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Abstract: This paper aimed to establish the averaging principle for the two-timescale stochastic
functional differential equations with past-dependent switching. Initially, the existence and uniqueness
of solutions, as well as moment estimates, were obtained by using classical interlacing techniques.
Furthermore, the interaction between the fast and slow processes was derived based on the properties
of the Poisson random measure. Subsequently, employing the coupling method and the integration
by parts formula for the generator, the exponential ergodicity of the frozen Markov chain and the
Lipschitz continuity of its invariant measures were proved. In addition to the challenges posed by the
dependence on history, the Lipschitz condition under uniform norms that the generator satisfies also
introduced computational and proof difficulties. Therefore, more refined estimates were provided for
the segment process. Based on these results, together with weak convergence and martingale methods,
the averaging principle for the original system was established. Finally, two examples were provided
to illustrate the differences between the results presented here and the classical results.
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1. Introduction

The phenomenon of two timescales is commonly found in complex systems, appearing in fields
such as materials science, chemistry, fluid dynamics, control engineering, biology, ecology, financial
economics, climate dynamics, and other applications. For example, see [1] and the references therein.
In classical gene expression models, Messenger Ribonucleic Acid (mRNA) molecules are produced
from Deoxyribo Nucleic Acid (DNA) through the transcription process, while protein molecules are
generated from mRNA through the translation process. Both types of molecules are subject to
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degradation; however, the kinetic behavior of proteins is much slower than that of mRNA. Proteins
can exist for several weeks, whereas mRNA may only last a few minutes. The processes by which
protein molecules acquire their functional structures and conformations also exhibit different
timescales, with the vibrational timescale of covalent bonds on the order of femtoseconds (10~
seconds), while protein folding likely occurs on the order of seconds. When mathematically
characterizing these phenomena that span different timescales, it is often necessary to introduce
fast-varying and slow-varying processes, thereby forming a two-timescale system. Due to the
coupling between the fast and slow processes, directly addressing the original system is often
extremely challenging. A common approach is to average the fast variables in the slow-varying
equations to obtain an averaged equation, which no longer depends on the fast-varying processes.
This averaged equation can then serve as a bridge to designing feasible processes to address the
original system. For instance, reference [2] introduced a reduction method grounded in chemical
Langevin equations with two timescales, utilizing the stochastic averaging principle to derive a limit
averaging system. This limit averaging system serves as an approximation for the slow-reacting
process.  This reduction method not only significantly enhances computational speed during
numerical simulations, but also provides accurate error bounds.

In recent years, the averaging principles for stochastic systems with regime-switching involving
two timescales have garnered considerable attention from scholars. This interest arises from the fact
that in control engineering, finance, biology, and information transmission, the current state of a
system is influenced not only by intrinsic uncertainty factors but also by random factors in the
external environment. When both influences occur simultaneously, traditional stochastic differential
equations or stochastic functional differential equations are insufficient to characterize such systems.
To effectively express the impacts of both internal and external factors, researchers have introduced
stochastic systems with switching. A significant feature of these systems is the coexistence of discrete
events and continuous dynamics, which interact differently across various models. This characteristic
yields results that differ from those of traditional stochastic differential equations. For example,
reference [3] discussed the stability of stochastic systems with regime-switching, while reference [4]
explored numerical methods for these systems. Furthermore, for the stochastic models with
regime-switching mentioned above, when drastic changes in the external environment lead to a
significant disparity in the frequency of changes both inside and outside the system, it becomes
necessary to introduce a two-timescale structure to describe this phenomenon. Yin and his
collaborators established a comprehensive asymptotic expansion theory related to nonhomogeneous
Markov chains and their generators under various conditions in reference [5], obtaining stationary
distributions and convergence rates while investigating the central limit theorem for occupation
measures. Building on this theoretical foundation, the reference [6] examined the long-term behavior
and stochastic persistence properties of population models driven by rapidly switching Markov
chains. Notably, in the aforementioned two-timescale models, the rapidly switching Markov chains
do not depend on the slow-varying process. However, in practical applications, fluctuations in the
external environment affect the internal system, and, conversely, changes within the internal system
can influence the external environment’s development. Consequently, state-dependent
regime-switching models have attracted significant scholarly interest. Generally speaking, for Markov
chains that do not depend on the system state, they can be treated as exogenous noise. The challenge
in dealing with regime-switching models that depend on the current state of the system lies in the
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coupling relationship between regime-switching and continuous states. Reference [7] used weak
convergence and martingale methods to prove numerical methods for stochastic differential equations
with state-dependent switching; reference [8] investigated small perturbation large deviation for
diffusion systems with state-dependent rapid switching, where the diffusion coefficients may be
degenerate; reference [9] established an asymptotic expansion theory for state-dependent switching
diffusion systems, thereby deriving averaging principles. It is significant to point out that these studies
have only considered regime-switching dependent on the current state of the system. Recently,
references [10-12] proposed diffusion systems with regime-switching dependent on the historical
state of the system and explored recurrence and ergodicity. To the best of our knowledge, research on
stochastic differential equations with past-dependent switching is still in its early stages. Therefore,
issues such as averaging principle, numerical computation, numerical simulation, and stability
analysis of this model are all worthy of consideration. This paper mainly aims to introduce two time
scales into the model and establish the corresponding averaging principle, thereby providing a
theoretical foundation for further research on the model.

To date, there are four main methods for establishing averaging principles in two-timescale
models. The first method is based on asymptotic expansion techniques of partial differential
equations. It begins by demonstrating that the density function of the solution to the original system
satisfies a Fokker-Planck-Kolmogorov equation (FPK equation) with singular perturbation under
suitable conditions. Next, an asymptotic expansion is performed on this equation, and by taking the
limit of the expansion, one obtains the limit function of the density function, which remains a valid
density function. Finally, integrating the limit density function with respect to the stationary density
function of the fast-varying process yields a density function that satisfies an FPK equation. The
corresponding stochastic differential equation for this FPK equation is the limit equation for the
slow-varying process in the original system. It should be noted that this method requires strong
smoothness conditions on the coeflicients of the original system, with more detailed explanations
available in reference [13]. The second method is based on certain properties and estimates of the
solutions to the Poisson equation defined on the entire space, including the existence and uniqueness
of solutions, growth estimates, and estimates of the growth of partial derivatives. The foundational
theory for this approach was established by Pardoux [14—16]. Subsequently, a substantial amount of
literature has utilized methods involving the Poisson equation to obtain richer results, such as
mentioned in [17, 18]. In particular, one of the advantages of this method is its ability to determine the
convergence rate of the slow-varying process. The third method is the perturbation test function
method, which was first proposed by Khasminskii in the 1960s [19] and later developed and refined
by Kushner [20]. The fourth method is based on the technique of time discretization. If the diffusion
coeflicient of the slow-varying equation does not depend on the fast-varying process, one can seek the
strong convergence (in the L” sense) limit of the slow-varying equation. More detailed explanations
can be found in reference [21]. If the diffusion coefficient of the slow-varying process depends on the
fast-varying process, an example in [22] illustrates that the slow-varying process no longer possesses
a strong convergence limit; in this case, one can only look for its weak convergence limit using time
discretization techniques. Detailed discussions can be found in reference [20].

In summary, this paper aims to develop an averaging principle for stochastic functional differential
equations with past-dependent switching that incorporate two time scales. To this end, this paper
employs the aforementioned time discretization technique and is organized as follows. In the next
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section, we first provide definitions and assumptions of the model presented in this paper and prove
that the switching process can be represented as a stochastic differential equation with respect to the
Poisson random measure. Based on this, we can obtain the existence and uniqueness of the solution as
well as the moment estimation. Section 3 mainly studies the interaction between fast-varying and slow-
varying processes. Section 4 demonstrates through the coupling method that the exponential ergodicity
of the frozen Markov chain does not depend on the fixed parameter, and obtains the Lipschitz continuity
of invariant measures with respect to fixed parameters. The tightness of the slow-varying process X*(¢)
and the moment estimation of the segment process are discussed in Section 5. Based on this preparatory
work, Section 5 presents the core Theorem 5.5 of this article, which illustrates the main limit theorem
in the sense of weak convergence. Finally, Section 6 provides several different types of examples to
illustrate the results of this article.

2. Formulation and preliminaries

This paper considers the two-component process (X°(f), a®(t)) where X?®(¢) satisfies
dX®(t) = b(X7,a®(t))dt + o (X7, a°(£))dW (1), (2.1)

7 defines the transpose of z, C([a, b]; R") denotes the family of continuous function v from [a, b] to R?
with the norm
IVlloo = Supasi<pV()l,

7 denotes the delay length,

b(-,-) = (by,by, -+ ,b,) : C([-7,0;R") X S — R",
0(-,*) = [Tijluxg : C([-T,0;R") X § +— R™,

a®(t) is a pure jump process taking value in

and the set of positive integers with a finite N and W(¢) is a standard Brownian motion defined on the
complete probability space (Q, F, ()0, P), taking values in R? and independent of a®(¢). We assume
that the switching intensity of a°(#) depends on the segment process X7, that is,

P(a(t + 0) = jla®(t) = i, X, a°(s), s < 1) = éq,-j(Xf)é +0(0), if i+, (2.2a)
Pa®(t +90) = ila°(t) = i, X;,a°(s), s <) =1+ éq,-,-(Xf)é + 0(9), (2.2b)
foro > 0,1, j €S and € > 0 is a small positive parameter. For convenience of notation, we define
qi = —qii, L €S.

The main objective of this paper is to establish the averaging principle for the aforementioned model.
The highlights and major contributions of this paper are reflected in the subsequent key aspects:
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(1) To the best of our knowledge, this paper establishes for the first time the averaging principle for
stochastic functional differential equations with past-dependent switching involving two
timescales.  Since the diffusion coefficient depends on the fast-varying process, the
counterexample mentioned in the introduction indicates that this model does not possess a strong
convergence limit. Therefore, this paper employs weak convergence methods and martingale
methods to address this difficulty.

(2) Since X*(t) and @°(f) depend on X7, the existence and uniqueness of solutions, the interaction
between the fast-varying and slow-varying processes, and the invariant measure from classical
literature are no longer applicable. Therefore, this article utilizes the method in [23,24], which
represents the switching process as a stochastic differential equation with respect to the Poisson
random measure. The advantage of doing so is that we can apply techniques related to stochastic
differential equations to the switching process. Furthermore, based on this, we obtain the
interaction between fast-varying and slow-varying processes, which will be repeatedly used in
the martingale method. At the same time, this article also discusses the moment estimation of
the segment process, obtaining an order that is sufficiently close to half, which will be used in
the implementation of martingale methods together with inequality (3.3) to form control over the
estimation term of martingales. In the following, the assumptions used in this paper are
presented along with some explanations.

The following are the assumptions that will be used in this paper. Throughout this paper, K denotes
a generic positive constant, whose value may change for different usage, so

K+K=K and KK=K

are understood in an appropriate sense. K represents the generic constant depending on parameters 3.
Let us begin by introducing some conditions on the two-timescale system (X*(¢), @®(¢)), which will be
used throughout this article.

(A1) Assume that the initial value
Xg =& €C([-7,0;R")

is nonrandom and satisfies the Lipschitz property, and the initial value
a’(0)=ipeS

is independent of &.
(A2) For any ¢4, ¢, € C([-7,0];R") and any i € S, there exists a positive constant L; such that

Ib(¢1,1) = b(¢ha, DI V 0o(¢1, i) = (b, DI < Li(llr = $allZ,). (2.3)

(A3) For each ¢ € C([—7,0];R"),
0(@) = (qij(#))ijes
18 a conservative transition rate matrix.
(A4) Assume that
Bij = ¢€C([1_f;f0LRn) gij(¢) >0

foranyi,jeS.
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(A5) Assume that

M := sup Z sup  gij(¢) < oo.
€S &5 i $eC(-TOLRY)

(A6) For any ¢, ¢, € C([—,0];R"), there exists a constant K > 0 such that

19(¢1) = O(P)ly, = SUPZ |g:(#1) — qij(#2)] < Kllp1 = ¢ollw.

ies JEI

Owing to the fact that b(-, i) and (-, i) are independent of ¢, the condition (A2) yields the linear growth
condition, that is, for any i € S and any ¢ € C([-7,0]; R"),

1b(¢, DIV |o(¢, DI < K(1 + |¢llo)- 2.4)

Thanks to the condition (A4) and the finite state space, each state has a strictly positive arrival
probability. According to the definition of irreducibility, we can conclude that

0(9) = (qij(#))ijes

is a irreducible transition rate matrix for each ¢ € C([-7,0];R"). To proceed, we construct a*(f)
as the solution to a stochastic differential equation with respect to a Poisson random measure. For
¢ € C([-7,0],R") and & > 0, let {I'7,(#), i, j € S} be a family of consecutive left-closed and right-open
intervals on the half-line, each of length qii(¢)/&, that is

N-1
I,(¢) = [0, 61128(@)’ LTS (9) = ; q1(p) 611(¢))

g

i—1
FZ(¢):[;CH(¢) ;qzz(fﬁ) ZQI(¢) qul(¢)’ €Szl jti

&

N-1
[y 1(0) = Z q1(p) Z qi(P) Z q1(P) Z %(‘P)

= €
For convenience of notation, we set
5(¢)=0 and T%(g) =
if
qij(¢) =0

Before stating the construction of a Poisson random measure, we give the following lemma to
facilitate a subsequent proof.

Lemma 2.1. Assume that the condition (A5) holds. For any ¢, ¢, € C([-7,0];R") and any i, j € S,

m(I'7(¢1)AL(42)) < —IIQ(¢1) = 0@l

where m denotes the Lebesgue measure on R.
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Proof. According to the definition of {l"fj(qﬁ), i,jeS},

i1 Jj-1 i-1 J-l

1
m(I7,(p1)ALT(¢2)) < g‘ Z q($1) + qi(P1) — Z q($2) — Clik(fﬁz)‘
k=1 k=T ki k=1 k=T ki
= j i-1 j
wo| D a@+ D @@ - @@ - Y au@)
pa kST ki k=1 KT ki

™

J
D laa@) - qu(go)l
k=1 k=1,k=i
&

) N
< - Z lgi(d1) — qu(Pa)| + lgik (1) — qix ()]
£

k=1 I=1 ek k=T Rt
2N
< ?||Q(¢1) — 0@y, -

This completes the proof. O

Next, we provide an explicit construction of the Poisson random measure as in [25, p.42] or [26, p.26].
Under condition (A5), we set
H?® =N(N-1)M/e

as an upper bound on the total length of {Ffj(d)), i,j € S} forfixede > 0. Let &,/ = 1,2,... bea
sequence of random variables on [0, H*] with

d
P(e* € dx) = MY 2.5)
Hs
and 77,k = 1,2,... be nonnegative random variables such that
P(r{ > t) = exp(—H*?). (2.6)

Suppose that {£7, 77} 41 are all mutually independent. Set
=1, =11+15+ - +71, kel

Put
;. = i)

keN
and

P =¢&, kel
Correspondingly, introduce a counting measure as follows:

Np((0,1] X A) =#{s € D, : 0 < s <1, p°(s) € A}, 1> 0,A € B([0, 00)),

where # means the number of - counting in the {-}. Then, {p®(¢)}0 is a Poisson point process that
satisfies the jump height & at the jump time /7, and its corresponding Poisson random measure is
N;g(dt, dz) with intensity measure dt X m(dz), which is independent of {W(#)};>0. Define

Ve C([-7,0;R") X Z, xR
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by
Vi) = D (= D)@

JES,j#i
and the systems of equations

dX®(t) = b(X7,a®(2))dt + o(X7, a°(£))dW (1),

2.7
da®(t) = ng(Xf,ag(t—),z)N;g(dt, dz).
R

If the above systems of equations has a solution, the solution (X?®(¢), @®(¢)) to (2.7) satisfies Eqgs (2.1)
and (2.2). In fact, we only need to demonstrate that the solution satisfies (2.2). Due to the property of
independent increment of the Poisson random measure, for any A € B([0, o)) and ¢, > 0,

P(NZ((1,1+ 6] X A) > 2) = 1 — "™ Psm(A) — ™Y = 0(6)
and from

da®(t) = f VX7, ali-), 2N, (dt, dz),
R

we have

Fro)-a' = (= (D, xo(pUs). (2.8)

zss§t+6,seD;8 =
In particular, if o®(¢) = i,
Er L\ _ ¢ s . ve Y%A — P e e &t
@G =i+ ) = Dl (PUE) = i+ D G = Dz €, (2.9)
Jjes jes
where ;' and & denote the first jump time and jump height of p®() after time 7. For j # i and
¢ € C([-7,0;R"),
P(@*(t +0) = jla®(t) = i, X7 = ¢) = P(a®(1 +6) = J,
Np:((t,1 + 6] X [0, H]) = 1|a°(t) = i, X] = ¢) + P(a®(1 + ) = J,
Np:((t, 1+ 6] X [0, H]) > 2]a®(r) = i, X7 = ¢) = P(p°({7) € IT(4),

Np:((t,1 + 6] X [0, H?]) = 1a®(t) = i, X] = ¢) + 0(0) = ée‘w‘sqﬁ(qﬁ)é + 0(9)

= éqzj(@(s + 0(6).
For j =iand ¢ € C([-7,0]; R"),
P(a®(t +90) = ila°(t) = i, X; = ¢) = P(a°(t +9) = 1,
Np:((1,1 + 6] X [0, H?]) = 0la®(r) = i, X = ¢) + P(a®(1 + 0) = i,
Np:((1, 1+ 01 X [0, H?]) = 1e®(t) = i, X; = ¢) + P(a°(t +6) = i,

qii(¢)

Np:((1, 1+ 01 X [0, H?]) 2 2l°(t) = i, X; = ¢) =€+

S+ 0(6)
=1+ £Qii(¢)6 + 0(0).

Using (2.7), the following theorem gives the existence and uniqueness of solution and the moment
estimation which is independent of the small parameter ¢.
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Theorem 2.2. Suppose that (A1)—(A6) hold. Then, for € > 0 and any initial value
X5 =& € C([-7,0;RY)
and
a®(0)=ip €S,

there exists a unique global strong solution (X*(t), a®(t)) of (2.1) and (2.2). Moreover, for every T > 0,
there exists a positive constant Ky such that

sup E( sup [X*(0I) < K. (2.10)

O<e<1 —1<t<T
We prepare a lemma to prove this theorem (see [27, Theorem 2.2]).

Lemma 2.3. Assume that (A2) holds. Then, for any i € S, there exists a unique gobal solution X(t) to
the following equation:
dX(t) = b(X;, D)dt + o(X;, 1))dW (1)

with initial time to and initial value
Xl‘o = ¢ € C([_T7 0]’Rl’l)

Moreover, the initial time ty can be a random variable provided that it is a stopping time.

Remark 2.4. For fixed state i € S, under the global Lipschitz condition, the Picard iterative sequence
can approximate a unique solution X(t) ([27, Theorem 2.2]). When the initial time is a stopping time,
it does not affect the techniques used in the proof, such as martingales isometry ([28, Remark 3.10]).
This proof is omitted here.

Proof of Theorem 2.2. To construct the solution to (2.1) and (2.2) with initial value (&, i) for fixed
e > 0, we use the interlacing procedure similar to [11, Theorem 3.1] or [28, Theorem 3.13]. Let
X%(f), t > 0 be the solution to

dXO4(1) = b(R*, ig)dt + (X°%, ig)dW (1)

with initial value
X051 = &@), te[-7,0]

Here, for the sake of uniformity of notation, we superscript X**(¢) with &, which is virtually not related
to €. Let

!
o = inf {t >0: f fVS(X?’E, io, )N, (ds, dz) # 0}
0o Jr

i i
iy =io + f f VE(XY?, o, NS (ds, d2).
0 R

To proceed, let XY (@), t > o] be the solution to

and

dX"4(6) = (X, iy)dt + (X}, i) dW (1)
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with initial value
Xty = X°4(@t), telof 1,05

Define ,
o5 = inf{t >0 f fV’S(f(sl’s, i1,2)N.(ds, dz) # 0}
0 Jr

and .
2 ~
i =i + fa f VE(X} 7, io, N2 (ds, d2).
R

O—T

For the convenience of notation, set
E
oy =0.

When we have already defined X""2*(t) on [0 , — 7,0% ], m > 2, let X""'“(£),t > 0 | be the

solution to
X" () = DT i)dt + (R i )AW ()

with initial value
vin—1, _ ym-2,
X" = X", telo,  —T0on ]

Define .
ol = inf{t >00 f st(X’S"_l"g, Im-1, 2N (ds, dz) # 0}
0 Jr

and

T
im = im—l + f fVS(X;n_Lg, im_l, Z)NZg(dS, dZ)
ot | YR
Clearly, continuing this procedure, we can construct a process
X*(1) = X"4(0), (1) = iy

when
<t<o? m >0,

which satisfies that
Xg(t) = 'f(t)7 re [_T7 O]
and that

tACE,

X(tnoy) =E0)+ f 5 b(X:, a”(s))ds + f o(X5, a®(s)dW(s),
0 0

tAT,
a’(tANTE) =1y + f ng(Xf, a“(s—), 2N (ds, dz).
0 R

Define
oo, = lim o7,

m-—o0

To imply that (X?(¢), @®(#)) is the unique global solution, it is only necessary to obtain

€ _
oo, = oo,

(2.11)
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For any T > 0, one has

Ploy, <T) =

ﬁ f ZE OZqu/(X“:)/ ]}Nf,g(ds, dZ) = m)
T

f fIZE[O wepNp(ds, dz) > m)
0

op (HET)E
e—HT( ) ’

k!

Il IA
Mg /E A

=~

=m

which implies that
P(ot, <T)— 0,

as m — oo. It follows that

o’ = oo,

(o8]

The uniqueness of X"*(¢) and the uniqueness of i, defined by (2.11) on [0, 0,1 can derive the
uniqueness of (X*(¢), @®(?)). Finally, for the resulting solution, it can be given that for every ¢ € [0, T']

X 4 § 4
f bXZ, at(rdr] ) +E( sup f (X2, ()W ()| )]
0 0

0<s<t

B( sup IX°(5)I") < KligIl%, + B( sup

0<s<t 0<s<t

< K[Ilfllio + E( fos |b(Xf,a8(r))|4dr) + ]E( fos |0'(Xf,a8(r))|4dr)]

< K|iéllt, + K f t [1+E( sup [X°(u)l*)|ar
0

—T<usr

It is easy to observe that

B( sup [X*(s)*) < lIEIE, + B( sup [X*(s)I*).

—T<s<t 0<s<t

This, together with Gronwall inequality, yields that

E( sup [X*(s)I') < K.

—T<s<t

Letting t = T concludes the proof. m|
3. Interaction between fast-varying and slow-varying processes

Applying (2.7), consider the solution (X?(¢), a#(t)) and (Y(), a>*(t)) respectively to the following
systems of equations:

dXé(t) = b' (X%, " (t))dt + o' (XF, " (1))dW(2),
da' (1) = f VEX?, (1), D)NZ(dt, d2), (3.1)
R

Xo =1, a"¥(0)=iy€S,
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and
dYe(t) = b* (Y%, a**(t))dt + o*(Y?, a**(£))dW(¢),

da (1) = f Ve(Y?, a**(t-), 2)N5.(dt, dz), (3.2)
R
Yo =¢r, &*(0)=1iy€S,
where we assume that ¢, ¢, € C([—7,0]; R") are nonrandom and W(¥) is a standard Brownian motion.

Lemma 3.1. Suppose that b;, o;,i = 1,2 satisfy the condition (A2), replacing b and o, respectively. If
a4 (s) = a®4(s)
forany s,t € [0,T], s < t, there exist the solutions to (3.1) and (3.2) such that

1 ! 1 [
— f E[I{awr#an(r»I7"f]drS2N(N—1); f E(IOX7) — QYD |F)dr, (3.3)

r—s

where
F = o{W(s), Np.((0,s] X [0, H]) : s < 1}.

Proof. Obviously,
8)2

(xH
-

1 —e ™ — e . (xH?) = " + o(xz)]

for any x > 0. Choose a 6 > 0 so that when x € (0, J],

1 - e—ng _ e—ng . (st) < (XHS)Z

holds. Divide [s,#] by 6. Let#, = s + k0, k =0, 1,2, ..., K, where we denote

the integer part of =2, and

For the interval (7, t1],

P(a'(ty) # > (0)IFY) = Pa"“ (1) # @**(11), Nio((t0, 1] X [0, H]) = 11F79)
+P(a"(ty) # (1)), N (10, 11] X [0, H®]) > 2|F5). (3.4)

According to the definition of the Poisson random measure and its property of independent
increment,

P(a"?(1y) # (1), N5 ((fo, 1] X [0, H?]) > 2|F7)
< P(NE((to, 1] X [0, HY]) > 2)
=1-e 0 -7 (H6)
< (H®6)*. (3.5)
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Below, we estimate the first term on the right side of Eq (3.4). Recall that £;* and £;* denote the kth
jump time and jump height after time s, respectively. From (2.8) and (2.9),

P(a" (1)) # a*(1)), N7.((to, 111 X [0, H?]) = 1|F)
=P(a"*(t)) # &™), (7" € (o, 11, 55" > 1y 1F )

le _ e . £,10
= B(a"*(1y) + ;a @ o)l o, )
# o> (to) + Z(l azg(to))ﬂrgu( K 810)(5‘19[0) 00 e (to, 1], & > 11| )
leS
g‘;;to € U {F ale (1 )l(X le)AFEZF(IO)l(YPl())} é"l‘)»tO € (t09 tl] gato > t1|?dz§) (36)
l#ale(s)

Note that on [7, f”“], the solutions X?(«) and Y*(u) of (3.1) and (3.2) are respectively determined by

dX*(u) = b'(XE, &' (tp))du + o' (XE, " (tp))dW (u),

dYe(u) = b*(YE, & (ty))du + o (YE, (1)) dW (1),
where the initial values are, respectively, X7 and Y. Therefore, due to the mutual independence of
N, (dt,dz) and (W(1)),o, it follows that {X7} £ Y e, £y and {7 o, - are mutual conditional
independent with respect to F,°. This, together with (2.5), (2.6), and (3.6) ylelds that

P(a"“(t)) # &>(11), N3 (10, 11] X [0, H]) = 1|F)

f f (T2 L XOATE L (YONPWITE) X e OB € du)
li(llg(to)
< j: E(m( U (T2 o (XOATE, (YD) )| ) (3.7)
0 I#at< (1)

Substituting (3.5) and (3.7) into (3.4) yields that

P(a'*(n) # o*(1)IF) < (H®6) +2N(N—1)f E(IQ(X) — QY |F)du. (3.8)

To proceed, we estimate

P(a'*(1r) # a**()IF) = Pla"“(1y) # @**(1a), @*(11) # &> (1)IF)
+P(a"(1r) # (1), (1)) = &> (1)|F). (3.9)

On one hand, (3.8) gives the estimation of the first term on the right side of the above equation. On the
other hand, clearly,

P(a'“(t) # &*°(), @"“(1)) = &> (1)IF7)
<P(@'(t) # &*(0), (1) = (1)), Ny (11, 12] X [0, H*]) = 1[F0) + (H*6)*. (3.10)
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Similar to (3.6) and (3.7),

P(a"*(1) # (1), (1)) = (1)), Nyo((11, 2] X [0, H®]) = 1|F)
= E(Lyte)=a2e) P(@ (1) # @*°(12), N (11, 12] X [0, HE]) = 1F2IF). (3.11)

Restricted to the set {a"(#;) = a**(t,)}, it can be deduced that

P(a"“(ty) # (1), N5e (11, 12] X [0, H®]) = 1|F))
= P(a"(h) # & (), " € (1, 1], 55" > 261F7)

E,1 & £ & £ &E,1 E,t £
< P(é‘:l Le U {rafl’g(t])l(Xé"f’tl )Araz’g(h)l(Yg‘f’tl)}’ 4/1 L€ (Zl,t2]7 §2 b> t2|7:[1)

I#ale (1)
_ B 1 & £ A & £ d e\ ,—H(th—u) &,11 d
= (T (XDATE, (YN BdalT e P € du)
hoJe IEa = (1))
1 ™
< 2NN - 1)~ f E(IQ(XS) = QY9 IF7)du. (3.12)
1

Substituting (3.8), (3.10), and (3.12) into (3.9) yields that
1 ("
P(a"(1p) # & (1)|F) < 2(H®6)* + 2N(N — 1); f E(IQ(X;) — QY Dll, 1F ;) )du.
To

Deducing inductively, we obtain

Tk
P(a"*(1) # & (WIFS) < k(H6)” + Ky, f E(1Q(X;) — QYD |F)du, (3.13)
where |

KN,a = 2N(N - 1);

Finally, applying (3.13) gives that

Ti+1

¢ K
f P(al’g(r)iaz"g(r)w-'f):z f P(a"(r) # &*(r)|F?)
s k=0 v

K Tk+1
=> f Pl 4(r) # a*(r), @' 4(1) = > (1)IF?)
k=0 Yt

K T+l
+ Z f P(a"*(r) # a*(r), @"*(ty) # &> (B)IFY)
k=0 vk
K Th+1
< ; f,k PN’ (t, tie1) X [0, H'] = D)dr
K Tkt
> f P(a*(t) # @S (t)|FE)dr

k=0 Y
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K Tk+1
<> f (1= &) + k(H"6)?
k=0 Y%

Ko [ BIQOE) - QDI dular

To
KK +1)
2

VR f B(IQXE) = QY5)| 1F2)du,

= (K + 1)6(1 — 1) + (H?)*5°

where
K = (K + 1)6K,y.

Letting § — 0 together with the fact that (K + 1)6 — (¢ — s), as § — 0, gives that (3.3) holds.
The proof is completed. O

4. Invariant probability measures for frozen Markov chains

In this section, for any probability measure

M= (ies and v = (Vi)ies,

the total variation distance between u and v is defined by

||,Ll - V”var = S}ﬁ];; |/J(f) - V(f)l,

where

u(f) =Y wifG) and v(f) = > vif(Q).
i€S i€S
To proceed, we will use the following coupling methods; for details, see [29, Chapter 5]. For any
¢ € C([-7,0];R"), let (af‘f(t), a‘zﬁ(t)) be a coupling Markov process on phase space S X S with marginal

distributed as a?(¢) and af’(O) = i; (I = 1,2), where the process a?(-) with the parameter variable ¢,
when ¢ is fixed, is referred to as a frozen Markov process, which can be handled using the conclusions
of Markov processes. Denote the classical coupling operator

O f(k1 k) = Lue (ki k) D quan @ Fh ko) = ki k) + > G (@) f ki, b) = flkr k)

ll es Z2ES

+1aki, k) D i @)(f (I 1) = fla, ko)), @.1)

L eS

where f is a bounded function on § X § and
A:={(ki,ky) €S XS : ki =ky}.

This classical coupling means that the marginals evolve independently until they meet. After they
meet, they will move together at rate Q(¢). Define the coupling time

T =inf{r > 0: al(t) = &J(1)}.
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Then, by the well-known coupling inequality (see [29, p.195]), we have

1Pt 11, -) = P*(t, i, )llvar < 2B (1 2P, (T > 1). (4.2)

(t‘f(t);&ag ) ) =

where Pﬁ;’iz and Eg’iz denote the probability and expectation for the coupling process (ozqf(t),aﬁ(t))

starting from (i1, i»). Furthermore, let 7% be invariant probability measure associated to Markov chain
a?(t) with fixed ¢ € C([-7,0];R"). When n? is assumed to exist, then from the fact

e

and (4.2), it can be obtained that:

1Pt i, ) = 7l = || PO i1, ) = 3 PG i, (i)

heS

var

< 3 AP in, ) = PGt i, e

heS

<2 Z ()P (T > 1). (4.3)

in €S

From the inequality above, it can be seen that a coupling time gives us some information about the
convergence rate. To obtain the strong ergodicity uniformly in ¢ € C([—7,0]; R"), we just estimate
P;;”Z(T > 1).

Theorem 4.1. Under assumptions (A3)—(AS), Pf is strongly ergodic and uniformly in
¢ € C([—T1,0]; R"), that is, there exist constants L3, A > 0 such that

SUp P71, ) = 7llar < Lye™. (4.4)

Proof. For fixed ¢ € C([—7,0]; R"), from classic conclusions (see [5, Lemma A.2]), it can be concluded
that

sup 1P, ) = 7°llvar < Kexp(=k($)s).
where the convergence rate k(¢) depends on ¢. To proceed, we show that k(¢) has a uniform lower
bound. Set

qr(P)

%o(@) = min { min {(1 — e~ "0

le S\{k}},e‘q"("’) ke S},
= ¢EC([1—nr£)];R")KO(¢)’
Ky = sup  Ko(¢).

¢eC([-7,0l;R")

Under assumptions (A4) and (AS), we can obtain
k1 > min { min {(1 - e_ﬁ“‘)% leS\(k}},eP 1 keS)>0 (4.5)
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and
Ky < sup (1- e—qk((p))le(‘P)
PeC-T0LR") 1 egviky qx(¢)
< sup (1 — "9
$eC([-T0:R")
Lot (4.6)

By the classical coupling (af(t), ag(t)) constructed by (4.1), together with the definition of ky(¢) one
has for i; # iy,

Pg,iz(T <1)> Z (1- e_qkl(¢))qkll(¢)(l B e_qk2(¢))61k21(¢)

i i, (P) 9, (P)
| — @@ Uik D) 4 0) | — ¢~ ® Dok (D) g1 )
et @ ¢ e @ ¢
- IR0 L | — ¢~ ® k(@) ~qk, (9)
zd@g%( ) g T RO =TT+ Ro(@e
> Ko(@h).

Note that .
IP;”Z(T <1)=12ko(o)

as iy = ip, which implies .
BT < 1) 2 Ro(9)

for any iy,1, € §. This, together with Markov property, can derive that
By (T > 1) < (1 = Ro(@)"
for any iy, i, € § by the induction method, where [7] denotes the integral part of 7. In fact, suppose that
Py™(T > [1] = 1) < (1 = Ro(¢p))!!
for ¢t > 1. Then
Py (T > 1) < By ™(T > [1])

= Uy
< (1 = Ro(@)"'By (T > 1)
< (1 = k(@M. 4.7)

II:(T>[t]—1))

Substituting (4.7) into (4.3) yields that
1Pt i1, ) = 7llvar < 21 = Ro(@))

— Do Hn(1=ko(8) ytin(1~Fo(@))
< 26—{t}ln(l—/<2)etln(l—f(|)
< zeMetln(l—Kl)
where {-} denotes the decimal part.

This concludes the proof. O
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Theorem 4.2. Under assumptions (A3)—(A6), the functional ¢ — n? from C([-7,0];R") to P(S),
endowed with the total variation norm, is Lipschitz continuous, i.e., there exists a constant Ly such that

177 = 7%ar < Lallpr = pollo (4.8)

for any ¢, and ¢, € C([—7,0],R").

Proof. For ¢; and ¢, € C([-7,0],R"), by the integration by parts formula for continuous Markov
chains (see [29, Thoerem 13.40]),

P f() = PP f() = fo P(Q(81) = Q)PP f(i)ds,t > 0, f € B(S). (4.9)
Forany |f| < landany 0 < s <7,

sup|PL,(Q(@1) = Q:)PEfD] < supl(Q(6) =~ Q)P f ()
= sup|(Q(¢1) = Q)P = 1) f(D). (4.10)

ieS

It is easy to observe that for any |f| < 1,

sup [(Q(¢1) — O(¢2)) f (D) < sup [|6]ii(¢1) = qii(¢o)| + Z gij(¢1) — C[ij(¢2)|]

icS ieS JES,j#i
< 2[1Q(¢1) = Q(@lly;.-

This, together with (4.10), the condition (A6), and the fact that for any |f] < 1,

sup [(PP? — %) f(D)] < sup |PP(0, ) = 1%|lvar
ieS ieS

implies that

sup [P (Q(¢1) = Q2 )PE ()] < Kligt = ¢alleo sUp PG, ) = 7% lar.

ieS ieS

Combining the estimation above with (4.4), we get from (4.9) that fori € §

IPY £(i) — PP £()] < KLsllpy — ¢alleo f e Bds < Kllgr — alle(1 — ™). (4.11)
0

Consequently, (4.4) and (4.11) show that

N
27 (P )

J=1

N N
wf == | ) Y R P ) -

i=1 j=1 i

< @G O|PLF() ~ PEFG)|

N
=1

i,jes
< YA GRRO|PY ) = PEFG)| + D, 7 r D[P G = 7 f
i,jes i,jes
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+ ) ()
i,jes

< Kllgy — dallo(l — ) + Lze™™.

PP f(i) -2 f

Finally, letting ¢t — oo and taking supremum over |f| < 1, it follows that

”ﬂ'd)] - 7T¢2||var < K”¢1 - ¢2||oo'

This completes the proof. O

By using the invariant measure 7%, let us define

b(@) = Y b, x’() and  E(®) = ) 0,0’ (¢, Dx’(),

ieS ieS

Obviously, b(-) satisfies the linear growth condition. According to the definition of ¥(-), we can yield
that for ¢, ¢, and ¢, € C([-7,0]; R")

b(¢1) — b(¢o)] < K(1 + [l [1Z, + lpallZ)lIp1 — dalloos (4.12)
I£(¢)l < Z lo(, )P (i) < K(1 + [|41I%) (4.13)
€S
and
I£(61) — E(@2)l < K(1 + g1l + lléal2)llé1 — ol (4.14)

Let us introduce the following equation:

(A7) The following equation,
dX(1) = b(X,)dt + 5(X,)dWw(t) (4.15)

has a solution that is unique in the weak sense (i.e., uniqueness in the sense of the distribution)
on [0, T'] for the same initial date

X() =& e C(-71,0],R")
as Eq (2.1), where W is a standard Brownian motion and
()&’ () = Z().
5. Weak convergence and asymptotic approximation

This section will show that X* weakly converges to X determined by (4.15). To prove this claim,
tightness of X* is needed.

Theorem 5.1. Under assumptions (AI)—(AS), {X®(*)}sc0.1) Is tight on C([0, T]; R™).

To obtain tightness, we need the following sufficient condition for tightness (see [30, p.64]).
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Lemma 5.2. If {X®}.c0.1) € C([0, T];R") satisfy that, for some positive constants a, f3, v,

sup E[X?(0)|” < oo, (5.1a)
£€(0,1)
sup E[X°(1) — X°(s)|* < K|t —s|""P; 0<s <t <T, (5.1b)

£e(0,1)
then the probability measures induced by X form a tight sequence.
Proof of Theorem 5.1. Because
X%(0) = £(0)

is independent of &, it is sufficient to check (5.1b). Hence, forany p > 2,6 > 0,and0 < s <t < T, it
follows from (2.1) that

B sup [X°() - X*(s)] < K[E[ sup f tb(Xf,as(r))dr‘p]+E[ sup f ZO'(Xf,as(r))dW(r)'p]}

S<t<s+0 S<t<s+0 s S<t<s+0

! !
< K67 f EIb(X7, o (r)|Pdr + Ks'T f Elo(X?, a*(r)\Pdr,

N

which, combined with assumption (A2) and (2.10), implies that

E| sup |X°(1) - X*(s)"] < Ko (5.2)
S<tLSS+0
Then letting
p=4>2 and 6=1t-=5
gives that (5.1b) holds. O

According to tightness of {X?(-)}, by the Prohorov theorem (see [31, p.59]), there exists X(-) defined
on C([-7,T];R") and the subsequence of & (without loss of generality, we still denote the superscript
of convergent subsequence as €) such that

X2(t) = X(),

as € — 0. To proceed, we shall need the following version of the Arzela-Ascoli theorem (see [30, p.63])
and the moment estimation of the segment process:

Lemma 5.3. {X®},c0,1) € C([-7, T];R") is tight if and only if

lim sup P(X?(0)| > p) = 0, (5.32)
HTe0 ge(0,1)
lim sup P(As, > 1) =0 forany ¥ >0, (5.3b)
010 ge(0,1)

where we define
Ase = sup |X°(2) — X5(s)|.

s,te[-1,T]
|s—t]<6
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Lemma 54. Forp>2,0<6< 1, andy, < % — 1, we have

1+
E[ sup sup |X7(6) —Xf(@)l] <K&,
sl,te[(l),T] 0e[-7,0]
s—t|<o

Proof. Let
T+t

0

Ny =[ I, tw=-T+mo,

m=0,1,...,N;,and ty,;; = T. Denote

E= max sup [X°(s)— X°(ti_1)l.

L<iNi+1 4 <ser,
Due to |s — #| < 0, s and ¢ either fall into the same interval
I = [ti, 1]
or into different adjacent intervals /; and
Lipy = [t ).
If s and ¢ fall into the same interval /;, then
1X°(s) = X°(O] < 1X°(s) — X°(1i-0)] + 1X°(1) — X*(#i1)] < 2E.

If s and 7 fall into different adjacent intervals /; and /;,;, then

1X°(s) = X5 < 1X°(s) = X* (@) + 1X°(8) — X*(6-0)] + 1X°(0) — X°(1;)| < 3E.

From this, it can be concluded that

sup |X°(1) - XS(S)|<3 max = sup 1X°(s) = X°(ti-1)l,
$5,1€[0,T] ISNi+L <s<y
|s—t]<o

which implies that for § > 0,

P( sup sup |X7(6) - X:(0)| > B) < B( sup [X°(r) — X“(s)| > B)

5.1€[0,T] Oe[—T1,0] ste[-1,T]
[s—t]<6 |s—t]<6

SP( max — sup |X°(s) — X°(fi-1)| > 'B)
l<l<N1+l ti_1<s<t;
Ni+1

< DUF( sup W0 =Xl 5)
<Ny +1) sup P( sup |X°() - Xg(s)|>ﬁ )

—1<s<T §<t<s+0

K
< — sup P( sup |X°(¢) - XE(S)|>

—1<s<T S<t<s+0

(5.4)

(5.5)
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By using the in [32, Corollary 2] and (5.5), one can derive that

B[ sup sup [X:0)-Xi@F | =p [ BUE(sup sup )~ X:O)F > p)dp
|3Stf[t(|)<T(]s 0e[-1,0] 0 |Jstf[z(|)<T(]S 0e[-1,0]

<Kp f wﬂ” 1% sup P sup |X°(r) - Xs(s)|>'8 ) B

—1<s<T S<t<s+0

=Kp f B~ 1— sup P( sup |X£(r)—X8(s)|>§)dﬁ

—T<S<T s<t5s+6

+Kpf B~ 1— sup IP( sup |X®(r) — X®(s)| >§)d[3’

_T< s<T S<I<s+6

1
+ Kpf Br'= sup P( sup |X®(r) — X®(s)| > é)dﬁ
1 O _r<s<T ssi<s+s 3
=: T] + Tz + Tg.
It is easy to observe that
0
T, <K' f pBPldp = Kor .
0
Applying the Chebyshev inequality, assumption (A1) and (5.2) give that for g > 2
KE| sup [X°() - X*(s)lY]
£ £ ;8 SSISS+0 02
P sup |X°() - X*(s)| > ) < K—. (5.6)

S<t<s+6 ﬁq - ﬂq
In the above inequality, letting ¢ = p yields that

1 p_l(sg—l vy 1
TZSKP ; ﬁ ﬁ_pdﬁ_Kéz lng

Similarly, letting g = 2p gives

‘mstfl B~ lﬁzpdﬁ Ko,
Note that
Y2 < L
2
and

1
0<d6<1, limdé”?In-=0.
-0 5

From this, it can be concluded that
T, < K627,

which implies that
E| sup sup [XZ(6) - XE(O)F] < Kot

5.€[0,T] Oe[—T1,0]
|s—t]<6
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This, together with the Lyapunov inequlity, yields that

1+
E[ sup sup |X7(6) - Xf(@)l] < K50,
see0) 0el=r.0)

This completes the proof. O

Now, let us state the main result of this article.

Theorem 5.5. Under assumptions (A1)—(A7), the limit of any weakly convergent subsequence of the
process {X®()}zc,1) satisfies the Eq (4.15) with the same value

X; = ¢ € C([-1,0L; R").

Proof. For any f € C;7(R",R), applying the It formula to f(X*(7)) for Eq (2.1)yields that

M@ = f(X*(0) - f(X°(0)) — fo Lo(XT, a*(n) f(X*(r))dr
= fo J(X (Mo (X, a*(r)dW(r) (5.7)

is a martingale, where
1 n
LoX7, a*(n) f(X*(r) = f(X*(r))b(X], a"(r)) + 3 Z Zij(X7, (1) fr, (X°(1))
i,j=1
and
(X7, () = 0(X7, & (N)o (X7, a°(r)).

This is equivalent to

B[ (h(X*(s:)), i < ) F(X°@) = F(X(5)) - f Lo(XE, (M) f(X°(r))dr)| = 0, (5.8)

N

for arbitrary k, s, and ¢ with s; < s, < ... < s < 5 < ¢, and any bounded and continuous function A(-).
To characterize the limit process {X(7)},»0, it suffices to show that letting £ — 0 on both sides of (5.8),

0 = lim E[(h(X*(s0). i < D{f(X°(1) = f(X*(5)) - f LE(XF, @ () f X (r)dr )

N

= B[(h(X(5)),i < O)(F(X(®) = F(X(s)) - f LX) fX(r)dr)], (5.9)

where

_ 1 &
LX) f(X(r) = fuX(r)b(X,) + 5 Z 0 i(X,)T {(Xp) [, (X(1)).

ij=1
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By the Skorohod representation theorem ( [32, p.354]) and Theorem 5.1, we may assume for s € [0, T],
X?(s) — X(s) in the sense of w.p.1 as & — 0. This, together with the Lebesgue dominated convergence
theorem, yields that

E[A(X*(si), 1 < D(f(X*(0) — f(X*())] = E[A(X(sy), i < B)(fX(®) — f(X()] (5.10)

for all 0 < s < t. Furthermore, by Vitali convergence theorem (refer to [33] and the related literature
for further details) and Theorem 2.10, we can obtain

E| sup 1X°(s)l*| — B[ sup [X(s)I| < K. (5.11)

0<s<T 0<s<T

Next, we only need to show
lim E|h(X*(s)).i < k) f t L*(XE, @ (r) f(X°(r))dr | = B|h(X(s), i < k) f t LX) f(X(P)dr|.
According to the definition of L and £, we shall only consider
I =g f DB, () - FXENDX,ldr]

and

L:= ) H f | Faa X)X, @ (MTUXE, (1) = Fon(XNF X)X, )ldr |,
k=1 s

where we define
n

L=y 1

ki=1
For 6 > 0, set

form=0,1,...,N and

Hence,

N Sm+1
+E[ ) f X snDD(XE, L 0 () = FUX*(sm))B(XE ldr |

N Sm+1
+ E[ Z;) fsm |fx(X8(Sm))l_7(X§n) — fx(X(r))l;(Xr)ldr]

=: 111 +112 + 113.
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Recall that f € C?(R",R). This and assumption (A2) give
N Sl
L <B[ f AXENBXE, (1) = F(XE (s,)b(XE, @ ()ldr |
m:ON m .
+E[ ) f X (su)B(XE, @F(r) = F(X (su)D(XE, , () ldr |
m=0 v Sm

N Sm+1
< K[ ) [0 = Xl 1) + 1 - X2 )]

m=0 v Sm

Consequently, by virtual of (2.10), (5.2), and the Holder inequality, we arrive at
N Sm+1 1
<Ky f (BIX*(r) = X*(s)P)? +BIXE = X° [l)dr.
m=0 v Sm

According to the tightness of {X®(-)} and (5.3b), we obtain that A, N 0 uniformly with respect to &,
as 0 — 0. This, together with the Lebesgue dominated convergence theorem, yields that

I < KN + 1)5(5? + EAg,) — 0, as 6 — O. (5.12)

Similar to I;;, together with the definition of b(-) and (4.12), we have
N Sm+1
Iy <E[ ) f A X (smB(XE,) = FlXE(su))B(X, e |
m:ON m Sm+1 _ _
+B[ ] f X (su)D(X,) = X ()B(X,ldr |

m=0

N Sm+1 ) )
<K f [(EIXS, = X,I2)? + (BIX*(s,) — X(M)? 1dr.
m=0 %%

Note that
1X*(si) — X ()| < 11X5, — X lloo
and
X5, — Xilleo < ,SPpT] 1X°(s) — X ()|
|s—1]<d
< sup [X°(s) - X°(O) + sup [X°(r) — X(2)
<o <o
< Ase+ sup [X°(r) — X(@). (5.13)
te[-7,T]
Define

Lse = Ase + sup |X°() — X(1)].
te[-7,T]
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The Lebesgue dominated convergence theorem and (5.11) give
Iy < KS(N + 1)(EI2,)? — 0, as 6,& — 0. (5.14)
Now, we construct an auxiliary Markov chain {@"(r)},»,, in S satisfying the transition rate
(éqij(Xfm))i,jeS and
&"(5) = ().
By virtue of Lemma 3.3, together with assumption (A6), we have

Sm+1 é‘ Sm+1
f E[I[{ae(,)¢&m(r)}|7:;i]dr < 2N(N - 1);[ E(”Xf - Xfmllool?:;i)dr (515)

Then,

Sm+1

I < Kg| Z f X5 DbOXE, @5 (1) = X" (su)b(XE, , & (r))ldr

m=0

D [ e saboc @70 - £ B ar]

m=0
=: Iy + I12s.

Applying (5.15), the Holder inequality, assumption (A2), and Theorem 2.2, we obtain that
Sm+1
I < KE Z f Ib(X5 ,a®(r)) — b(XS , &m(r))ll[{a's(r)#&’”(r)}dr]

<K ( f EIb(XE . " (r) — b(XE, . &"(M)P)’ (B f Elligeeanol e Jdr)*

m=0
N 1 5 Sm+1 1
<K )» 6= E(IX? — X ||odr)’. 5.16
2,7 f X - X, ) (5.16)
Next, in Lemma 5.4, letting
p=4
and
1
Y2 = 3
gives
EIIXE - X |l <E[ sup sup [X7(6) - X2(0)I] < Koe. (5.17)
e el
Substituting (5.17) into (5.16) yields that
o1z
Iy < KN+ 1)0—-. (5.18)
&2
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According to (4.4), one can derive that

N Sm+1
Iy < KE[ ) f B(Ib(XE, . @"(r)) = BXS |5 )dr |
m=0 v Sm

N S+
<), f e (|

N g )
= KE[ Y & | (1 + X2 IENP ™ (@ (5). ) = 7% T2 )l
m=0 0

XS
P Sm
r—=Sm

&

(@ ($p), ) =

f;il )d r]

var

< Ke(N + 1)%(1 — e, (5.19)

For the same interval division [s,,, Spe1l,m =1,2,..., N,

N Sm+1
< E( f oK (XT, @ ()X, @ (1) fr (X (1)
m=0 Sm
— ou(XE, @ (MOIXE, L (7)) fr (X°(s)ldr)
N Sl
+ > B f (XS, @5 (OIS, , @ (1)) Frp (X7 (5)
m=0 Sm

— 0 (XS Yo (XE

Sm Sm

) frr (X (sm))ldlr)
N Sl
+ Z E( f |5-k(X§m)O_-I(Xfm)kaxl(xg(sm)) - O_-k(Xr)a-l(Xr)kaxl(X(r))ldr)
m=0 Sm
= I+ I+ I (5.20)

By the Holder inequality, assumption (A2), Theorem 2.2, and the fact f € Cj’(R",R), combined with

P . .
the result that As. — 0 uniformly with respect to &, as 6 — 0, we have

15 < 21@( f X @ ()X, 1) (X ()
o (X5, @ (MTUXE, @ (1) fo (X (1))
= iE( f X @ )X, ) ()
- a;(Xfm, @ (M IXE,, @ (1) fre(XE(r)Idr )

N Sm+1
VB[ I 0 ) o (X0
m=0 Sm

—oi(X5 , @ (N)o(X5 , a@°(r) fux (Xs(sm))ldr)
< K(N + DS(EAZ,)? — 0, (5.21)
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as 0 — 0, where the convergence is derived from the Lebesgue dominated convergence theorem.
According to (4.13) and (4.14), it follows that

M=

k.l
Iy <

E{ f S (X (5)) = Ea(XE) o (X))

0

3
I

+

= 1M

B[ B0 (X0 ~ S o (KO

<K

Sm

Sm+1
f (1 + EIXZ |14, + BIX, L) EIXE - X,I%)3dr,
0~/ Sm

3
I

which, combined with (5.13), gives

Iy < K§(N + 1)(EI2,)? > 0, as 6,& — 0. (5.22)

As for I’z‘zé, recalling the definition of @"(¢), we have
N Sm+1
Iy < > E( f oW (XS, @* (M)oi(XE L () — ou(XE, . & (M)o(XE, " (r))\dr)

m=0
N Sm+1
+ K f oW (XS, & (N)oi(XE,, &"(r) — (X2 )G (XE ldr)

m=0
.7kl k.l
_‘ 12,21 + 12,22‘

Similar to (5.16), using (5.15) yields that
N Sm+1 1 Sm+1 1
I < Z K( f E(1 +1x2 I12)%)* (B f Bl syl dr)
m=0 Sm Sm

5t
< KN+ 1)6=. (5.23)
&2

Furthermore, as a result of (4.4), we obtain that

b £ X5, & £ £
5, < > B f (11X, ) B(| | P, @ (s, ) = % | |7 Yar)
m=0 Sm
N -
= KE[ ) & f (14 1IX2 ) EAIP; ™ (@ (5i), ) = 7% 12 N |
m=0 0
L
< K&(N + 1)73(1 ) (5.24)

Finally, according to (5.12), (5.14), (5.18), (5.19), and (5.21)—(5.24), we can get
2 (1 2 (1 a7 _1 L3 —9
I+ I, < K(N + 1O[(EA;,)> + (El;,)2 +672& 2] + Ke(N + 1)7(1 —e ).

To obtain the desired conclusion, let 6 = £7 in the inequality above. m]
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6. Examples

The two examples provided in this section cannot be validated using results from the classical
literature due to the presence of past-dependent switching. We will verify them one by one to ensure
they meet the assumptions proposed in this paper, allowing us to derive the averaged equations from
Theorem 5.5. To proceed, consider a special two-state switching process with generator Q, that is,

S =1{1,2}

| =by by
o= %)

It is easy to obtain that the stationary distribution is

Set

aq b]
a +b]’ aj +b1

vi=(

).
Example 6.1. Consider the following one-dimensional two-timescale stochastic integral differential
equation:

0 0

dX*(r) = A(e” () f( f X°(t + 0)do)dt + Ba*(1)g( f XE(t + 0)dO)dB (1), 6.1)

-7 -7

where B(¢) is a standard Brownian motion,
X5 =& €C([-7,0;R")
is nonrandom and satisfies the Lipschitz property,

a’(1) = a(t/e),
a®(0) =1,

and a(t) is a pure jump process taking value in {1,2} and equipping generator

—(a + b cos? ( f_OT ¢(9)d9)) a + b cos? ( f_OT ¢(0)d9)
c+deos([19©@)do)  ~(c+dcos’( [ p@)a6)) |

for ¢ € C([-1,0];R") and a, b, c,d > 0.

0(¢) = (

Clearly, for
¢.¢ € C([-7,0];RY),

0 0
10(¢) — OW)l;, < max{b, d}‘ cos’ (f ¢(9)d9) — cos’ (f :ﬁ(@)d@)|
< 2t max{b, d}||¢ — Yllw,
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which implies that Q(¢) is Lipschitz continuous. According to the beginning of this section, the
stationary distribution corresponding to Q(¢) is

V(@) = (V1(), V2(9))

( c+dcos*( [ ¢(6)do) a+beos*( [ p(0)de) )
Nascr+drcos ([ 9@)do) a+c+b+dycos( [ g@)do))

Furthermore, let
f:R— R and g:R+—R

be Borel measurable and A(1), A(2), B(1), and B(2) be both constants and
B(1) = —=B(2).
Assume that there exists a positive K such that for any x,y € R,
1fC0) = FOIV Ig(x) = gl < Klx -y

and

/()] < K.
By virtue of (4.15), we can get

dX(t) = F(X,)dt + G(X,)dB»(1), (6.2)

where B;() is a standard Brownian motion. Meanwhile, for ¢ € C([—, 0]; R"),

0
F©) = 4)3@) + A0 ( [ o(0)do)
and o
G@=WW4[MW%
It is easy to obtain that ¢, ¢ € C([—T,0]; R"),

0
|«@—GwnswanYam—wmm4smm—mu. (6.3)

By calculation, it can be concluded that for , ¢ € C([—-7,0]; R"),

0 0
@) - )l < CEOEEEE D o ([ gende) - cos” ([ wioran)

(a+c)?
cb+d)+d(a+c)
< aror ol
and d
_ c
Vi)l < P
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Similarly,
b+d)+b
a() - 7l < 722 (a) :C)(f o - vl
and
B a+b
A(p)l < ——

Due to the boundedness and the Lipschitz property of f(-), for ¢, ¢ € C([-7,0]; R"),
0
IF(@) - Fl < |/( f BO0)|IADIT1($) - 7> + IAR)>() - T>W)]

0 0
+AWT) + AW 1( f $(0)do) — f( f W(O)do)
< Kli¢ = Yo (6.4)

This, togeher with (6.3) and (6.4) yields the existence and uniqueness of the solution to (4.15). Finally,
according to Theorem 5.5, the limit of any weakly convergent subsequence of the solution to (6.1)
satisfies (6.2).

Example 6.2. Consider a one-dimensional two-timescale stochastic delay differential equation:

dX°(1) =(A(“ (1)) + B(@®())h(X*(t — 7)))d1
+ (C(@*(1) + D(@*(0))r(X*(t = 7)))dBs(1), (6.5)

where B5(t) is a standard Brownian motion,
X5 =¢e€C(-1,0;R")
is nonrandom and satisfies the Lipschitz property,
a®(t) = a(t/e), a®(0)=1

and a(t) is a pure jump process taking value in {1,2} and equipping generator

N _(a + b .e” SUP_r<g<0 |¢(9)|) a+ b e SUP_r<g<0 [(6)|
Q(¢) = C + d . e_ SUP_r<9<0 |¢(€)| _(C + d . e_ SUP_7<9<0 |¢(9)|) ?

for ¢ € C([-1,0];R") and a, b, c,d > 0.

Clearly, O(-) satisfies assumputions (A3) and (A4). Next, let us verify that (6.5) satisfies the
assumption (AS). For ¢,y € C([-71,0]; R"),

10) ~ QW < max(b,d) - e 0-ra O =s0-cco 0|
sup [$(O)] — sup [¢(0)

—7<60<0 —-1<60<0

< max{b,d} -
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< max{b,d} - sup [p(6) - y(0)|.

-7<6<0
According to the beginning of this section, the stationary distribution corresponding to Q(¢) is

V) = (71(9), V2(9))

( c+ d - e SUP-r620 lp(O) a+ b - e SYP-rse<0 6O )

a+c+b+d) e PO g 4 ¢+ (b + d) - e SUP-rsoz0 196)]
By calculation, it follows that for ¢, ¢ € C([—T, 0]; R),

R R cb+d)+d(a+c)
@) - < e

< cb+d)+d(a+c)
- (a+c)?

= SUP_r40 1O _ 5 SUP_r<g0 |¢<9>|'

¢ — ¥l

and
c+d

a+c

V()] <
Similarly,
alb+d)+ bla+c)
(a+ c)?

[V2(¢) = V2(Y)] < ¢ = ¥l

and
a+b
a+c

[V2(e) <

Furthermore, let
h:C(J-7,0;R)+— R and r:C(|-7,0;R)— R

be both Borel measurable and A(7), B(i), C(i), D(i),i = 1,2 be both constants and
C(1)=-C(2), D) =-D().
Assume that there exists a positive constant K such that for any ¢ and ¢ € C([-7, 0]; R),
|h(@¢(=71)) = h( (=) V [r(¢(=7)) = r(Y(=1)| < Kll¢p - ¥l
and

[h(¢p(=7))| < K.

According to (4.15), one can derive that
dX(t) = H(X,)dt + R(X,)dB4(t),
where By(t) is a standard Brownian motion and for any ¢ € C([—7, 0]; R"),
H(¢(-71)) = [A(]) + B(Dh(¢(-1)]V1(¢) + [A(2) + B2)h(P(—1))]1V2(¢)
and
R(¢p(-1)) = |C(1) + D(Dr(p(-1))I.
Similar to (6.1), according to the definition of ¥(-), (), and h(-), for ¥, ¢ € C([-7,0]; R"),

|H(¢) = HW)| V IR(#) = RW)| < Klp = Y-

(6.6)

which yields the existence and uniqueness of the solution to (6.6). Finally, according to Theorem 5.5,

the limit of any weakly convergent subsequence of the solution to (6.5) satisfies (6.6).
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7. Conclusions

The article overcomes the difficulties arising from past-dependent switching and the presence of
delay terms in continuous dynamic equations. Under the Lipschitz condition defined by the uniform
norm, it establishes for the first time the averaging principle for stochastic functional differential
equations with past-dependent switching. Inspired by reference [34], there will be a focus on how to
establish the averaging principle of this system under non-Lipschitz conditions in future research. In
addition, the numerical simulation and stability analysis issues related to this model will also be
explored in future research.
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