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Abstract: Order statistics is a significant research topic within probability and statistics, particularly
due to its widespread application in areas such as reliability and actuarial science. Extensive
research has been conducted on extreme order statistics, and this paper focused on the second-
order statistics. Specifically, the study investigated the second-largest order statistics derived from
dependent heterogeneous modified proportional reversed hazard rate samples, utilizing the stochastic
properties of the Archimedean copula. This paper first examined the usual stochastic order of the
second-largest order statistic between two groups of dependent heterogeneous random variables.
These variables were analyzed under conditions involving the same tilt parameters with different
proportional reversed hazard rate parameters, and different tilt parameters with the same proportional
reversed hazard rate parameters. The study derived the sufficient conditions required for establishing
the usual stochastic order in these cases. Next, the paper addressed the reversed hazard rate order
relationship for the second- largest order statistic between two groups of independent heterogeneous
random variables. This analysis was conducted under various conditions: the same tilt parameters
with different proportional reversed hazard rate parameters, different tilt parameters with the same
proportional reversed hazard rate parameters, and different sample sizes with the same parameters.
The sufficient conditions for establishing the reversed hazard rate order were also derived. Finally, the
theoretical findings were substantiated through numerical examples, confirming the main conclusions
of the paper.
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1. Introduction

Order statistics have a wide range of application backgrounds and have been widely studied by
researchers in fields such as reliability analysis and auction theory. Let X, ..., X, be a set of stochastic
variables, where the k-th order statistic is X),_4,1.,. With respect to reliability analysis, Xi.,, Xy, X2:ns
and X;., represent the lifetimes of a parallel system, series system, fail-safe system, and k-out-of-
n system, respectively, wherein a k-out-of-n system means that if n components in the system are
composed, the system will stop working when the number of failed components is more than n —
k + 1. For a detailed discussion and introduction of reliability analysis, reference can be made to
literature (for example, [1]). In auction theory, the famous second-price reverse sealed auction winner’s
transaction price and the second-price sealed auction winner’s transaction price can be represented
by order statistics X;., and X,_;.,, respectively, where the final price paid by the second-price sealed
auction winner is the second-highest bid. The second-price sealed auction can be applied to the trading
of many bulk commodities such as foreign exchange auctions and treasury bond insurance, which is
conducive to improving the efficiency of resource allocation. For a detailed discussion and introduction
of auction theory, reference can be made to literature, such as [2].

The investigations of order statistics mostly involve stochastic comparisons between the maximum
and minimum order statistics in independent situations. In the independent case, the research
results obtained from the same distribution of components in the sample are the most prominent,
which can be referred to in references such as [3,4]. For situations with independent and different
distributions, outstanding results have also been achieved, which can be referred to in references
such as [5, 6]. In recent years, researchers have begun to study a more widely existing type
of problem in practical situations—the stochastic comparison problem of dependent sample order
statistics. The most commonly studied is the Archimedean copula under the numerous existing
copula. Yan et al. [7] investigated the stochastic comparisons of the largest order statistics with
two heterogeneous exponential samples. Mesfioui et al. [8] investigated stochastic comparisons of
order statistics from heterogeneous random variables with Archimedean copula. Hazra et al. [9]
obtained the stochastic comparisons of maximum order statistics from the location-scale family of
distributions. With the further deepening of mathematical research, the study is no longer limited
to the stochastic comparison problem between extreme order statistics but further investigates the
stochastic comparison problem between the second largest order statistics and the second smallest
order statistics. Cai et al. [10] compared the hazard rate functions of two independent multivariate
outlier samples under the proportional hazard rate model, and obtained the hazard rate order of
the second-order order statistic. Zhao et al. [11] established the orderings of the extreme order
statistics from heterogeneous beta distributions with applications. Zhang and Yan [12] obtained
stochastic comparison at component level and system level series system with two proportional hazards
rate components. Zhang and Yan [13] obtained the stochastic comparisons of parallel and series
systems with type II half logistic-resilience scale components. Panja et al. [14] considered stochastic
comparisons of lifetimes of series and parallel systems with dependent and heterogeneous components
having lifetimes following the proportional odds model. Liu and Yan [15] obtained the orderings of
extreme claim amounts from heterogeneous and dependent Weibull-G insurance portfolios. Zhang
and Yan [16] considered reliability optimization of parallel-series and series-parallel systems with
statistically dependent components. Das et al. [17] investigated the case in which the marginal
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distributions can have arbitrary distribution functions depending on some parameter, and the extreme
order statistics arising from the dependent modified proportional hazard rate scale (MPHRS) and
modified proportional reversed hazard rate scale (MPRHRS) models were compared in the sense of
the reversed hazard rate order and the hazard rate order. Samanta et al. [18] considered two sets of
dependent variables, in terms of the usual stochastic, star, Lorenz, hazard rate, reversed hazard rate,
and dispersve orders. Several examples and counterexamples are presented for illustrating all the
results established there. Yan and Niu [19] investigated the stochastic comparisons of second-order
statistics from dependent and heterogeneous modified proportional hazard rate observations. Zhang
et al. [20] studied the orderings of fail-safe systems with heterogeneous and dependent components
subject to stochastic shocks. Barmalzan et al. [21] presented a joint distribution of two fail-safe systems
with different life distributions, and randomly compared the fail-safe systems of two multivariate
outlier models with independent components, obtaining the ranking relationship of hazard rate order.
Biplab et al. [22] studied the stochastic comparison problem of two fail-safe systems with dependent
and heterogeneous components under stochastic shocks, and obtained a general stochastic-order
ranking relationship and sufficient conditions for obtaining the ranking relationship. Wang et al. [23]
investigated large sample properties of maximum likelihood estimator using moving extremes ranked
set sampling. Hazra et al. [24] studied the stochastic comparison of the second-largest and second-
smallest order statistics of samples using an Archimedean copula in a semi-parametric family. For
more investigations of stochastic orders and their applications, readers can refer to [25-28, 39].

However, in practical situations, life data usually has different hazard rate shapes. Therefore, in
order to reflect some of the features and shapes, the distribution should have considerable flexibility.
To address this issue, a parameter can be added to expand the distribution family and improve its
flexibility. Balakrishnan et al. [29] addressed this issue by proposing a modified proportional reserved
hazard rate model (MPRHR) as follows. Let a system be composed of n components Xi, X, ..., X,
with independent lifetimes, and the distribution functions of the components Xi, X5,...,X, are
F\,F,,...,F,, respectively, and then X;,X,,...,X, are called the modified proportional reversed
hazard rate model that follows a skewed parameter @, a modified proportional reversed hazard rate
parameter 51,35, . . . , B, a basis distribution function F (represented as modified proportional reversed
hazard rate («; B1, 55, . . ., Bn; F)) if and only if

Fi(xf) = (2 foralli=1,2,....n,

whereina > 0, = 1-a,and 8 > 0,i = 1,2, ..., n. Balakrishnan et al. [29] established some stochastic
comparisons between the corresponding order statistics based on the modified proportional reserved
hazard rate model. Zhang et al. [30] studied the stochastic comparison problem of dependent and
heterogeneous samples following the modified proportional reversed hazard rate model, and obtained
the usual stochastic order and reserved hazard rate order of extreme order statistics. Barmalzan
et al. [31] studied orderings of extremes-dependent modified proportional hazard and modified
proportional reversed hazard variables under an Archimedean copula. Zhang et al. [32] established
stochastic comparisons of the largest claim amount from heterogeneous and dependent insurance
portfolios. Shrahili et al. [33] obtained relative orderings of modified proportional hazard rate and
modified proportional reversed hazard rate models. Barmalzan et al. [21] obtained the relationship
between hazard rate order and reserved hazard rate order between extreme order statistics with
modified proportional hazard rate samples under an Archimedean copula. Zhang and Zhang [34]
investigated the allocation problem of multiple minimal repairs carried out for any two components in
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coherent systems. Guo et al. [35] investigated optimal redundancy allocations for series systems under
hierarchical dependence structures. Lv et al. [36] investigated the stochastic comparisons of the second-
order statistics from dependent and heterogeneous general semi-parametric family of distributions
observations. Seresht et al. [37] studied the stochastic comparison problem of extreme order statistics
of two systems with an Archimedean copula and dependent heterogeneous stochastic variables under
stochastic shocks, and obtained the normal stochastic order relationship between the two systems. Song
et al. [38] studied dispersive and star orders on extreme order statistics from location-scale samples.
Zhang et al. [40] investigated the increasing convex order of capital allocation with dependent assets
under threshold model. Guo et al. [41] studied sufficient conditions of the second-largest claim amounts
arising from two sets of dependent and heterogeneous individual risk models according to various
stochastic orders.

Therefore, inspired by the above articles, this paper will investigate the ordering properties of the
second-largest order statistic composed of dependent heterogeneous modified proportional reversed
hazard rate samples. The study focuses on the Archimedean copula and dependent heterogeneous
modified proportional reversed hazard rate samples. Under conditions with the same tilt parameters but
different proportional reversed hazard rate parameters, and under conditions with the same proportional
reversed hazard rate parameters but different tilt parameters, we obtain the usual stochastic order
of the second-largest order statistic for two groups of dependent heterogeneous stochastic variables.
Additionally, we establish sufficient conditions for the usual stochastic order. Meanwhile, based on the
independent heterogeneous modified proportional reversed hazard rate samples, under the conditions
of the same tilt parameters and different proportional reversed hazard rate parameters and different
tilt parameters, the same proportional reversed hazard rate parameters, and different sample sizes and
the same parameters, we obtain the reversed hazard rate order relationship of the second-largest order
statistic of two groups of independent heterogeneous stochastic variables and the sufficient conditions
for the establishment of the reversed hazard rate order. These findings extend the results of [21,30] on
extreme order statistics to the second-largest order statistic of dependent samples.

The remainder of this article is structured as follows: In Section 2, we provide a concise review of
key concepts and two important lemmas related to stochastic order, optimization order, Archimedean
copulas, and modified proportional reversed hazard rate models discussed in this paper. Section 3
investigates the usual stochastic ordering relationship and the sufficient conditions for obtaining the
second-largest order statistic under dependent heterogeneous modified proportional reversed hazard
rate samples using an Archimedean copula. Numerical examples are presented to validate the proposed
theorem. In Section 4, we examine the reversed order relationship for the second-largest order
statistic under independent heterogeneous modified proportional reversed hazard rate samples with an
Archimedean copula, and provide the sufficient conditions necessary for establishing this relationship.
Numerical examples are also included to demonstrate the validity of the theorem.

2. Preliminaries

2.1. Stochastic order

In this section, we will introduce some famous concepts and two important lemmas related to
stochastic order, majorization order, Archimedean copulas, and modified proportional reversed hazard
rate models. In this article, “increasing” represents non-decreasing, and “decreasing” represents non-
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increasing. Let D, ={a:a, >a, > --->a,}, 1, ={a:a <a, <---<a,},and N = 1,2,...,n.
Meanwhile, for the sake of simplicity, a £ b is used to indicate that the symbols on both sides of the
equal sign are the same. Stochastic order is a very useful tool for comparing stochastic variables. Let
X be a stochastic variable, and denote the distribution function, survival function, probability density
function, hazard rate function, and reversed hazard rate function by Fx(f), Fx(t) = 1 — Fx(?), fx(?),
hx(t) = fx(t)/Fx(t), and 7x(t) = fx(t)/Fx(t), respectively.

Stochastic orderes are a very useful tool to compare random variables arising from reliability theory,
operations research, actuarial science, economics, finance, and so on.

Definition 1. Let X and Y be two absolutely continuous stochastic variables.

(i) The usual stochastic order: If for all x € R, Fx(x) < Fy(x) is established, it is said that the usual
stochastic order of X is less than Y (denoted by X <« Y);

(ii) the hazard rate order: If for all x € R, hx(x) > hy(x) or Fy(x)/Fx(x) is increasing in x € R is
established, it is said that the hazard rate order of X is less than Y (denoted by X <, Y);

(ii1) the reversed hazard rate order: If for all x € R, 7x(x) < Fy(x) or Fy(x)/Fx(x) is increasing in
x € R is established, it is said that the reversed hazard rate order of X is less than Y (denoted by
X <m Y)

Definition 2. If X and Y are discrete random variables, let the distribution columns of X and Y be
pi=PX=ilandq,=P{Y =i}, i=1,2,...,n

() Ifforanyi=1,2,...,n, Z{zl Din = Z{zl Qi-n» it is said that the usual stochastic order of Y is less
than X (denoted by X >4 Y);

(i) if forany i = 1,2,...,n, Zle Din/ Z{zl qi:n IS increasing in i, it is said that the reversed hazard
rate order of X is less than Y (denoted by X <, Y);

(i) if foranyi=1,2,...,n, Zle Dinl Z{:] qi:n 1S increasing in i, it is said that the hazard rate order
of Y is less than X (denoted by X >y, Y).

For more detailed discussion and introduction of stochastic orders and their applications, readers
can refer to the works of [41, 42]. The following will introduce the majorization order, which is an
important tool for research in many fields.

2.2. Majorization order

Definition 3. If vector x = (x1,x2,...,x,) and y = (y1,Y2,...,Y,) are arrangement increasing, then
X1y S X < Xy and yay <y -+ < Yoo

() Ifforanyi=1,2,...,n, there are };_, X(jy = Yy Y(j)» and Y-y X(jy < 2imy V() then x is said to
majorize y (denoted by x ; Y);

(ii) if for any i = 1,2,...,n, there are Y,_, Xy < Y.iuy Y(j) then @ is said to weak super majorized

y (denoted by x ; Y);

(iii) if for any i = 1,2,...,n, there are 3,;_, Xjy = iz, Y(j), then x is said to majorizated y (denoted
by x=,y).
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According to [44], for any two real-valued vectors & and vy, the following relationship holds

note that the opposite sign does not hold true. The concept of majorization is used to characterize
the discreteness of vectors, that is, in the sense of optimization order, larger variables mean more
non-uniformity, while smaller vectors mean more uniformity. For more information on optimizing
sequences, please refer to [44].

2.3. Archimedean copula

First, let us review the concept of a copula. For a random vector X = (X, X>,...,X,) with the
joint distribution function K and respective marginal distribution functions F(?), F,(¢), ..., F,(t), the
copula of X1, X,, ..., X, is a distribution function C : [0, 1]" — [0, 1] satisfying

K@) =PX; <x1,X2 <x2,..., X, £ x,) = C(F1(x1), Fa(x2), ..., Fiu(x,)).
Similarly, a survival copula of X, X>, ..., X, is a survival function C: [0, 1]" = [0, 1] satisfying
K(w) = P(Xl > XI’XQ > X2, .. 7Xn > -xl’l) = é(F](X]), FQ(XZ), .. 7Fn(xl’l))7

where K(x) is the joint survival function. Next we will introduce the Archimedes copula that will be
used in this chapter.

Definition 4. [45] For a decreasing and continuous function ¢ : [0, 1] — [0, +oo] such that $(0) = +oo
and ¢(1) = 0, let y = ¢! be the pseudo-inverse of ¢. If for all k = 0,1,...,n—2, (=D ¢®(x) > 0 and

(=1)"2¢""D(x) is decreasing and convex, Then

Colur, s ... Uy) = ¢(Z¢(ui)), forallu; € 0,11, i=1,2,...,n,

i=1
is said to be an Archimedean copula with the generator.

The Archimedean copula can be applied to fields such as reliability analysis, risk assessment,
and hazard management. For more information about Archimedes copulas, please refer to relevant
literature such as [45].

2.4. Lemmas

The following two lemmas play an important role in establishing the inequality relationship of weak
majorization order.

Lemma 1. [44] Assume ¢ : I — R is a real-valued function, continuously differentiable within I, that

(1) if forall x,y € I, 2 y, if and only if ¢(x) < ¢(y) in k = 1,2,...,n is increasing, where
b (2) = 0¢(2)/0z ) represents the partial derivative of ¢ with respect to its the k-th parameter;

(1) if for all ¢,y € I, 2 y, if and only if ¢(x) > ¢(y) in k = 1,2,...,n is decreasing, where
dw(z) = 0(2)/0z) represents the partial derivative of ¢ with respect to its the k-th parameter.
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Lemma 2. [44] Assume that ¢ is a real-valued function, continuously differentiable within D,, and
dw(Z) = 0p(Z) [0z, represents the partial derivative of ¢ with respect to the k-th parameter, k =
1,2,...,n, then

(i) if for all .,y € D, & <y, if and only if 0 > $1y(2) = do)(2) -+~ = du(2):
(i) iffor all x,y € D,, x=yy, if and only if ¢1)(2) = ¢p)(2) -+ = Puy(z) = 0.

3. Usual stochastic order of dependent heterogeneous samples

This chapter will investigate the usual stochastic order of the second-largest order statistic from
dependent heterogeneous observations. Let X = (Xj,...,X,) and X* = (X7,...,X) be two sets
of n -dimensional stochastic variables under dependent heterogeneous observations, following X; ~
MPRHR(a, A;; F,¢) and X; ~ MPRHR(a, A}; F, ), where, i = 1,2,...,n, F is the baseline distribution
function, and ¢ is an Archimedean copula generator. Let « = (ay,...,a,), & = (a},...,a;), A =
(A1, ..., 4, and X" = (47,...,4)).

Theorem 1 establishes the usual stochastic order of the second-largest order statistic under identical
skew parameters but different modified proportional reversed hazard rate parameters.

3.1. Usual stochastic order of MPRHR parameters with heterogeneous variables

Theorem 1. Let X, X,,...,X, be dependent heterogeneous stochastic variables of n dimensions
following X; ~ MPRHR(a, A;; F, ), and X},X5, ..., X, are the other set of n-dimensional dependent
heterogeneous stochastic variables following X: ~ MPRHR(a,A;; F,¢), where 0 < a < 1,
= 1,2,...,n. Let Ny and N, be two positive real-valued stochastic variables each independently
distributed with X;s and X;’"s, respectively, and both values are not less than 2. If A, \* € D,,
N1 > N, and  is concave in the logarithm, then

A g A= Xn—l:N1 > Xn 1:N,*

Proof. The distribution function of X,_;., can be given by

aFY(x) aFY(x)
Fann(x) Z#”[Z‘ﬁ( Q’F/l ()C))] ( _1)l//(z¢(l—(IF/l(X)))
Because N, >,; N,, we have
FXn—l:Nl ()C) =1- FXn—l:N] (X)

= 1= P, iy, > 2N = m)P(Ny = m)

m=2

= 1= PXy1on > PNy = m)

m=2

<1 PGyt > PN = m) = Fy, ., (0.

m=2
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To prove the result, we need to demonstrate Fy, ,, (x) < Fy, ,, (x), m = 2,3,...,n. First, for any
k =1,2,...,m, take the partial derivative of Fx_, (x) with respect to Ay, since ¢ is decreasing and
convex,

0Fx, . (x)
A
o aF%(x) | aln F(x)F%(x)
=9 (1 —~ d/F/lk(x)) [1 — @aF%(x)]?

[ [Sele il o (S 25 )|

i#k J#EI
_ v (¢ ( 1(—15:{15:&))) In F(x)
(o) A

[S20 S o)) (S 2

J#FL
Moreover, since In F(x) < 0, then

6Fxn_]:m (X) (')Fxn_]:m(x)

ool
=InF(x) { W(( ¢(( aF %k (x) )))) 1-aF% (x)

aFY(x) aFY(x)
;'”(Z‘/’( — aFY(x ))) (m =1y (ZQS(l—aFﬂ(x))ﬂ

=
¥ (¢(1—§;ﬂ(t)&))) 1 )
v (¢ (sepeg)) L - o
x|z (o (22 )) - n - 1w (320 (25 )|
s ( (1 5:“(:26))) 1
( ( aF M (x) ))1 aF"Y(x)

1-aF(x)

, Fi(x) FYi(x)
[S3 (Ssofr )] - v (Selr e |
vo(Fm)

W (p (2l )) 1= @F ()

1-aF % (x)
aFY(x) aF%(x)
Z;‘” Z"’( “aF(x ))) (m =Ly [Z‘p(l—aw(x))ﬂ
1# J#FL

=P O -UV,=P(Q - V) + (P, - UV,
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where
(& (& aF) (S [ aFhx) )]
Q= Zl/’ Z(p(l—@f’”’(x)) ~(m= Ly Z(ﬁ(l_@w"(x)) ’
1#t J#I i=1 B
&y (e aFY(x) A< aFli(x) )]
Vi=|Dw Z (1—aFﬂz(x)) —(m—-1y Z¢(1_@F&(x)) :
| i#k J* i=1 )

vl

A=) R
and

U, = l/’(qb(l(—lg;kl(k);l))) 1
o (o () 1=

Forany 1 <k <t <m, 4 > 4, since ¢ is decreasing and ¢ concave in the logarithm,

v (¢ (i) | v (i)
v (o)) v o)

Therefore,
(P —UpVy
v(o(ZHs) v(o(ZH5)
v (0 () 1Oy (o)) - P
aFY(x) N aFi(x)
Zw(&(l ) o Sl 25 )

o VOEFT) 1
)(1 ) )

(e ) \T-aFh ) T-aFi ()
! [w(fﬁ(l“i;af&))) ¢(¢(1“§§fil>))]>0.

=P |y (g (20 )) (6 (22

For any 4; > A;, because ¢ is decreasing and convex, we can obtain

aFY(x) aFY(x)
{Z¢( a/F/lf(x))) [Z¢(l —&Fﬂf(x))]'

J*k J#t
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Hence,

Pi(Q;-V))
Cw(e(Es)
(o) L AF @

<[> (Z¢(1 i”iﬁ?»)) 2 (

i#t J#i i#k

(S (S el £ (3

i#k J#EI i#t

aFY(x)
Z ¢ (1 — aFﬂf(x))H

J#El

aFY(x)
Z ¢ (1 - aF’lf(x))J]

JEi

aFY(x) aFY(x)
—lﬁ [Z¢( (IF/IJ(X))] (Z¢(1—0Fﬂ/(x)))>0

J#t

Combining P;(Q; — V1) + (P; — U,)V; > 0 with Lemma 2, the conclusion is proved.

Next, we provide a numerical example to demonstrate the result of Theorem 1.

Example 1. Consider the case when n = 4. Let the distribution function F(x) = 1 — e‘("x)b, a > 0,
b > 0, generating element Y(x) = exp{(1 —¢%)/6}, 0 <0< 1,a=14,b=0.6,0=0.1, and XA =
(1.7,1.6,0.5,0.3) g (1.4,0.7,0.3,0.2) = A*. Suppose N, is a positive real value with the probability
distribution P(N; = 2) = 0.15, P(N; = 3) = 0.35, P(N; = 4) = 0.5, and N, is positive real value
with the probability distribution P(N, = 2) = 0.2, P(N, = 3) = 04, P(N, = 4) = 0.4. It is easy to
see that all conditions of Theorem I are satisfied. X3.y, and X3, s distribution functions Fx,, (x; X)
and Fx; (x ") are shown in Figure 1, where x = —Inu,u € (0, 1]. According to Figure 1, we know
Fx,, (x )\) < Fx; 2()c X"). Therefore, the validity of Theorem 1 has been verified.

10+

— Fr, (XA)

Fx;,, (XA")

0.8

0.6

0.4

Distribution function

0.2+

0.0

Figure 1. Curves of distribution function F X3, (x;A) and F Xi, (x; A*),forall x = —Inyu,u €
(0,1].

Theorem 1 indicates that in reliability theory, the results under the weak majorization order of
the modified proportional reversed hazard rate parameter vector with multiple heterogeneity are more
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reliable than those under the usual stochastic order. Next, Theorem 2 provides the usual stochastic order
of the second-largest order statistic with different skew parameters and identical modified proportional
reversed hazard rate parameters.

3.2. Usual stochastic order of the MPRHR from heterogeneous skew parameters

Theorem 2. Let X|,X,,...,X, be dependent heterogeneous stochastic variables of n dimensions
following X; ~ MPRHR(a;, A; F, ), with0 < a; < 1 = 1,2,...,n). X],X3,..., X, are the other set
of n-dimensional dependent heterogeneous stochastic variables following X* ~ MPRHR(a}, A; F, ),
with 0 < a; < 1( = 1,2,...,n). Let Ny and N, be two positive real-valued stochastic variables
each independently distributed with X;s and X,* s, respectively, and both values are not less than 2. If
a,a" € I,, Ny =25 N, and ¢ is concave in the logarithm, then

w
1
=< o = Xn—l:N1 Zst X

1
a n—1:Np*

Proof. The distribution function of X,,_;.,, can be given by

B n n a,jF/I(x) 1 aiF/l(X)
P = w[Z ¢(me))} s [Z ¢(—1 n @,.Fm))'

J#EI

i=1

Because N, >,; N,, we have
Fanl:Nl (x) = 1 - Fanl:Nl (X)

= 1= PX,iy, > 2Ny = m)P(Ny = m)

m=2

= 1= PXuin > OP(N, = m)

m=2

<1 Y PGyt > PN = m) = Fy,_ ., (0.

m=2

To prove the result, we need to demonstrate Fy _, (x) < Fy,_, (x), m = 2,3,...,n. Suppose o

/o, k=1,2,...,m. Regarding ay, the partial derivative can be obtained as follows:

8FX’H:m (X)
8Qk

o)

m ) m iF/l(x)
" {Z‘” [Z¢[1 —a- %)Fﬂ(x)))

i#k J#i

| ) m (l_lF/l(x)
—(m-1y [i:l ¢[1—(1—$)F‘(x)]] .
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Since ¢ is decreasing and convex, we have the following

a P
‘”(¢(1—<1—(:kw<x>))
a P10
’ aj
/o)

(e LFY ) i =P
v [Z¢(1 -(1- ‘)Fﬂ(x))) [Z¢(1 - —i)Fﬂ(x)))'

J#L i

and

Because 1/a; € (0,1], {—1/ak[1—Fﬂ(x)]} /{1—(1—1/ak)Fﬂ(x)} < 0. Then, we have
0Fx, . (x)/0a; <0.

8FXn—l:m ('x) _ 6FXn—l:m ('x)
a/lk 8/11‘

L

sgn l/’(¢ (#,W)) _i[l - F/l(x)]

oy (¢(1<1F—§F)(>)) 1= (1= HFi)
/l

{Zw - -é’i?wx)]]

i#k JEI

lF/l(x)

1-
Y (¢ (1 (11—1?;;)4()())) 1 - F/l(x)
o) P
7

m m L F/l(x)
X —@MD
, LFY(x)
—(m-1 |
(m = 1)y (Z; ¢(1 ~- all_)FA(X)))}

=: P,Qsr — Uy V5 = Py(Qr — Vo) + (P — Uy) Vs,

1- (1 L ) FA(x)

where

a P
‘”(Q’(W)) —all - Fl
P2:

, AP 1—(1-LFyx)
v o(=m) ;
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0: - {Zw [Z¢(1 —;(;;W)J

i#k J#L

(o LF(x)
—m—1 ' ’
(m — 1y (Zl ¢[1 T ali)F*(X)]]}

and

m o (m éF’l(x)
V2= {Zw [Z¢[1 ~(1- %)Fﬁ(x)])

i#t J#L

(o i_F”(x)
~(m -y (Z ¢[1 (- a%)F*(xJ]} |

i=1

Forany 1 < k <t < m,a; > a,, and furthermore, since ¢ is decreasing and ¢ is log-concave, then

Therefore,
= FA(x) - FA(x)
(Ik al
w((ﬁ(l—(l—;k)mx))) w(‘p(l—(l—;[)Fﬂ(x)))
>

, aikFﬂ(x) -, ai,Fﬂ(x) .
¢(¢(W)) A=

Because V, < 0 and —[1 — F*(x)] < 0, then

(Pz - U2)V2

w(¢(1(1F—§F’())) L1 - Fi(o)
( 3 A ))1—(1—;k)F”(x)

1-(1- I)F‘(x)

(P
( (1 (1] F:;)m)) —a%[l - FA(X)]
vlo

( LFi) )) L= (1= 2)Fi(x)

1- (l—i)F{(x)

x {i v [Z ¢[ - ;);;”(x)])

i#t J#i

, LF(x)
-1 ]
(m— 1y [Z; ¢[1 . ;—i)F”(X)]]}

—[1 - F'(x)]
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b)) s
v (o () - - P

1=(1= ) FA(x)
+F'@ |

A\ =S -

o (—P 0\ 1= (1= DFA()
ay

v (o(mmr) "

{Z‘” [qu[ f g;«x)]J

i#t J#i

, LF(x)
—(m—1 ’
(m = Dy (Zl ¢(1 Y (,%,)F*(x)))}

1

sgn Ak

T 1-(-DHFw

) a F)
‘”( (1 (- ‘>F*<x>)) - ‘”(¢(m))
aF'® 1-(1-YHFix) LR
‘” (¢(1 <1—‘>F'<x>)) " v ("j(m))
IF/I()C)
(¢ = (1—L)Fﬂ(x)) ozL,
o (o 50 W -a- DFm 1= (- D)
¢ 1-(1- L)Fﬂ(x) !
L F(x)
{ ¢ 1- (1—')Fl(x)))

LF(x)
¢ G‘k
1- (1—L)Fﬂ(x)

- (- —)FA(X)

IFA()C)
Yo 1- (l—i)F/l(x)
, & Fl
l//( (1 -(1- lWO@))

> 0.
For any o, > «,, since ¢ is decreasing and convex, we obtain

4(x) 1(x)
[Z¢[ —WFMD [Zq{ —o%,wm)]'

Thus,
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Py(Qr - V)
(& 2 Pl o LF\(x)
sgn ! aj _ ’ @;
S 2 [Z¢(1 —a- i)F*(x)D 2. (Z¢(1 —a- Q%>F*<x>}]
(& ~F(x) (& LF(x)
- (;¢[1 - (1= F) v (,;41 —(1- a%.)Fﬂ(x))] ="

Combining the above, P,(Q; — V,) + (P, — U,)V, > 0. By Lemma 2, the conclusion is proved.

Next, this paper will provide a numerical example to demonstrate the results of Theorem 2.

Example 2. Consider the case of n = 4. Let the distribution function F(x) = 1 — e‘(‘”‘)b, a>0,b>0,
generating element y(x) = exp {1 —(1+ x)g}, and 0 < 0 < 1. Suppose 1 =0.6,a=0.8,b=0.6,0 =717,

o =(1/9,1/8,1/7,1/6), o = (1/8,1/6,1/5,1/4), and thus 1/ g 1/a*. Suppose N, is a positive
real value with the probability distribution P(N; = 2) = 0.15, P(N; = 3) = 0.35, P(N; = 4) = 0.5,
and N, is positive real value with the probability distribution P(N, = 2) = 0.2, P(N, = 3) = 0.4,
P(N, = 4) = 0.4. Obviously Ny >4 N,. Xs.n, and X;‘:NZ s distribution functions Fx3:N1 (x; @) and

FX;W2 (x; ™) are shown in Figure 2, where x = —Inu, u € (0,1]. According to Figure 2, we know
Fx,\ (x;0) < F Xi, (x; ). Therefore, the validity of Theorem 1 has been verified.

1.0
ri
0.8
< — Fx,, (X;a)
£ o6l Fx;,, (x;a")
2 L
s T
8 L
£ 04
0 r
a8
0.2 *
0'0 I 1 L L L 1 L L L Il L L L Il L L L 1 i B E—— ]
0.0 0.2 0.4 0.6 0.8 1.0
u
Figure 2. Curves of distribution function F Xs, (x;@) and F Xi, (xv;a¥), forall x = —-Inu,u €

,1].

Remark 1. The combination of Theorems 1 and 2 readily leads to the following conclusion.
Let X1, X,,...,X, be dependent heterogeneous random variables of n dimensions following X; ~
MPRHR(a;, A Fo), with 0 < o; < 1G = 1,2,...,n). X{,X5,...,X, are the other set of n-
dimensional dependently heterogeneous stochastic variables following X' ~ MPRHR(a}, A;; F, ),
with 0 < a; < 1( = 1,2,...,n). Let Ny and N, be two positive real-valued stochastic variables
each independently distributed with X;s and X;k/ s, respectively, and both values are not less than 2. If
AN €D, a,a" €I, Ny =2, N, and  is concave in the logarithm, then

LY .
o S = X 20 Xy,
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However, to verify the validity of the conclusion, further clarification will be provided in Example 3
as follows.

Example 3. Consider the case when n = 4. Let the distribution function F(x) = 1 — e @’ g >
0, b > 0, generating element y(x) = exp" "' and 6 > 0. Suppose @ = 0.8, b = 0.6, 0 = 1,

= (1/9,1/6,1/6,1/5), and o = (1/7,1/5,1/4,1/4), then 1]/ 2 o, and we can know A =
(1.8,1.4,0.4,0.3) g (1.5,0.9,0.4,0.2) = A*. Suppose N, is a positive real value with the probability
distribution P(N, = 2) = 0.15,P(N; = 3) = 0.35, P(N; = 4) = 0.5, and N, is a positive real
values with the probability distribution P(N, = 2) = 0.3, P(N, = 3) = 0.35, P(N, = 4) = 0.35.
Xs.y, and X;, 3N, S distribution functions are Fy,, v, (X A, ) and F X, (x' A, a*) . Plot the graph of
Fx,\, (A o) — Fx: (x A, "), as shown in Figure 3, where x = —ln,u, u € (0,1]. According to
Figure 3, the graph mtersects the x-axis under the conditions of Theorem 2. Therefore, the conclusion
does not hold.

Figure 3. Curve of distribution function F Xaw, (x; A\, ) — F Xi, (x; A%, ), for all x =
—Inu,ue0,1].

4. Reversed hazard rate orders of independent heterogeneous samples

In this section, we will investigate the reversed hazard order of the second-largest order statistic
under independent heterogeneous observation samples. Obviously, through the study of the above
theorems, a natural question arises: If we strengthen the conditions of Theorems 1 and 2, turning
Ni > N, into Ny >,;, N, can the corresponding conclusion be strengthened from the usual stochastic
order to reversed hazard rate order? The answer is no. Take Theorem 2 as an example, and this article
will provide an example to illustrate. The gamma distribution is widely used in many fields such as
engineering, science, and business. For a stochastic variable X that follows a Gamma distribution, with
shape parameter @ > 0, and scale parameter 8 > 0 (denoted by X ~ I'(a,)), the probability density
function is

f(xa,p) = T;x“ le?P* x € R,.

Example 4. Assume the base distribution function F(x) to be F(S 0.6), and generate Y(x) = el‘“”)a,

0 >0 Letn =441 =040 =35 and 1/ = (8,4,3,1) > (6,4,4,2) = 1/a*. The probability
distribution of positive real value Ny is P(N; = 2) = 0.01, P(N, = 3) = 0.3, P(N; = 4) = 0.699. The
probability distribution of positive real value N, is P(N, = 2) = 0.5, P(N, = 3) = 0.15, P(N, = 4) =
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0.35, obviously, Ny >,, N,. And the graph of F Xiy (x;a™)/F Xan, (x; «v) is the ratio of the distribution
3. 2 o

function of X3\ and Xs.y,, as shown in the Figure 4, where x € [8,10]. By observing Figure 4,

the curve is neither monotonically increasing nor monotonically decreasing. We can see that neither

XN, <ri X;*:Nz nor Xz.n, <m X;‘:Nz are true.

0.960 -
0.955

0.950

Distribution function

0.945

0.940 -
S S S S S S S TR S SRR |

0 1 2 3 4 5

X

Figure 4. Curve of distribution function ¥ X3, (x; ™)/ F Xa, (x; o), for all x € [8, 10].

4.1. Reversed hazard rate order of the heterogeneous tilt parameter

In the following part, under the condition of the same sample size, the reversed hazard efficiency
order of the second-largest order statistic is studied when the modified proportional reversed hazard
rate parameters are the same but the tilt parameters are different.

Theorem 3. Suppose that X, X,,...,X, are independent heterogeneous stochastic variables X; ~
MPRHR(a;, A; F), where 0 < a; < 1 = 1,2,...,n). X, X5,--- , X, is another set of independent
heterogeneous stochastic variables X; ~ MPRHR(a;, A, F), where 0 < o} < 1( = 1,2,...,n). If
a,a* € D,, then

m 1 .
2 e = Xo-1: Srh Xn 1
o

—ln®

SHE

Proof. The distribution function of X,,_;., is
a FA(x) a,;F(x)

an JF*() )1—[1_, FA(x)
i=1 j#i @ x
@ FA(x) 5 1 —a;F'(x)

= -(n-1
D 1= a,F(x) Z‘ wFiy Y
L F1 ~ 1 - F*

:l—[ a_();) Z A(X)+1.
i 1 —a;F4(x) — a; F4(x)

Therefore, the reversed hazard rate function is

. B o FA(x)
anflzn(x) - D 1 _ a]F/l(x)

1 - FY(x) |
i=21 a;FY(x) *

~ /17(X)
= —— — 1
i=1 1 —a;F(x) P a,l«iﬂég + 1
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where 7(x) is F(x), the reversed hazard rate function. Let a; = 1/@;,i = 1,2,...,n. The partial
derivative of 7y, , ~with respect to ay is

OF1:0(X) AF(x) 5 a;(1 — FA(x))
oar _[(Fﬁ(x))/ [Z F(x) +1]]

i=1

1 rpa 7 n o @AF(x) 1-F4(x)
aiF (X)ﬁr(X) Zi:] Fi(x) FA(x)

[1-a- L] ' S, sme g

In order to prove the result, it is also necessary to prove that or,_i.,(x)/0ay, k = 1,2,...,n, is
decreasing. By theorem conditions, @ € 7 .. One knows, forany 1 <k <t < n, a; < a,.

orx,_,,(x) B orx,_,,(x) sgn “l_i _ %
day, Oa, [1 _(1- a_lk)Fﬂ(x)]z [1 —(1- al,)FA(X)]Z
> 0.
Therefore, from Lemma 1, we know 7y, (x) < Fy,_,. (x). Theorem 3 is proved. .

In the following part, this paper will give a numerical example to demonstrate the result of
Theorem 3.

Example 5. Assume the base distribution function F(x) = 1 — e @ a>0b>0, andletn = 4,
A=04a=030b=15and 1/a = (8,4,3,1) g (6,4,4,2) = 1/a*. It is easy to know all the
conditions of Theorem 3. X3.4 and X3, are the reversed hazard rate functions of the curves of Fx,,(x; X)
and ?X;A(x; A*), as shown in Figure 5, where for all x = —Inu, u € (0, 1]. By observing Figure 5, it can
be seen that Fx,,(x; A) < Fx;, (x; A*), and therefore, X3.4 < Xj 4.

1000
c
i) = I, (X;A)
g 800t .
2 rx, (X))
)
©
5 600|
©
®
<
T 400t
g
>
& 200}

0 + N

0.0 0.2 0.4 06 08 1.0

Figure 5. Curves of reversed hazard rate function 7y, ,(x; A) and 7y, (x; A*), forall x = —Inu,
ue (0,1].

4.2. Reversed hazard rate order of the heterogeneous parameter

Next, under the condition of the same sample size, the reversed hazard rate order of the second-
order statistic is established when the tilt parameter is the same and the modified proportional reversed
hazard rate parameter is different.
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Theorem 4. Suppose that X,,X,,...,X, are independent stochastic variables with multivariate
. . . . . . aFU (x) (YF’l(x) * * %
outlier modified proportional reversed hazard rate distribution (I—EF/II (x)lp, 1—&Fﬂ(x)1q)' X, X5,..., X,

is another set of independent stochastic variables with multivariate outlier modified proportional
A A
reversed hazard rate distribution (-2 oD 1y where p,qg> 1, and p+qg=n.If 1> 1, > A,

1-aF(x) P’ 1-aF(x)"4
then Xn—lzn <rh X;-]:n'

Proof. The distribution functions of X,,_;., and X"

n—1:n

are

P 3 aFY(x) -l aFY(x) |* aFY(x) |V
%o () =P |72 aF™t(x) I—aFi(m| | T-ar @)
o aFA(x) a1 -1 aFY "(x) 1’ aF'x) |
- aF\(x) =D S| [Toaro)
and
. B aF2(x) "' oF'x) | aF2(x) |V
Py =p [1 —5F/12(x)] [1 —aFﬂ(x)] ¥ [1 —5Fﬂz(x)]
y aFi(x) 17! (n-1) aF2(x) | aF'x) |?
—aFi| V1 —aFe@]| |[1T-aFiw)]
where @ = 1 —a and p + g = n. Let FA(x) = e *“I"f™) and t = —In F(x). The distribution function
of X,,_1., 18

a p-1 1% q 0% P a q-1
P, () = p [e”l’ —5] [e”“ - 6] " q[e”"f - 5] [el’ - 5]
a P a 11
— (- D[e”" —5] [e’“—a] 120,

For convenience, this article is set

At AeY

Ai=(p- l)e/l,-z —a +qe/lt —a
/l,'elt /le/lt
B; = Poa_g*t (q - 1)m,
/11' At pi At
Ci=p ¢ ¢ foralli=1,2.

— +q —
elit — @ el — o’

Therefore,

dr PE=T) + g(=2) — (n - 1)

To prove the result, we need to prove 7y, ,, (1) < 7x: (¢), forany 4 > 4, > 4, > 0,

dnFy,_,(0)  pAEED) +gBI(E) - (1= DGy

Py () =

e/ll

PAIEED) +BI(558) = (1= DC1_ pANEER) + gBa(5%) — (- DG

[0 [

PEF (ST == 1) T p(UEE) 4 g(FE) ~ (= 1)
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Hence,

/l e/l,t /leA’ e/lt_a /l e/l,-t /le/lt e/lt_a
pl(p-D——+g———|( )+q|p—— + (g - D———=|( )
et —q el —qa a et —q el —a

( 1)[ bt e ]x !
—-(n-=-1D|p —+q — — —
e —a  Tel-—a| p(e=E)+q(<E) - (n-1)
/lze/lit /leﬂ’ e/lt -
S{P Pzt a-Da—=|( )
Aet AeY 2
-(n-1) [p —+gq X — — .
et -a P + (558 = (1 -2)

/126/1,1 /leﬂ’ At a
P-D0—=+937—=|( )+4q
e —a er —a a

el —a

For simplicity, set

M = 1 <l 1 Aet N Aet (eﬂl—a)
T pEE g - [T e e e
At A At At - 1 e/llt /le/lt
1 1
+q pem_a+(q—l)ed,_a]( > )—(n—l)[pem_aweh_a],
1 AeY et | eV —a
M, = — — X -1 — + —
TR () - (- 1) p[(p R AR A
/ll e/ht /le/lt At a /lle/llt /le/lt
Pt D= () (- D ipi—= g
and
1 At et ] M —a
M; = —— o Xp[(p—l) A,l =+q— _]( )
p(H) +q(=*)—(n—-1) e - e~ @
/lleﬁ" /le’“ e/lt —-a /lle/llt /le/lt
+q pem_aﬂq—l)eh_& ( )—(n—1) Pzt 5|

Forany A > A, > A; > 0, Ae"/(1e" — @) is increasing in A:

/12622[ /lle/h[

e/lzt _ a e/l]l‘ _ a

v

Furthermore,

At a
+ pq( )
et Ae!
el g M —q el —q M —g

[ /lze/lzt /lle/llt e/lzt _ a e/lt

- _H(p—lx )+ q( _“)—(n—l)]
- a o

e/lzt _ a /l e/lzt /le/lt
M;— M, S p(p—1)( )[ 2

a

pi Aot pi At
|

el —ao el —q a

eﬂzl _ a e/l]l
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/126/121 /116/1”
e —a el -u

[p+q-1-(n-1)]=0.

Let
/lle/l,-t /le/lt At a /lle/lt /le/lt
qu[pm+(q_ Deﬂf—a ( @ )==-1) Pon—g 5|
AeM! Aet
Q :p[(p— D= 93|
el —
U =q( > )—(n—1),
V =p.
Therefore,
= et At et
QU - PV = pg(—4) | == - 2414 pin— (=) > 0.
a eM—a el -a el —
Hence,
(D) + P QS0+ P
M, - M, = © = L T
Vi) + U V(=9 +U
o + Pl v + U] - | o) + Pl [V + U
V(<22 + U] [ve=) + U
. /12l _ /l,'t v
T u-pP—" -0
o a
Combining M, < M, with M, < M5, we have M| < M;. Therefore, the conclusion is proved. O

4.3. Reversed hazard rate order of different sample sizes

Next, Theorem 5 establishes the reversed hazard rate order of the second-largest order statistic with
the same tilt parameter and modified proportional reversed hazard rate parameter under the condition
of different sample sizes.

Theorem 5. Suppose that X, X, ..., X, is a set of independent stochastic variables with multivariate

A A
outlier modified proportional reversed hazard rate distribution (lng]fl’&) s 135;/‘(2)2() 1,), where p,q < 1,

and p +q = n. X{,X3,---, X, is another set of independent stochastic variables with multivariate
aFU (x) aF2(x) I
l—aFY(x) P’ 1-aF2(x) 4

outlier modified proportional reversed hazard rate distribution ( ), where p,q < 1,

andp+qg=n.lfp" <p<q<q and A, > Ay, then
(P, Q) <w (P*, (]*) = Xn—l:n <rh X;lk_l;n-

Proof. The reversed hazard rate function of X,,_;., is

eﬂt

PTI(ET) + qTo (5T — (n = DT
p(E=2) + (=) —(n - 1)

?n—l:rz(t) =

AIMS Mathematics Volume 10, Issue 1, 311-337.



332

/lle 1! /lzeﬂzt /he 1! ﬂze’lzt _ ﬂle/llt /lze/lzt
where T, = (p — 1) G= t 9= T = pa—= +( -1 s and T = Pa= t 93— In order to

prove the result, it is necessary to prove rxn_l:n(t) < Py - (1), forany A, > 4; >0 :

PTI(SE) + qTo(==2) = (n = DT
P + (=5 - (n— 1)

P (T —2)+gq “TH(& =) — (n* - DT*
(elt_(l) +CI(%)—(H _ 1)
where T} = (p* = D32 + ¢ 2%, T5 = p 2, and T = pr 267 + g 2.
Let a; = /IEM

-a’
formula:

PTH(ET) + gTo(S2) — (n = )T

p(EE) +q(<28) — (n = 1)
_ pp = Den + pgear + pgein + q(g = Deay = (n = D(par + qaz)
pbi +gby —(n—1) '

é(p,q) =

The partial derivative of ¢(p, g) about p can be obtained as follows:

0 s sgn
¢(6’; D2 [(2p — ey + glen + ) — (- Var — par — qa] [pby + gby — (1 1)]
—[p(p = Denr + pgear + pgerz + q(g — ey — (n = 1)(pa; + gaz)] (b — 1)

=ay [pb + gby — (n— D] [(p — Dby + gb, — (n = )] + (pc11 + gexn)(by — 1)

> 0.

In the same way, in order to take ¢(p, g), the partial derivative about p, we get

9¢(p, q) sgn
dq

ay[pby + gby — (n— D] [pb; + (q — 1)by — (n = )] + (pcyy + gean) (b, — 1)
> 0.
Also, for a, > a; > 0, and b, > by > 1, there is

9P(p.q) _ 9¢(p,q) sen

op aq [pcai + (g — Ve — (p— Deny — qern — (n = 1)(az — ay)]

X [pb1 + gby — (n = D] + (peir + qean)(by = by)

> [pear + (g = Dep — (p— Den — gen — (n = 1)(az — ay)]
X [pby + gby — (n = )] + (pby + gby)(a1by — a1by)

= [pcar + (g = Dy = pery = (g = Den = (n = 1)(az — ay)]
X [pby + by — (n = D] + (n = D(ciz = cnp).

It is proved by Lemma 2.

b =% "~ and cij=a;bj, i, j=1,2. Hence, ¢(p, q) can be expressed as the following

O
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Example 6. Assume the base distribution function F(x) = 1 —e¢ @’ a>0,b >0, Letn = 6, n* = 8,
a=15b=04a=004 2, =02, 1,=04p=2,qg=4p =1,and g ="7. Thus, 1, < A,
P'<p<q=q,and(p,q) <, (p',q") satisfy Theorem 5. Xs and X;.4 are the inverse hazard rate
functions of the curves of 7x,,(x; X) and 7x,,(x; X*), as shown in Figure 6, for all x = —Inu, u € (0, 1].
By observing Figure 6, it can be seen that 7x,,(x; X) < T’X;A(x; A*), and therefore, Xs.c <4 X3.

35F
c 30fF
g — Fxe (XA)
S 25+ *
g i rx, (X;A°)
5 2
© L
B [
< 15 -
5 150
3 |
g [
g 10F
©
5¢
L 1
ol e
0.0 02 04 06 08 10
u
Figure 6. Curves of reversed hazard rate functions 7, (x; A) and 7x,  (x; A¥), forall x = —Inu

and u € (0, 1].

5. Conclusions

This article investigates that stochastic comparison problem of the second-largest order statistic in
both dependent heterogeneous and independent heterogeneous modified proportional reversed hazard
rate samples. First, for the dependent heterogeneous modified proportional reversed hazard rate
samples, the usual stochastic order of the second-largest order statistic of two sets of dependent
heterogeneous stochastic variables was obtained under the conditions of the same tilt parameter
but different modified proportional reversed hazard rates, and different tilt parameters but the
same modified proportional reversed hazard rate. Second, a study was conducted on independent
heterogeneous modified proportional reversed hazard rate samples, and the reversed hazard rate order
of the second-largest order statistic of two independent heterogeneous stochastic variables was obtained
under the conditions of the same tilt parameter but different modified proportional reversed hazard rate,
different tilt paramaters but the same modified proportional reversed hazard rate, and different sample
sizes and parameters.

Due to the complexity of dependent statistics, many issues are still unresolved and worthy of
further discussion. In future research, the results can be extended to the second statistic under
dependent heterogeneous and independent heterogeneous modified proportional reversed hazard rate
observations. Meanwhile, further research will be conducted on the convex, star-shaped, and dispersion
order variances of second-order order statistics under dependent conditions.
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