 2, we note that m, is attained by a symmetric decreasing function u. €
Hjad(RN). Let ¢ > 0 be fixed, and for each {c,} ¢ R* with ¢, — c as n — +oo, for the sake of
simplicity, we denote (w,, U.,) by (w,,u,). Without loss of generality, we may suppose that for any
n €N, 5 <¢, < 2c. Taking into account of (4.11), (4.16), and (5.1), we deduce that

1 2s ) 1 2S 4

1 2s 2s
<me, = J(uy) < |5 — ——— — — ———— 1 bllunll} v
ey = i) [2 (1-2)N 4 (/I—Z)N] el

Let u./, attain m./,. For 6 € (1,4), 6u./» € Sg./>. From Corollary 4.1, there exists a unique 74 > 0 such
that (9”6/2)7—9 S Mgzc/z and

(5.2)

2
allunlle,2(RN) + [

2 2 4s 4 =
saty Oucpll oo @ny + 0T 102l vy = Nf F((Oucs2)r,)dx.
RN

From (4.10), we conclude that

) 2 4 -4 =
sty 0y, + DOy, = N [ )
RN

—~ N
:NT;4S f F (T62 Quc/z(Tg)C)) dx
RN

N\ N Y —~
ZCT;“‘Y min {(TH2 9) s (T02 0) } f F(MC/Q(TQX))dX
RN

N\ N \Y —
—Cr 4N min {(r; 9) ,(T; 9) } f Fluep())dy,
RN

which leads to that 74 is bounded due to % —4s—-N > N77 —4s — N > 0. It easily follows from
Mgen < J((Ouepn)e,) that {mg., @ 0 € (1,4)} 1s bounded. Together with (5.2), we conclude that {u,} is
bounded in H*(R").
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Similar as the proof of Theorem 2, we can suppose that w, — w. > 0 and u, — u. in H*(RY),
where u, € S, is a solution of

(a + bf |(—A)5u|2dx) (-A’u + weu = f(u), xeRY.
RN

Therefore,
lim m,, = hm Jw,) = J(u,) >

n—oo

If J(u.) # m,, there exist some ¢ > 0 such that for n large enough,
M, = Mg + 0. (5.3)

Recall that +jou. € S,, and let 7, > 0 be the unique number such that (voue), = pue)., € M,
that is,

SapT ”uC”Da Z(RN) + pr2 4S||uC||zl‘)s,2(RN) - NfN F( \//_)(uc)Tp)d-x = 0
R

By Lemma 4.5, we can derive that 7, is bounded away from 0 as p approaches to 1. Thus, the
uniqueness indicates that 7, — 1 as p — 1. Therefore, for p close to 1 enough, we conclude that

Mpe < J( \//_3(1/‘6)7;,) — J(uc) = me.

Hence, there exists Ny € N such that for n > N,

C < c + ~°

m., <m >

which contradicts (5.3). Consequently, we obtain that J(u.) = m. and
lim m, = m,.

n—oo

Lemma 5.2. Let 1 < N < 4s, s € (0, 1), and suppose that f satisfies (H,)—(H3). Then,
lim m, = +o0 and lim m, = 0.

c—07* c—+00

Proof. Using (H;) and Lemma 1.1, there exists C > 0 such that

~ (y=2)N
sallud o, + sblitclbzer, = N f Fluode < 2222 | Fu)dx
R

2 N
e () Ny oy No-2)
<Clullza g, + N}, ) < (” Ul gy s el 2™ )
Therefore,
N(A-2)-4s /l _ N@-2) N(y-2)—4s y_NG-2)
sa < sa+ sl s, < c(||u||DJ2(RN) T )
which yields that

”u”Ds,Z(RN) — +00,
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as ¢ — 0%, since Y= 25) s

% -y (is_z), il (7_225)_“, z- il (7 2 > 0. Together with (4.12), we observe that

lim m, = +oo.

c—0*

For the case ¢ — +o0, we choose a positive v € H*(RY) with IVll.2@®yy = 1. For ¢ > 0, it is easy to
check that u = v/cv € S.. From Corollary 4.1, there exists a unique 7. > 0 such that u,, € M.. We
observe that CTES — (0 as ¢ — +oo. If not, there exists a sequence {c,} with ¢, — +o00 as n — +oo and
e,Te > 6> 0, for all n € N. Applying (4.9), we obtain that

q%ﬁjqn%ﬁqﬂww7T“Nfi%%%%@ﬂ®

RV R
>c, T N;l/ imm {( CnT. ) (\/ETC) }fRN F(v(y))dy.

According to

> —AsN N ) 2— 2ﬂ+¥ 2N-(N-25)1 y_ N N 2N-(N-25)4
— - , 5 S — ) — = EAS N
Cn ' ( Cn 1 C?") (Cn s) Cn B > 6 2r 4 c . ’ S ’

and
—2_—4s—N % 7
c, o VenTe | — +00 asn — +oo,

we conclude that
c,jzr;n‘”f F(+/cyvr, )dx — 400, asn — +oo.
RN

Therefore,

0 _P(MTL ) - S(lT ||M||DJ 2(RN) + SbT ||u||Da Z(RN) f F(uTcn)d'x
RN
23 2 2_4s)p,, 14 Tl
:SaCnTC,:”V”Ds,Z(RN) + Sbchc:”V”DS.Z(RN) - Nf F( Canz‘n)d‘x
RN

2_4s —2_-4 =
=C, T (sac . ||v||DJ2(RN) + sb||v||D32(RN) Nc, 1, Sf F(+cyvr,, )dx)
RN

<0,

2s

for n large enough, which is a contradiction. Hence, our claim ¢t — 0 as ¢ — +oco holds true.

Consequently, combining with w := u,, = cv,, € M., we deduce that

b
me < J00) =3I, + Z109an, - f F(w)dx
RN

a b 2 —
2||W||D52(RN) ||w||D32(RN) )Tz fRN F(W)d'x

a
2”W||D32(RN) ”W” (Sa”W”DAZ(RN) + Sb”W”DAZ(RN))

(1 2s 1 2s b
5 - (')/ — 2)N a”W”DsZ(RN) 4 (’}/ — 2)N ”W”DsZ(RN)

2
)b(m A e,

2
D5 Z(RN) ( _ 2)N

1 2s 21|12 1 2s
=z - ———|act N —
2 (y-2)N Ypaen ¥\3 7 5 2N

—0, asc¢c — +o.
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On the other hand, it follows from (4.12) and Lemma 4.5 that m. > 0 for each ¢ > 0. This completes
the proof. O

Lemma 5.3. Let 1 < N < 4s, s € (0,1), and suppose that f satisfies (H,)—(H3). Then,

1iI‘(I)l w.c = +oo and lim w.c = 0.
c—0* c—+00
Proof. Combining (5.2) and Lemma 5.2, we derive that

llI(I)l ”uc”DS-Z(RN) = 400, and lim ”l/lC”Ds,Z(RN) =0. (54)
c—0t c—+00

Moreover, from P(u,.) = 0, we conclude that

— 1 5 4
‘[RN F(uc)d-x = N (aslluCHDs,Z(RN) + bs”uC”DJ,Z(RN)) .

Together with (5.4), we see that

lim | F(u)dx = +c0, and lim f F(u.)dx = 0. (5.5)
]RN

c—0* RN c—+00

Similar as (4.15), we derive that

N N -2s
W . = wc”uc”iz(RN) = ?f F(uc)dx - o f f(uc)ucdx-
RN RN

By (H,), there exist Cy, C, > 0 such that

C f F(u)dx < wee < C, f F(u.)dx,
RN RN

which clearly means
lim w.c = +o0 and lim w.c =0,

c—0* c—+00
recalling (5.5). O
Remark 3. For the two quantities {(c), ¢(c), if there exist Cy,C, > 0 independent of ¢ such that
Cid(c) < ¢(c) < Cx¢(c),

we say {(c) and ¢(c) are comparable. Thus, by the proofs above in Section 5, it is easy to see that any
two elements in the set

{mc,wcc,llucllfy,z(wﬁ||uc||‘,‘)s,z(RN) f F(uc)dx, f F(u)dx, f f(uc)ucdx},
RN RN RN

are comparable.
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5.2. The case of c = +00
Let ¢, — +co. By Lemma 5.3, we know that w., — 0. For convenience, we denote (w,,, U.,) as
(wy, cp). Set
. 2
en L ”un”Dx,Z(RN)-
From (5.4), one sees that ¢, — 0 as n — +oo0.
Lemma 54. Let 1 < N <4s, s € (%, 1), and suppose that f satisfies (H,)—(Hs). Let (w,,u.) be the

solution given by Theorem 2. Then,
lim sup u#.(0) < +oc0.

c—>+00

Proof. Let us argue by contradiction. Assume that there exists a sequence {c,} — +oo such that
my, = u,(0) = max u,(x) — +oo.
x€RN

y=2

Take x = y/m,” and define
y-2
Uy (y/mn” )

n

On(y) = , yeR".

Thus, max,cgy O,(y) = 1 and

(=AY 0,(y) =

a + ben m?’tl_l mz_z Qn(y)
It follows from (H,) and (H,) that there exists a C > 0 such that
fO <C@ '+,

Therefore, we note that

1 f(ann(y)) _ Wy, o N
a + be, [ ! ml2 Qn(y)] € L™(R™).

Then, applying a similar argument to the proof of [19, Proposition 4.4], and passing to a subsequence
if necessary, @, — Q in Ci;f(RN ), for some a € (0, 1). It is easy to see that Q satisfies, in weak sense,
(-A)y0 =20, in RV,

a
According to [6, Theorem 1.5], we derive that Q = 0, which contradicts Q(0) = 1. O

Define

sy L[ X
I,(x) = un(O)un(wzls]'

By direct calculation, we see that i,(0) = [|it, || ~®~) = 1 and

1

(a + be,)(=A) ity (x) + itn(x) = o 0)

J (4, (0)iy (x)). (5.7)
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Lemma 5.5. Let 1 < N < 4s, s € (%, 1), and suppose that f satisfies (H,)—(Hs). Let (w., u.) be the
solution given by Theorem 2. Then,

A-2
fim inf D@1 o

c—+00 a)l,'

0.

Proof. We assume by contradiction that there exists a sequence ¢, — +oo such that

[u, (O)]J_z =0y (wn)

Letting x = 0 in (5.7), one sees that

1 =i,(0) < (@ -+ bea) =AY T (0) + ,(0) = —— f(u,(0)a(0))
Wyt (0)
C ] 4y _ Clua(0)12
<Mwm¢mmwl+mmmﬁ<——af—=wux
which is a contradiction. d

Lemma 5.6. Let 1 < N < 4s, s € (%, 1), and suppose that f satisfies (H,)—(Hs). Let (w.,u.) be the
solution given by Theorem 2. Then, u.(0) = |lu;|| =g~y — 0, as ¢ — +oo.

Proof. Recalling that w, — 0" and |lu,|lps2gyy — 0 as ¢ — +oo, assume by contradiction that
liminf,_, o u,(0) > 0. According to f(u,) — w,u, € L°(RY), applying a similar argument to the
proof of [19, Proposition 4.4], and passing to a subsequence if necessary, we assume that u, — u, in
Cz"’(RN ), for some a € (0, 1) with u.(0) = max,c~ u-(x) > 0, and u, is a nonnegative bounded radial

loc
solution of

1
(=A)Y'u=~=fu) >0 in R",
a
Then, by [6, Theorem 1.1], we derive that u. = 0, which contradicts u.(0) > 0. O

Lemma 5.7. Let 1 < N < 4s, s € (%, 1), and suppose that f satisfies (H,)—(Hs). Let (w,,u.) be the
solution given by Theorem 2. Then,

-2
lim sup M <

c—+o0 We

+00

Proof. Assume by contradiction that there exists a sequence ¢, — +oco such that

A-2
[, OF2
W,
Thus,
W,
lim ——" =0, 58
im0 [14,(0)]1-2 ©8)
Set

1, (x) = 1u( al )
T w0 " [, 005 )
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A direct calculation shows that 7,(0) = ||i,|[;~gy) = 1 and

o SO
(@ ben = = L or ™ o) ™

(5.9)

From (H,), Lemma 5.4 and (5.8), we derive that the right side of (5.9) is of L*(R"). Therefore,
applying a similar argument to the proof of [19, Proposition 4.4] and passing to a subsequence if
necessary, we assume that i1, — i, in Clzo"C'(RN ), for some @ € (0, 1). Combining Lemma 5.6 and (Hy),
noting that e, — 0, we deduce that i, is a nonnegative bounded radial solution of

;A 1 Ap— .
(-A ', = a1, in RV
a

Thanks to [6, Theorem 1.5], we derive that ii. = 0, which contradicts #.(0) = 1. O

Lemma 58. Let 1 < N < 4s, s € (%, 1), and suppose that f satisfies (H,)—(Hs). Let (w.,u.) be the
solution given by Theorem 2. Then, ii, — 0 as |x| — +oco uniformly for large n € N,

Proof. (5.7) can be rewritten as
(_A)Sﬁn + i, = gn(x) € RN,

— i (x) S (un ()it (x)) .. oo N ..
where g,(x) = —Given T ornOarbe) By Lemma 5.4, it is clear that g, € L*(R"). Moreover, it is

uniformly bounded for sufficiently large n. Due to the fact {u,} converges strongly in H*(RY), the
interpolation inequality yields that there exists g € L"(R") such that g, — g in L"(R") for r € [2, +o0).
Thus, by [3], we observe that

() = fR K= )g0)dy,

where K is a Bessel potential and it satisfies the following properties:
(D)) K is positive, radially symmetric, and smooth in RY \ {0}.

(D,) There exists C > 0 such that K(x) < \xl% for x € RV \ {0}.

(D;) K € L'(RM) for r € [1, %S). For any o > 0, we see that

K(x = y)lg,(Idy + f K(x = y)lg.(y)ldy.

{lx=yl<z}

0 < () < f K= lgaO)ldy = f
RN {

Ix—y|>;}
It follows from (D,) that

1

K(x = »Ig0ldy < Cligalle f _

j{;x—y»(‘,} iz 2y X = YV

By Holder’s inequality and (D3), we obtain

dy < Co™. (5.10)

f K(x - y)lg.(y)ldy
{Ix—y|<$}

< f K(x —y)lg.(y) — gldy + f K(x - y)lgy)ldy
{Ix—y|<$} {Ix—y|<§}

| | ; ;
<( f |K|2dy) ( f |gn—g|2dy) +( f |K|2dy) ( f |g|2dy) .
RN RN RN {lx—yl<1}
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This yields that there exists R; > 0 independent of o > 0 such that
f K(x —y)|g,.()|dy < o uniformly for large n and |x| > R;. (5.11)
he—yl<%

1
Here, we use the fact 2 < ﬁ and (f{|x—y|<l} |g|2dy)2 — 0 as [x]| = +oco0. Combining (5.10) and (5.11),
we obtain ’

0 < ii,(x) <C(c* + 0%, asl|xl>R uniformly for large n,

and, thus, ii,(x) — 0 as |x| — +oco uniformly for large n. O

Proof of Theorem 3. For each sequence {c,} — +co, we define

1) = w;hun(i]: 00)

7
T 1/(a=2)"n
w;' )  @n
According to Lemma 5.7, we observe that

1
lim sup sup v,,(x) = lim sup w, *u,(0) < +co. (5.12)

n—+o0o  xeRN n—+0o

Together with Lemmas 5.5, 5.7, and 5.8, we deserve that limjy_,.. v,(x) = O uniformly for large n.
Moreover, v, is the solution of

1

flwi?vy)
—_—
W’

(a + be,)(—A)v,(x) + v,(x) = (5.13)

Hence, a similar argument to the proof of [19, Proposition 4.4] implies that v, — Q in Clza’f(RN ) for
some « € (0, 1). Recalling that w, — 0" and [|u,||ps2gy) — 0 as n — +oo, from (H,), we obtain that Q
is nontrivial nonnegative solution of

a(=Ay’Q+Q =mQ"", inRY,
lim|x|ﬂ+c>o Q(X) =0.

From [4], we know that Q is a radial, positive, and strictly decreasing in x. O

Proof of Theorem 4. From (5.13), we have

(=A)'va(x) +

a + bllu,|I?

Ds:2 (RN ) -2

Wy

[I—M]vn =0. (5.14)

-l
vn

Since (5.12) and w, — 0%, by (H,), we observe that

-1

F@Tv) = (1 + oD (1

as n — +oo. Together with [|u,||ps2gy) — 0 as n — +oo, it follows from (5.14) that
1
(=) vu(x) + (— + on<1)) |1 = (1 + 0u(D) V()] | v = 0. (5.15)
a
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Noting that limyy—+. v,(x) = 0 uniformly in n € N, there exist R > 0 large enough and N, € N such
that

1 1
(— + on<1>) |1 = (1 + 0u(D) V(1| > =,
a 2a

for |x| > R and n > N,. Therefore,
1
(=A)’v,(x) + 2—v,,(x) <0, for [x| >R, n > N,.
a

Arguing as in the proof of [19, Lemma 5.6], we see that

V(x) < for |x| > R, n > N,.

1+ |x|N+2s’

Thus, v, — Q in L*(R"). By direct calculation, we see that

N(A-2)—4s N(A-2)—4s

s(A— 2 SA=2)
e Cn7 and ”Vn”Ds,Z(RN) = wnZ?(ﬁ 2 en/wn'

2
”vn”LZ(RN) = C()n

2
L2RN)
comparable. According to the fact v, — Q in L*(RY), there exist C3, C4 > 0 such that

Combining with Remark 3 and recalling that w, — 0, we deduce that ||v,|| and ||vﬂ||2Ds,2(RN) are

C3 < ||vn||i2(RN) < C4a
for all n € N. Therefore, there exist Cs, C¢ > 0 such that
CS < ”vn”zDs.Z(RN) < C6-

Hence, {v,} is a bounded sequence in H*(R"). Up to a subsequence, v, — v in H*(R"). Moreover, from
Lemma 1.1 and the fact v, — Qin L*(R"), one gets that v, — Qin LY(R"), q € [2,2%). Applying (5.15),
we observe that [[v,[|7,,, v = 10112 vy Which yields v, — Q'in H S(RM). o

5.3. The case of c — 0"

Let ¢, — 0*. From Lemma 5.3 and (5.4), we obtain that w,, — +oco0 and ¢, — +o00 as n — +oo.

Lemma 5.9. Let1 < N <4s, s € (%, 1), and suppose that f satisfies (H,)—(Hs). Let (w., u.) be the
solution given by Theorem 2. Then,
lim(i)Pf u.(0) = +o0,

and )
.
fim jnf L OV
c—0* W,

0.
Proof. For each sequence {c,} — 07, set
L (o
V(%) 1= ——u, ele .
(0" | 3
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A direct calculation shows that ¥,,(0) = ||, | ~®~) = 1 and

(eﬁ + b) (A T+ Ty = — n( gy /O, (5.16)

Letting x = 0 in (5.16), and applying (H>), there exists C > 0 such that

1< ( a. b) (—A)’5,(0) + 7,(0) = Fun0)7,0)
en n n(o)
C i ) o _
<“’ﬂ“n(o) (uﬁ 10) +uy 1(0)) " W, (uﬁ 0) +u; 2(0)) )

which yields that u,(0) — +o0, since w, — +00,y > 1 > 2. Moreover, by 4 < y, we deserve that

y-2 1
lim inf w > —

> 0.
n—+oo (,()n 2C

By the arbitrary of ¢,, we complete the proof. O

Lemma 5.10. Let 1 < N < 4s, 5 € (%, 1), and suppose that f satisfies (H;)—(Hs). Let (w.,u.) be the
solution given by Theorem 2. Then,

A0)]
lim sup L0 < 400
c—0* We

Proof. We assume by contradiction that there exists a sequence ¢, — 0" such that

[,(0)]

Wy

— +o00,

which implies that w, = o([u,(0)]”2). Set

o e
V(x) = n(O) ( ZY (O)x).

Then, $,(0) = [[V,|[z~@v) = 1 and

a sa Wy A
(Z + b) (=A)'D, + uZ‘Z(O)V" = 1(0) F(u,(0)D,). (5.17)
Note that
v 1(O)f( O < (' @8+l O ) = C (317 + w0 ).

Together with u,(0) — +o00 and A < y, we conclude that

gy O < c(m '+,

n
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This indicates that f (1,(0)D,) is of L*(RY). Therefore, applying a similar argument to the proof

of [19, Proposition 4.4], and passing to a subsequence if necessary, we assume that ¥, — ¥ in C; 2 “(RN ),
for some @ € (0,1). Combining Lemma 5.6 and (H,), noting that e, — +o0o, we deduce that Vis a
nonnegative bounded radial solution of

(—AYD = 291 in RV,
a

Thanks to [6, Theorem 1.5], we derive that ¥ = 0, which contradicts $(0) = 1. m]

Proof of Theorem 5. For each sequence {c,} — 07, set

L ||I/tn||§&
Vn(x) - wn un w
o
Furthermore, v, is the solution of
1
(e’ + BY-AY P, + () = LT (5.18)
a),fz

From (H,), we obtain that

v-1

-2

f(w D) C ( =5__ e Y L -
< WV w7 =l w7,
wy

t f(w V)l)

Combining w, — +o0 and 4 < y, we deduce tha € L*(R"). Hence, a similar discussion to the

2

proof of Lemma 5.8 and Theorem 3 implies that \7,, — Uin Clz(;f(RN ), for some a € (0, 1). Recalling
that w, — +oco and ¢, — +o00 as n — +oo, from (H,), we obtain that U is nontrivial nonnegative
solution of

b(~AYU + U = U, in R,
lim|x|—>+oo U(X) =0

From [4], we know that U is radial, positive, and strictly decreasing in x. O

Proof of Theorem 6. Letting ¢, — 0" and recalling (5.18), we derive that

(=A)'Vu(x) +

y-1 1
Wy Va(X)

S|
(ae;' +b) ] Pulx) = 0. G-19)

By the proof of Theorem 5, we also obtain that lim;y,+« V,(x) = 0 uniformly in n € N. It follows from
(H,) and w, — +co0 as n — +oo that

@i

y-1 1
Wy V()

) <c (2 +92) >0,

n n
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as |x| — +oo uniformly in n € N. Hence, there exist R > 0 large enough and N; € N such that

(ae;' + D) - 2b’

! {1 S m] 1
w07 ()

for |x| > R and n > N,. Arguing similarly as in the proof of Theorem 4, we can show that ¥, — U in
L*(RM). By direct calculation, we see that

i [ e -2 -5 Loy
||v”||L2(RN) = a)n‘ Y e, 256‘”, and ||vn||D&2(RN) = wn‘ Y e, 2Sa)—-
n
Combining with Remark 3 and recalling that e, — +co, we deduce that |[7,|17, @, and ||\7n||i)&2(RN) are
comparable. Similar as the proof of Theorem 4, we observe that ¥, — U in H*(RV). O
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